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On a singular limit as § — 0 for a model for the evolution of morphogens in a growing
tissue
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Abstract. This paper is devoted to the singular limit of a model for the regulation of growth and patterning in developing
tissues by diffusing morphogens. The model is governed by a system of nonlinear PDEs. The arguments are based on energy
estimates and a change of variable that reduces the system into a nonlinear PDE with singular diffusion.
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1. Introduction

The differentiation and growth of embryonic cells are mainly regulated by morphogens (see [1,8,9,12]).
Experimental evidences show that morphogens develop from a localized source spreading in concentration
gradients that control the behavior of surrounding cells as a function of their distance from the source,
see Wartlick, Mumcu, Kicheva, Bitting, Seum, Jiilicher, and Gonzilez-Gaitén in [10,11].

The experimental observations mentioned in [10,11] have been implemented in the mathematical
model proposed by Averbukh, Ben-Zvi, Mishra and Barkai in [2], in which a growth law based on a
parameter 6 is formulated. It takes into account the fact that a cell divides when it detects that the
relative morphogens concentration increases by a factor of 1+ 6.

The model developed in [2] is the following one

WM + 0, (uM) + oM = D2, M, t>0,0<xz<L(t),
atM—&—u&vM—éMﬁmu:O, t>0,0<x<L(t),

aﬂﬁM(tao) = 7%7 arM(taL(t)) =0, t>0,

M(0,2) = Mo(x), 0 << Lo, (1.1)
u(t,0) =0, t>0,

L) = ult, L(1)), 10,

L(0) = Ly,

where the unknowns are
M = My(t,x), u = ug(t,x), L = Ly(t),
and

Lo>0; 0<ce<My(x)<c", 0<azx<Lp.
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Here My(t,x) is the morphogen concentration in the one-dimensional growing tissue [0, Lg(t)], Lo(t) is
the length of the tissue, ug(t,x) is the (local) flow rate of the growing tissue with O,ug(t,z) being the
cell proliferation rate, and «, D, n are positive parameters that correspond to the morphogen degradation
rate, diffusion rate and incoming morphogen flur rate, respectively. The evolution of the morphogens
concentration in (1.1) is described by the first equation, which is a nonlinear advection—reaction—diffusion
PDE. The second equation gives the expression of the cell division rule due to morphogens proliferation
and flow rates. Finally, the tissue length L(¢) obeys an ODE flow type. The two PDEs are augmented
with suitable initial data and non-homogeneous Neumann-type boundary conditions.
Here we are interested in the analysis of (My(t, x), ug(t, ), Ly(t)) as

6 — 0T,
as a consequence in the following we will always assume
0<0<log2.

Under this condition we have established in [4] the well-posedness (existence, uniqueness, and stability)
and in [6] the asymptotic behavior as t — oo of (My(t, ), ug(t,x), Lg(t)). We will often recall some
results of these papers, and therefore, we will assume that the hypotheses assumed therein are satisfied,
also here. Before stating them explicitly, we point out that the hypothesis in [6]:
DM/ (x) — aMy(z), 0 <z < Ly, has constant sign,
in this paper it is assumed by formulating two alternative conditions:
DM (x) — aMy(z) >0 or DMJ(x)— aMy(z) <O0.

The results in the two cases are different while retaining a certain “symmetry”. Having said that, in
this paper we assume that the following hypotheses are satisfied

0<ce <My(x)<c*, 0<a<Ly Mye H*0,Ly), (1.2)

and one within the following
Mj(z) <0; DMy (z) —aMy(z) >0, 0<z< Lo, (1.3)
Mj(z) <0; DM (x) —aMy(z) <0, 0<z< L. (1.4)

The difference between the two cases is further highlighted by the different initial mean morphogens
concentrations, indeed

DMg/(z) — aMy(z) >0, 0<a < Ly = [[Moll1(0 1)

IN

vV
else s

DMg/(x) — aMy(z) <0, 0<a < Ly = [[Moll1(0 1)

Key tool for the analysis of the well-posedness (see [3,4,7]) and of the asymptotic behavior as ¢t — oo
(see [5,6]) is the definition of a suitable family of “characteristic” curves which start at the points of
[0, Lo] and “cover” {(t,x)|t > 0,0 <z < Ly(t)}. Let us briefly recall them because they are also useful
in this paper.

Let (My(t, ), up(t,x), Ly(t)) be the solution of (1.1), for every y € [0, Lo], let Xy (¢,y) be the solution
of
d
axe(ta y) = u@(t7 Xg(t, y))a

Xo(0,y) = .

Thanks to (1.1), it is clear that 0 solves (1.5) in correspondence of y = 0 and Ly(t) solves (1.5) in
correspondence of y = Lg. The image of Xy(t,-) is [0, Lo(t)]. Xo(t,-) is invertible; its inverse Yy(¢,-) is
defined on [0, Ly(t)] and its image is [0, Lo] (see [3,4,7]).

The main results of this paper are the following.

(1.5)
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Theorem 1.1. If || Mol[ 19,1, < g and the assumptions (1.2), (1.3) hold, we have that

Z) gl—r%/ |M9<t7X9(tay)) - MO(y)rdy =0, 1<r<oo,

uniformly with respect to t on every compact set [0,T];

TI*CYHMOHLl(oL )
i) 0 <ug(t,z); limsupug(t,z) <e 07

1— —at
iti) Loe~* + VaD tanh (LO, /%) Te < liminf Lo(t)

< limsup Ly(t) < Loe™* + n_1-e™
i
= ot o =0 Mo(Lo) «

Theorem 1.2. If |[Moll 1o, 1) = T and the assumptions (1.2), (1.4) hold, we have that
: a
L(t)
i) lim / Mo(t,2) — Mo(Yo(t,2)["dy =0, 1<r < oo,

6—0

0
uniformly with respect to t on every compact set [0,T];

. @ ”MOHLl(O Lo) — "

i) —e ™ MO(L,O) 0< lirelljélfUG(t,w); ug(t,z) <0;
_ n 1—e ot Lo ) o n 1—e ot
Loe™** ——— < liminf Ly(t) <1 Ly(t) < < Loe™® —
i1i) Loe™ ™" + Mo(0) < limin o(t) < 11;1_8:(1)1p o(t) < < Loem ™ + Mo0) o
Mo(0) \ 1 — et
\/aD(lo 0 ) .
& Mo (Lo) o

The paper is organized as follows. In Sect. 2 we recall some preliminary results. Section 3 is devoted to
some a priori estimates on the sign of the derivatives of the unknowns. Theorems 1.1 and 1.2 are proved
in Sects. 4 and 5, respectively.

2. Preliminary results

We transform (1.1) into a problem equivalent to it, in the sense that the well-posedness of one of them
implies the well-posedness of the other one and from the solution of one of them we obtain at the solution
of the other one. Defining

log 2
B = g » o Np(ty) = Mp(t, Xo(t,y)),
(1.1) is equivalent to the following problem
M, B
0N +aNg = d( IJgf(yl)) (( 7] ) 9yN3), t>0,0<y< Lo,
My(0) n 0(Lo) (2.1)
Oy N3(t,0 OyNgs(t,Lo) =0, t>0 :
(|N5(t,0)\> s(t,0) = (|N5 (t,L 0|> uNo(t: Lo) ’
Nﬁ(oay):MO(y)a O<y<L0,
where
a=-2_. 4= D . (2.2)
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For every 0 <T < oo we will use the following notation
Er :=]0,T[x]0,Ly[; Er:= closure of Er.

We define in an analogous way E., and
Let us recall some properties of Ng(t,y) useful in the next sections.

Theorem 2.1. (Ezistence, uniqueness, and reqularity of Ng(t,y) [4, Theorem 2.1], [6, Theorem 2.8]) If
(1.2) holds, then, for every 8 and T > 0, (2.1) admits a unique solution Ng(t,y) such that

i) coe P < Ng(tyy), >0, 0<y < Ly and N € L®(E);
y MP
ii) 0Ny, dyNg, 9, <NgayNﬁ> € L*(BEr), 82,N € L'(Er);

B
i1i) here exists c(T) > 0 such that for every (ti,y1),(t2,%2) € Er |Ng(ti,y1) — Ng(t2,y2)]

T) (Tt = o] + ly1 — 2]) ¥

iv) 0,Ns € C(10,00[x [0, Lo)); 9,Ng, 32, Ny € C(Exy).

Let us show how to pass from Ng(t,y) to (Myg(t,x), ug(t,x), Lg(t)) and vice versa. Thanks to the

properties of Ng(t,y), the function (¢,y) — ]ff\go(gyy))

(see [7, Theorem 2.1], [3, Theorem 2.1], and [6, Theorem 2.3]). As a consequence
— == Yo(t,0) =0
dw (Ng(t,Y)  Yo(t,0)

is positive and Holder continuous in every Erp

(1) admits a unique (maximal) solution Yp(t, -).
Let [0, Lg(t)] be the (maximal) existence interval of Yy(¢, ). We have Yy (¢, Lg(t)) = Lo, and defining

Mg(t,l’) = Nﬁ(ta Y(t,.’t));

YQ(M)N )B-19,N
/ 5(t Z/ Nj(t,y)
)[3

dy;

%%

Lo
0

(Mg (t,x), ug(t,x) Lg(t)) is a solution of (1.1). (%) As a first step in our analysis, we begin by studying
the behavior of Ns(t,y) as

B — oo,

from now on we assume that

B>1).

Let us also briefly recall the results on the asymptotic behavior for t — oo of Ng(t, y) (see [6, Theorem
2.1]) and of (My(t, x), ug(t,x), Le(t)) (see [6, Theorem1.1]). If the assumptions (1.2) and (1.3) or (1.2)
and (1.4) hold, then the function Ng(-,y) is monotone and its limit

No(y) := lim Ny(t,y)

L t is a parameter.
2 Yp(t,-) is the inverse of Xp(t,-) for every ¢ > 0.
3 The assumption 6 < log(2) is equivalent to 3 > 1.
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belongs to C2([0, Lo]), is positive, decreasing and solves the stationary problem
_ M, Brs M, B!
OZN[; =D i(y) i(y) NI s OSyS Lo,
Ng Ng g (2.3)
Mo (0)\P=— n Mo(Lp)\ P~ ’
(J ) N3(0) = - (J 0 ) Nis(Lo) = 0.
N(0) Ng(Lo)

D?

Moreover, y — Ng(t,y) converges to N g(y) uniformly with respect to y as t — oo.
The triplet (My(t, ), ug(t,x), Lo(t)) satisfies the following statements.

i) Lg(t) converges to Ly as t — oo, and
|Lg(t) — Lg| < ce™ ™,

for some constant ¢ independent on ¢.
i1) tlim ug(t,x) = 0 uniformly with respect to x.
—00

i11) Mp(t,x) converges to My € C?([0, Lg]) as t — oo, Mp(t,ELg(t)) converges to My({Lg) uniformly
with respect to 0 < ¢ < 1. Moreover, Mg(x) satisfies

oMy = DM,, in [0, L],

) —

My(0) = —3; My(Lg) =0,
and its explicit expression is

_ n cosh [(z — Ly)\/5] _
M = <x< Ly
9(»’5) \/OéiD sinh Eg\/%] ’ O<o<le

We conclude this section recalling that

3. On the signs of 9; N3(t,y) and 9, Ng(t,y)

On the sign of 9;Ng(t,y), we proved the following result.

Theorem 3.1. (Sign of O,Ns(t,y) [6, Theorem 2.5]) For everyt >0, 0 <y < Ly, we have that

7’) DMé/(y) - aMO(y) 2 0 = 8tNﬁ(t7y) 2 0’
i) DMy (y) — aMy(y) <0 = 8;Ns(t,y) <O0.

To clarify the link between the hypotheses (1.3), (1.4) and the initial mean morphogens concentration,
i.e., [[Mol[11(,1,), the following lemma is needed.

Lemma 3.1. (/6, Theorem 2.1. ii]) For every 3> 1 and t > 0, we have that

LUN t. )P+
5(t,y)

_ 77 —at 77
Mo(y)ﬁ dy - E +e (||MOHL1(O,L0) - )

a
0
Proof. Let us quickly sketch the proof of [6, Theorem2.1.ii)]. It is not difficult to rewrite the equation of

(2.1) as follows

B+1
O (eat N%’(yy)); ) = Do, [eat(J\J/\Z?t(,y ;))B%Nﬁ(tvy)}
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We integrate both sides in y on [0, Lg], thanks to the boundary and initial data in (2.1),

Lo
Na(t. )81
at(eoct ,3( 73/) dy) :Deatﬁ

Mo(y)? D

and then

LON (t );34‘1 0

at B\, Y n at
—————dy = [ My(y)d - -1

[ = [y + 2 -1,

0 0
that gives the claim. O

The relation between the assumptions (1.3), (1.4) and || Mo 1 (o ,,) is clarified in the next statements

13 = DM()—aMo() 20 = [Moll o, < 2 (3.1)

14 = DMy () —aMo() <0 = [ Mollpaigpo) > (3.2)

RIS

We prove only (3.1), because the same argument works also for (3.2)

LON t.y)Bt1
5(t,y) q

DMy (y) — aMo(y) >0 = :Ns(t,y) >0 = 0 Mo()p W20
0
n —at n
@ o {g+ e (Mol =)} 20
at (1 n
& ae t(E* HM0||L1(07L0)) >0 & Mol < =

To determine the sign of 9,Nj3(t,y), it is convenient to consider a reformulation of (2.1) useful for
partially camouflaging the cumbersome initial datum My(y). We will use the following notations, given
0<T < o0,

Qr :=]0,T[x]0,1[; Qp := closure Q7.

Similarly, we define Q.. and Q.
Due to the assumptions on My, we can consider the function

Y
1
z = Zo(y> = % /M0(€>_ﬂd§a 0< Yy < L07
0

where

o= 1457

L1(0,Lo)
If Yp(2) is the inverse of Zy(y), we define

ng(t, z) := Ng(t, Yo(2)).
Passing from the unknown Ns(¢,y) to ng(t, z), we simplify (2.1) in the following way

A on
atn+anf |n|ﬁaz(W>7 (t,Z) erov
9.n(t,0) d.n(t,1) (3.3)
o =~ P meyp =% 70

n(0,2) = My(Yo(2)), 0<z<1,
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where
d D ko

A= 2 m; B := D (3.4)
Theorem 3.2. (Sign of O,Ng(t,y)) Let 5 > 0 be given. If
Mg(y) <0, 0<y< Lo,

then

OyNg(t,y) <0, t>0,0<y<Ly.
Proof. In order to keep the presentation simple and clear, we start considering (3.3) and proving

0.np(t,z) <0, t>0,0<z<1. (3.5)
(*) We begin by assuming 3 # 1. Consider the functions

v(t,z) = ng(t,2)' =7, w = d,vg,

w satisfies in the weak sense the following identity

A9;(v"0:w) +a(f ~ Nw = Gw I Qw, (3.6)
with
_ 28
g—1
W™ O,w| _|(n1—ﬂ)%82 o] = ‘L@ ((1 _6)3271)’ _
z - zz - ’I”Lzﬁ z nﬁ <
B—1], 1 . ,0.n
< -Gl € @, >0

16— 1||

TLB | — /(ixﬁt

*
m o.n

20,00 = (1= )0.(Z9)) € 1(Qu).

lw| =|0:0] = 180" 7| = |(1 -~ ) d:nl € L*(Qv);

[v™0,wd,w| =(v

(°) Moreover, the following are satisfied in the sense of traces
w(t,0)=B(BF-1); w(t1)=0, t>0,
w(0,2) = po(1 — B)M(Yo(2)), 0<z<1.

Let us distinguish two cases 0 < f < 1,1 < 3.

0 < 8 < 1. We multiply (3.6) by

w(t,z)TeM,  whit A= —2a8, wt = %(\w| +w),
and integrate over Q¢, t > 0. Being
w(t,0)" =w(t,1)T =0,
we have
—A/ QSlgn(Q) +1 erMdrdz + a(f — 1)/ww erMdrdz = /6 wwterdrdz. (3.7)

Q1 Q:

4n(t, z) ed Ng(t,y) share the same regularity (see [4, Theorem 2.1] and [6, Theorem2.3]).
5 The differentiation in the weak sense of the function v d,w and the role of the test function w™ can be justified by
the following observations
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Since
i 1
aTw . w+e)\r _ a (ww-i-e)\'r) o we)\'r (a‘rw% + )\w-i-)
=0 - (wwe) — 0rw - wh e — dwwteT,
we have
+ AT 1 + AT A + AT
Orw-w'e :§Br(ww e )—Eww e,
and using (3.7)
—A/ 251gn(2)+ erdrdz + a(ﬁ—l)/ww eMdrdz
Qt
1
1 + At 1 + A AT
=3 w(t,z)w(t,z) e ‘dz—i w(0, 2)w(0, 2) dz—§ wwterdrdz.
0 0 Qt
Being < 1
+ / N
w(0,2)" = (mo(1 = AM(Ye(2))) =0,  A=—2ap,
and then
1
1 1
_A/ Zblgn (2) + eMdrdz — a/ww eMdrdz = §/w(t,z)w(t,z)+e)‘tdz.

Q1 0

Since ww™ > 0 the two sides of the identity have different sings. As a consequence, they must vanish and
1
/w tz+>‘tdz—0 t>0,
0

that gives w(t,2)* = 0, namely w(t, z) < 0. In light of the definition of w(t, 2) we have
Du(t,2) =w(t,z) <0 < (1—PF)n(t,2) Po.n(t,z) <0 < d.n(t,z) <0.
B > 1. We argue as before and multiply (3.6) by
w(t, z)"eM, with A = —2a(.
Being 5 > 1 we have

W(t,0)7 =w(t,1)” =0, w(0,2)” = (uo(1 - HM(Yo(2))) =0,

and then
1

1 1
—A/ 2s1gn (2) e Mdrdz — a/ww‘eMdez = i/w(t,z)w(t,z)_e)‘tdz.
Qt 0

Since ww™ < 0, the two sides of the identity have different sings. As a consequence, they must vanish
and

1
/(wuf)(t, 2)eMdz =0, t>0,
0
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that gives w(t,z)~ = 0, namely w(t,z) > 0. As in the previous case
D.u(t,2) =w(t,2) >0 < (1—PB)ngs(t,2) Pdns(t,2) >0 < d.ng(t,z) <0.
B = 1. Define
v =logng, w = 0,v,

w satisfies in the weak sense the identity

A0, <125‘zw> =0w In Qu (3.8)
s

and in the sense of traces
w(t,0) =—B; w(t,1)=0; w(0,2)=pueM}(Yo(2)).

We multiply (3.8) by w and integrate over ;. Arguing as in the previous cases we obtain
1

1
_A/nﬂ 251gn (2) drdz = i/w(t,z)w(t,z)erz,

0
that implies w(t, 2)* = 0, namely w(t, z) < 0. Therefore,
0.na(t, z)

= <
0t z) =w(t,z) <0 & na(t.2)

<0 & 9,ng(t,z) <O0.
In this way we have proved (3.5).
Finally, being Ng(t,y) = ng(t, Zo(y)), we have

9:n5(t, Zo(y))
oMo (y)»

that concludes the proof. O

Oy Np(t,y) = 0.n5(t, Zo(y)) Zo(y) = <0,

4. Proof of Theorem 1.1

We begin this section by proving some a priori estimates on Ng(t,y) and 9, Ng(t,y) independent on f3.

Lemma 4.1. We have that

Moly) < Nalt) < /s coth (Lay[ 5. (t.0) € B (a1)
7 Mo(y) \#
5 = () PNsltn) <0, (6y) €10, 00lx[0, Lo (42)

Proof. We prove (4.1). The lower bound on Ng(-,y) follows from the monotonicity of Na(-,y) (see (1.3)
and Theorem 3.1) and the identity N3(0,y) = My(y). We have to prove the upper bound on Na(-,y).
Since

Ns(t,y) < lim Np(t,y) = Np(y),

the monotonicity of Ng(y) (see [6, Theorem 2.1]) and (3.8) guarantee

Ni(t,y) < Np(0) = Mo(0) = \/Zﬁ coth (Lg\/g).
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Moreover, by observing
Lo

Ns(t,y)\” N5(0,9) "
Ly(t :/( dyZ/ ———=2 | dy = Ly,
=] i) Mo(y) '
0 0
we must have
Ly > Lo, t>0.
Since coth is nonincreasing,
Ui + o Ui o
Ns(t,y) < coth (L 7) < coth | Loy /2 ), 43
o= Zop e U p) = o ot (VD 3
that proves (4.1).
We have to prove (4.2). Thanks to the assumption (1.3) and Theorem 3.1, we know that 9, Ng(t,y) > 0.
B
Using the equation in (2.1) we have that (]\J}g"(gy;)) OyNp(t,y) is nondecreasing with respect to y, for

every t > 0 and 8 > 1. Using the boundary conditions, we gain
U My(0) \# Mo(y) \#
_I_ 9, Ns(t,0 <( 9, Ns(t, <(
Employing (1.2), Theorem 2.1 and the fact
( Mo (y)
Nﬂ(tay>
we conclude 0y Ng(t,y) <0, (t,y) €]0,00[x][0, Lo], that proves (4.2). O

My (Lo)
Nj(t, L)

B
) 9, Njs(t, Lo) = 0.

B
) >O7 t>070§y§[/0)

We continue with the following result on the limit of O, Ns(¢,y) as § — oo.
Theorem 4.1. We have that
lim [ (9;Ng)*dtdy = 0.

B—o00
Er
The following lemma is needed
Lemma 4.2. For everyT >0

: Ng\ s 2 Dp / Mo\ s 20:Ng

lim su / — )" (0¢Ng)*dtdy + ——— — )" (0, N dtdy » < 0.
ﬁ%op{E (3g) (eNs)*didy 2+ 4 (Nﬁ) (9yNy)" - dtdy

T T

Proof. We multiply the equation in (2.1) by (%)ﬁ&Ng(t,y) :

B+2 3
Np g 2 a Ng'™™ My

and integrate over FErp :

[ (G st [ (AT o)

Er 0

T \ 3 Lo
:d/ KN;) ayNﬁatNﬁ]
0

My \* )
dt—d/ <N> 89, N5 92, Nydtdy

0 Er
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T
d [ M\’
- T /atNﬁ (t,0)dt — 5/ <N;) 9:(0,Np)?dtdy
0

T

= 57 (Na(T.0) = Mo(0))

Lo T
d M \" ) d MY )
_ 20/ K%) (9,N5) L dy — 2E/ By 9N (0,Ny)dedy

Lo
_n D MO(?J) 7 2
= L NA(T,0) = Ma(0) — 3P / (Fas) @ty

Lo

Dj MJ
ﬂ-i—l / dy—2(5+1) N§+18tNg(aN5) dtdy.

0 Er

Rearranging the terms in the following way

Ng\’ 2 Dp MY
— O Ng(t dtd OiNg (9,Np)*dtd

T T

+

@ LON[;(T, y)P+2 D 7( Mo (y)

dy +
Ng(T,y

E
2
B+1E+2) ) Moy)” 25+1) / )) (0yN3(T' y))"dy

(6% D )2
- W m ||M0HL2(0,L0) ,

we get the claim. O

2 Ui
1 Moll72(0,14) + m(N,e(T, 0) — Mo(0)) +

Proof. (Proof of Theorem 4.1) Since 0;Ns(t,y) > 0, by Lemma 4.2,

N B
lim (") (8:Nj(t,y))2dtdy = 0.
M,

B—o00
Er

Being My(y) < Ng(t,y) (see (4.1))

/ (0Nt y))2dtdy < / (%)ﬂ(@Ng)thdy,

ET ET

that proves the claim. O
We continue with the behavior of Ns(t,y) as 8 — oo.

Theorem 4.2. For everyT >0 and 1 <r < oo

B—o00
0

uniformly with respect to t €]0,T].
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Proof. Since

/INﬁ(t,y) — My(y)|dy = / INs(t,y) — Ng(0,y)|dy

Lo
/ /8 Ng(r,y)dr|dy < /|8 Na(r,y)|drdy < /TLg - ”aTNﬁHL?(ET)’
0

By

thanks to Theorem 4.1
Jim [N (t.) ~ Maw)ldy =0,
0

uniformly with respect to t €]0,T7.

The boundedness of (Ng)g>1 in L (Er) (see (4.1)) and the boundedness of My(y) (see (1.2)) imply
the claim. O

We are finally ready for the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1) Since My(t, Xo(t,y)) = Ng(t,y) and § = 1032, for every 1 < r < oo, we
have

Lﬂ%@&@ﬁ—%@W@z/Wﬂ@—M@W@
0

In light of Theorem 4.2, we have i).
Since 9, Na(t,y) > 0, (t,y) € Er, (see Theorem 3.1.7)) and 5 > 0,

Yo (t,z)
Ng(t,y)?~ laN t,

The monotonicity of Ng(t,y) with respect to t, 0 < Yy(t,z) < Lo, Ng(0,y) = My(y) and the definition
of ug(t, ) guarantee

ug(t, ) <5/Nﬁ ( (t(;j;)>68tNﬁ(t7y)dy<

oo sy () v

The monotonicity assumption on My(y) gives

Lo

Ng(t,y
ug(t, ) < il Lo /( L ) 9 Ns(t, y)dy,
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and using the equation in (2.1)

Lo
B Nﬁ(t7y) 7 _aNB(t’y)ﬁJrl
uelty ) < MO<L0>0/ {day« ) W"“’”) Mo(y)? }dy

Lo Lo
_ 81 Na(t,w)" [ Na(ty)!
= T () / Day((Mo@) ayNﬁ“’y)>dy T

The boundary conditions in (2.1) and Lemma 3.1:

it < it P e [ (s -2

ﬁ +1 MO(LO) (77 -« HM0||L1(O,L0) )

As a consequence,

n—a ||M0||L1(0 Lo)
limsup ug(t, z) < e=* 0
9—0 (&) My (Lo)

that proves ii)
The equation in (2.1) gives

1. (Ng\’ N5\’ 4 My "
() (i) ~mo((3) o

and then

w (Ns 7\ drer My’

a™t & 0

B — N
at( (Mo> ) Ny <<Nﬁ) % B)’

where

o a_ap . Dp

a —aﬁ—iﬁ_’_l, d —dﬁ—r_’_l.

Integrating with respect to y on [0, Lo]

Lo

B B
. N, x 1 M,
(9t e t/ (]\/[i) dy =d*e” t/Nﬂ('“)y <<;) (%Ng dy
0 0

(4.4)
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Integrating with respect to ¢ on [0, 7]

e“*T070<N‘“f’y?>
Lo

T
s e [ () (S o

0

and then

T *
nﬁ e~ 0 (T—t)
B8+4+1J Ng(t0)
0

o e () (R

0

Lo(T) = Loe T + dt+

Thanks to Theorem 3.2

8 r o—a" (T—1)

Loe™ @ T dt < Lg(T
e Mg Y=
g [ emet T ’ 0 10,Ns(tp) -
_ - et (T— t,y
<L aT n /6 dt d*/ a(Tt)dt ﬂy57 d
= e G+1) Nowo) T ) D Ny(t,y)? 7
0
Since dyNg(t,y) <0, (t,y) € Ex, (see Theorem 3.2), we observe
r 1 0 10,N5(t.3) o[ T 0,Ns(t.9)
—a*(T— Ly 8 a1 sty
d* a™ (T t)dt Q yivp dy = a™ (T t)dt Y d
/e D Ng(t,y)? Y /3+1 Ng(t,y)?
0 0
T
L
6 / —a (T t) |: } ’ dt
ﬂ ( Y) 0
g 7 1 1
n (T—t) dt
+1/€ ( Ny (t: Lo) Nﬁ<t,o>) '
0
Using (4.5)
T —a*(T—t) T —a*(T—t)
Ly T4 [¢ At < Ly(T) < Loe—oT + 17 [ € dt.

ﬁ+10 Nj(t,0) 5+1 Ns(t, Lo)

Thanks to (4.1)

/ O s 1P [ ”F
,3+1 Njl(t, _ﬂ-l-l ncoth(Loy/ %
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o T
8 e—a" (T—1)

a\1l—e 71 nB
VaDtanh Loy /= < dt
el (0 D) a  —pB+1) Nst0)
0

nﬁ T e—a*(T—t)

< Ly(T) — Loe® T < dt
< Lo(T) = Lo T A+ Nylt Lo)
T o
- nﬂ e—a*(T—t) &= n 1— e*ﬁffl
T A+1 ) Mo(Lo) Mo(Lo) o
Sending § — 07, namely 3 — oo, we obtain 4ii). O

5. Proof of Theorem 1.2

We begin by proving some a priori estimates on Ng(¢,y) and 9, Ns(t,y) independent on (.
Lemma 5.1. We have that

cee” P < Ny(t,y) < Mo(0), (t,y) € P (5.1)
o)y < ()0, Nalt) < 05 (1) 10,400, L.
(5.2)

Proof. The lower bound in (5.1) follows from Theorem 2.1.7). For the upper bound in (5.1), we observe
that Ng(-,y) and My(y) are nonincreasing (see (1.4) and Theorem 3.1); therefore,

Ns(t,y) < Mo(y) < Mo(0).
We multiply the equation in (2.1) by 9,Ns(t,y)

(600, Natt.0) = 50, () @Nate. ) ) = G0, (5.3

Since 9y Ng(t,y) < 0 (see Theorem 3.2) and 9, Ng(¢,y) < 0 (see Theorem 3.1), thanks to (5.3),

0, ( (o) @50, ) = a0, Nt

Integrating with respect to y over [, Lg], 0 < & < Ly,

Lo Lo
Mo(y) \?# 2 / 2
N, > N,
3 3
and using the boundary conditions in (2.1) and (2.2)

Mo(§) \*° O\ L a , )
_ ((Nﬁ(zt,é)> (O¢Np(t,€)) ) >+ (N5(t, Lo)* = Np(1,€)°),

namely

(( MO(&) )26(6§N5(t,§))2> < (N@(t,f)2 —Ng(t,LO)Z) < %Nﬁ(t,€)2'

Sl e
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Since Ng(+, &) is nonincreasing

( ]é‘j?fg)))ﬂaswﬁ(m) < @Nm@ < \/gNﬁ(O@ = \/gMo@%

using 9, Ng(t, &) < 0, we have (5.2). O

We continue with the analysis of the behavior of 0, Ng(t,y) as § — oo.

Theorem 5.1. For every T > 0

B
lim (Nﬂ(t’y)) 10N (t,y)|dtdy = 0.

oo Mo(y)
Er
The following lemma is needed.
Lemma 5.2. We have that
Lo
ma /5‘tNg(t,y)8yNg(t, y)dy = 0, uniformly with respecttot € [0, ool; (5.4)
0
. Ns(t,y)\?
lim [ (S58) (@iNs(t y)2dtdy =0, T > 0. 5.5
T

Proof. We multiply the equation in (2.1) by 9,Ns(t,y
a d My (y
8tNB(t7y)ayN,6(tay) + §8yN5(t,y)2 = 587; (( ov)

Ns(t,y)

Integrating with respect to y on [0, Lg] and using Theorem 2.1 and the boundary conditions in (2.1)

CRIE

Lo
D 2
[ 94,0, Nt )y + 55 (Nt La)? = Nat.0)) = s (= )
0
Thanks to (5.1)
1 2

(aM0(0)2 + =),

Ud

Lo
/8tNﬁ(t,y)3yN5(t,y)dy < m
0

and the (5.4).
Lemma 4.2 holds independently on the sign of DMy (y) — aMy), (1.3) and (1.4). Indeed, its proof
uses only (1.2) and Theorem 2.1. Therefore

. Nﬂ<t7y) B8 2
hén_)solip{E/ (W) (0eNg(t, y)) dtdy+
Dp Mo(y) \s 20 Ns(t,y)
" 2(5+1)E/ (Nﬁ(ty)) (O No(t:4) Ns(t,y) dtdy} =0 (56)

Since Ng(-,y) is nonincreasing, the second term is negative; as a consequence in order to prove (5.5), it
is enough to prove that the second term vanishes as  — oc.
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Thanks to Lemma 5.1

Ip = /( Moly) )B(ayNﬁ(ty))QLNﬁ(ty)dtdy

Nﬁ(tvy) Nﬁ(t’y)
_ Mo(y) \s |0: N5 (t, y)0y Ns(t, y)l
‘ka@m)@M““ Noltoy) W
a Mo (y)

- DE Nﬁ(t,y)|8tN5(t’y)ayNﬂ(t,y)ldtdy,

T

Using (1.2) and Lemma 5.1

o c*
Is<,|=——%—= Ot Ng(t,y)0, Ns(t,y)|dtdy,
G [ 1Nt )0, Nyt iy
Er

since 0, N3(t,y) < 0 (see Theorem 3.2) and 9;Ng(t,y) < 0 (see Theorem 3.1)

@ c*
Ii< e [ 0Nt y)0, Na(t. |
0= \/;c*eBHT /3t 5(t,y)0y Np(t,y)dtdy
Er

By (5.4)
lim Ig =0,
B—o00 s
that gives (5.5).

Proof of Theorem 5.1. Since Ng(-,y) in nonincreasing

Ns(t,y)
S ]-7 tvy e E007
Mo (y) t:0)
and then
Ns(t,y)\8 / Ns(t,y)\ 4
BNt ) dtdy < | (DL YINE 19, Ny (¢, ) |dedy <
IJ(A%@))|t@<yn = [ G oty
T T
Ns(t,y)\8
<\/TL, / (S @ (e, )iy,
Er
The claim follows from (5.5).
We study the behavior of Ng(t,y) as f — oo.
Theorem 5.2. For every 0 < T < o0
NGy
. s\t, Yy r
— = <
ﬁlggo/< Mo(y) ) |Ns(t,y) — Mo(y)|"dy =0, 1<r <oo,

uniformly with respect to t € [0, T].
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Proof. Consider

N

Lo
1ot = [ () Nate.0) = Malwldy
OL (
:/ ( My (y
0

Ng(t
A y /6N57'yd7"dy

Since (M)ﬁ is nonincreasing, for every 0 < 7 <t
Mo (y) & YUVSTZ

() = ()

and then

Lo t
g/dy/ NBTZU
0

Iﬁ(ﬂﬁ/(%)ﬂ

Er

Given 0 < T < 0

Using Theorem 5.1
lim Ig(t) =0

ﬁHOO

uniformly with respect to ¢ € [0,T]. Finally, since (Ng)g>1 is bounded in L>(E7) (see Lemma 5.1.7))
and My € L>(0, Ly) (see (1.2)),

Lo
J (Y 31,0 - dray < (0) + ) 0, 1< <o

that gives the claim. O

We are finally ready for the proof of Theorem 1.2.

Proof of Theorem 1.2.

Lo(t)
Balt) = [ 1Molt,z) = M(Ya(t, )" do
0

and consider the change of variable y = Yy(¢, ). For every t, x = Xp(t,y) is the inverse of y = Yy (¢, x),
therefore

do = 0, Xo(t,y)dy =

dy _ Nﬁ(tvy) A
8ng(t,X9(t,y)) B ( MO(y) ) dy
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Thanks to the definition of Ng(¢,y),

Lo
Ap(t) :/|Me(t,Xe(t,y)) —Mo(y)lr(]m)ﬂdy
0
Lo
N, (t,y) 8 T
:O/(J\Zo(y)) INg(t,y) — Mo(y)|"dy,

and, using Theorem 5.2, we get ).
Thanks to (1.4) and Theorem 3.1.73), we have 0, Ng(t,y) < 0, (t,y) € Eo. Moreover, since 0 <
Y0 (ta IE) S L07

Ny 0N (1)
Ly ty
ug(t,z) = 3 / b Mo(y)tﬁ b dy <0 (5.7)
and
7 No(t,3))?
1 s(t,y
ug(t,z)| < O:Ng(t,y)|dy.
uo(t, )| BO/Nﬁ(t’y)( i) 10 )y
Due to (5.1)
B (Nslt)y?
sty
<
|u9(t7x)\ = C*e_fﬁlt/< Mo(y) ) |atNﬁ<tvy)|dya
where ¢, is defined in (1.2). Since My(y) is nonincreasing (see (1.4))
pertitFNy(ty)\ 8
e+t s\, Y
uo(t, )] < — / 0N, )y
ot Mo(y) <A%@))
Bttt [ Ny(tiy)\?
ertt s,y
= Ot Np(t,y)|dy.
Being |0, Ns(t,y)| = —0:Ng(t, y), thanks to the equation in (2.1) and (2.2)
pertt [ ENswtn L ((Nalt )y
ertt st Y sty
o) < —e EACAUEE DS W S B AP 8,Ns(t,y) | d
fuo t, )} < (B+1)Mo(Lo) ao Mo(y)? Y o/ y(( Mo(y)) i y)) Y
Lemma 3.1 and the boundary conditions in (2.1) imply
B oerit! n —at n n
<2 ki a ~- N _-plL
uo(t ) < 5 3y 10 (5 e Mol = ) ~ P35
ot

/6 eps+1
= ﬁTMo(Lo) {04 ||M0||L1(0,L0) - 77} .

—_

In light of (5.7) we get

8

t

Q)

eP+

B
B+ 1 My(Lg

{04 ||MO||L1(0,L0) - 77} <up(t,z) <0,

~—

that gives 7).
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We observe that

Lo
o [y
0
Lo Lo
[ (Ns(t,y)\# Mo(y) — Ns(t,y) Ng(t,y)\# dy
- [ Gt e [ Gaeh) s
I(t) ITg(t)
Being Ng(-,y) and My(y) nonincreasing, we have
Ng(t,y) <Ng(0,y) = Mo(y), My(Lo) < My(y),
Lo
0< 1500 <571 | (i) (otw) = ot )i,

and using Theorem 5.2

lim Ig(t) =0, uniformly with respect tot € [0,7], 0 <T < oo.

B—o0

From the equation in (2.1), we get

) <6°‘t N%’(Z))?l) = Do, <€at (J\J;Z(()E,ygj))ﬁayNﬁ(tay)) ~

Multiplying by 1/Mj(y) and integrating over [0, Lo]

LO t I ﬂ+1 LO at ﬁ
0/ o ( N%Z)w M01<y>)dy:D0/ O ( (ﬁ‘gf’;)) %Nﬁ“’y)) Tty

and then

Lo
at eat Nﬂ(t7 y)[j+1 dy
My(y)?  Mo(y)

at 56y U Fo at i B 4
= De [(]é\g‘();y;)) ﬁg’((;)y)]o ~ De O/<J\J>Z(()£y;)) 8yN,a(t7y)(— A]\Z)O(%)Q)dy
Lo
at at Mo(y) \P9yNs(t,y)Ms(y)
=D S e / (Wote)) Bﬂjfy) G

Using (1.4) and Theorem 3.2, we have 0, Ng(t,y)My(y) > 0, that gives

ZAMP
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Lo
ot 77 ot Nﬁ(tay)ﬁ+l dy
e <o le /
Mo(0) = Mo(y)P Mo(y)
T ¢ Mo(y) \29,Ns(t,5) Mj(y)
t,y Y
<eo¢t n +Deat o\Y yiV3 0 d .
= Mo 0) <Nﬁ<t,y>) Mo(y)2
Thanks to (5.2) and (1.4)
L

0
at Ui ot Nﬁ(tay)ﬁ—'—l dy
§ 8t & 3
Mo(y)?  Mo(y)

Lo
« n at o |M6(y)|
< et + De — d
M) N DS Moly)

Lo
M/
= et 1 —eat\/aD/ OEy)dy
0
0

My (0)
= et n + e“*vaDlo 0 .
Mo(0) & Mo (Lo)

Integrating with respect to ¢ on [0, 7]

e’ —1 g < @aT/Na(T,y)ﬁ+1 dy

Mow)?  Moly)

et —1 7 My (0)
(MO(O) ++vaDlog MOO(LO)>'

Since

Lo B+1
Lo(T) — 15(T) = 115(T) = Nﬁ]\(fo’(ziﬁ Miz(/y) ’

we have

LoefaT +

1—e 0T n
TMO(O) < LO(T> - Iﬁ(T) <

—aT

_ 1—e n 1—e ol My (0)
< Loe T VaDlog ——.
s Loe + o Mo (0) + o al log Mo(Lo)

Sending 3 — oo we get the claim. O
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