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Boundary homogenization with large reaction terms on a strainer-type wall

D. Gémez and M.-E. Pérez-Martinez

Abstract. We consider a homogenization problem for the Laplace operator posed in a bounded domain of the upper half-
space, a part of its boundary being in contact with the plane {3 = 0}. On this part, the boundary conditions alternate
from Neumann to nonlinear-Robin, being of Dirichlet type outside. The nonlinear-Robin boundary conditions are imposed
on small regions periodically placed along the plane and contain a Robin parameter that can be very large. We provide all
the possible homogenized problems, depending on the relations between the three parameters: period e, size of the small
regions r. and Robin parameter 3(¢). In particular, we address the convergence, as e tends to zero, of the solutions for
the critical size of the small regions 7. = O(g2). For certain 3(¢), a nonlinear capacity term arises in the strange term
which depends on the macroscopic variable and allows us to extend the usual capacity definition to semilinear boundary
conditions.
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1. Introduction

We consider a boundary homogenization problem for the Laplace operator posed in a bounded domain
Q) of the upper half-space R3T = {z € R® : 23 > 0}, a part of its boundary ¥ being in contact with
the plane {z3 = 0}. A Dirichlet boundary condition is imposed out of ¥. On ¥ the boundary conditions
alternate periodically from Neumann to nonlinear-Robin. The nonlinear-Robin conditions contain the
so-called Robin parameter (3(e) multiplied by a nonlinear function o of the solution u®, ¢ = o(x,u®). The
reaction term (3(g)o concentrates on small regions T¢, the reaction regions, placed along X while (3(¢)
can be very large. These conditions recall the elastic response or the reaction of the media; cf. [17] and
[20] in this connection. The small parameter ¢ measures the periodicity, and we address the asymptotic
behavior of the solution when ¢ — 0.

The problem for the same operator and geometrical configuration here considered but with alternating
boundary conditions of Neumann (or linear-Robin) and Dirichlet type has been addressed, for instance,
in [4] and [31]; cf. [2] and [26] for the elasticity system. Alternating Neumann and linear-Robin boundary
conditions have been considered in [32] for the Laplacian, and [12] and [13] for the elasticity operator.
The model under consideration (2.5) may represent the scalar version of a nonlinear Winkler bed, namely
a block of an elastic material which has a part of its boundary (92 \ X) clamped to a rigid profile, while
the other part (X) rests partially on a nonlinear Winkler foundation along the small region T¢; see [12],
[13] and [17] for linear models.

From the geometrical viewpoint, the problem belongs to a large class of boundary homogenization
problems studied for a long time in the literature of applied mathematics for different operators. We
mention some of the first works in which keywords such as critical sizes and critical relations between
parameters have been introduced [7,29,30] and [35], also [8] for nonhomogeneous boundary conditions. Let
us refer to [5,6] and references therein for rapidly alternating Dirichlet—Steklov boundary conditions and
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27,

Fic. 1. Geometrical configuration of the problem

[11,18,28] for further references and possible applications in the framework of Geophysics and Winkler
beds (foundations). See [9-15] and [32] for an extensive and updated bibliography on different boundary
homogenization problems with Robin-type boundary conditions. Finally, we also mention the first works
[16] and [19] where different strange terms in the homogenization of volume perforated media with
nonlinear-Robin boundary conditions have been introduced.

The small regions T° mentioned above have a diameter O(r.) and are placed along the plane at a
distance O(g) between them, see Fig. 1. Here, ¢ and r. are two parameters that converge toward zero,
re < €, while §(g) can range from very small to very large as ¢ — 0. The nonlinear function o := o(x,u)
is a continuous function in Q x R, globally Lipschitz and monotonic in the u variable, cf. (2.2)—(2.4).

Three different relations between the parameters play an important role when describing the asymp-
totic behavior of the solution. As a matter of fact, there appear critical relations between parameters
for which different strange terms arise in the homogenized Robin boundary conditions. These conditions
are intermediate between the Dirichlet and Neumann ones which appear asymptotically for the extreme
cases. Let us describe these relations in further detail.

Setting

lim f(e)r2e 2 = 6, (L1)
a critical relation between e, r. and 3(¢) appears when * > 0. Other key relations between parameters
are given by

lim r.e™2 = 7o (1.2)
e—0
and
1in(1) rB(e) = 3. (1.3)
E—

In the case where rg > 0 we deal with the classical critical size of the regions T°. We call it classical since
it was obtained a long time ago in the case of a Dirichlet condition on T¢ instead of a Robin one (cf.,
e.g., [4] and [31] for the same operator and geometrical configuration here considered).

Using matched asymptotic expansions, we obtain the homogenized problems depending on whether
these limits 5*, 7o and §p take the value zero, positive or infinity (cf. Sect. 2.1). For the sake of brevity,
we avoid introducing the method here and we refer to [10] for the technique for a perforate media
(with volume perforations) along a wall and to [32] for a linear problem. Also for brevity, we show the
convergence of the solutions in the most troubled situations, namely the cases in which the so-called
microscopic or local problems are crucial to describe the macroscopic behavior of the media. Below, we
summarize the whole limit situations, the state of the art and the structure of the paper.



ZAMP Boundary homogenization with large reaction terms Page 3 of 28 234

re = "U:.-)
B(e) = B'roe?/r?

0 005 01 015 02 025 03 035 04 045 05

T T T — T T— T —T i 2 0 S S S
& L 4 10 0 005 01 015 02 025 03 035 04 045 05
01 015 02 025 03 04 045 050 3(s) g

FIG. 2. Example of the most critical relation when 79 > 0 and 8° > 0: see the intersecting line of the three surfaces and its
projection over the planes

The most critical situation happens when ry > 0 and £ > 0 which also amounts to 7g > 0 and
B* > 0, cf. the intersecting line in the 3D graphic in Fig. 2. In this case, the strange term contains
a nonlinear function of the solution u°, C¢(x,u") which is referred to as extended capacity, cf. (2.12),
and depends on the function ¢ in a non-trivial way. This dependence involves the solutions of a bi-
parametric family of nonlinear-Robin local problems posed in the upper half-space R3* (cf. problem
(2.13) and Fig. 4), the parameters dealing with the macroscopic variable and the unknown solution of the
homogenized problem. The capacity also depends on the shape of the unit region 7" and, as a matter of
fact, we show that the function C¢(x,u")u’, has similar properties to the given nonlinear function o (cf.
Proposition 3.3). The proof of the convergence compulsorily implies introducing suitable test functions
in variational inequalities. We construct the test functions from the solutions of the local problems, and
after proving a certain smoothness of these solutions in the macroscopic parameters of these problems,
we are led to a well-known result on convergence of surface measures (cf. Lemma 4.1). All of this involves
some technical restrictions on the nonlinear dependence of ¢ in the u variable, see Remarks 2.1 and 2.2
in this connection. The homogenized problem reads (2.11).

When 79 > 0, the other critical case arises when Y = +o00 (equivalently, 3* = +occ). It implies a
Dirichlet condition on T for the solution of the microscopic problem which becomes linear (cf. problem
(2.17) and Fig. 4). This case asymptotically amounts to Dirichlet conditions on 7¢ and, consequently,
the same capacity term appears in the strange term. It is a constant capacity, which seemingly ignores
the nonlinear function o but also depends on the shape of T, cf. (2.16). However, it is defined through
a product of duality in H~'/2(T) x H'/?(T) which adds unforeseen difficulties in justifications. Due to
the fact that the u® does not vanish on the T°, now the proof of the convergence requires introducing
new results on integrals of potential type and on the convergence of the traces of the solutions u on the
reaction regions. It also involves further restrictions on the nonlinear function o, see Proposition 5.2 and
Remark 5.1. Also the local problem (2.17) and the test functions from its solution become essential. The
homogenized problem reads (2.15).

In the case where g = 400 with 8* > 0, the homogenized Robin condition contains the same nonlinear
function o multiplied by the somewhat averaged Robin parameter, 3*|T|, which only takes into account
the area of the unit region T for any shape. Notice that * > 0 is obtained when the total area of the
regions T° multiplied by the Robin parameter (3(¢) is of order 1, in such a way that a critical size of T
corresponds to each Robin parameter 3(g), namely r. = O(8(g)~/2¢), while a critical Robin parameter
B(e) = O(e%r-2) corresponds to each size 7., cf. Fig. 3. The homogenized problem is (2.18).
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Fic. 3. Examples of critical relations when rg = +o0o with two different 8* > 0: there is a wide variety of possible surfaces
(green color) between the two surfaces 7. = 57 1e and r. = 5712 (Color figure online)

The rest of the possible values of the limits in (1.1)—(1.3) lead to extreme cases when either a Neumann
condition or a Dirichlet one is asymptotically imposed on ¥, the homogenized problems being (2.19) or
(2.20).

In this paper, we show the convergence for ry > 0; see Remark 5.2 related to proofs in the rest of the
cases and possible extensions.

As regards closer works in the literature, it should be emphasized that the justification scheme here
developed applies to the homogenization of the nonlinear diffusion problems in porous media addressed
in [10]. This justification was left as an open problem. Currently, in [10], it may get simplified due to the
geometry of the local problem in porous media. Also the technique extends that for the linear problem
in [32] when 79 > 0 and 3° > 0, while it justifies the case where ry > 0 and 3° = 400 which also was left
as an open problem in [32]. Moreover, although we deal with a scalar problem, the technique developed
in [2,13] and [31] for the linear elasticity operator, based on projections over spaces of linear functions,
does not work for the nonlinear problem here considered.

Finally, the structure of the paper is as follows. Section 2 contains the setting of the homogenization
problem and the list of homogenized problems with the corresponding local problems (cf. Sect. 2.1).
Sections 3 and 4 deal with the convergence when 79 > 0 and 3° > 0. Section 3 contains the setting of the
bi-parametric family of local problems, and some properties for solutions which are key points to show
the convergence in Sect. 4. Section 5 addresses the convergence when 79 > 0 and 3° = +o0; the study of
the local problem is in Sect. 5.1.

2. Setting of the problem and limit problems

Let © be an open bounded domain of R? situated in the upper half-space R+, with a Lipschitz boundary
090. Let 3 be the part of 9 in contact with the plane {x3 = 0} which is assumed to be non-empty and
let T be the rest of the boundary: 02 = I'q U X. Let T denote an open bounded domain of the plane
{z5 = 0} with a smooth boundary. Without any restriction, we can assume that both ¥ and T contain
the origin of coordinates.

Let & be a small parameter ¢ < 1. We consider r. an order function such that r. < e. For k =
(k1,ks) € Z?, we denote by T{ the point of the plane {3 = 0} of coordinates 75 = (k¢, kz2¢,0), and by
T, the homothetic domain of T of ratio r. after translation to the point Z5, namely the set

TS =5 +r.T.

If there is no ambiguity, we shall write 7y instead of 7y, and T< instead of T% .
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In this way, for a fixed e, we construct a grid of squares in the plane {x3 = 0} whose vertices are in the
regions T°. Let the set J¢ denote J° = {k € Z* : T C X}, while N, denotes the number of elements
of J¢:

N.= 2 =0(7?). (2.1)

Finally, if no confusion arises, we denote by | J7° the union of all the T° contained in ¥. Also, in what
follows & = (21, x2,x3) denotes the usual Cartesian coordinates, while by & = (x1, x2) we refer to the two
first components of 2 € R3.

Let us consider the function o = o(x,u), a continuous function in Q x R, globally Lipschitz in the
following sense:

lo(z,u) — oz, u)] < K1(|m — 2|+ Ju—u|(1+ [u|” + |u'|T)) Va, 2’ € Q, Yu,u' € R, (2.2)
which is also monotonic in the variable u, and satisfying
o(x,00 =0 and (o(z,u) —o(x,u))(u—u')>0 VreQ, Vu,u' €R, (2.3)
and
Kslu| < |o(z,u)] VreQ,ueR. (2.4)

Above, K7 and K, are certain positive constants and 7 € [0, 2].

For different technical reasons further restrictions on the constant 7 will be imposed throughout the
paper in order to obtain the desired convergence (cf. Theorems 4.1 and 5.2). See Remark 2.1 for less and
more restrictive conditions and see Remark 2.2 for the above-mentioned reasons.

Let f € L?(2) and u® be the solution of the following homogenization problem:

—Aut=f in Q,
u =0 on I'g,
out .

_ 2.5
5 =0 on X\ UT*, (255)
ou’

o + B(e)o(z,u®) =0 on JT°,

where n stands for the unit outer normal to €2 along ¥, and (3(¢) is a positive parameter.
The weak formulation of (2.5) reads: Find u® € V satisfying

/VUE.Vvdoer/B(e) / a(i",ue)vdi::/fvdx, Yv eV, (2.6)
Q UTe Q

where the space V is obtained by completion of {v € C1(Q2) : v =0 on I'q} with respect to the Dirichlet
norm.
The existence and uniqueness of solution u® of (2.6) holds from that of the variational inequality

(A%t v —u®) > (f,v—u)r2), YveV,
where A® : V — V' is the monotonic hemicontinuous operator defined by
(Afu,v) = /VU.VU dz + B(e) / o(Z,u)vdz, foru,veV
Q ure

(see Theorems 8.2-8.4 in Sections 11.8.2 and I1.8.3 of [24], and, also, see Section 1.2 in [3] and Theorem
2.1 in [15] for a detailed application of these results), and this amounts to: Find u® € V satisfying

/VU.V(U —u®)dz + f(e) / o(z,v)(v—u®)dz > /f(v —uf)dz, Vv € V. (2.7)

Q uUre Q
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To
Q
]R3+
)
T

F1G. 4. The domain of setting for homogenized and local problems
On account of the Poincaré inequality (2.3) and (2.4), u® satisfies and

/|Vu€\2dm <C, p(e) / o(@,uHutdz <C and [(e) / lwf*de < C, (2.8)

Q U Te U Te

where C' is a constant independent of €. Hence, for any sequence, we can extract a subsequence, still
denoted by ¢ such that

u® — v’ in H'(Q) — weak, ase—0, (2.9)

for some u° € V. The aim of this work is to identify «® with the unique solution of a certain homogenized
problem which depends on the different relations for the parameters ¢, r. and ().

Depending on the values 8*, o and 3° in (1.1), (1.2) and (1.3), respectively, in Sect. 2.1, we state all
the possible homogenized problems: (2.11), (2.15), (2.18), (2.19) and (2.20). In Sects. 3-5, we provide the
proof of the convergence in the critical cases where o > 0 and 3° > 0 or 3° = +o00. The corresponding
homogenized problems are (2.11) and (2.15), respectively; see Remark 5.2 for other cases.

Remark 2.1. As outlined in [10], the homogenization problem (2.5) is a well-posed problem under less
restrictive conditions for o. Indeed, it suffices to guarantee that the boundary integral

/ o (&, uf (2))o(2) di
yre
is well defined for u®, v € H'(2) and the left-hand side of (2.6) defines a monotonic operator.

Several papers in the literature consider the case of a smooth o which satisfies ¢ € C1(Q x R),
o(x,0) = 0 and, for instance,

0 _
0< Ky < a—g(x,u)gKl(1+|u|T) Vo e, ueR, for a 7 € [0, 2]. (2.10)

These hypotheses on smoothness and boundedness for ¢ are weakened in our hypotheses (2.2)—(2.4).
However, it should be noted that (2.10) already allows a certain nonlinear increasing of o. Many models
arising in hydrology and ecology use nonlinear functions which fall in the framework of these hypotheses
or even of more restrictive hypotheses on ¢ which somehow imply a linear increasing; namely, when
0< Ky < g—Z(x,u) < K (see [1] and [10] in this connection). O

2.1. The homogenized problems and the local problems

The technique of matched asymptotic expansions, which follows from that in [9,10] and [12], with the
suitable modifications, leads us to the homogenized problems listed below:
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e In the most critical situation when 3° > 0 and ¢ > 0, the homogenized problem reads

7Amu0 = f in Q,
u? 0: 0 on g, (2.11)
9 .
571; + 70 C%(z,u’)u’ = 0 on %,
where C¢ is the function defined as:
an,u
Cé(x,u) = dy, 2.12
(@) = [ Z5 i (212
W®% being the solution of the (x,u)-dependent local problem
—A,WH =0 in R3+,
BWa:,u
=0 On{y3:0}\T7
g% ., (2.13)
oy — 8% (z,(1 = W*")u) =0 on T,
Wet(y) — 0 as |y| — o0, y3 > 0.

Above, and in what follows, the variable y denotes an auxiliary variable in R? (cf. (2.14)), and the
lower indexes x or y indicate the variable for derivatives, while the upper indexes x,u refer to the
parameter arising in the equation on T, which deals with the macroscopic variable x. Note that
we have indeed a biparametric family of local problems, z,u being the two parameters. As is well
known, macroscopic and local variables are related by

y=1""k (2.14)

Te

It is self-evident that for v = 0, the trivial equality of the boundary condition on T in (2.13) gives
nothing, and we set W0 = 0.
o For the critical size o > 0, when 3° = 400, the homogenized problem reads

Al = f in Q,
uw =0 on g,
0 . (2.15)
+7roCu” =0o0n X,
ong
where C is now a constant defined as:
C= <8VV, 1> , (2.16)
Ony H=1/2(T)x H'/2(T)
W being the solution of the local problem
—A,W =0 in Rt
ow
— = = T
any 0 on {y-?) O} \ ) (217)
W=1 on T,
W(y) —0 as |yl — oo, ys >0.
e For 5* > 0 and large sizes 1y = 400, the homogenized problem reads
Al = f in Q,
w0 =0 on I'g,
ou + B*|T|o(x,u’) =0 on X 2
Ong ’ o '
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e For the extreme cases where 3* = 0 or rg = 0, the homogenized problem is

—Au’ = finQ,

u’ =0 on g,

0,0 @ (2.19)
on. =0 onX.

e For the extreme cases where 79 = +o00 and, 4% >0, or 3% = 400, or 8° = 0 and $* = +o0, the
homogenized problem is the Dirichlet problem

—Au’ = fin Q,
{uo =0 g on 0f2. (2.20)

The variational formulations of (2.20) in H{(2), and of (2.19) in V are classical in the literature.
The existence and uniqueness of a weak solution of (2.18) in V holds as that of (2.5). The existence of a
unique solution in V of the linear problem (2.15) is a consequence of the fact that the capacity constant
C is positive (see (5.8)). Its variational formulation reads: find u® € V satisfying

/Vmuo.vzvdx—&—roC/uovdi: /fvda;7 Yv e V. (2.21)
Q by Q
Regarding problem (2.11), we show that C(x,u) > 0 in (2.12) from the properties (see (3.5)) of the
solution of the local problem (2.13). Let us define the function E as:
E(zr,u) :=Cx,u)u for u #0, and Z(x,0) = 0. (2.22)

It is clear that Z depends on the nonlinear function o, on the parameter 5°, and on the shape of the
unit reaction region T'. For 7 € [0, V3 - 1], in Sect. 3, we show that = satisfies analogous properties to o
(cf. Proposition 3.3 and Remark 2.2) and, therefore, the existence and uniqueness of a weak solution of
(2.11) holds true.

The weak formulation of problem (2.11) reads: Find u® € V satisfying

/quO.vadJ;+ro/C6(£,uo)u0vd£ = /fvda:, Yv €V,
Q by Q
or equivalently,

/Vmuo.vzvderro/E(i,uO)vdé‘t = /fvdx, Vv e V. (2.23)
Q b)) Q

Rewriting the reasoning for (2.6) and (2.7), we show that (2.23) has a unique solution which coincides
the unique solution u° € V of the variational inequality

/va.vm(v —u®)dx + r0/5(£7v)(v —u’)d@ > /f(v —u)dz, YveV. (2.24)
Q by Q

Note that in the case where Z(&,v) = Cv, also the solution of (2.21) is the unique solution of (2.24).

Remark 2.2. In connection with Remark 2.1, it should be emphasized that the Lipschitz condition (2.2)
becomes essential in order to show both the continuity on the macroscopic parameters of the solutions
of the local problem (2.13) and the correct position of the homogenized problem (2.11). The further
restrictions on 7, which we perform throughout the paper, seem to be technical questions to be overcome.
As a matter of fact, the restriction 7 € [0, /3 — 1] has been obtained in [10] in connection with the correct
setting of the homogenized problem for the case of perforated media. More specifically, related to the
local problem, in Proposition 4.2 of [10] we prove the estimate

Z(z, )| < C(lu| + |u| D) Vo e QueR, re(0,1), (2.25)
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which allows us to define correctly the surface integral, cf. (2.23),

/ E(z,u’)vdd
b
for u’,v € Vand a 7 € [0,4/3 — 1].
On account of this restriction, even for a larger 7, but 7 € [0,1), we obtain the bounds arising in
(3.9)-(3.14) and the limit (4.7), namely the necessary bounds to get (4.8). Finally, the last restriction
T €0, \/5_1} C [0,v/3 —1] € [0,1), is needed when applying a density argument in the integral on ¥ in

2
which the extended capacity appears (cf. (4.4) and (4.5)). O

3. Solutions of the parametric family of local problems

In this section, we deal with the abstract framework of the parameter family of local problems (2.13)
and the properties of their solutions in their dependence on the parameters z € Q and u € R. These
properties become essential to show the correct setting of (2.23) and (2.24) and to derive the convergence
of solutions of the homogenization problem (2.5) toward that of (2.11), as e — 0.

Let D(R3+) be the space of functions which are the restrictions to R3+ of the elements of D(R?).
Consider the space U, completion of D(R3+) with respect to the Dirichlet norm

HU”‘U = ||VyU||L2(R3+) . (3.1)

As it is well known, the elements of U belong to LS(R3*") and to H}!

L .(R*T), and the continuous embedding
0 C L?(T) holds, namely

1Ullz2ry < CllUllw VU €T, (3.2)

with C' a constant independent of U. This ensures that the integrals arising in (3.3) are well defined and
also that the elements of U somehow converge toward zero as |y| — oo (see, e.g., Section 1.4 of [21] and
Section IV.8 of [34]).

Problem (2.13) has a weak formulation: Find W** € 7 satisfying

u / VWY,V dy — Bo/a(x, (1= W= () u)Vdj=0, YV €D, (3.3)
R3+ T
In the next theorem, we show the existence and uniqueness of solution of (3.3) in U, as well as its
precise behavior at infinity (cf. (2.13)).

Theorem 3.1. Problem (3.3) has a unique solution W™ € U and it satisfies
K(z,u) 1
O(—5

[l ly|

where K(xz,u) is a constant, independent of y, but dependent on the parameters of the problem x and wu.
In addition, we have the following chain of equalities defining KC(z,u):

W (y) = ) as |yl — oo, (34)

oW
2K (a1, 1) = %ywzf/dau4W%mw@
T T
" (3.5)

= [ ey 5 [ ot - W @)@ - W @)uds.
R3+ T

Also, the function (2.22) reads
E(x,0)=0 and ZE(z,u)=27K(z,u)u, VYueR, u#0. (3.6)
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Proof. To show the existence and uniqueness of the solution of (3.3), we use the theory of monotonic
operators (cf., e.g., Theorem 8.2 in Section II.8.2 in [24]) and rewrite the proof in Theorem 4.1 of [10],
with the suitable modifications.

Now, let us deduce the representation (3.4), for a certain constant K(z, ). Since W** is harmonic in
R3*+ and satisfies a Neumann condition on the plane outside the circle B(0, Ry) N {yz = 0}, with Ry such
that T C B(0, Ry), we can extend it to a harmonic function in R?\ B(0, Ry), denoted by W% satisfying
VvV, W=t e (L*(R®\ B(0, Rp)))3. The representation of W% in L*(0B(0, Ry)) in terms of the spherical
harmonics leads to (3.4) for a certain K(z,u) independent of the y variable: see, for instance, Section IT
in [23] and Section IV.8 in [34]. In fact, formula (3.5) which we show below gives a characterization of
this constant K(x,u) in terms of the parameters x and u.

Now, taking V' = W** in (3.3) gives

/ IV, _ D /o(x,(l — WEM )Wt dg,

R3+ T

when u # 0, and straightforward computations provide the last equality in (3.5). Moreover, the equation
on T in (2.13) gives the second equality in (3.5). Finally, to show the first equality, we apply again the
Green formula in B*(0, R) and consider (3.4). Thus,

oW hm / av, =27K(x, u).

5‘ny

Since C¢(x,u) defined in (2.12) is also defined by any term of (3.5), the formula (3.6) for Z, is a
consequence of the definition (2.22). Note that this is in good agreement with the fact that all the
integrals in (3.5) vanish when u = 0. Thus, the theorem holds. O

Under the hypotheses (2.2)-(2.4), the following results provide further properties of the functions
W= and Z(u,v) which are useful in the proof of the convergence.

As a consequence of Theorem 3.1, in Proposition 3.2 we show that the solution W** of (2.13) as well
as certain other related functions are continuous functions of the parameters 2 € Q and u € R. First, we
obtain:

Proposition 3.1. Let o satisfy (2.2)—(2.4) with 7 € [0,2]. Then, for all (z,u) € Q x R, the solution W**
of (2.13) verifies estimates

W2y < CA+[ul")  and [V W p2gsr) < C(1+ |u]") 3.7)
where C' is a constant independent of x and u.
Proof. First, let us note that for u = 0 the above estimates hold since the function W% = 0 and all the
norms above vanish in this case.

For w # 0, using the monotonicity (2.3) of ¢ and the weak formulation of (2.13), cf. (3.3), with
V = W= /u, we have

|vywz,u|2dy
R3+
Tu /8 ZL"U. T, u A~
/|vyw 2dy + 7/ CWE) — o) (LW — ) dj
R3+ T

= / IVy / 1-WEH) )W dg + — / o(x,u)W*"dy

R3+ T
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s | &

/J(z,u)Wz’“dg.
T
Now, applying (2.2), the Cauchy—Bunyakovsky—Schwarz inequality and (3.2), we get

[ vty < 00 [ )W < Calt )T, g

RS+ T
and consequently, cf. (3.2), the estimates in (3.7) hold with C' a constant independent of 2 and u. In
particular, for 7 = 0,

||W$’uHL2(T) <(C and ||VyW$’u

‘L2(]R3+) <C. (3.8)
g

Proposition 3.2. Under the hypotheses of Proposition 3.1, with T € [0,1), the function W*"u depends
continuously on (x,u) € Q x R in the topology of L*(T) and 0. Also, the functions

/a(m, (1—=W*")u)dy and K(z,u)u
T
depend continuously on (x,u) € Q x R, and the following estimates hold:
[Weu = W | gy < Clla = ']+ fu— o | (14 ful 57 4 7)), (39)
[V (W% = W )| ooy < Cflo — 2| + Ju— /| (1+ |u 7 + o/ [7H7)], (3.10)
1

|ul

(W — W || iy < C—[|z — | + |u— /| (14 [u| ™" +|o/[7+7)], with u #0, (3.11)

ror ]_ 2 2
[V (WEH — W) L2(gaty < C’m |z —2'| +u—u/|(1+ ™ +W[7T7)], withu#0,(3.12)
| [ote = W) - o', (1= W @) g
T (3.13)

< C“Ji N SC/| + |u i Ul|(1 + |u|'r+7—2 + ‘u/‘7+72)] (1 + |u|'r+7—2 + ‘U/‘T+T2)7
’K(m,u)u o ’C(iE/,U/)’LLI’ < CU(E o 1'/| + |U _ 'Ll,/|(]. + |u|‘r'-i-7—2 + |ul|r+7—2)] (1 + |u|7-+7—2 + |u/|'r+7—2)’
(3.14)
V(z,u), (2/,u') € QA x R. B
In addition, for each ¢ € C*(Q) with ¢ = 0 on Tg, the function O(z) := ¢(x)K(z,¢(x)) is a continu-
ous function whose distributional partial derivatives satisfy
00
Bxi
Proof. For z,z' € O, u,u’ € R, let us consider (3.3) for V = W=uy — W= "¢/ and the weak formulation
of problem (2.13), with parameters (z', v instead of (z, u), for V = W%y —W*" "¢/ and subtract both

expression. Thus,

IV (W = W ") [T o

eL®(Q), i=1,23. (3.15)

= / VW (WS — W2 o) dy — o / VW& T (W — W) dy
R3+ R3+
= 6o / (o, A=W™ ")) — o(a’, (A=W Y )) (W u — W'u/) df

T
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and

50/ (o, (1= W™")u) — o, (1- W= YY) (1 — W) — (1 — W )a') d

T
H| Yy (W — W) |[32 s
= ﬂo/ (o(z, =W )u) — o(a’, 1-W= ¥ Y')) (u — o) dg. (3.16)
T

Now, using (2.2), the Cauchy—Bunyakovsky—Schwarz inequality and, for 0 < 7 < 1, the Hélder inequality
with p=1/7 and ¢ = 1/(1 — 7), we obtain

60/(0(307(1—Ww’“) ) ola!, (1= W W) (u— o) dg
T
< Clx — 2’| ju — /|

+Cslu — ' / (lu — /| 4+ Wty — W' (

T + ‘ul‘Tll_W;E/,u/lT )dy

< Cile—a'[ju—u|+ 03(|u — /| 4 [u— || W — W””/’"/u'HLz(T))
(1 Rl I =W Tagy + /T IL= W oy ) (3.17)
Therefore, gathering (2.3), (3.16), (3.17), (3.2) and (3.7) yields
IV (W= = W )| 2o sy < Cala — 2/ |[u— /|
+C <|u — P+ Ju— |||V (W — Wx’vU’u')nLQ(RH)) (1 ™+ |u'|T+T2). (3.18)
Here, we have also used that
1+ ul(1+ u)” <21+ Ju|t™) foranyueRand 0< 7 < 1. (3.19)

Consequently, (3.10) is proved because either ||V, (W* %y — WII’UI'LLI)”LZ(RBJr) < |z —2'|+ |Ju— | and
(3.10) holds or |u —u/| < |z — 2’| + |u — u/| < ||V, (W y — W”’,’“lu’)HLz(RH) and, due to (3.18), (3.10)
holds.

Estimate (3.12) follows from (3.10), (3.7), and the fact that

u —

’ ’ 1 ’ ’ ’ !’
Wt = W — S (W= W ) 4 Yyl for w 0.

Estimates (3.9) and (3.11) are a direct consequence of the continuous embedding U C L?(T) (see (3.2))
and estimates (3.10) and (3.12), respectively.
As regards (3.13) and (3.14), we use again (2.2) and the Holder inequality to obtain

/ SWa) — ofal, (L= ) dg

< Cifa— | +03(|u [ W W o)

Ty + W IT=W [y )

(cf. (3.17)). Now, taking into account (3.7), (3.9) and (3.19) yields (3.13). Estimate (3.14) is a consequence
of (3.13) and (3.5).

(14 a1
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Let us show the last assertion in the statement of the theorem. The continuity of © in Q follows from
that of ¢ and K(z, ¢(z)). The assertion on the derivative is obtained from (3.14), which taking u = ¢(x)
and v = ¢(a') reads

|6(@)K (2, d(x)) — d(a)K(2, d(a))]
< Cflz —a'| + ¢(x) — p(a)| (1 + |¢(@)[7 + o)) (1 + [¢(@)| 7 + o))

From the smoothness for ¢ and its partial derivatives, we write the global Lipschitz condition of ©,

|8(z) — B(2")] < Cylz — 2/, (3.20)
with a constant independent of z and /, and (3.15) also holds, see Sections III.24 and II1.28 in [38].
Thus, the proposition is proved. O

Proposition 3.3. Under the assumptions (2.2)—(2.3) with 7 € [0,1), the function Z defined by (2.22)
satisfies 2 € C(Q x R),

2(x,0) =0, (E(z,u)—E(z,v))(u—2v)>0, (3.21)
(2, u) — E(z,0)| < Clu—v|(L+ |u™*7 4+ o 7+7)2, (3.22)
E(2, u)u — E(z, 0)v] < Clu — o] (Ju] + [v])(1 + |u] ™+ + o] F77)2 (3.23)

Ve e Q, u,v €R.

Proof. The continuity of function (2.22) in  x R is a consequence of the continuity of (x,u)u stated in
Proposition 3.2 and equation (3.6). To prove (3.21), we rewrite the proof in Proposition 4.2 in [10] with
minor modifications.

Inequality (3.22) follows from (3.6) and (3.14). Besides, taking v = 0 in (3.22), we obtain
|E(z,u)| < Clul(1+ \u|T+T )2, Ve QuekR (3.24)
(cf. also (2.25)). Finally, to prove (3.23) we write
Bz, w)u — ZE(z,v)v = Z(z,u)(u —v) + (E(z,u) — Z(z,v))v
and use (3.24) and (3.22). Thus, the proposition is proved. O

Proposition 3.4. For x € Q, u € R, the solution W™ of (3.3) satisfies

Lﬁ and ’8W , (y)‘ < Cu’TL,
d(y,T) dy; d(y,T)?

for j =1,2,3, where d(y,T) denotes the distance from the point y € R3* to T,
Cur = (1 + |u|T+T ) when u # 0, Co,r =0,

and C' is a constant independent of x, u, T and y.

(W (y)| < Cu,r

Yy € R3T, (3.25)

Proof. Considering
8W(E,u

I,’IJ, _—

ony 11’
then a solution of (2.13) reads

/ 1
om Vi —&)2 + (y2 — &)+ 43

(cf., e.g., [22,31] and [35]). To show that this function belongs to U, we follow the technique in Theorem
4.1 in [26] with minor modifications.

WU (y) = q"" (€1, &2)dE, Yy € R3T
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As a consequence, we have (3.25) for C,, ; = Cy 4 » & certain constant, which in principle can depend
on z, u and 7. However, considering the equation on T in (2.13), (2.2), (2.3) and Proposition 3.2 (cf.,
e.g., (3.13) with x = 2/ and v/ = 0), we can take:

with

T T
<C(1+ ™)

where C' is a constant independent of x, u, 7 and y.
The same reasoning shows (3.25) for the derivatives. Thus, the proposition holds. O

3.1. On the test functions in the most critical case

In this section, we introduce some functions which allow us to obtain the convergence of the homoge-
nization problem when ry > 0 and 3° > 0. These auxiliary functions are constructed from the solutions
of the parametric family of local problems (2.13), Zx and u(Zy) being the parameters. Throughout the
section, we assume that u is a function such that u(zy) is defined, 7 € ¥, u bounded on Q:

lu(z)| < Cu, Ve, (3.26)

where (', is a constant independent of x.
Let us consider ¢ € C*°[0,1], 0 < ¢ <1, ¢ = 1in [0,1/8] and Supp(y¢) C [0,1/4]. We construct the
function

1 for z € Ukeja Bt (fk, re + %),
o (z) = *”(W) for v € €5, ke J°, (3.27)
0 formEQ\UkGJEB+(EEk,rE+§),

where J¢ = {k € Z? : T; C X}, BT (2, r) denotes the half-ball of radius r centered at the point 7y,
namely, B(Zx,r) N {z3 > 0}, and @;’: stands for the half-annulus

c - € ~ €
i’kJr — B+ <xk,rs —+ Z) \BJF <£Ck,'f'€ —+ g) .
Let us define the functions Wg’“(x), which we construct from the solutions of the local problems

(2.13), as follows: We set

Wk’g’“(x) — W Eou(@x) (m—mk> o (z) for we Bt (51(,745 + Z) ,

T'E
and

WN/k’E’“(x) =1-Wket(z) for xe€B" (Ek, re + Z) ,

that we extend by 1 in Q\ |JB™ (Z,7- + 5). Then, we define

__ i7k,eu o
Wen(z) = {W =U(z) for x € BT (Tx,re + %), k € J°, (3.28)

1 for z € Q\ Uyes- BT (Tw, 7= + %) .
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Proposition 3.5. There is a constant C independent of € such that Va € (‘:%:r

0p° 1
<C- =1,2,3 3.29
G| <0 =123 (3.29)
e — T OWmoul@) g T
Wﬂﬁk,u(mk) T~ Tk < C’E <C=,;=1,2,3 3.30
| (0| <ok | B <ok sz @
and
T oWkeu T
Wheu(z)] < 0= <C=, j=1,23 3.31
whe) < o [T )| <0 -1 (3.31)
In addition,
||W€7u||H1(SZ) <C and W—=2 .1 in HY(Q) — weak. (3.32)

Proof. Bound (3.29) is a consequence of the definition (3.27), while bounds (3.30) are a consequence of
(3.25). Estimates (3.29) and (3.30) give (3.31). Let us show (3.32).
First, we evaluate

HVWE

2
L2(Q) a Z HV WkEuHL'z e ! +Z ||V WkeuHLQ(B”“(IkWEJFE/{S))

<ot -y / dx+rgZHV (@)
Ti €s+

<C (3.33)
L2(B*(0,14¢/(re8)))

where we have considered (3.31), (2.14), (3.7), (2.1) and r¢ > 0 in (1.2).
Then, we estimate

e

? £,u 2
L2(Q) - Z HWk’ }|L2(B+(5k77‘5+8/4))
Tk

w 2
< C Y IVaW™ | Lot 3y e a0y

Ty

VIWE’“ 2

< Ce?,
L2(Q)

§€2C’

where we have used the definition (3.27) and the Poincaré inequality on each half-ball and (3.33). Thus,
the convergence of (W* — 1) toward zero in L?(Q) holds, as € — 0, and also the bound in (3.32) holds
true. This concludes the proof of the proposition. O

On account of (3.26) and (3.25), for 7 > 0 in (2.2), the constants appearing in bounds (3.30)—(3.31)
as well as in the proof of Propositions 3.4 and 3.5 may depend on the function u and the parameter 7,
cf. (3.26). We avoid writing this dependence because, in the next section, these bounds will be applied
with a fixed 7 and also a fixed u = ¢ € C1(Q) with ¢|r, = 0.

4. The convergence for the most critical case

In this section, we consider the case where 79 > 0 and 8° > 0, and we show that the limit of u® in
H'(Q)-weak given by (2.9) is the weak solution of the homogenized problem (2.11). In order to do this,
it proves useful to introduce here a convergence result of measures (see [25] for the proof).
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Lemma 4.1. Let a. < € be such that a.e™' — ag, as e — 0, and let B(Zy, a.) denote the ball of radius a.
centered at Ty. Then, Yw € H} (),

‘Z / wds, — 47Ta%/wdi“§ C(eY? + |ace™ — ao|) w1 (q)-

Tk 9B (Zw,ae) o}

Theorem 4.1. Forrg >0 and 8° > 0 in (1.2) and (1.8), and T € [0, ‘/32*1] in (2.2), the solution of (2.6)
converges in H'(Q))-weak towards the solution of (2.23) as e — 0.

Proof. Let us consider ¢ € {v € C*(Q) : v =0 on I'g}. From the definitions of the spaces U and V, and
of the function W#@)  on account of (3.28) and (3.32), we have that ¢W=? € V and ¢W=? — ¢ in
H'(Q)-weak as e — 0. Then, we take the test functions v = ¢W=? in (2.7) and we write:

‘/v (GT7=% — W)V@ﬁﬁ%dx+ﬁk)/‘d@¢Wfﬂwﬁﬁ¢—uﬂdiz/fwﬁﬁﬁ—uﬂdm
Ure Q
This amounts to
/V(d)WW —u) VoW dz + /vWWW — U ). VW da — /(¢W57¢ — UV VW da
Q Q
+6(e) / o (&, W) (oW — uf) di > /f(qug’d’ —uf)dz.
ure Q

On account of (2.9) and (3.32), for subsequences, still denoted by e, we take limits as ¢ — 0 and obtain:

/v ¢ — uf V(;Sd;v—/f ¢ —ul

' . N o — X (4.1)
>~ lim /V(¢ We? —ufg).VIW? da + ((e) / o (2, W) (W — uf) di:
E—
Ure
= — lim I..
e—0
Below, we show that the limit on the right-hand side is
] oW ¢(r) J On s
i:rr%) I. =g // o, d(d —u)dz. (4.2)
Thus, (4.1) reads
Wae(&)
[0+ [ [P0 a0 -0 > [ 56—,
Q % T v Q
and, considering (3.5) and (3.6), the inequality above is nothing but
[¥6-u)Vodr+ o [2@0)0- )i > [ 16— i), (43)
Q b Q

which holds for any ¢ € {v € C*(Q) : v =0 on I'q}. Now, taking into account the continuity of Z(z,u)
VE-1
2

and Z(x, u)u and using a density argument yields (2.24) for 7 € [0,
in further detail.

]. Let us explain the last assertion
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Here, we have applied the following inequalities:

/ (2(3, ) — 2(, v))ud

%

2 T 7_2
< Cllg = vlluscs) (Iullgorage) + s 6™ 1) + s lo™ " Ias))
< Cll = vllzacs) (Il oy + Nl 16300y + lullzs ol s) (4.4)

and

=(7 =( A 7 T+72
[(E(@.6)6 ~ 2,010 < Cllo = wlluas) (1olscsy + [ollzsce) + 16727 s,
b))

2 2 2
HI 2T sy + bl 0™ ey + ol paes 1677 ||2L4(z))
< Cllg = vz (H¢>||L4/3(2) +lvllparss) + lollza lolfa) + vl ||¢Hi4(g))7 (4.5)

which can be obtained from (3.22), (3.23), the Holder inequality, and the continuous embedding V C
LA(Y). Indeed, we take the maximum 7 such that inequalities of the type

Jo-vwai < ( [o-oras)”( furaz)”,

P = 2

for certain p,q with 1/p+1/¢q = 1, provide a bound for u,v € V to be in good agreement with the above
mentioned embedding. This gives the maximum 7 = (v/5 —1)/2.

Thus, taking limits in (4.3) for ¢ — v in V gives (2.24). By the uniqueness of solution, the whole
sequence u® — u® as ¢ — 0 in the weak topology of H'(Q) and u is also the unique solution of (2.24)
and (2.23).

Therefore, it remains to show (4.2) to end the proof of the theorem.

The proof of equality (4.2).

For the sake of brevity, we introduce the following notations

:L‘—%k

Wk (z) = Wo?@0 ( ) and  T7 . =0B(Tr: + %) NR3T.

Te

We divide the proof into three steps.
First step: The reduction of the limit in (4.1) to the limit of integrals on half-spheres (cf. (4.8)). For the
first integral in I., cf. (4.1), on account of (3.27), we write

/V(ngWE,(b _ u5¢).vwe7¢ dr = Z / Vm<(1 _ Wk,rg)¢2 . uang)VI(l i Wk,rg) dz
Q ‘fk B+(fzk,’f'5+§)

+>° / V(1 = W 0%)¢? — uf ). V(1 — W) da := II, + III..

Ty
et

Taking into account the estimates in Proposition 3.5, (2.8), (2.1), (1.2), the volume of each QiJ:, and
applying the Cauchy-Bunyakovsky—Schwarz inequality, we show that III. above is bounded Cy/e.
Therefore, we write the limit in (4.1) as follows:

lim I, = lim (IL. + IV.),
e—0 e—0
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where
IV i= 6) [ ol (1= WEmo)(e(L - WE™) - ) da,
Urs

and, using the Green formula in B* (Zy, 7. + £), we derive

k,re
hm I, =— ahl% / (1 = WhT)p? — ufg) mg/y dsy
ZL’k F;‘fkyra‘#%
OW'kre
_ i _ k,re 2 € ~
Ll R e
T e

= lim(—Li — Lﬁ + Lg’)

e—0

For L5, we write the boundary condition for Woeu(@x) on T in the macroscopic variable, cf.

and (2.14), and we decompose it as follows:

_ _ awfk@(fk)
,Ll E / ka,¢(zk))¢2 — UE(b) vy dse
mk,reJr%
AW T, (k) o W T (Tx)
_ - _ Ty, (Tx) 42
Z / (¢ —us)op e ds, Z / w ) e ds,.
Tk + Tk +
Fy,ret§ Toret§

ZAMP

(2.13)

Then, for the last sum above, we use (3.25) to obtain an estimate in the half-spheres. Namely, for

x et Lo We have
Tk, Te
OW T (Txc) (x _ 5}()‘ B 1 awik@(ik)( ‘ o 1 ( )2 1 c
v, Te T vy v = Te e d(z, Tik)z
and
e — 7 1 T

T Tk (@) =Tk <Cr,.—— < (C-=.

| ( Te )| N Tsd(wﬂTigk) €
Therefore,

O T, (Tx) _
‘Z / ka,qﬁ(wk ¢27d3x < CTE 1 Z |sz retg | < Ce.

Ty

Tk T5+€

Taking limits as € — 0, we get

8W$k7¢’(wk
T 1 _n
fim L = liny > / o
Tk 7‘5+8

Next, let us show that
lim(-L2 + L) =0,

e—0

(4.7)
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which along with (4.6) provides

Wk ¢(Zk)
hm I = hm Z / 8 B e dsg. (4.8)

Tk 7‘5+E
Second step: The proof of (4.7). Based on the properties of o (cf. (2.2)), the properties of W*" (cf. (2.13)
and Proposition 3.2) and (1.3), we perform cumbersome but straightforward computations that lead us
to write

(-LZ+ L) =
o T, p(Tx)
—E:/«1—W“¢mh¢—mxw@—¢@mﬁwgf—fﬁ
T ge *
H(BEr - 8) - 3 [ (- W) o, (1 W) (@) di
T Te,
+ma§j/(dxUf4vuﬂﬂbmm»fo@bafw”W““w<)Df*@mf
-H%d}ju/(o@&l—vv@ﬁ@ﬁmww>—a@41—vvhﬁﬁﬂyM%gﬂg”%@dﬁ
Fic e

where g% denotes the function

g4 (@) = @) (1 wEnew) (L)) e,

Te

Let us show that J¢ — 0 as ¢ — 0 for i = 1,2,3,4. In order to simplify notations, let us denote by

g = ( / |967k<-73)‘2d,i'> 1/2.

Ukese Tgk

Using (2.2), the Cauchy—Bunyakovsky—Schwarz inequality, the change of variable (2.14), the continuous
embedding of U in L¥ (T) for 2 < p’ < 4 (see, e.g., Section L4 of [21] and Section IV.8 of [34]), (2.1),
(3.7), 3° > 0 and ro > 0 in (1.3) and (1.2) and (2.1), we get

|J§‘ < CB(e) Z / |1 o Wik,¢(ik)|(1 + |1 _ Wik,¢(ik)|'r)|¢(£) _ ¢(§k)”g€’k| da

Tk Tgk

. 1/2
< CB(e)rege Z / ’1 ka,aﬁ(lk)‘ + {1 W T ¢>(»Lk)|2(1+ ) A)
Ty TE
< CB(e)rege. (5_27"?) 12 < Cg. (7’5)1/2-
Similarly, using (2.2), (2.1), 8% > 0 and 79 > 0 in (1.3) and (1.2), and (2.1), we have
3/2
32 < Ca(r)

The same tools used to obtain the estimate for JZ 4 lead us to

32 < C|Be)r /6’0’( Ji7a0e
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and

X _ W T (Tx)
3| <Z/ ‘gakH¢$ —¢($k)|’T

Tk Tgk

dz < Cy..

Here above, we have also applied the change of variable (2.14) for the derivative in the equation on T in
the local problem.
All of this along with a uniform bound for (r.)~'/2g., gives the convergence towards zero of JZ,
i1 =1,2,3,4. To obtain this uniform bound, it suffices to show
1 = (m 1
— / |p(1 — W@ 243 < ¢ and — / lu|?dz < C.
r
) ure : Ure
Indeed, using (2.1), (2.14), (3.7) and 79 > 0 in (1.2), the first estimate above holds

— / p(1 — WHe?@)) 243 < ie*%ﬁ <C.
T
€ UTE €

Also, since 4% > 0 in (1.3) and (2.8), we get the second estimate above for |u
Therefore, (4.7) and (4.8) also hold.

Third step: The application of Lemma 4.1. To end the proof of the theorem, it only remains to show that

(4.8) gives (4.2), namely that

. W@ oWEo@) o
lim Z / (p—u )QST ds, =19 / / T/ydy d(d —u”)dz.
n T

Zp.ret g

Using (3.4) and (3.5), we can write

Tk, ¢ (Zx)
LL := lim » / (¢ — uf)qsaWT ds,

a|2.

s Y [ (6 0ok (@) dse

where, we have used rg > 0 in (1.2), the uniform bounds for I, cf. Propositions 3.2 and 3.4, and the fact
that

Z / |ufg| dz < C, (4.9)
Tk F;k,r€+§
which holds true taking into account that the sequence |uf¢| is bounded in H*(€2) (cf., e.g., Section 28.1
in [38]) and Lemma 4.1.
The estimate (3.20) implies

%k)mfk,qs@k)) - d)éf?’c(x"?(x))‘ <Ce Vo €li v

and straightforward computations give

LL = lim s A EIE L / 0 (@)K, 6(2)) s

E—>0T—|—€

Tk 7‘6+8
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Now, considering the function ©(x) defined over Q (recall O(x) := ¢(z)K(z, ¢(x))), we use the smooth-
ness of © in Proposition 3.2, cf. (3.15), which guarantees that ©(¢ — u®) € H'(2), and considering (2.8)
gives

10(¢ — )1 < C.
Extending by symmetry the functions O(¢ — u®) to the lower half-space {x5 < 0}, we get a sequence of
functions O(¢ — uf) € H&(ﬁ), satisfying
@(ﬁf) @(gb —u0) inH'(Q) — weak, ase— 0,

where by Q we denote the domain Q extended by symmetry.
Therefore, using this extension and Lemma 4.1, we have

1 o
_ Q2 : _ 0\ 34
LL =38 roishi%z / @(qﬁ—uf)dx—m%r/@((b—u)dx.
& OB* (F,re+§)
Finally, considering (4.8) and (3.5), we obtain
oW ¢(r)
liII(l) I = 7‘027T/IC —u?)di = 7‘0// 7 (¢ —u’)di.

ony

This shows (4.2) and the theorem is proved. O

Note that the constants appearing throughout the proof of Theorem 4.1 (before taking limits in (4%)
for ¢ — u°) can depend on ¢, and more specifically on the maximum for ¢ and their derivatives in Q,
and also on 7; but since they have been fixed, we avoid writing this dependence.

5. The other critical case

In this section, we address the convergence of solutions of problem (2.5) as ¢ — 0, when ro > 0 and
(% = 400 in (1.2) and (1.3), and the nonlinear function o satisfies:
_ o _
ceCHQxR), o0 =0 and 0<K; < a—a(x,u) <K, VreQueR, (5.1)
u

see Remark 5.1. The main result is given by Theorem 5.2. Now, the homogenized problem reads (2.15),
where C is the capacity constant defined by (2.16) with W the solution of the local problem (2.17).

We follow the scheme in Sects. 3-4 with the suitable modifications that we outline in Sects. 5.1-5.2.
Section 5.1 presents properties of the auxiliary functions constructed from the solution of (2.17). The
convergence result is in Sect. 5.2.

5.1. The Dirichlet local problem and the test functions

We derive some properties of the function W and the positivity of C. -

Let Dy (R3+) denote the space of functions in D(R3+) which vanish in a neighborhood of T'. Let U,
be the space obtained by completion of D (R3+) with respect to the Dirichlet norm (3.1). We take a
function

¥ € D(R3F), W =1 in a neighborhood of T.
Then, the variational formulation of (2.17)1-(2.17)5 reads: Find W € ¥ + 9; satisfying
V, WV, Vdy=0 YV e (5.2)

R3+
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Problem (5.2) has a unique solution which is independent of W. Also, gTW’er is a distribution having
o lys=

compact support contained in T and belongs to H~/?(T) (see, e.g., Appendix in [31] and Section 4 in
[26]). The condition at infinity in (2.17) is a consequence of the next theorem.

Theorem 5.1. The solution W € W + 0y of problem (5.2) admits the representation

K 1
W(y) =+ 0(72) as ‘y| — 00, (53)
Y| ly]
where IC is the constant in the chain of equalities
ow
k= \an, ! 4
= (G Vs = 170 54

R3+

Proof. First, let us note that the solution W € ¥ 4+ ; of problem (5.2) can be represented as follows:

1 1
W 9 ) = _7<qa > ) 5.5
Woves) = =9\t e e e e >
where
oW
7= aTLy|T~

We refer to [26] and Appendix in [31] for this proof (cf. also the linear homogenization problems in
[2,12,13,27] and [32] in this connection).
Consequently, there is a positive constant C' such that for y € R3T, with |y| large enough, we have
ow 1
W (y )\<C’ and (y)‘§C2,
vl Ay vl
Formula (5.5) also provides the representation (5.3) for a certain constant K. To get the chain of

equalities (5.4), we multiply the Laplace equation in (2.17) by V' € D(R3+) and apply the Green formula.
We obtain

i=1,2,3. (5.6)

ow

/ VW,V dy = (5

D(R3T). ,
6ny’ Vv>H*1/2(T)><Hl/2(T)7 vV e ( ) (5 7)

R3+

By a density argument, we have that (5.7) holds for any V' € U, and consequently, taking V =W,

C e <6LV 1 _ / v, W2 dy. (5.8)

ony’ >H—1/2(T)><H1/2(T)
R3+

That is, we have proved the second equality in (5.4). To get the first one, we consider the Laplace equation
in (2.17) and apply the Green formula in B*(0, R) (cf. also Theorem 3.1). Thus,

<8—VV7 1> = — lim / =27k,
ony, H-1/2(T)x H'/2(T R—co | Oy,
which gives the first equality in (5.4) and ends the proof of the theorem. O

Throughout this section, we consider We constructed as in (3.28), by replacing Woou(@x) with the
function W defined by (5.5); namely, we set

I*gk

Whe(z) =W ( > ©°(x) and Wk’e(x) =1-W~e(z), for z € BT (EEk,rE + Z) ,

Te
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and, finally,
We () = Wk’s(x) for € BT (Zx,7- + 5) , k € J*,
1 for 2 € O\ Uyeye BT (T, me + 5) -

Taking into account (5.6), the proof of the following proposition is obtained by rewriting that of
Proposition 3.5

(5.9)

Proposition 5.1. Forry > 0 and 3° = = +00 in (1.2) and (1.3), the properties (3.29)-(5.52) hold changing
the functions Woou(@x) jykeu gng Wew by W, Wk and we respectively.

5.2. The convergence result

The aim of this section is to prove Theorem 5.2. Keeping rg > 0, we apply the technique in Theorem 4.1
when 3° > 0, with the suitable modifications, to show the convergence of u®, as ¢ — 0, for 8° = +00. As
a matter of fact, functions (3.28) are replaced by (5.9), which vanish on | J TE. In addition, some integrals
on T transform into dual products in H~/2(T) x H'/?(T) and the corresponding proof must be changed.
In this respect, in addition to Lemma 4.1 we need a new convergence result, for the trace on | JT¢ of the
solution of (2.5), which we introduce here below.

Proposition 5.2. Let o satisfy (5.1), ro > 0 and 3° = +oco. Then, the solution u® of (2.6) verifies:

— 0, as € — 0.

H1/2(T£

Proof. From the definition of the H'/2-norm, we write the sum above as:

e (@) —w @ 45 g 5.10
LQ(TE + |x—x’\3 AL (5.10)
.’Ek T T¢

Lk Lk

For the first summation, we have

1
a5 [ Hewrar=o.), (5.11)

UTs,

LQ(TE )

where, here and below, 0-(1) denotes a certain function satisfying o.(1) — 0 as ¢ — 0. Obviously, we
have used the bound (2.8) and the fact that 3(¢) — oo to obtain (5.11).
Then, we use the bound obtained by a simple integration in (5.1),

Ki(u—v)? < (o(z,u) —o(z,v)* < Ki(u—v)?, Yu,veR, z €.

This, along with (2.2) which holds for 7 = 0, allows us to write, for the second summation in (5.10), the
following chain of inequalities:

//“krwﬂdmwcz//o miﬁmmmmﬁ

iEk TE Tk TE
Ty T T T Tk
- A (A S E (A

<2C / / O(x,u(xT;_ZEﬁ,u(x)) d#dz +CZ/ / |w_x,|dxd
uTs, UTs, o TE TE,

~ € 2 ~ 1 A1al . o/l A2
320Hg(.,u ('))HkuTf )+CZ/ / [ =208l + 08
Tk Ek TE €

Ty Ty
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where C' and C denote the two constants independent of ¢.

In addition, we have
1/2 1 1

El) < —H <o, H <C——

(2) " < 5 [@murotu ) s < OB

where x| 7= denotes the characteristic function of the set Uke - I% . and we have used the equation on
¥ in (2.6), cf. (2.5), the trace embedding theorem, (2.8) and B(e) — +o0, as ¢ — 0.

As for the other term, on each T% , we consider the function defined as:

Usk
/ CEr

and apply the Theorem in Section 1.6.1 of [37] for integrals of potential type (cf. also Lemma 5 in Section
1.2 of [21] and Theorem 1 in Section IV.115 of [36] in this connection); we obtain

US| < OIT5, V3 (ro)'?, V&' e T, .

=o0.(1), (5.12)

i <o

Taking into account the volume of each T% , (2.1) and 79 > 0 (1.2), we get
3.2 2
Z/ / |I7x,|dxd Clre)’e 2 < C(r.)2. (5.13)

Finally, using (5.11), (5.12) and (5.13) in (5.10), we obtain the convergence stated in the proposition.

Remark 5.1. As regards the proof of Proposition 5.2, it should be noted that in the case where r° > 0
and 3° = +oo0, the restriction on o to satisfy (5.1) allows the function o(,u(-)) to be in H*(). Less
restrictive hypotheses, such as (2.10) or (2.2)-(2.4) with a 7 > 0, could be allowed provided that the
trace of the function o(-,u°(-)) belongs to HY/?(|J T% ). The restriction (5.1) is also in good agreement
with that in [10] to derive the homogenized model with asymptotic expansions.

Theorem 5.2. Under the hypotheses (5.1) for o, ro > 0 and 3° = +o0, the solution u® of (2.6) converges
in H'(Q)-weak, as ¢ — 0, toward the solution u® of (2.21).

Proof. For ¢ € Cl(Q), $ = 0 on I'q, we take the test function v(z) = (b(x)ws(x) in (2.7), with We in
(5.9). Since W vanishes on JTe, also o(z, ¢(& )Ws( )) =0 for € |T¢, and we have

/wﬁs —uf). VW da + /V(¢2W€ — ). VW dx

- /(quf — UV VW dz > /f(gz)WE —uf) da.
Q Q

On account of (2.9) for subsequences, still denoted by ¢, and of (3.32) (cf. Proposition 5.1), we take limits
as € — 0 and we obtain:

/V(¢ —u®).Vodz — /f(¢> —u0)dz > —;%/V(&WE — uf¢).VWE dz. (5.14)
Q Q Q

Setting

I = /V(¢2W5 — Ut $).VWe da, (5.15)
Q
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below, we show that the limit on the right-hand side is

oW
lim I. = 7o < 1> /¢(¢ —u®)di. (5.16)
&0 Iy [ g2y () 5

Thus, cf. (2.16), (5.14) reads

/V(d)—u )V¢dx+r00/¢ — >/f(¢—u0)dx,

Q Q

which holds for any ¢ € {v € C}(Q) : v = 0on I'g}. Using a density argument, we get (2.24) for
E(&,v) = Cv and, consequently, (2.21).

Therefore, it remains to show (5.16) to end the proof of the theorem. Let us do this following the ideas
in steps 1 and 3 of the proof of Theorem 4.1.

Below W™= denotes W7 (z) = W (22 wk) W being the solution of (2.17). Following the step 1 in

Theorem 4.1, and applying the Green formula in B¥(Zy, r. + 5), we get

k,r 2 € 8Wk7r€
hmIE——hr%Z — WO —ut¢) ey ds,
Lk rs+8
k,re
+ lim <3W ,u5¢> = — lim L!+ lim L2 (5.17)
e—0 < on H=1/2(Tg )x HY/2(TS, ) e—0

Ty

Rewriting the proof for the limit of Ll in Theorem 4.1, with the suitable modifications, and taking
limits, for the first term in (5.17) we show

k,re
- hm L! = hm Z / ag/T dsg, (5.18)

lk re+% 8
while for the second term, below we prove
lim L?=0. (5.19)

In order to do this, we note that we can decompose the integral in (5.15) in sums of integrals on each
BT (Zy, 7 + §), and perform the change x — y, cf. (2.14), to get

L=r.) / V, (02We — uf¢).V,We dy.

Tk BH(0,1445)

Rewriting the considerations above and some straightforward computations lead us to
ow
L? .= ng<a,by(u5¢>)> ,
i Ty H=1/2(T)x H/2(T)

where b, denotes the above mentioned change (2.14). Then, applying the Cauchy-Schwarz inequality and
(2.1), we write
1/2
H1/2 ) :

L2 <r. )

Tk

ow

ony

Iy (@) 127y < Crce™ (Z [pyes

H-1/2(T)
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Hence, applying again (2.14), we have

2 ; by (9) = byu* (@I 4o
e e e
T T

T
1 (AN _ 2 E(4)]2
:72/|u6|2dA+— /'“ @)~ () 44z
72 . |& — &'
Te Te TE,

IN

2
EH” ||L2(T§k) + EH“EHHl/z(T;k)'

Therefore, using (2.4),

2 0 (S, ) oo (S [ [ T i)
T Te TE
<Cs Tsﬁ (Zﬁ / )1/24_0(&;)1/27

TE

where £, is defined in (5.10). Consequently, because of (2.8), 8% = +o0 in (1.3) and ro > 0 in (1.2),
and the convergence in Proposition 5.2, we have that the two terms on the right-hand side of the last
inequality tend to 0 as & — 0. This ends the proof of (5.18).

Finally, on account of (5.17), (5.18) and (5.19), we have that

ghi% I = lﬂ%z / dsx, (5.20)

Lk ret+§

and we proceed as in the proof of the third step of Theorem 4.1 with the suitable modifications which
imply using (5.3), (5.4), (4.9), the extension of ¢(¢ — u®) by symmetry to the lower half-space {z3 < 0}
and Lemma 4.1. Thus, the limit in (5.20) reads

hr%I —gl_r)r(l) o 6/8 22 / o —u®)oK ds,

Tk 7‘5+5
:T0<57W, 1> /(qsfuo)qﬁdi‘.
ony H-1/2(T)x HY/2(T)
P
This shows (5.16) and providing the limit in (5.14), and the theorem is proved. O

Remark 5.2. As regards the convergence of solutions in the rest of the cases stated in Sect. 2.1, we note
that when ro = 0, the convergence (3.32) takes place in H*(Q) (cf. (3.33)), and the proof above simplifies
providing that u° in (2.9) is the solution of (2.19). Let us refer to the analysis in [33] when rq = +oc.

Also, it should be mentioned that combining the technique here developed with that in [13] will likely
allow us to broach the vector problem arising in the nonlinear homogenization on a strainer Winkler-type
foundation, which describes the interaction of an elastic body with a nonlinear elastic foundation. This
remains as an open problem to be considered by the authors in a forthcoming research.
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