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1. Introduction

Organic materials require sophisticated mechanical models. They exhibit nonlinear stress—strain behavior
and are often elastic up to large strains. Typical examples are natural rubber as well as artificial elastic
polymers with rubber-like properties. These materials resist volume changes, are very compliant in shear
and their shear modulus is of orders of magnitude smaller than the shear resistance of most metals. This
motivate the modeling of rubber-like materials as being incompressible and hyperelastic [26,43,45,52], so
that their phenomenological description requires the introduction of an empirical strain energy density
[9,39,55]. Similar properties are observed in soft biological tissues: in many biomechanical studies blood
vessels are modeled as nonlinear elastic materials that are incompressible under physiological loads [12,
24,27,29].

From a mathematical point of view, we consider a hyperelastic body that occupies a bounded open
region ) C R3 in its reference configuration. In presence of a body force field g : Q) — R3, the energy of
the system is given by the stored elastic energy and the contribution of the external forces

/ W (z, Ty (z)) dz - / (v(z) - ) - g(z) da.
Q Q

Here, y : © — R? denotes the deformation field, Vy denotes the deformation gradient and W' is
the incompressible elastic energy density. W is assumed to be frame indifferent and minimized at the
identity with W/ (z,I) = 0, so that without an external load y(z) = x is a minimizer of the total
energy corresponding to the stress-free configuration 2. In order to take into account that the body is
incompressible, W/ (z, F) = +oco whenever det F # 1.

A common approach in the study of rubber-like materials is to consider a stored energy density
W which is defined in the compressible range, the kinematic constraint det F = 1 being relaxed to a
volumetric penalization: a typical expression of W is given by the usual isochoric-volumetric form

W(z, F) := Wiso (2, (det F)"Y3F) + W01 (det F) (1.1)

where z € ) and detF > 0 (extended to +oo if det F < 0). Here, the nonnegative function Wig,(z, Fy)
is defined for every F, such that det F, = 1 and satisfies Wis, (z,I) = 0. Moreover, Wy (t) > 0 for every
t > 0 and Wyei(1) = 0. In fact, we shall first choose a compressible energy density W, for instance in the
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form (1.1), requiring frame indifference and other suitable regularity conditions that will be introduced
in Sect. 2. Then, we shall define the incompressible energy density W! by setting W (z,F) = W(z, F) if
detF =1 and W!(2,F) = 400 if det F # 1.
The simplest model is the homogeneous Neo-Hookean solid: the energy density is of the form (1.1)
with
Wiso(F) := pu ((Te(FLF.) - 3), (1.2)
where det F',, = 1 and the shear modulus p is determined experimentally: this model fits material behaviors

with sufficient accuracy under moderate straining while, at higher strains, it can be replaced by the more
general Ogden model, namely

Wiso(F.) i= > 22 (Te((FTF.)2#/2) - 3) (13)

where IV, u,,, o, are material constants. For particular values of the material constants the Ogden model
reduces to either the Neo-Hookean solid (N = 1, ay = 2) or the so called Mooney-Rivlin material
(N =2, a1 =2, oy = —2) which is often applied to model incompressible biological tissue, see [41,42].
Another phenomenological material model, motivated for simulating the mechanical behavior of carbon-
black filled rubber and for its important applications in the manufacture of automotive tyres, has been
introduced by Yeoh, see [56,57]: the isochoric part of the strain energy density is given by

3
Wiso(Fu) := > cx((Tr(FTF,) — 3)* (1.4)
k=1
where ¢, k = 1,2,3 are material constants. For a complete description of the main properties of such
energy densities and other models, we refer to the classical monographs such as [11,26,44] or to the
reviews in [3,9,39], see also [7,30,55].
Let us now introduce the linearization. If A > 0 is an adimensional parameter, we scale the body force
field by taking g := hf and set y(z) := 2 4+ hv(x). The resulting total energy is

En(v) ::/WI(;E,I+th)d:c—h2/f-vdx
Q Q

and it seems meaningful to ask what is the correct scaling of energies &, as h — 07. Roughly speaking
in the spirit of [6] (see also [31,46-49,51]) we will show that, under suitable boundary conditions,

inf &, = h®min & + o(h?),

where

N | =

/IE(V) D*W(z, 1) E(v)dx — /f ~vdzif divv =0a.e. in Q
Eo(v) = Q Q
+00 otherwise.

The quadratic form appearing in the expression of & features the infinitesimal strain tensor E(v) :=
%(Vv +VvT) and can be obtained by a formal Taylor expansion of W around the identity matrix I, with
D? denoting the Hessian of W(x,-). We stress that purely volumetric perturbations of YW do not affect
W! nor E(v) D*W(z,I)E(v), due to the divergence-free condition. Moreover, we will prove that if

5h(Vh) — infEh = O(hQ),
then

Vi — Vg € argmin &
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in the weak topology of a suitable Sobolev space. Since the compliance in shear of rubber-like materials
and the strong nonlinearity of their stress—strain behavior even at modest strain do not allow to suppose
that small strains correspond to small loads, it must be clarified that it would not be reasonable to assume
that either Av or hE(v) are small in any sense. Anyhow we highlight that linearized models may provide
a good approximation that fits experimental data, see for instance [32].

From the viewpoint of the Calculus of Variations, derivation of linearized elasticity from finite elasticity
has a long history that started in [15], where I' convergence and convergence of minimizers of the associated
Dirichlet boundary value problems are proven in the compressible case (see also [1,2,4,34,35] for more
recent results). In this paper we show how these results can be extended to the incompressible case,
i.e., assuming the constraint det Vy = 1 on admissible deformations fields. It is well-known that such a
constraint poses some challenges to the T'-convergence analysis (see for instance the derivation of a two-
dimensional model for elastic plates in [13]). Indeed, some novel approach (that we develop in Lemma
4.1) is required for the construction of recovery sequences, due to the necessity of recovering the linearized
incompressibility constraint divv = 0 with a sequence v}, satisfying det(I+hVvy) = 1 a.e. in Q. Moreover,
a different strategy is also needed to ensure that the whole sequence (vy,) and v satisfy the same Dirichlet
condition. To this end the crucial point consists in analyzing vector potentials: we show in Lemma 3.7 that
if v e H'(Q,R?), divv =0in Q and v = 0 on I' C 99, then, under suitable topological assumptions (see
conditions (2.1)—(2.2)), there exists w € H?(2,R?) such that curlw = v in Q and w = 0 on I'. Taking
advantage of this result, the construction of the recovery sequence relies on a careful approximation of w
thus outflanking the constraint divv = 0.

We finally mention that other recent contributions have developed a variational analysis for the lin-
earization of finite elasticity under incompressibility constraint, including the case of Neumann boundary
conditions [28,37,38]. Moreover, in [28] the authors have also considered the more general framework of
multiwell potentials.

Plan of the paper

In Sect. 2 we state the main result. Its proof requires the analysis of vector potentials in Sobolev spaces,
which is the object of Sect. 3. In Sect. 4, we develop suitable approximation results that are used for the
construction of the recovery sequence in the proof of the main theorem, which is instead contained in
Sect. 5.

2. Main result

In this section we introduce the basic notation and all the assumptions of our theory. Then, we state the
main result.

Assumptions on the reference configuration

Concerning the reference configuration  C R?, we assume that

(i) © is a bounded, simply connected open set,
(2.1)
(ii) 0 is a connected C? manifold

and we let n € C?(99) denote its outward unit normal vector. We will prescribe a Dirichlet boundary
condition on a subset I' of 9. Letting OT' denote the relative boundary of I' in 99 and letting H? denote
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the two-dimensional Hausdorff measure, we assume that
(i) T is a closed subset of 9Q and H2(T') > 0,
(2.2)
(i) either AT =0 or OT is a C® one-dimensional submanifold of 9.

Through the proofs we will also suppose, without loss of generality, that I" is connected. Indeed, all
the arguments that we shall develop can be extended to the non connected case by considering each
connected component. Besides, in case OI' = (), it is possible to assume that 9Q is C?! only (see Remark
4.5 later on).

Some notation

For a Sobolev vector field u € W (Q,R?), » > 1, conditions like u = 0 on I are always understood in
the sense of traces. Moreover, we shall often use the decomposition in normal and tangential part at the
boundary u = (u-n)n +n A (uAn), where A denotes the cross product. Bold letters will be used in
general for vector fields.

Assumptions on the elastic energy density

Let W : Q x R¥*3 — [0,+00] be £3x B% measurable. We assume that W is frame indifferent and
minimized at the identity, i.e.

W(z,RF) = W(x,F) YRESO(3), VFecR¥>3  forae z€Q, (W1)

min W =W(z,I) =0 for a.e. z € Q) (wW2)

Moreover, we assume that W(z,-) is C? in a neighbor of rotations (with gradient and Hessian denoted
by D and D?), i.e.,

there exists a neighborhood U of SO(3) s.t., for a.e. z € Q, W(x,-) € C*(U),
with a modulus of continuity of D*W(x, -) that does not depend on x. (W3)
Moreover, there exists K > 0 such that |[D*W(z,I)| < K for a.e.z € Q.

The coercivity of W is described by the following property: there exists C' > 0 and p € (1, 2] such that

W(z,F) > C g,(d(F,S0(3))) VF € R33  for a.e. v € (, (W4)
where g, : [0,4+00) — R is the convex function defined by
t2 ifo<t<1
9p(t) = 2P 9 (2.3)

o Z1ife >,
p P

Concerning the latter assumption, we refer to [2] for a discussion about the growth properties of energy
densities of the form (1.1) to (1.3): for certain ranges of the parameters therein and suitable choice of
Whiol, they exhibit a quadratic growth for small deformation gradients and a p-growth, 1 < p < 2, for
large deformation gradients, in particular they satisfy all the above assumptions. Indeed, taking the model
choice Wyoi(t) = c(t? — 1 — 2logt), ¢ > 0, it is shown in [2] that the Neo-Hookean energy density (1.1),
(1.2) satisfies (W4) for some p € (1,2), and in fact for p = 2 when restricting to det F = 1 (then the same
holds for the Yeoh model (1.1)—(1.4) with positive ¢;’s); similarly, the general Ogden model (1.1)—(1.3)
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has a p-growth with p € (1,2) if g; >0and 0 < o; <3 foralli =1,..., N with a; > 6/5 for at least one
i. We stress that the Ogden model can exhibit a less than quadratic growth even in the incompressibility
regime det F = 1, as can be checked for instance by choosing N = 1, ay = 3/2 and F = diag(A72,\, \)
therein.

Let us discuss some first consequences of the above assumptions on W. Since W > 0, assumptions
(W1) and (W2) yield

W(z,R)=0, DW(z,R)=0 VR € SO(3), forae. z€{) (2.4)

and in particular the reference configuration has zero energy and is stress free. Due to frame indifference
there exists a function V such that

W(z,F) =V(z, +(FTF - 1)), VF e R3*3, for a.e. x € Q,
so by setting F = I + hB, where A > 0 is an adimensional small parameter, we have
h=2W(x, 1+ hB) = h=2V(x, hsymB + h*BTB),

where symB := 3 (B” + B), and then we get via Taylor’s expansion
1 1
Jim h™2W(z, I+ hB) = 5 symB D?V(x,0) symB = 3 B D?*W(x,1) B.
Hence, (WW4) implies that for a.e. x € Q
L o7 e 1 2 ¢ 2 3x3
5 B DW(z,I)B = §symBD W(z,I)symB > 1 [symB|* ¥V B e R°*°. (2.5)

Here and through the paper, for a matrix B € R3*3 we denote |B| := y/Tr(BTB).

Incompressibility

We assume that the material is incompressible. This is done by introducing the incompressible elastic
energy density W/ as

W(z,F) ifdetF =1
WI(:E,F) =
+00 otherwise

External forces

3p

We introduce a body force field f € L7-3 (2, R?), where p is such that (W4) holds. The corresponding
contribution to the energy is given by the following functional, defined for v.€ W1P(Q R?)

L(v):= /f'vdx. (2.6)

Q

By the Sobolev embedding WP (Q, R3) < L3-7 (2, R3), £ is a continuous functional on W?(Q, R?) and
|IL(v)] < C||[v|lwrrqrs) holds for a suitable constant C that depends on € and f.
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Rescaled energies

The functional representing the scaled total energy is denoted by Ff : WHP(Q,R3) — R U {400} and
defined as follows

Fl(v) = % /w’(x,l +AVV) de — £(v).
Q

Linearized functional

In this paper we are interested in the asymptotic behavior as h | 04 of functionals ]-";{ and to this aim
we introduce the limit energy functional ! : WhP(Q,R?) — R U {400} defined by

% /E(V)DQW(I7I)E(V) dz — L(v)if v e H} (2, R?)
Fl(v):= Q (2.7)
+00 otherwise in W17 (Q, R?)

where E(v):=sym Vv denotes the infinitesimal strain tensor field associated to the displacement field v,
and where H}, (€2, R3) is the set of H'(Q,R?) vector fields whose divergence vanishes a.e. in Q.

Since we work with the incompressible energy density W, we stress that if the fun,(z‘Eion W is replaced
by any other W such that assumptions (W1), (W2), (W3), (W4) are satisfied and W(z,F) = W(z, F)
as soon as det F = 1, then this does not affect functional FZ. Indeed, if Tr B = 0 then det(exp(hB)) =
exp(hTrB) = 1, so that by Taylor’s expansion we have

1 — —~ —~
5 symB D?*W(x,T)symB = Jim, h=2W(x, 1+ hB) = Jim h™2W(2,1+ hB + o(h))

= }llin%) hiQVV/(x,exp(hB)) = }PH%) h=2W!(z, exp(hB)) = }lLin}) h™2W(z, exp(hB))

1
= lim R2W(x, 1+ hB +o(h)) = Jim, h2W(x, 1+ hB) = 5 SymB D?*W(z,T) symB.

For instance, if the function W is in the form (1.1), then Wy, can be arbitrarily replaced as soon as the
assumptions (W1), (W2), (W3), (W4) are matched.

Statement of the main result

In order to prescribe a Dirichlet boundary condition on I' we define G : W1P(Q,R3) — R U {+oco} and
Gl WhP(Q,R?) — RU {400} as
Fl(v)ifv=0onT
Gi(v) =
+o00  otherwise,
Fi(v)ifv=0onT
Gl(v) =
400 otherwise.
We are ready for the statement of the main result
Theorem 2.1. Assume (2.1), (2.2), (W1), (W2), (W3), (WA4). Then for every vanishing sequence (h;);en
of strictly positive real numbers we have

. I
lerlj?sfz,RS) Gh, €R. (2.8)
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If (vj)jen C WEP(Q,R3) is a sequence such that v; =0 on T for any j € N and such that
lim (G} (v;)— inf G} )=0 2.9
i (6L, 00) = nr 6t =0 (29)
then we have as j — +o0
v; — v, weakly in WP (Q,R?),
where v, is the unique minimizer of GI over WHP(Q R?), and

Gi, (vj) = G (v4),

Q,Ilj —  min

inf
WLp(Q,R3) WLp(Q,R3)

We remark that under our assumptions, functionals G do not have minimizers in general. In case
they have, then it is possible to substitute assumption (2.9) with v; € argmin gﬁj and convergence of
minimizers is deduced.

Nonhomogeneous boundary conditions

It is worth noticing that Theorem 2.1 works only when we assume homogeneous boundary conditions so it
is quite natural to ask what happens in a more general case. Unfortunately the proof cannot be extended
to the non homogeneous case as well, nevertheless this difficulty can be in some sense circumvented as
follows. Fix v € Wh>°(Q,R3) such that divv =0 a.e. in Q and define for h > 0

B Fl(v)ifv=vonT
G (v):= (2.10)
400 otherwise,

GL(v) = Gl(v) + / E(¥)D*W(z,DE(v)dz + G (¥)
Q

and

G'(v)=¢'(v)+ /]E(V)D2W(m7 DE(v)dz + G (%) (2.11)
Q
A slight modification of the proof of Theorem 2.1 gives the following

Corollary 2.2. Assume (2.1), (2.2), (W1), (W2), (W3), (W4) and let v € W1 (Q,R?) such that divv =
0 in Q. Then for every vanishing sequence (hj)jen of strictly positive real numbers we have

. Gl
Wl)]l)I(lngs) Gn, €R. (2.12)

If (vj)jen C WEP(Q,R3) is a sequence such that v; =0 on T for any j € N and such that
lim (gﬁj (vj) —

nf 5{”) =0, (2.13)

lell’(Q,D@)
then we have as j — +o0

v; — vo weakly in WP(Q,R?),
where v is the unique minimizer of G over WLP(Q,R3), and

~1 ~1 : ~1 : ~1
Gn, (vi) = G (o), Wl’ll’?Sfl,]W) G, ngl(gl,RS)g '

Moreover, vy + ¥ is the unique minimizer ofgl over WHP(Q,R3) and G (vq) = ?I(VO +v).
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3. Preliminary results on vector potentials

Given a divergence-free deformation field v, it will often be useful to work with a vector potential w,
such that curlw = v. The next results gather several properties of vector potentials of deformation fields
satisfying suitable Dirichlet boundary conditions. We start by recalling a result that is found for instance
in [5].

Lemma 3.1. ([5, Corollary 2.15]) Assume (2.1) and let w € L*(Q,R3) be such that curl w € HY(Q,R3),
divw € HY(Q,R3), and v -n € H32(00Q). Then w € H?(Q,R?).

Lemma 3.2. Assume (2.1) and let v.€ H'(Q,R?) be such that divv = 0 a.e. in Q. Then there evists
w € H?(Q,R®) such that v = curlw, divw =0 a.e. in Q and w-n =0 on 0.

Proof. Since 92 is connected then by [5, Lemma 3.5] there exists z € H'(Q,R3) such that v =
curlz, divz = 0 a.e. in ). By taking into account that
z-nec HY?(0Q), /z ‘ndH? = /divzdx =0,
o0 Q
there exists p € H'(Q) such that

Ap=0in Q

g—i =z-n in .
By setting w := z — Vi we get w-n =0 on 99Q, divw = 0, curlw = v € H}(Q,R3?) a.e. in Q and hence
Lemma 3.1 yields w € H?(,R?). O

It is well known that for a function ¢ € H} (2, R?) there holds

/|vg|2dx—/\cur14|2dx+/|dwc|2dx

In presence of boundary values we have the following formula that we borrow from [23].

Lemma 3.3. ([23, Theorem 3.1.1.1]) Assume (2.1) and let { € H'(Q,R3). Then

/|VC|2d1: /\curlC|2 dx+/|d1vC|2dx+2<V(C~n)/\n,(/\n>(m
/{dwn + (¢ An)'Vn( An)} aH?

where (-,-)aq denotes the duality between H—/2(02) and H'/?(0Q).

Lemma 3.4. Assume (2.1) and (2.2) Let (¢;)nen C HY(Q,R3) be a sequence such that ¢, -n =0 on T,
¢ An=0 on IO\, ¢, — 0 weakly in HY(Q,R?), curl ¢, — 0 in L*(Q,R?) and div ¢, — 0 in L*(Q).
Then ¢, — 0 strongly in H'(Q,R3).
Proof. Since ¢;, -n=0onT and ¢, An =0 on IQ\I" we get

(V(¢-n)An,{An),, =0
for any A € N and then Lemma 3.3 yields

[ 196 e = 4,4 1.
Q
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where

Ay, ::/\curlCh|2dx+/|diVCh|2dx,
Q Q

By = — / {divn (¢, -n)*+ (¢, An)"Vn(¢, An)} dH>.
o

By taking into account that ¢, — 0 weakly in H'(Q,R3), we get ¢;, — 0 in L?(9, R?), hence Bj, — 0.
Moreover, since both curl ¢, and div 5 go to zero in L?(Q2), we get also A; — 0. We conclude that
V¢hllz2(@) — 0 and the result follows from the Poincaré inequality HChHQLZ(Q) < C(HVCh||2L2(Q) +

||Ch||2L2(aQ))- O
Always assuming (2.1) and (2.2), we set
XT):={¢ecH(OQRY):¢-n=0 onT, (An=0 on IQ\I'},
XoT):={¢ e X(T): div¢=0in Q}.

Lemma 3.2 ensures that there exist vector fields w € H2(2,R3) such that divw =0 a.e. in Q, w-n =0
on 9N and curlw - n =0 on I'. Given w with such properties, for ¢ € X(I') we define the functional

1
Dy (€)== 5 / (Jeurl¢|? + |div¢|?) da — /(w AC) -ndH2.
Q a9
We prove the following

Lemma 3.5. Assume (2.1) and (2.2) Let w € H*(Q,R3) be such that divw =0 a.e. in Q, w-n =0 on
00 and curlw-n = 0 on I'. Then the functional ®y, has minimizers both on X (I') and Xo(I'). Moreover,
min P, = min Py,. (3.1)
X(T) Xo(D)
Proof. Let (¢;,) C X(I') be a sequence such that ®(¢;) — infx ) ®w. We shall first prove that such
a sequence is bounded in H!(Q,R3). Indeed, assume by contradiction that, up to subsequences, \j, :=
[¢allar(orey — +oo and set &, := A, '¢,. Then &, € X(I), €, ]l (ors) = 1 and for h large enough
2

12 B0(G) = Bu(ig) = 2 [ (Jourl & + fdivg, ) do— A [ (v &) mdre

Q o0

Hence, by recalling that ||€,|| = 1, there exists £€* € X (T') such that, up to subsequences, &, — &* weakly
in H(2,R3) and

2
/(|Cur1£h\2 + |divE,|?) dz < " /(w AE,) -ndH? +2);,% — 0,
Q "5
that is, curl€, — curl & = 0 in L?(Q,R?), div &, — div & = 0 in L*(Q) and ¢* € X(T'). We claim
that £ = 0. Indeed let 1 € H}(Q,R3) be such that div ¢ = 0. Since 2 is simply connected, then by
[5, Theorem 3.17] there exists w € H?(Q,R?) such that curl w = 1 a.e. in Q, divw = 0 a.e. in Q and
w An =0 on 0N Therefore

h/E*-wdx:Q/E*- Curlwdm:/ div (§" ANw) dx

Q

:/(g*Aw)-ndH2:/5*-(w/\n)dH2=0.

o o2
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Hence, by invoking for instance [22, Lemma 2.1], there exists p € H?(f2) such that Vp = &¢* a.e. in Q,
so that Ap =0 in Q, % =0onI and Vp An =0 on dQ\I'. In particular, p is constant on 9Q\I" since
nA (VpAn) is its tangential derivative, hence p is constant on the whole Q and £€* = Vp = 0 as claimed.
By summarizing: &, € X (I'), &, — 0 weakly in H(2,R?), curl ¢, — 0in L?(Q;R3), div§, — 0in L*(9).
Therefore, by Lemma 3.4, €, — 0 strongly in H!(Q,R?), which is a contradiction since we are assuming
€01l m1(0,r3) = 1 (see also similar arguments in [8,10,35,36]).

Since we have shown that (¢},) is a bounded sequence in H'(£, R?) and since @y, is sequentially Ls.c.
with respect to the weak convergence in H!(, R?) we get existence of min x () Pw- It remains to prove
that (3.1) holds. Let ¢* € argmin y ) ®@y. Then div ¢* € L*(Q) and we let ¢ € H?*(Q2) be solution (see
for instance [50, Theorem 3]) to the boundary value problem

Ap = div (" in Q

%:OODF
© =0 on ON\T.

It is readily seen that ¢* — Vi € Xo(I") and

Bu(C" = V) = ul¢) + [ (WA Vi) mdI =0y (¢) + [ (wn Vi) mar
r Elo)
since, due to ¢ = 0 on OQ\T', there holds

/ (WA V) ndH? = / w - (Vo An)dH? =0.
aQ\I' OO\
But
/(w/\Vga)-ndH2 :/ div (w A V) de = —/curl w - Vedz
o0 Q Q
= —/(curl w-n)pdH> =0
a0
since curlw-n =0 on I" and ¢ =0 on 9NQ\I'. We conclude that
Pw(C" = Vo) = 2w (¢,
thus proving the result. 0

The next result is based on the Euler-Lagrange equation for functional ®,. Before its statement, we
recall that the reach of a closed set A C R3, introduced in [19], is defined by

R(A):=sup{r>0: 0<d(z,A)<r = NyeAst dz,y) =dxz,A)}, (3.2)

where the distance function is defined on R?® by d(z, A) := inf,c 4 |z — y|. It is well-known that R(A) > 0
whenever A is a C? compact 1D or 2D manifold without boundary, see for instance [53,54].

Lemma 3.6. Assume (2.1) and (2.2). Let w as in Lemma 3.5 and let {, € argminy, ) Pw. Then we
have

/curlc* ccurlpdr =0 Vo € CL(Q,R?) (3.3)
Q
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and

(curl ¢, An,p)on = — /(w An)-@dH? Yo € CHQR?) s.t. o =0 on OQ\T. (3.4)
r
Proof. 1f ¢, € argminy, ) Pw, then by Lemma 3.5 we have ¢, € argminy ) Pw. If ¢ € CL(Q,R?) is

such that p Am =0 on 9O\I' and ¢ -n =0 on T, for any € € (—1,1) we have ¢, + ep € X(T'). Hence,
the following first order condition holds

/CurlC* ~curlpdz = /(w Ap)-ndH? Ve e CHQ,R?) N X(T). (3.5)
Q o0
Choosing in particular test functions ¢ that vanish on 99, we deduce (3.3).

Let now 0 < 6 < R(90), let Q5 := {z € Q : d(z,00) < ¢}, so that for any = € Q there is a unique
projection o (z) of x on 99, and set n(z) := n(o(z)) for every x € Q5. Let ns € C1(2) be a cutoff function
such that n; = 1 in Qs/2 and s = 0 in Q\Qs. Moreover, for every ¢ € C*(Q,R?) such that ¢ = 0 on
OO\T', we define 5 := nsp. We take advantage of the cutoff function to define ¢4 - n on the whole
even if n is defined only on €25, as follows

ws(x) -n(z) if z € Q5
(w5 -m)(z) :=
0 otherwise in Q.

It is readily seen that 85 := ¢; — (ps -n)n € X(I') N CH(Q,R3) and therefore we can make use of (3.5)
and get

/curl ¢, - curl 05dx:—/(w/\n)-95dH2:—/(wAn)-gadHQ (3.6)
Q T T

A density argument shows that
(curl ¢, A, (@ -n)n)sq = 0. (3.7)

On the other hand, since (3.3) shows that curlcurl ¢, = 0 a.e. in €2, integration by parts entails

/curl ¢, curl O5da = (curl ¢, An,p — (¢ -n)n)sg. (3.8)
Q
Combining (3.6), (3.7) and (3.8) yields the result. O

For a divergence-free deformation field v that vanishes on I', taking advantage of the latter results we
can construct a vector potential w that vanishes on I' as well.

Lemma 3.7. Assume (2.1) and (2.2). Let v € HY(Q,R3) such that divv =0 a.e. in Q and v =10 on T.
Then there exists w € H?(Q,R?) such that w =0 on T’ and curlw = v a.e. in Q.

Proof. Let ¢, as in Lemma 3.6. Then curlcurl ¢, = 0 a.e. in  and by arguing as in Lemma 3.5 with
the help [22, Lemma 2.1] there exists § € H'(Q2) such that —V = curl ¢, a.e. in €, hence by (3.4) there
holds VO An = w A n in the sense of H~'/2(I';R?). By taking into account that w € H?%/2(99,R?)
and that n A (V0 A n) is the (weak) tangential gradient of # on T we get § € H®/?(T), so there exists
6 € H5/2(99) such that § = 6 on I’ (thanks to the regularity of OT'). Let now 1, be the unique solution
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to the biharmonic boundary value problem

A2y =0in Q
w:éonag
g—z:Oonaﬂ.

Since § € H®2(9Q) then 1, € H3(Q) so by setting w := w — Vo), € H2(QL,R3) we get w An =
W=V )An=wAn—-VOAn=0onT and curlw = curlw = v a.e. in  and thesis follows by
recalling that w - n = 0 on the whole 09). 0

Lastly, we prove a property of traces of H?(2;R3) functions which will be extremely useful in the
proof of our main result.

Lemma 3.8. Assume (2.1) and (2.2). Let w € H*(Q,R3) such that w =0 on I'. Then

2(w/\n)*O onT (3.9)
on N '

if and only if

curlw =0 onT.

Proof. As in the proof of Lemma 3.6 we define here n(z) := n(co(z)) for every z in a small neighborhood
Qs of 99, being o(x) the unique projection of z on 9. In particular, curln = 0 in Q5 so that dyn = Vny,
on Qs for any k € {1,2,3}. Suppose first that curl w = 0 on I'. Then we have on I’

3 3 3
%(W An) = Z niOg(w An) = Z(nkﬁkw An+npw A dgn) = Z n,Vwg A n (3.10)
k=1 k=1 k=1

since 22:1 nyVng = 0. But Vwy, An=0onT for any k € {1,2,3} since w = 0 on T, implying that the
tangential derivative of w vanishes on I". Conversely if (3.9) holds, by arguing as in (3.10) with the help
of Vwiy An=0on I we get

w

an(akw—VWk)/\n:() on I (3.11)
k=1

Since by symmetry Z?Zl Z‘Z:l ning(Opw; — O;wy) = 0, from (3.11) we get

ng(Oxyw — Vwy) =0 onT.

b
Il w
_

Therefore, fixing k € {1, 2,3},
3
W — Vwy = Z(asz —oiwp)nn+nA ((Opw — Vwg) An) =n A ((Ogw — Vwg) An)
i=1
=nA(OgkwAn)=nA (0(wAn)—wAJn) =0

on I', where the latter equality is due to the fact that V(w An) =0 on I' (since (3.9) holds and since
w A n vanishes on I'). The result is proven. U
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4. Approximation results

Several approximation results will be needed for obtaining I'-convergence and for giving the proof of the
main theorem. The first one is contained in the next lemma, which is a consequence of the well known
Reynolds’ Transport Theorem. We will prove it in some details since its application in this context seems
a novelty, at least to our present knowledge.

Lemma 4.1. Let Q be a bounded open subset of R3 and let T C 0. Let ' C R? be an open set such
that Q C Q. Let v € CY(QV;R3) be such that divv = 0 in Q' and v =0 on I'. Then, for every sequence
(h;)jen of strictly positive numbers such that lim;j_o hj = 0, there exists a sequence (v;)jen C C1(,R3)
such that

det(I+h;Vv;) =1 inQ, (
v;=0 on T, (
v, — v in WHP(Q,R?) Vp € [1,400), (

(

thVVj ||Lac(Q7]R3><3) — 0.

e e
= W N =

)
)
)
)

Proof. Let €, be an open set, compactly contained in V', such that Q C €,. We choose T € (0,1) small
enough, such that y(¢,xz) € Q' for any = € Q. and any ¢ € [0,T], where y(-,z) is the unique solution to
0
SHta) =viy(ta), te(0T]
t (4.5)
yv(0,x) = .

Classical results show that since v € C1(2;R3), then y € C1([0,T] x €.). In particular, given a
measurable set A C Q, for any ¢t € [0,7] we have A; := y(¢, A) C ' and (see also [25, Corollary 5.2.8,
Corollary 5.2.10])

d
&'At‘ = /divv(x) dz =0,
Ay

hence |A;| = |A] for any ¢ € [0,T]. Therefore, using the change of variables formula

|As] = /detVy(t,x)dx,
A

/dm:/detVy(t,x) dz.

A A

we conclude that for any ¢ € [0,7]

By the arbitrariness of the measurable set A C 2, for any ¢ € [0,T] we get
det Vy(t,xz) =1 for every x € Q. (4.6)
Assuming wlog that h; < T, we define
yi(@) = y(hy,o), V(@)= h @) —2),  aeQu.
By taking into account that v =0on T C Q, we get y;(z) = 2 on I' so v; vanishes on I" and (4.6) entails

det(I+ h;Vv;) =11in Q, thus proving (4.1) and (4.2).
We next prove (4.3). Let ¢ € (0,T]. We notice that from (4.5) we get

(y(t,z) —az) = v(z) = - ) = v(z))ds (4.7)

~+ | =
~+ | =
2
=
‘EI:
8
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and thus
t
1 1
Tyt a) —al < V(@) + Iviwie@) [ Sly(s,2) —2]ds
0

for any z € 2, and Gronwall lemma entails

1
T ¥ (¢ 2) —a] < [v(@)lexp{|[vliw= @t} < Cv,

where Oy := [|[v|lw1, ) exp{||v||w1.~@} From the definition of v;, from (4.7) and from the latter
estimate we obtain

hj

1 1
< ¥l [ 5 Iv(sa) —al ds
0

vi(z) = v(@)| = E(Y(hja ) —x) = v(z)

< Ov|[vlwreo gy by

for any x €  and any j € N. From the latter we get the convergence of v; to v in L' N L*>°() as j — 0.
We take now the gradient in (4.7), and since the map €2, 3 = — v(y(t, x)) is Lipschitz continuous for
any t € (0,7T] we may take the gradient under integral sign and obtain

t

H(¥(2) = 1) = Vv(a) = 1 [ (TIvly(s.a))] - Tv(@) ds
t ’ t (4.8)
— ¢ [ (Fv s 0)Ty(s.2) - V() Vy(s,)) ds+ ¢ [ (V) Ty(s,2) = Vla)) ds
0 0

for every x € ). Form the first equality of (4.8) we get

t
1 1
19y (t) = oo = | [ TV ) Ty(s,)ds
0 Loo(9.,) (4.9)

< vliwre @y sup IVy(t, )=o) = lviw=,
te[0,T]

for any ¢ € (0,7, where Q := [[Vy||co(jo,r)xar) < +00. Still from the first equality of (4.8) we have

Vv5(2) - V()| = hleymj, ) — 1) — Vv(x)
hj h
< [FElovty(o.) = Vvl ds + vl sy [ as
0 0

for every z € ) and any j € N. Hence, (4.9) entails

[©

[Vvj(z) = Vv(z)] <

>

h;
[ 19V 5,2)) = T ()] ds + Qvlwrsqonh (4.10)
J

0
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for every x € Q and any j € N. We notice that for p € [1, +00), by Jensen inequality there holds

h; p h;
hl? /\Vv(y(sw))—Vv(xﬂds hi/|Vv (s,2)) — Vv(x)|Pds
0

<2||VHW100 oy /|VV (s,x)) — Vv(z)|ds

and the above right hand side vanishes for any = € Q2 as j — +o0 since Vv is continuous by assumption,

so that we obtain
P

lim —/ /|Vv s,z)) —Vv(z)|ds | dz=0 (4.11)

j—oo h¥
Q
by dominated convergence, using 2||v|[{}1 () 88 dominating function on the bounded domain 2. From
(4.10) we find

p

JEZORT >\pdx<9/ /\Vv (5,2)) — Fv(@)] ds | do + [R1Q VI e 1!
Q

so that the L”(Q) convergence of Vv; to Vv follows by taking the limit as j — 400 and by using (4.11).
This concludes the proof of (4.3).
Eventually, since Vv;(z) = h%_(Vy(hj,x) — 1), (4.4) directly follows from (4.9). O

The next step is an approximation of divergence-free H' (2, R3) vector fields with divergence-free
C1(Q,R3) vector fields, in presence of suitable vanishing conditions on subsets of 92. It is stated in Lemma
4.4. Tt requires the introduction of some notation about normal bundles and a couple of preliminary
lemmas. From here and through the rest of the paper, assumptions (2.1) and (2.2) are always understood
to hold.

Recalling the definition of reach from (3.2), with the convention R((}) = +oo, let

o = % min{R(9Q), R(OT)}. (4.12)

Remark 4.2. (Regularity of the squared distance function) Assume (2.1) and (2.2). Let either A = OT" # ()
or A = 9. The distance function d(z, A) := minye4 |z — y| is differentiable at any point z € R?® such
that 0 < d(z, A) < R(A), see [18, Theorem 3.3, Chapter 6]. In particular, the squared distance function
d?(-, A) inherits the C® regularity of A in the tubular neighbor Uy(A) := {z € R3 : d(x, A) < uo}, see for
instance [33, Proposition 4.6], see also [18, Theorem 6.5, Chapter 6]. We deduce d(-, A) € C3(Uy(A)\A).

For every 0 < p < po, let

w={o+tn(o): ocel, |t| <pu} (4.13)
We further define, for any 0 < g < pg and any 0 < § < pp,
L5 = {z € 0Q:d(z,I') <}, S,s:={o+tn(o): ol [t|<pu} (4.14)

In case I' = 99 (i.e., OI' = (), we have I's = I" and S, 5 = S, for any 0 < § < pg. We stress that
this case in encoded in Lemmas 4.3 and 4.4 below. On the other hand, if T # §), then assumption (2.1)
and the regularity properties of the distance function from OI' (see Remark 4.2) imply that Ol's is a C3
one-dimensional submanifold of 9. In particular, T's itself satisfies assumption (2.2).
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Let us also introduce the following notation for neighbors of Q2 and 92
Q={zecR¥:d(2,Q) < o} and Q" :={zx cR?>:d(z,00) < o} C . (4.15)

We notice that n can be extended to Q" in the usual way: n(z) = n(o(x)), where o(z) is the unique
projection of x € 2 on 05, and therefore n is a C%(Q"”,R3) vector field, so that there exists K > 1 such
that

|Vn| + |V?n| < K inQ". (4.16)
Some auxiliary estimates are given by the next

Lemma 4.3. Assume (2.1) and (2.2). Let 0 < § < g, where g is defined by (4.12). Let f € H*(Q",R3)
be such that f =0 on T's.
Then there exists €9 € (0, p19) such that for any € € (0,e0) and any A € (0,9) there holds

/|f|2d:z:§252 / |V F|? d, (4.17)
Sa’)\ Sa,/\

0
and if a—ﬁ =0 on I's as well, there holds

/|f|2dx§€24 / V2 f? da. (4.18)

Ss)\ Ss,k

Proof. Let B denote the unit ball in R? and let ¥ € C3(B;R?) be any local chart parametrizing a
subset of Q. Let By := ¥ ' (I'y N4(B)). Let B x (—¢,¢) 3 (u,t) — ®(u,t) := (u) + tn(p(u)). Up
to covering T'y with local charts, it is enough to show that (4.17) and (4.18) hold, for suitably small
e, with ®(B) x (—¢,¢)) in place of S; x. We have |det D®(u,0)| = [019p(u) A Dotp(u)] > 0, where
D denotes the gradient in the variables (u,t). |det D®(u,0)| is bounded away from zero on B and
|det D®(u,t)| = |019p(u) A datp(u)| + o(1) as t — 0, uniformly with respect to u € B. We notice that
|D®| is bounded on B x (—¢,¢). Moreover, it is not difficult to check that for any small enough ¢ there
holds

| det D®(u,t)|

Tdet DB(a, )| = 2 forany (wt,s) € Bx(=e,e) x (=&2). (4.19)

By the properties of Sobolev functions (see for instance [40, Chapter 1]), f o ® € H?(B x (—¢,¢)),
as ® is a C? homemorphism whose Jacobian is bounded away from 0 and +oc0 on B x (—¢,¢), and
t — f(®(u,t)) is absolutely continuous for £2-a.e. u € B. Thus

for £L?-a.e u € B we get

£(@0) = @00y +1 [ LI sty s
0

so that by Jensen inequality, and since f =0 on I" and |0;®| = 1, we obtain

oVt
| F(@(u,t)]* < |t] / IVF(®(u,s))?ds.

0Nt
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By the latter inequality, by changing variables and by (4.19) we get for any small enough &

£ de = //|f(¢»(u,t))\2|detD<I>(u,t)|dtdu

P (Byx(—¢,e)) By —¢
oVt
//|t| /|Vf (u,5))|*ds | |det D®(u,t)|dt du
By —¢€
ovt

//2|t|/|Vf (u,))|? | det D®(u, s)| ds dt du

By —¢ OAt

//2|t|dt/|Vf (u, 5))[2 | det DB (u, )| ds du

By —¢

< 262//|Vf('1’(u,7'))|2|detD<I'(u,s)|dsdu:262 // IV F|? da.
®(Bxx(—¢,))

By —¢

Similarly, under the further null trace assumption of ﬁ on I', 5 we deduce that

d
@) |,y = 5 ((w)

vanishes as well and we obtain for £2-a.e u € B, since §?® = 0,

—_

1 o .
£ )] = |F@.0) +1 5 (F@w0) |,y + 52 [ TES sy as
0

l\.’)\»—l

/|V2f u, st))| ds,

thus
ovt

3
@@ nP < 5 [ 1V r@)P s
OAt
Arguing as above we get for any small enough &

2 dw = //|f(<I>(u7t))|2|detD'1>(u,t)\dtdu

®(Byx(—2.)) By e
3 ovt
t
//H /|V2f(c1>(u,s))|2ds |det D®(u,t)|dtdu
By —¢

132

//|t\3dt/|v2f D(u, 5))[% | det D (u, 5)|dsduf; / Iv2f|* de,

By —¢ D(Brx(—e,8))
as desired.

We are ready for the statement of the approximation result
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Lemma 4.4. Assume (2.1) and (2.2). Let 0 < § < pg, where pq is defined by (4.12). Let v € H'(Q,R3)
such that divv =0 a.e. in Q and v =0 on I's. Then there exists a sequence (v;)jen C C(V,R3) such
that divv; =0 a.e. in @', v; =0 on T and v; — v in H'(Q,R?).

Proof. Let 0 < u < pg. Recalling (4.13), (4.27) and (4.14), notice that if A € (0,6/2), € € (0, 1/2) then
there hold Sa: 25 C Sy,s and Sa- 25 NIQ C I's, which will be crucial for the proof: the projection on 92
of any point in So. 25 lies on I's. On the other hand it clear that So. 0n C Q”, where Q" is defined by
(4.15), thus n is well defined on S 2.

Let ¢ € C%(R) be defined by

(3¢% —2¢6%)* if £ €[0,1]

¢(€)=140 if£€<0
1 if&>1.

We introduce some notation: S7 , := S2e.A\Se A, S = S9e.22\ 26,2, Se = S uS . Let A € (0,0/2),
let € € (0, A A (11/2)) and let

Oif$6557)\

C(d(m,@Q) e

g

C(d(m,@?)s>+<(d(o(x),)\8f)A>(1_4<d(x,8?)s>> o

1 otherwise in R3

> lf S S:,)\
na,A(x) =

We notice that in the particular case ' = (), we have S. » = Se, Sy = S82:\5:, SI = 0, and in fact ne x
does not depend on \. Taking advantage of the C® regularity of d(-,09) in Q" N {z € R? : d(z,090) >
g/2}, of the C? regularity of o in Q" and of the C? regularity of z — d(o(x),dT) in Sac 21\ S2:  (see
Remark 4.2), it can be easily checked that n., € C"!(R?®). Moreover, we have |Vd(z,0)| < 1 and
|V2d(z,09Q)| < C./e on 57, (and similarly, |V(d(o(z),dT"))| < C., and |V2(d(o(z),0T))| < C./A on
S’:*A) for some C, > that is independent of € and A. Taking advantage of these distance estimates, a
computation shows that there is a constant C' > 0 (not depending on £ and \) such that

c -
Vner-n=0in Sgy, 2|V775,>\-n|§;in Sex

c C
nA(Vn.xAn)=0in S, 2InA (Ve x An)| SX<;in I (4.20)
c C
V(T m) < G S AVOA (s Am))| < i 825,

Thanks to Lemma 3.7, we find w € H?(Q,R?) such that w = 0 on I'; and curlw = v a.e. in Q (in
particular, curl w = 0 on I's). Let us consider a H?(R? R?) extension of w, still denoted by W, and set

We ) 1= T AW.
Therefore, w. y € H?(V,R?), w., =0 on I's and
curl we )y =7neacurlw —w A Vi, (4.21)
so that curl w. y =0 on I's as well. Moreover, for ¢ =1,2,3,
Oicurl we y = 0;in \curlw + 0. \0; curlw — ;W A Vi x — W A 9; Ve 5 (4.22)
and it is readily seen that, as ¢ — 07,

Nepcurlw — curlw  and 7. \0; curlw — 0; curlw (4.23)
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in L2(Q,R3). We claim that
WAV — 0, Oine,\ curlw — 0, 0w A Vnz x — 0, WA OVner— 0 (4.24)

in L?(Q,R3) as € — 0T, which will then imply, along with (4.21)—(4.22)-(4.23), that
curlw, \ — curlw = v in H'(Q,R?) as ¢ — 0. (4.25)
(4.20)

In order to prove the claim, we separately treat the four terms in (4.24), by taking into account (4.20
and Lemma 3.8, which entails W = w An = (%(Vv/\ n) =0on I's (thus, V(wAn) =0 on I'; as well). We
get, thanks to the usual decomposition a = (a-n)n + n A (a A n), thanks to Lemma 4.3 and to (4.16),
and by recalling that V7. x = 0 outside S’E, A We get,

/\WAVn57A|2dx§ / |v~v/\V7]57>\\2das
Q S,

e,

<t [ [Vnea Pl anf o [P A (Vran)P

gs bN S:,*A
SN Sae,2x
02
<5 / W2 da + 202 / Vw2 dz
SI% Sac 2

so that w A Ve x — 0 in L?(€2,R?) as € — 0F. On the other hand, still making use of Lemma 4.3,
/|8iv~v/\Vn5|2d:v < / \3i\7v/\V7757A|2dx
Q Sea

<4 / (|8iv~v|2 n A Vn.x A n|? + |V, - n|2|8iv~v A n|2) dz

SE,)\
CQ - 02 _ 02 _
< 1z / |3iw|2dz+€—2 / 10;(W Am)? dx+€—2 / |W A Om|? da
Sex Soc,2x Sac 22
C? - 2 N K202 B
Sz |3iw|2dx+€—2 / V(W An)*dz + = / |w|? da
Soa Sae 22 Soe,2x
02
<3z / |o;w|? dz + 8C? / |V2(wW An)|?de + 8K2C? / |Vw|? dz
Sca Sac 2 Sac 2
C2
<5z | 10w e uKCE / (W2 + [V + [V2%]?) do
gs)\ SQE,Z}x

hence O;w A V. — 0 in L?(Q,R3) as e — 0*. Similarly, taking advantage of the fact that curlw = 0
on I', 5 and of Lemma 4.3, we get as ¢ — 07

~ C? ~ -
/|8i775,,\ curl w|* do < — / | curl w|? dz < 8C* / |Veurl w|? dz — 0,
€
Q 5

oa Sae,2x



132 Page 20 of 33 E. Mainini and D. Percivale ZAMP

thus 9;n. » curl w — 0 in L?(Q,R?) as ¢ — 0. Moreover, by applying the usual decomposition in normal
and tangential part to V. » we get

WA O0i(Vne ) =0i(Vnex -n)wADn+ (Ve x-n)wAIn
+WA(OnA (VnexAn))+wA(nAJ(Vn. An))
=0;(Vnex n)wAn+ (Ve y - n)wAIn+wA (0;(nA(Vne An))),
and by taking again advantage of (4.20) we find

_ _ Cc? _
/|8i(VnE7>\-n)w/\n|2dx§/|V(V775,,\-n)|2|w/\n|2dz§@ / |w Anl|?de,

Seox Sac,2x
K?2C?
/| (Vnea) WA Om|*dz < K? / |Vnex-n]? |[w]2de < e / |w|? da,
SE.A 525 2
/\w/\ (nA(van)))|2dx</\v B A (Ve AR R dr < W / ¥ 2
Sea Sac 2

and we see that all these integrals are reduced to the ones of the previous estimates, so that indeed by
using Lemma 4.3 they all vanish as ¢ — 0%, showing that w A 9;(Vn. \) — 0 in L*(Q,R?) as e — 0.
This proves the claim, so that (4.25) holds true.

We stress that w. ) and curlw. ) vanish in S ), hence in an open neighbor of I' in R3. Let now
(¢j)jen C (0,400) be such that ¢; — 0" as j — 400, let (p;);jen be a sequence of smooth mollifiers
such that the support of p; is so small that W, x * p; still vanishes on a neighbor of I'. Then, we define
Wi = We, x % pj, and v; = curl w; \. It is readily seen that v; € C*(,R?), that div v; =0 in ' and
that v; = 0 on I'. By recalling (4.25) we get also v; — v in H' (2, R?) thus concluding the proof. 0

Remark 4.5. If ' = 99 (i.e., if OT = (), then it is enough to assume C%! regularity of 9 in Lemma 4.4.
Indeed, we still get boundedness of V2n in ©”, which allows the latter proof to carry over.

The final step of this section is another suitable approximation property of divergence-free H' vector
fields, that is required to treat the case OT' # (). It is stated in Lemma 4.9. It also requires some preliminary
lemmas and some further notation.

Suppose that 9T # (). For every 0 < 1 < po, where pug is defined by (4.12), let

0,S, :=={o+tn(o): ocedl, |t| <pu}.

Since n € C%(99), we see that 9,5, is a compact C? manifold with boundary. It is the lateral boundary
of S, and we denote by v; the corresponding outward unit normal vector to 9;5,,. Moreover, for every
0<0<pgand 0 < p<pg,let ¢, s: 05, x[-0,0] — R? be defined by

qSW;(s,T) = s+ Tv(8). (4.26)

It is clear that each point of ¢, ;(9S, x [~4,d]) is within the reach of both 9Q and OT'. ¢,, 5 inherits the
C' regularity of v;. We recall the following simple property.

Lemma 4.6. Assume (2.1) and (2.2), with OU # 0. Let p < po. There exists dg € (0, po) such that the
map ¢, 5 Sy x [—bo,00] — R?, defined by (4.26), is one-to-one.

Proof. Assume by contradiction that there is no o > 0 with the required property. Then there exist
sequences (s;)jen C 01Su, (s )geN C 1Sy, and (t5)jen C (0,1/n), (tj)jen C (0,1/n) such that (s;,t;) #
(sh,t%) and @, 5(sj,t5) = d’u,&( "t for anyj € N (hence, s; # s'; for any j € N). Since 9,5, is compact,
up to subsequences we have s; — s € 9;5,, s] — s €98, t; — 0 and t’ — 0. Therefore, the continuity

of ¢, s implies @, 5(5,0) = ¢, 5(s',0), i.e., s’ = s. This means that (s, 0) has no open neighbor in R? where
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@, is invertible. Let B denote the unit open ball in R2: for a given C? local chart u > B+ (u) € R3
describing a neighbor of s on the surface 9,5, such that 1(0) = s, we have |det D¢, 5(1(0),0)| =
|0170(0) A O21p(0)] # 0 (by the regularity of the surface), where D denotes the gradient in the variable
u,t). erefore, the X (—o, mapping o (%,t) has non vanishing Jacobian at the point
Theref he C*(B 9,6 ing ¢, 50 (,%) h ishing Jacobi h i
(5,0) = ¢,,5(2(0),0), hence it is invertible in a neighbor of such point, a contradiction. O

Still for T # (), for every 0 < p < o and for every 0 < § < &g, where dy is the threshold provided by
Lemma 4.6, we define

Trsi={strvi(s):s €S, 0<7<8},  Tus:=T5,UT, (4.27)
We have the following

Lemma 4.7. Assume (2.1) and (2.2), with OT # (). Let w € H*(2,R3) be such that w = a%l(w An)=0
on I'. Then there exist a vanishing sequence (\;)jen C (0, p0) and a sequence (w;);en C H*(Q,R3) such
that w; = 2 (w; An) =0 on Ty, and w; — w in H*(Q,R®) as j — +oo.

Proof. Let §y be the threshold from Lemma 4.6. Let p and § be such that

1 1
0<35<u<§(50 and 46<Lip(l/l)’
where Lip(v;) := sup {% t2€01Sy, 2 €0Su, 2 # z’} < +o00, since v; € C1(9,9,,).

We define for every y € I'ys and for every 0 < A < (6/2) A 1

y — 292 (d?(y, 00))(t An)(s(y)) ify € {x € Tas:d(x,l) < 25}
UaAly) =

y otherwise in I'ys

where s(y) € OI' is the unique nearest point of ' to y € {x € T'ys : d(z,9') < 2} (recalling (4.12)
so that 20 < dg < po implies that y is within the reach of 9TI'), and t is the unit tangent vector to oI
(positively orienting OT" with respect to n, so that (t An)(s(y)) coincides with the outward unit vector
vi(s(y)) to 8,S,,). Moreover, here vy € C*(R) is a decreasing cutoff function such that v5(§) =0if £ > §
and 7, () = X if € < §/2. We stress that d?(-,dI') is a C* function on the set {z € R? : d(z,0T") < po},
so that since s(y) =y — $V(d?(y, ), s(-) is C? on such set (see Remark 4.2).

The following property holds: there exists Ag € (0, (6/2) A 1) such that, for any A < Ao,

o(Pa(y)) €T for every y € Ty, (4.28)

where o(-) denotes as usual the unique projection on 02 (since 2y < 2\ < g, then ¥ (y) is within the
reach of 9€). This crucial property is proved in a separate statement, i.e., in Lemma 4.8 below.

Let us consider an H2(R3, R3) extension of w, still denoted by w.

For any « € S5, 25 (thus within the reach of 92, since 2it < g < po), we introduce the signed distance
function

| d(z,000) ifxé¢Q
blw) := { —d(z,09) ifx€Q,

and we notice that b(x) is the unique real number such that @ = o(z) + t(x)n(o(z)). We notice that
b € C3(Q"): indeed, we have n = Vb. See also [17, Theorem 3.1] for regularity results about the signed
distance function. We let gy : Sa,.25 — OS2 be defined by gx(x) := o(¢x(o(z))) and we further define
hy(2) : = [w(ga(z) + b(x)n(gx(x))) - n(gxr(z))] n(o(x))
+n(o(x) A [w(gr(z) + b()n(ga(x))) A n(ga(x))] .
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We note that n is extended to a C?(€2”,R?) vector field in the usual way, see (4.15), so that n(o(z)) =
n(z). We let n € C*(R?) be a cutoff function, such that 0 < n < 1,7 =0in S, 4, and the support of

1 — 7 is contained in ASO'QM,Q(S. Then we define, for every z € R3,
wi(z) = (1 —n(z))hi(z),
so that indeed w3 is supported in 5'2#725, and
wi(z) = wi(z) + n(z)w(z).

We claim that wy € H?(Q,R3) for any small enough A and that wy — w in H%(Q,R3) as A — 0.
Indeed, recalling the definition of v, and the fact that d?(-,dT') and s(-) are C? functions on {z € R3 :
d(z,0T) < o}, it is readily seen that ¢y € C?(T'y5) and that 1) (y) — y in C?(T'ys) as A — 0. We also
observe that o : Q" — 99 is a C? function by assumption (2.1). Therefore, we obtain 1) oc ¢ — o in

02(52%25) as A — 0, and similarly gy = ooty o0 — o in Cz(SQ#’Q(;) and nog, — noo =nin CQ(SQ;th).
Since z = o(z) + b(z)n(o(x)), for small enough A we see that the mapping

S2u26 3 T = qa(2) == ga(2) + b(z)n(ga(z)) € Q7
is a 02 homeomorphism whose Jacobian is bounded away from 0, and moreover by the previous remarks
it converges to the identity as A — 0 in C?(S, 25). Since w € H(R3,IR?), we obtain by the properties
of Sobolev functions (as in Lemma 4.3), that w o gy € H?(S2,,25, R?), and moreover it is easy to check
that w o g\ — w in H?(S,,25,R?) as A — 0. Taking the product with the smooth cutoff function 1 —n

(supported on S, 25), we deduce that (1—n)(wogy) — (1 —n)w in H*(R3,R?). Moreover, since we also
havenogy, wnooc=nin 02(52#,25), we obtain

wi =1 =nhy = (1= {[w-njn+nA[wAnf} =(1-nw

in H?(R3,R3) as A — 0. Thus wy — w in H?(Q,R3) as A — 0. The claim is proved.

We shall now prove that w) = a%(WA Amn) =0 on I'y for any small enough A. Indeed, let A < Ag
be small enough, such that wy € H?(Q,R3). If x € Ty, then by the property (4.28) we get gx(x) € T,
and since b(x) = 0 and w = 0 on I" we directly obtain hy(z) = wi(z) = 0 on I'y. But n(z) = 0 as well
(because n = 0 on S, 5 and A < §/2 so that I'y C I's C Sy, 5), hence wy(z)=0. On the other hand for
every © € I'y, we have g)(z) = o(¢a(2)), and we have o(x + rn(z)) = z, b(x + rn(z)) = r when |r| is
small enough, therefore

hy(z +rn(2)) : = [w(o(¥a(z)) +rn(e(¥a(z))) - nlo(¥a(z)))] n(z)
+n(z) A [w(o(@a(x)) + (o (Ya(@)))) An(o(da(z)))]
and
h)(z + rn(z)) An(x + rn(x)) = hy(z + rn(x)) An(x)
= {n(2) A [(w(a(a(x)) + rn(a(¢a(2)))) An(o(dr(2)))]} An(z).
As a consequence, by taking into account that o(¢x(z)) € I' and that %(w An)=0onT we get

%(h,\ An)(z) = Tli%l+ hy(z +rn(z)) An(z +rrn(:v)) —hy(z) An(z)
O(w An)

=) A (P52 o0 0) An(o) ) 0.

and since we have already shown that hy vanishes on I'y, we conclude that %(w}‘\ An) =0onT,. Again,

7 is vanishing on S), 5, hence in an open neighbor of I'y. We deduce that %(W,\ An)=0onT}.
Eventually, by taking a vanishing sequence of small enough positive numbers (););jen, we conclude

that w; := w) satisfies all the desired properties. O
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Lemma 4.8. Assume (2.1) and (2.2), with OT # 0. Let p, 5, \, ¢ as in the proof of Lemma 4.7. There
exists Ao € (0,(6/2) A1) such that, for any X < Ao, (4.28) holds.

Proof. If d(y,dT") > ¢ there is nothing to prove, since in this case either y = ¢ (y) € T or y ¢ Ty (because
A < 0/2). Therefore, we assume from now on that d(y,0I') < ¢ and we prove the result in four steps.
Step 0 We start by showing the elementary properties T; 35 C S2, and T; 35 ﬂggﬂ = (). Indeed, concerning
the first property, we may prove that for any s € 9,5, a point of the form s — av;(s), with 0 < a < 36,
belongs to Sa,. This is obvious if « is small, since v; is normal to 055,. Moreover, as « increases without
reaching the threshold dg, the closest point of 0,52, is always s, by Lemma 4.6 which gives the unique
projection property on 0;S2,,. This shows that no other point of 9;52,, can be a reached. And since o < 36,
we are also far from 955,\9; 92, C {z € R?® : d(z,0) = 2u}, because d(s —av(s), 0Q) < d(s, Q)+ 36 =
1+ 30 < 2p. The second property is proved in the same way.

Step 1 We check that y € T}, 5. Indeed, we have d(y,d;S,,) < d(y,0T") = d(y, s(y)) < 6. We take a point
5. € 015y, such that |y — s.| = d(y, 0,S,), therefore d(s.,s(y)) < d(y,s(y)) + d(y,s«(y)) < 26 < p so that
s, is not on the boundary of §;5,,. Since s, is a minimizer of the distance function from the C? manifold
0,5, the corresponding first order minimality conditions immediately imply that y — s. is orthogonal to
the tangent plane to 9,5, at s., so that

y = s« + T (y)ri(s4),

where |7, (y)| = d(y,0;S,) < 0. Thus, y € T, 5. We notice that by Lemma 4.6, s, coincides in fact with
the unique projection s.(y) of y on 9;5,,.

Step 2 We prove the result in the case y € T'\\I'. In this case we have d(y,dT") = d(y,s(y)) < A and
as a consequence d(s(y),s«(y)) < 2X. We also have v,(d?(y,0T)) = X because A < (§/2) A 1, and
moreover using Step 1 and y ¢ T" we have y € T; 5+ S0 that 7, (y) > 0. Actually, y € Ty} 5 as well, since

d(s(y), s«(y)) < 2.
By taking into account that (t An)(s(y)) = v(s(y)) we get

UA(Y) =y — 27a(d*(y,00)) (t Am)(s(y)) =y — 22w (s(y))
= 5.(y) + (Wi (y)) — 2A1(s(y)) (4.29)
= 5:(y) + (T (y) = 20)vi(s4(y)) + 2Mvi (54 (y)) — vi(s(y)))-
We notice that the point s.(y) + (7«(y) — 2A\)vi(s4(y)) belongs to Ty, 5, because 7.(y) = d(y,dS,) <
d(y, s(y)) < A and therefore —§ < —2X < 7,.(y) — 2A < —\, and we have in particular
d(s.(y) + (7 (y) — 20 wi(5:(y)), DuS,) = . (4.30)
But
2X(vi(s.(y)) = vi(s()))] < 2ALip(v) [s.(y) — s(y)| < 4X* Lip(wy). (4.31)
By (4.29), (4.30) and (4.31), there exists a small enough Ay depending on Lip(v;) such that for any A < Ao
we have ¥, (y) € T, 5. Since T 5 C Sy, by Step 0, the result is proved.
Step 3 We prove the result in case y € I'. Since y € T, 5 by Step 1, we have in this case y € T, 5 therefore
we have 7.(y) = —d(y,9,5,). By d(s«(y),s(y)) < 2d, we have in particular, y € T,; 5. With the same
computation of Step 2, we obtain an expression which is analogous to (4.29), that is,
UA(Y) = s:(y) = (dy, 0uSy) + 29 (d* (y, OT))wi (5. (y)) + 29a(d* (y, OT)) (Vi (34(y)) — wi(s(9)))- (4.32)
In particular, since 0 < d(y, 9;5,,) + 271 (d?*(y, dT')) < § + 2X < 26, we have

s.(y) = (d(y, 0S,) + 27(d(y, O0))i(54(y)) € T.5 015 (4.33)
with
d(s.(y) — (d(y, 9S,.) + 29A(d*(y, OT)))wi(54(y)), 0 S,) > 2y (d?(y, OT)). (4.34)
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By the assumptions on §, we have

wi(s«(y)) —vi(s(y))| < Lip(¥1)]s.(y) — s(y)| < 26 Lip(v1) < % (4.35)

By (4.32), (4.33), (4.34) and (4.35), we conclude that ¢x(y) € T55, 5 5,35 Therefore, y € T 55, since
26 + A < pand § + 3\ < 3. By Step 0, the result is proved. O

Thanks to the results of Sect. 3 and to Lemma 4.7, we deduce the final approximation result for curl
vector fields.

Lemma 4.9. Assume (2.1) and (2.2), with OU # 0. Let v € HY(Q,R3) such that divv =0 a.e. in Q and
v =0 on . Then there exist a vanishing sequence (A\;)jen C (0, p0) and a sequence (v;)jen C H*(Q,R?)
such that divv; =0 a.e. in Q, v; =0 on Ty, and such that v; — v in H'(Q,R3) as j — +oo0.

Proof. By Lemma 3.7 there exists w € H?(2,R?) such that w = 0 on I and curlw = v a.e. in €, so
that Lemma 3.8 implies 8%(\70‘ Amn) = 0 on I'. Hence, by Lemma 4.7 there exist a vanishing sequence
(A\j)jen C (0,400) and a sequence (w;)jen C H?(Q,R?) such that w; = {%(wj Amn) =0onT, and
w; — W in H?(Q,R?). By Lemma 3.8 we get curlw; = 0 on Iy, hence by setting v; := curlw; the
result follows. 0

5. Proof of the main result
Let us start by recalling the following version of the rigidity inequality by Friesecke, James and Miiller
[20].

Lemma 5.1. (Geometric Rigidity Inequality [2,21]). Let g, the function defined in (2.3). There exists a
constant C, = Cp(Q) > 0 such that for every y € WHP(Q,R3) there exists a constant R € SO(3) such
that we have

/ 6,([Vy —R|) dz < C, / 0 (d(Vy, SO(3))) de. (5.1)
Q Q

Based on the above result, we deduce compactness of minimizing sequences, which follows in fact from
the results in [2].

Lemma 5.2. Assume (2.1), (2.2), (W1), W2), (W3), OW4). Let (hj)jen be a sequence of positive real
numbers and let (vj) C WLP(Q,R3) be a sequence such that v; =0 o0nT for any j € N. For every j € N,
lety; =i+ h;v; and let R; € SO(3) be a constant rotation satisfying (5.1). Then there exists a constant
C > 0 (only depending on p, Q and T') such that for any j € N there hold

I-R;*<C /Wf(x71+hjvj) dx (5.2)
Q
and
/\ij|P dr < C 1+/W1(x,1+thvj)dx : (5.3)
Q Q

If we assume in addition that h; — 0 as j — 400 and that

: I : I _

then supjey [|v; llwrrre) < 400.
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Proof. We have W! > W, and (5.2) holds true with W in place of W' as proven in [2, Lemma 3.3] (by
taking advantage of assumption (W4) on W). Therefore, (5.2) holds.
Using the form of g, it is clear that there exists a constant ¢ (only depending on p) such that

Jontsiovilde < [ (04 Vv, =Ry + 1= RyP) do.
Q Q

Hence, by invoking the rigidity estimate (5.1), there is another constant K (only depending on p and )
such that

[ontniioxshas < i | [ gdt+nvv, 50@) do+ 1= Ry |
Q Q

and since 2P < 14 2g,(x) holds for « > 0, by making use of (W4) and (5.2) it follows that there is a
further constant C' (only depending on €, T', p) such that

/|ij\de < /(1+2gp(hj|ij\))da; <c|1 +/W(x,1+thvj)dx
Q Q Q
Since W < W', (5.3) follows.

Let us prove the last statement. Assuming (5.4) and assuming wlog that ||v;|lyw1.r(o,rs) > 1 for any
j €N, we get for any large enough j

1
i [ W T v de - £0v) = G, (v) < 61, (0) + 1 = 1,
o)
thus (5.3) implies

/|vvj\P de<C |1+ /Wf(x,I +hVvy)de | < C+ O+ C b [Vl ops))-
Q Q
Since h; goes to zero, the result follows by Friedrichs inequality. O

We next prove I'-convergence. The limsup inequality is based on the approximation results from
Sect. 4. The liminf inequality builds on previous arguments from [2,15,35].

Lemma 5.3. (Energy convergence) Assume (2.1), (2.2), (W1), W2), (W3), WA4). Let (h;)jen be a

vanishing sequence of positive numbers. Then the sequence of functionals (g,{j )jen is I'-converging to
functional G with respect to the weak topology of W1P(Q,R?).

Proof. Since the weak topology of WP is metrizable then we can characterize the I'—limit in terms of
weakly converging sequences. In particular, by setting (see [14,16])

GL(v) := inf{liminf G} (v;) : v; = v weakly in W'?(Q,R?)},
j—00 J

G4 (v) := inf{limsup g;{j (vj):v; = v weakly in WhP(Q,R%)},
J—0o0
since G1 (v) > GZ (v), it is enough to prove that G (v) < G'(v) < G (v) for every v e W!P(Q,R?). We
split the proof in two steps.
Step 1 (liminf) We show that G/ (v) < GL(v) for every v € WP (Q,R?).
Let v € W1P(Q,R3), assume without restriction that GZ (v) < +oo, and let (v;);ey C WHP(Q,R3)
be a sequence such that v; — v weakly in WP (€, R3) as j — 400 and such that SUp,jen Q}IL], (vj) < +o0.
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Then v; =0 on I for any j € N, hence v = 0 on I' as well, and by setting B; := 2E(v;) + thV;fFij
we get

1 =det(I+ h;Vv;) =det(I+ thva)(I + h;Vv,) =det(I+ 2h;E(v;) + h?ijTij)
1
=1+h;TtB; — 5h?(Tr(B?) — (TrB;)?) + h} det B,
a.e. in 2, that is,
1
TrB; = 2divv; + h;|Vv,|* = 5hj(:rr(BJZ) — (TrB;)*) — h? det B;. (5.5)

We next prove, with an argument from [2], that v € H*(Q,R?) and that

1p,Vv; = Vv weakly in L*(Q,R**%), (5.6)
lovp, Vv; — 0 in L(Q,R3*%), Va € [1,p), (5.7)

where we have set D; := {x € Q:\/hj|Vv;(z)| < 1} - Indeed, since we are assuming that sup;cy Q}ILJ, (v)

< 400, we have

1
sup -5 / W (2, 1+ h;Vv;)da < +oo, (5.8)
jen hy )

thanks to the definition of géj and to the boundedness of the sequence (v;)jeny in WHP(Q,R3). Let
R; € SO(3) be a constant matrix satisfying (5.1) with respect to y; = ¢ + h;v;. If Q; == {x € Q :
I+ h;Vv;(z) — R;| < 3V3}, we have D; C Q; for any j large enough, and by definition of g, it is clear
that there exists a constant K only depending on p such that g,(x) > Kz? for any = € [0,3v/3], so that

K
J19%P o< 35 [ g0+ h9v, Ry + 1~ Ry) do
D; Qs

K I-R,?
< h—f /Wf(x,1+ h;Vv;)dx + K|Q| “172”
J Q J

where we have used (W4) and (5.1). By taking advantage of (5.2) and of (5.8), we conclude that the
sequence (1p, Vv;);en is bounded in L*(€2, R**?), so that up to (not relabeled) subsequences, 1p, Vv; —
H weakly in L?(€2,R3*3). On the other hand, if a € [1,p), by Holder inequality and the definition of D
we have

p—a
pa

11o\p, VVjllze@rsxs) < [|VVllLoaraxs) [AD;| 7 < [Vl oo rexsy | VI / |Vv,|dx
Q

and (5.7) follows from the fact that the above right hand side is vanishing as j — 400, since the
sequence (v;)jen is bounded in WP (Q,R?). The latter property also implies the weak convergence (up
to not relabeled subsequences) of Vv; to Vv in L*(Q,R**3): since (5.7) holds and since 1p,Vv; =
(Vvj — 1o\p, Vv;), we obtain both Vv = H € L?(Q,R**?) and (5.6), and Friedrichs inequality yields
v € HY(Q,R?).

Thanks to the properties (5.6) and (5.7) we get

VhiVv; = /hi(1p,Vv; +1g\p,Vv;) = 0  inL*(Q,R*>*?)
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as j — oo for any a € [1,p), hence (up to not relabeled subsequences) \/h;Vv; — 0 a.e. in Q. By
taking into account that for some constant ¢ > 0 there hold

Tr B3| < c(|Vv|? + B3 Vv, |* + | Vv[?),
‘TI‘ Bj|2 S C(|VVJ“2 + h?|VVj|4),

|det B| < ¢[B;[*> < C(|Vv,|* + h}[Vv;]%),

we get
1
hi|Vvs[? + §hj(TT(B?) +(TrBy)?) + hj det B; — 0

a.e. in Q as j — +o00. Hence, by (5.5), divv; — 0 a.e. in Q and by recalling that divv; — divv weakly
in LP(Q) we have divv = 0 a.e. in 2. Since we have previously shown that v € H'(,R?) and that v = 0
on I', we deduce that G(v) is finite.

By assumption (W3), D*W(z,-) € C?*(U) for a.e. z € Q and there is an increasing function w :
[0, +00) — R such that lim,_ow(y) = 0 and |D*W(x,1+ F) — D*W(z,1)| < w(|F|) for any F € U and
for a.e. x € 2. We notice that for any large enough j, we have I+ h;Vv; € U for any = € D;. Therefore,

1 1
lérilig)/ ﬁW(x,I +h;Vv;) — 3 VVJTD2W(.’E, I)Vv,| da
D

J

! (5.9)
< limsup/w(hj|ij|) |Vv;|? dz < limsup w(+/h;) / 1p,|Vv;|*dz =0,
j—+oo j—+o0
Q

J

where we have also used (2.4) and (5.6).

Finally, by taking advantage of (5.9) and (5.6), since W! > W and since the map F — [
Q

FTD?>W(x,1) Fdz is lower semicontinuous with respect to the weak L2(£2, R3*?) convergence, we con-
clude that

hmlnf/%wl z, 14+ h;Vv;)dz > hmlnf/ —W(z, 1+ h;Vv;)dz
J

j—oo j—+oo
P 1 T 12 1 T N2
>liminf [ =Vv; D*W(z,I)Vv;dz = liminf | —(1p.Vv;)" D*W(z,I)(1p,Vv;)
j—too [ 2 jotoo | 20T i
Q

> /%VVTDQW(x,I)Vvdx = %/E(V)DZW(x,I)lE(v) dx.
Q

Since functional £ from (2.6) is continuous with respect to the weak convergence in WP (Q, R?), we get

hm+mfgh (v;) = hrn inf / —WH(z, T+ h;Vv;)dz — L(v;)

> %/E(V)D2W(x,I)E(V)) dz — L(v) = G (v).
Q
Therefore, GL(v) < +oo only if v € HL (2,R3) with v.= 0 on T, and G(v) < GL(v) for every
v e WhP(Q,R3).
Step 2 (limsup) We show now that G1 (v) < G'(v) for every v.e WhP(Q,R?).
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It will be enough to prove the inequality for every v € HJ, (€2,R?) such that v =0 on I' (otherwise
G!(v) = +o0). This will be done in three subsequent steps, that make use of Lemmas 4.1, 4.4 and 4.9,
respectively.

Assume first that v is the restriction to Q of a function v € C*(€',R3) such that v = 0 on I and
divv = 0 in €, being €’ an open set with Q C €’. By Lemma 4.1 there exists a sequence (v;)jen C
C1(Q,R3) such that (4.1), (4.2),(4.3) and (4.4) hold. Hence, (W3), (4.1) and (4.4) together with W(z,I) =
0, DW(z,I) =0, see (2.4), imply that

jl%r-l{loo h W (2, 1+ b, Vv;) = jEToo hPW(x, T+ h;Vv,) = % E(v)D*W(z,1)E(v)
for a.e. x € , and that there exists a constant C’ > 0 such that for h; small enough there holds
h2W(x, 1+ h;Vv;) < C'|E(v;)[2

Therefore by (4.3) there exist ¢ > 1 and a constant C”" > 0 such that for any large enough j

q
1

/ (ile(x,I + thvj)> de < C”,
j

Q

thus
. 1oor 1
JILIEO ﬁw (J?,I + thVj) dx — £(Vj) = 5
J
Q

/[E(v)l)21/\/(x7 I)E(v)dz — L(v).
Q
This shows that GZ (v) < G/(v) whenever v is the restriction to Q of a function v € C*(€’,R?) such that
v=0onT and divv =0 in @/, being ' an open set with Q C Q'.
Assume now that v € HY(Q,R?), div v =0 a.e. in Q and v = 0 on I'; for some 0 < § < g, where

o is defined by (4.12). Then by Lemma 4.4 there exist an open set 2’ such that Q C ' and a sequence
(vj)jen C CH(Q,R3) such that divv; =0 a.e. in ', v; =0 on I and v; — v in H'(2, R3). Therefore,

Gi(v;) <G'(vy).

By taking into account that gi is weakly lower semicontinuous in W1?(2,R?) and that G’ is continuous
with respect the strong convergence in H'(£2,R?) we get

GL(v) <G'(v)

for every v € H'(Q,R?) such that div v =0 a.e. in Q and v = 0 on I's for some 0 < § < po. If T = 0,
then T's = I' and the proof is concluded. Suppose instead that T # () and let v € H'(Q,R?), div v =0
a.e.in Q and v =0 on I'. By Lemma 4.9 there exist a vanishing sequence (A;);jen C (0, 1to) and a sequence
(vj)jen C H'(Q,R?) such that div v; =0 a.c. in Q, v; =0on Ty, and v; — v in H'(Q,R?). Then

Gl(v;) <G"(v;)

and by exploiting again the weak lower semicontinuity of G1 in W?(Q,R?) and continuity of G/ in
H'(Q,R3), we achieve the result. O

The proof of the main result directly follows.

Proof of Theorem 2.1. We prove first that G has a unique minimizer. Weak H'(Q,R3) compactness of
minimizing sequences follows from (2.5) along with Korn and Poincaré inequalities. Along a sequence
that converges weakly in H!(Q,R?), the elastic part of the energy is lower semicontinuous, functional £
is continuous, and the divergence-free constraint passes to the limit as well as the vanishing constraint
on I'. This shows existence of minimizers of G'. Let us prove uniqueness of minimizers. Let

1
Vo(z,B) := EsymBDQW(z,I) sym B (5.10)
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and let v, V.. be two minimizers of G' (in particular, v, = v, = 0 on T'). Then by first order minimality
conditions we have

/ DVo(w, E(v.)) - (E(v.) — E(v..)) dz

(5.11)
= /DVQ(JZ,E(V**)) C(E(vy) — E(viy)) dz = L(vie — V).

Hence, by (5.10) and (5.11)
/ Vol E(v..)) = / DVo(2, E(v.) — E(v.n) - (B(v.) — E(v.)) dz = 0,
Q

therefore (2.5) implies E(v,) — E(v4) = 0. Since v, — v = 0 on T', we deduce v, — v, = 0 a.e. on Q

thus proving uniqueness. From now we denote by v, the unique minimizer of ?’.

By testing with the trivial displacement field, we see that inf Q}ILJ_ < 0 for any j € N. On the other
hand, since £(v) < Cr||v|lw1.r(q,rs), boundedness from below of functional g,{j easily follows from (5.3)
and Friedrichs inequality as soon as j is large enough. This proves (2.8).

The sequence (v;);en is bounded in W1(Q, R3), thanks to Lemma 5.2. Therefore, let us consider a
(not relabeled) subsequence such that v; — v weakly in WP(Q,R?). Let v € H*(Q,R?) be such that
v=0onTI and divv = 0 a.e. in Q. Let (v;);en C WHP(Q,R?) be a recovery sequence for v, provided
by Lemma 5.3. By taking advantage of (2.9) and of the I'-liminf inequality, still provided by Lemma 5.3,
we conclude that

Gl(v) < hmlnfgh (v;) < hmsupgh (v;) =G (v).

J—+oo Jj—4o0

By the arbitrariness of v we get v € argmin G hence v = v, and the whole sequence (v;) ey converges
to v, weakly in W1P(Q, R3) thus concluding the proof.

The proof of Corollary 2.2 relies on the following preliminary result.

Lemma 5.4. Under the assumptions of Corollary 2.2, let v.€ W12°(Q,R?) be such that divv = 0 a.e.
in Q. Then ?1 from (2.10) has a unique minimizer and if v, € argminG then v, — V is the unique
minimizer of G1 and GL (v, — V) = gl(v*), where G* is defined by (2.11).

—T ~
Proof. Existence of a minimizer of G© and of G! again follows from classical results while regarding
71 ~ .
uniqueness of minimizers of G and of G! we may argue as in the proof of Theorem 2.1 and from now we

denote by v, the unique minimizer of [958
Let u € H}, (92,R3) be such that u=0on I, and set v=u+V. Then v=v on I, divv =0 a.e. in
Q and by using (5.10)

/VOxEv* —E¥)) +/DV033]EV (E(v.) —E¥))dz — L(v. — V)
/VoxEv* dx—l—/VoxE /DVoxE EF@)de — L(v. — V)
/VO:EE dx—!—/Vox]E /DVQJJ]E E(V)dz

/DVOxIE dxf/DVO E(v)dax — L(v —¥)
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/Vo E(¥))dz + /DVO (x,E(¥)) - (E(v) —E(¥))da — L(v —¥),

that is, G (v, —¥) < G’ (u), thus proving minimality of v, —¥ for G/ by the arbitrariness of u. Uniqueness
of such a minimizer follows by reasoning as in the first part of this proof so we have only to prove that
ST . —I

G'(vie = ¥V) =G (v). Indeed

G (v, — V) = /Vg(l',E(V*))d(E+/VO(£U,E(V))(1£C—/DVO(.’E,E(V)) -E(v,)dz

CL(v.-¥) /DVO )) - (B(v.) — E¥))dz + G (%)

—I

= /Vo(x,IE(v*))dx—/Vo(x,E(V))dm—E(v* —V)—l—?l(V) =G (v.)
Q Q

and the proof is concluded. O

Proof of Corollary 2.2. Since the map
WIP(QR3) > v /IE:(V) D*W(x, 1) E(v) dz

is continuous with respect to the weak topology of WP (), R?), Lemma 5.3 implies the I'-convergence of
functionals Q;’Lj to G' with respect to the same topology.

We notice that 5,{] (0) < G'(¥) so that inf 5,{] < +oo for any j € N, where the infimum is taken on
WLr(Q,R?). Since g (¥) € R and since by assumption W3 there holds

/E(v) D*W(z, 1) E(v)dz < K[Q"F |V~ @ps) [V ez, (5.12)
Q

by the same reasoning of the proof of Theorem 2.1 we deduce boundedness from below of Q~,{LJ for any
large enough j so that (2.12) holds.

Let now (v;)jen C H'(2,R3) be a sequence such that v; = 0 on I' and such that (2.13) holds. By
the same argument of the proof of Lemma 5.2, this time also taking (5.12) into account, we deduce
that sup;cy [|vjllwir(rs)y < +oo. Therefore, up to not relabeled subsequences, v; — vq weakly in
WLP(Q,R3). Thanks to I'-convergence, by the same argument of the proof of Theorem 2.1, we conclude
that Q~I{J (v;) — Gl(vo) as j — 400 and that vo is the unique minimizer of G over W1P(€, R?).
In particular, the whole sequence (v;) converges to vy weakly in W17 (Q,R3). By Lemma 5.4, vo +V €
argmin G’ and ¢! (vo) = gl(vo +V) so that we have recovered the unique minimizer of ?1, thus concluding
the proof.
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