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Global time evolution of concentrated vortex rings

Paolo Butta, Guido Cavallaro and Carlo Marchioro

Abstract. We study the time evolution of an incompressible fluid with axial symmetry without swirl, assuming initial data
such that the initial vorticity is very concentrated inside N small disjoint rings of thickness € and vorticity mass of the order
of |loge|~. When & — 0, we show that the motion of each vortex ring converges to a simple translation with constant
speed (depending on the single ring) along the symmetry axis. We obtain a sharp localization of the vorticity support at
time ¢ in the radial direction, whereas we state only a concentration property in the axial direction. This is obtained for
arbitrary (but fixed) intervals of time. This study is the completion of a previous paper [5], where a sharp localization of
the vorticity support was obtained both along the radial and axial directions, but the convergence for £ — 0 worked only
for short times.
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1. Introduction and main result

We study the time evolution of an incompressible non-viscous fluid in the whole space R3, with an
axial symmetry without swirl when the vorticity is sharply concentrated on N annuli of radii r; ~ rg
and thickness €. In particular, we consider the limit ¢ — 0. In a previous paper of some years ago,
a similar problem [3] was investigated for a vortex alone, showing that it translates with a constant
speed. Recently, in [5], the analysis has been extended to the case of N vortices, also getting a stronger
localization property, but restricted to the case of short but positive time. In the present paper, we study
the problem for any time.

The motion of an incompressible inviscid fluid is governed by the Euler equations that for a fluid of
unitary density in three dimensions with velocity u = u(&,t) decaying at infinity read

Ow + (u - V Jw = (w-V)u, (1.1)

(& —m) ANw(n,t)
()= - / Do (1.2)

where w = w(&,t) = V A u(€,t) is the vorticity, & = (£1,&,£3) denotes a point in R3, and t € R, is
the time. The equations are completed by the initial conditions. It is worthwhile to emphasize that the
incompressibility condition V - u = 0 is clearly verified in view of Eq. (1.2).

Denoting by (z,7,0) the cylindrical coordinates, we recall that the vector field F' of cylindrical com-
ponents (F, F,., Fp) is called axisymmetric without swirl if Fp = 0 and F, and F, are independent of
0.

The axisymmetry is preserved by the evolution Egs. (1.1), (1.2). Moreover, when restricted to axisym-
metric velocity fields w(€,t) = (u.(z,r,t), ur(2,7,t),0), the vorticity is

W = (0707"‘)9) = (Oa 0, 0 u, — aruz) (13)

 Birkhiuser
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and, denoting henceforth wy by w, Eq. (1.1) reduces to

Uy

Ow + (u0, + 1, 0p)w — = 0. (1.4)

,
Finally, by Eq. (1.2), u, = u,(z,r,t) and u, = u,(z,r,t) are given by

L li r w(Z,r' t)(rcos® —r')

2= [d2 ['dr’ [df o ’ L

! 27 / : /r ' / [(z = 2")2+ (r —77)2 + 2rr'(1 — cos 0)3/2 (1.5)
0 0
1 T / w(z',r t)(z —2') cos b

.= — d / /d / de ) ) ) 16

R / ¢ /T ' / [(z =22+ (r—r")2 4 2r(1 — cos 0)]3/2 (1.6)
0 0

In conclusion, the axisymmetric solutions to the Euler equations are the solutions to Eqs. (1.4), (1.5),
and (1.6).

We notice that Eq. (1.4) means that the quantity w/r remains constant along the flow generated by
the velocity field, i.e.,

= ) , (1.7)

with (z(t),r(t)) solution to

2(t) = uz(2(1),r(1), 1), 7 (t) = ur(2(t),r(1),1). (1.8)

We notice that in the case of non-smooth initial data, Eqgs. (1.5), (1.6), (1.7), and (1.8) can be assumed
as a weak formulation of the Euler equations in the framework of axisymmetric solutions. An equivalent
weak formulation is obtained from Eq. (1.4) by a formal integration by parts,

%wt ] = wewsd.f +wdrf + 0], (1.9)

where f = f(z,7,t) is any bounded smooth test function and

wilf] == /dz]odrw(z;n t)f(z,mt).
0

It is known that the global (in time) existence and uniqueness of a weak solution to the associate
Cauchy problem holds when initial vorticity is a bounded function with compact support contained in
the open half-plane II := {(z,7) : 7 > 0}, see, for instance, [21, Page 91] or [7, Appendix]. In particular,
it can be shown that the support of the vorticity remains in the open half-plane II at any time (note that
a point in the half-plane II corresponds to a circumference in the three dimensional space R3).

The special class of axisymmetric solutions without swirl is known in the literature as smoke rings (or
vortex rings), because of the property to preserve their shape in time, which translates with a constant
speed along the z-axis. The knowledge of such solutions is very old, but a first rigorous proof of existence
and properties of these solutions (in the stationary case) goes back to [1,10], by means of variational
methods. Other information and references on axially symmetric solution without swirl can be found in
[22].

We consider in the present paper the special class of initial data for which the vorticity is initially
very concentrated. We mean that, given a small parameter ¢ € (0,1), we take initial data for which the
vorticity has compact support contained in N disks, that is

N
w5(27r70) :Zwi,f(z7r70)a (110)
i=1
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where w; .(z,7,0), i = 1,..., N, are functions with definite sign whose support is contained in B(¢Pe),
which is the open disk of center ¢* and radius e,

Ai,s(o) = Suppwi,s('ao) C 2(41‘5)7 (111)
with

B(Cle) cl Vi, Dl NB(Ple) =0 Vi,
for fixed ¢* = (z;,7;) € II. We assume also that
minr; > 2D Vi, |7“i—’l“j| >2D Vi#j, (112)
K3

where D is a positive fixed constant. This means that the annuli have different radii, which is an essential
hypothesis as explained in Remark 1.1 below.
In view of (1.7), the decomposition Eq. (1.10) extends to positive time setting

N
we(z,mt) = Zwiyg(z,n t), (1.13)
i=1
with w; . (z,t) being the time evolution of the ith vortex ring,

wie(2(t),r(t),t) = r—wg,i(z(O), 7(0),0). (1.14)

We focus on the case of a fluid with a large vorticity concentration. Therefore, in order to have non-
trivial (i.e., neither vanishing nor diverging) limiting velocities of the vortex rings, the initial data have to
be chosen appropriately. The correct choice can be inferred by considering the simplest case of a vortex
ring alone, of intensity N, =: [dz fooodr we(z,7,0) and supported in a small region of diameter e. It is
well known that it moves along the z-direction with an approximately constant speed proportional to
N_|loge|, see [9]. With this in mind, we assume that there are N real parameters ay, ..., ay, called vortex
intensities, such that

[e e}

|log €| /dz/drwivg(z,r, 0)=a; Vi=1,...,N. (1.15)
0
Finally, to avoid too large vorticity concentrations, we further assume there is a constant M > 0 such
that
M
e?|loge|

lwi e (z,7,0)] < V(z,r)ell Yi=1,...,N. (1.16)

Now, we can state the main result of the paper.

Theorem 1.1. Assume the initial data we(x,0) verify Egs. (1.10), (1.11), (1.12), (1.15), and (1.16), and
define

Cit) = ¢t + —2 (é)t, i=1,...,N. (1.17)

47r;
Then, for any T > 0 the following holds true. For any e small enough there are (V¢(t) € 11, t € [0,T],
i=1,...,N, and R: > 0 such that
;iirtl)|log£| / dzdrw; (z,r,t)=a; Vi=1,...,N, Vtel0,T],
B(¢hE()|Re)
with
lim R =0, lim ChE() = ¢(t) Ytelo,T).
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Remark 1.1. As already mentioned, the assumption Eq. (1.12), which guarantees |¢*(t) — ¢?(t)| > 2D for
any i # j and ¢t > 0, is essential. Indeed, letting A; o(¢) := suppw; (-, t), i = 1,..., N, a key point in
the proof is to show that A; .(¢) N A; (t) = 0 for any ¢ # j and ¢ > 0. This holds because, as long as
the supports remain separated, their size along the r-direction can be proved to remain infinitesimal as
¢ — 0. On the other hand, we are not able to get an analogous strong localization property for the size
of A; -(t) in the z-direction. Therefore, without the assumption Eq. (1.12) we cannot prevent an overlap
of the supports of different rings in a finite time.

We emphasize that our analysis concerns an asymptotic regime € — 0 in which the interaction between
different rings actually vanishes, so that the limiting motion of each ring is not influenced by the other
ones. Features of the dynamics for finite ¢, as the leapfrogging phenomenon, although very interesting,
are beyond the scope of the present paper.

Remark 1.2. Sometimes, the Euler equations are considered with initial vorticity highly concentrated
around a generic curve, say I' = {v,},c(01] C R?, see, e.g., [15]. Of course, additional assumptions
are needed to analyze the time evolution. Here, the main feature is the so-called LIA approximation
(local induction approximation), in which the vorticity remains concentrated around a wvortex filament
I'(t) = {7v,(t)}oef0,1), whose time velocity %, (f) depends on the curvature and is directed along the
bi-normal vector. Of course, the case of circular rings with full axial symmetry considered here can be
thought as a very special example of these phenomena.

Remark 1.3. The effect of a viscosity perturbation in the derivation of the vortex model has been discussed
in the literature [2,7,12-14,16,17,20], but this topic is out of the purposes of the present analysis.

Remark 1.4. In this paper, we show that for certain classes of concentrated initial data the time evolution
is closely related to the dynamics of a particular system of particles. This is mainly related to the choice
of rg, which is the typical distance of the rings from the symmetry axis. It is worthwhile to mention that
different choices of 7y have been already considered in the literature. More precisely, if 7y is sufficiently
large, i.e., 7o &= =%, a > 0, the centers of vorticity converge for € — 0 to the solution of the point vortex
system, see [18]. This result has been extended in [6] up to the case ro = |loge|® with o > 2. The more
interesting regime is 7o ~ |loge|, where the limiting motion of the vorticity centers is conjectured to be
governed by a dynamical system which is a combination of point vortex dynamics and simple translation,
see [19] where only convergence at time zero is proved. Actually, the relation between the solutions of the
Euler equations and time evolution of special particle systems is more general and it is at the basis of an
approximation method, called “vortex method,” widely used in literature, see, e.g., [8] or the textbook
[21].

The strategy in the proof of Theorem 1.1 is the same of the previous works on the topics. (We quote
here only the more recent ones [4,5], and address the reader to the references therein). We first show
the corresponding result for a “reduced system,” where a vortex ring alone moves under the action of
a suitable external time-dependent vector field. The result for the original model is then achieved by
treating the motion of each vortex ring as that of a reduced system, in which the external field describes
the force due to its interaction with the other rings.

The key tool in the planar case [4] is a sharp a priori estimate on the moment of inertia, which is not
available in the axial symmetric case because the velocity field is not a Lipschitz function. To overcome
this problem, in [5] the “quasi” energy conservation is used to control the growth in time of the moment
of inertia, which allows us to build up an iterative scheme to deduce the sharp localization property, but
the price to pay is that this scheme converges only for short times.

Theorem 1.1 extends the result of [5] globally in time, and the strategy behind this improvement relies
in the following observation. A suitable decomposition of the velocity field shows that its non-Lipschitz
part is directed along the z-axis, which suggests that the vorticity should stay more localized along the
radial direction (as already discussed in Remark 1.1). Indeed, this is true and allows us to deduce an
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estimate on a different quantity, the “axial moment of inertia.” This new estimate, together with the lack
of the non-Lipschitz term affecting the radial motion, makes possible to build up an iterative scheme as
in [5], but here convergent at any positive time, thus deducing a sharp localization property globally in
time.

The plan of the paper is the following. In the next section, we introduce the reduced system and prove
Theorem 1.1 as a corollary of the analogous result for this system, which is proved in Sects. 3 and 4. In
“Appendix A” we extend to the reduced system a concentration property of the vorticity distribution,
proved in [3] for the case of a vortex alone. This property is necessary to characterize the axial motion
and its proof relies on an accurate control on the time variation of the energy. Finally, in Appendix B,
we prove Lemma 2.3, which shows how the motion of each vortex ring coincides with that of a suitable
reduced system.

2. Reduction to a single vortex problem

We rename the variables by letting
x = (x1,22) := (2,7) (2.1)

and extend the vorticity to a function on the whole plane by setting w.(x,t) = 0 for x5 < 0, so that
x = (21, 22) € R? henceforth. In this way, the equations of motion Egs. (1.5), (1.6), (1.7), and (1.8) take
the following form,

u(z,1) =/dyH(w7y)wg(y,t), (2.2)
10 we(z
ws(x(t)’t) = SCQ(O) E( (0)70)’ (23)

&(t) = u(z(t),t), (2.4)
where u(z,t) = (u1(x,t),us(x,t)) and the kernel H(z,y) = (H1(z,y), H2(x,y)) is given by

— 0
) y\2+2x2y2(1—0089)]

ya(z1 — y1) cos b
Hy(z,y) = o /d 373
) [lz = y[? + 2z2y2(1 — cos §)]

(2.6)

The “reduced system” describes the motion of a single vortex ring in a suitable external time-dependent
vector field, which simulates the interaction with the other vortices. This system is defined by Egs. (2.2),
(2.3), and, in place of Eq. (2.4),

z(t) = u(x(t),t) + F=(x(t),1). (2.7)
The initial datum w,(z,0) and the time-dependent vector field F* are assumed to satisfy the following
conditions.

Assumption 2.1. The function w(z,0) is nonnegative (resp. non-positive) and there is M > 0 and a > 0
(resp. a < 0) such that

M
0 < |we(z,0)] < loge| V€ R? |log g] /dywe(y,O) =a. (2.8)

Moreover, there exists ¢ = (29,7), with r¢ > 0, such that
A.(0) := suppw.(-,0) C 2(¢%e). (2.9)
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Finally, F¢ = (Ff, F§) is a continuous and globally Lipschitz vector field, and it enjoys the following
properties.

(a) Oy, (22 FF) + Opy(x2F5) = 0. Otherwise stated, if we denote by F° the three-dimensional vector
field whose components in cylindrical coordinates are (F2,Fg, Ff) := (Ff, F5,0), this condition
reads 0,(rFZ) + 0,(rFg) = 0, which is equivalent to assume that the vector field F*, expressed in
Cartesian coordinates, is divergence free.

(b) There exist Cr, L > 0 such that, for any € € (0,1) and ¢ > 0,

Cr
Fe(z,t)| <
2.0 < ooy

L
Fé(x,t) — Fe(y,t)| < —— |z — v R2. 2.10
[F(2,8) = F(y. )] < rorla =yl Vay € (2.10)

Theorem 2.2. Under Assumption 2.1, let
ct)=¢+-2 (é) t. (2.11)

471

Then, for each T > 0 the following holds true.
(1) For any k € (0, i) there is Cy, > 0 such that, for any € small enough,

Ac(t) == suppw.(-,t) C {x € R?: |z5 — ro| < Ci|loge|™*} Vte[0,T).
(2) For any e small enough there are (¢(t) € II, t € [0,T], and . > 0 such that

liH(l) |log g| / dzw(z,t) = a,
£—
(¢ (®)lee)
with
lim o. =0, lim ¢°(¢) = ((¥).
e—0 e—0

2.1. Proof of Theorem 1.1

Given T as in the statement of the theorem, we fix R < D and let
T, :=max{t € [0,T]: |[zo —7;| <R Vx e\ (s) Vse[0,t] Vj=1,...,N}. (2.12)

By continuity, from Egs. (1.10) and (1.11) it follows that T, > 0 for any ¢ sufficiently small. Moreover, in
view of Eq. (1.12), for any t € [0,7] the rings evolve with supports A; .(¢) that remain separated from
each other by a distance larger than or equal to 2(D — R). Now, in view of Egs. (1.13) and (1.14), the
i-th vortex ring w; . (z,t) satisfies

wie(x(t),t) = 22(0) wie(2(0),0), (2.13)
where (t) is solution to
i(t) = ui(x(t),t) + G (z(t),t), G“(x,t) = Z_uj(a:,t), (2.14)
with v
(2, t) = /dyH(x,y) wi(yt) j=1,...,N. (2.15)

Since the integration in the right-hand side of Eq. (2.15) is restricted to the support A;.(t), for each
t € [0,T.] the field G“*(z,t) in Eq. (2.14) is regular in the set A; .(¢). More precisely, in Appendix B we
prove the following lemma.

Lemma 2.3. There exist vector fields F"* = (F}°, Fy®), i=1,..., N, such that
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(1) O, (22F°) + Oy (22F5°) = 0;
(ii) for some constant C' >0, anyi=1,...,N, and t € [0,T],

C i i C
Togel’ |[F78 (2, 1) — F"5(y,t)] < mkﬁ—iﬂ Vz,y € R%;

(iii) F(x,t) = G**(x,t) for any x € N; (t) and t € [0,T%].

|[F2E (1)) <

Therefore, as the characteristics involved in Eq. (2.13) satisfy z(t) € A;.(t), they solve &(t) =
wi(x(t),t) + Fbe(x(t),t) for any t € [0,7:]. Hence, we can apply Theorem 2.2 to the evolution of the
i-th vortex ring, with parameters (a;, ¢!, T, k) in place of (a,(°, T, k), and conclude that, for any e small
enough,

(1) |z — ;| < Ci|loge|™F for any # € A; .(t), t € [0,T.], and i = 1,..., N,
(2) there are ¢“¢(t) € I, i = 1,..., N, and g. > 0 such that

i floge| [ down(ot) = ax
Z(¢he(t)lee)
with
lim o. =0, lim ¢"*(t) = C'(t).

In particular, (1) implies that |zo —r;| < R/2 for any € A; (), t € [0,T.], and i = 1,..., N, definitively
for € small enough. Therefore, by continuity, 7. = T for any & small enough, and Theorem 1.1 is thus
proved. O

3. The reduced system: analysis of the radial motion

The proof Theorem 2.2 is split in two parts. The first one, which is the content of the present section,
concerns the sharp localization property of the vorticity along the radial direction as stated in item (1)
of Theorem 2.2. Without loss of generality, we consider the case a = 1; hence, Eq. (2.8) reads

M

0< 0) < ———
_Ws(xv ) 82|10g5|

Vo € R? |log €| /dyws(y,O) =1. (3.1)

The following weak formulation will be used, which is a direct generalization of Eq. (1.9),

d

T dr we(x,t) f(z,t) = /dxwe(m,t)[(u + F°) -V f+0uf](x,1), (3.2)

where f = f(z,t) is any bounded smooth test function. Moreover, the kernel H(z,y) in Eq. (2.2) can be
split as made in [5, Lemma 3.3], where it is shown that the most singular part of H(z,y) is given by the
kernel K (z — y) corresponding to the planar case,

1
K(z) = V*'G(z), G(z):= 5 log ||, (3.3)
0
where v 1= (v, —vy) for v = (vy,v7). More precisely, for any z,y € II,

where

1 1+|z—y| (1
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and there exists Cy > 0 such that, for any =,y € II,

1+ 2 + /T2y2 (1 + | log(z2y2)])

2

R(z,y)| < Co
)

(3.6)

A notation warning: In what follows, we shall denote by C' a generic positive constant, whose numerical
value may change from line to line and it may possibly depend on the parameters ¢° = (zg,79) and M
appearing in Theorem 2.2 and Eq. (3.1), as well as on the given time 7.

As claimed at the beginning of the section, our goal is to show that, under Assumption 2.1, for any
T>0andk € (O, i), if € is small enough then

|xe —ro| < Ve e A(t) Veel0,T)]. (3.7)

< ¢
= |logel®
We let

70 ::max{te [0,T7]: %0 < z9 <

g

N W

ro Vo € A(s) Vs € [O,t]}

and assume hereafter € < ry/2 so that 7° > 0 in view of Eq. (2.9). In what follows, we show that, for
1
any k € (O7 1),

|ze —ro| < Vo e A(t) Vte[o,TY, (3.8)

~ |logel*
provided ¢ is small enough. By continuity, this implies that 7° = T (for ¢ sufficiently small), from which
Eq. (3.7) follows for ¢ sufficiently small.

The proof of Eq. (3.8) is quite long, so it is divided into three preliminary lemmas plus a conclusion.
Preliminarily, it is useful to decompose the velocity field according to Eq. (3.4), writing

u(z,t) = u(z,1) /dyL z,y) we(y, t) /dyR z,y)we(y, 1), (3.9)
where u(z,t) = [dy K(z — y) w:(y, t).

Lemma 3.1. The following estimates hold true,

C
/dyIL(%y)lwe(y,t) <C, /dy [R(x, y)|we(y, t) < Toze] 1€ [0, 77). (3.10)
Proof. From Egs. (3.5) and (3.6), it follows that
1 1+ |z —y| o
|L(z,y)| < ST lo Ty R(z,y)| <C Vaz,yeA(t) Vtel0,T,], (3.11)
while, from Eqgs. (2.3), (3.1), and the definition of T7,
3M
Since long'Ly‘y‘ is monotonically unbounded as y — =, the maximum of [dy log%wa(y,t) is

achieved when we rearrange the vorticity mass as close as possible to the singularity. Therefore, in view
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of Eq. (3.12),
1 1+ |z —y
dy |L t) < dy log ———— t
/yl (@, )| we(y, 1) < 27rr0/ ylog — we (Y, 1)
3M 7
p
dppl
52|log£r0/ ppice (3.13)
0
p
ST [T Y
~ e2|logelry | 2 D 2 p1+p ’
0

with p such that 37p> M /(2| 1loge|) = 1/|loge|, from which the first estimate in Eq. (3.10) follows. Finally,
we observe that, by Liouville’s theorem and Eq. (2.3), with F° as in Assumption 2.1-(a),

1 we(&,1) 1 / we (&, 0) / 1
d t)=— [d§———=— [d§;——————= [ d 0)=—— 3.14
Javortt) = 5= fag=88 — 2 fag, ==l yorln0) = o (314)
where we have used the coordinate transformation & = ¢'(£,), with ¢! the flow generated by £ =
u(&,t) + F°(&,t). Therefore, the second estimate in Eq. (3.10) is a consequence of the second one in
Eq. (3.11). O

We denote by B.(t) = (Be.,1(t), Be 2(t)) the center of vorticity of the blob, defined by

[dz zw.(z, ) /
B.(t) =———"—> =11 d t 3.15
()= L B0 = lloge] [ dr (e, t), (315)
and by I.(t) the axial moment of inertia with respect to xo = B, 2(t), i.e.,

() = / dz (23 — Bea(t))? we(a,t). (3.16)

Since A.(t) is compact, the time derivatives of B. 2(t) (in this section, we are only interested in this
component) and I.(¢) can be computed by means of Eq. (3.2). To this end, we first observe that the time
derivative of My := [dzw(x,t)r3 is Mo = [daxw,(,t) 229 F5 (2,t) (it is a conserved quantity in absence
of external field, see Appendix A), so that

Bualt) = logel [drwnent) (Fi(o0)+ [rRatep)wntinn). (3.17)

I.(t) = 2/dx we(z,t) (T2 — Be2(t))F5 (x,t) — 2B. 2(1) /dx we(z, 1) /dy Ro(z,y) we(y, 1), (3.18)

where we have used the expression Eq. (3.9) for u(z,t), the identities

/dx we(z,t) (kg — Be2(t)) =0, /dx u(z, t)we(z,t) =0,

[which derive from the definition of center of vorticity and the explicit form of K(x — y) in Eq. (3.3)],
and the fact that Lao(z,y) = 0, see Eq. (3.5).

Lemma 3.2. The following estimate holds,

C
L) < ——— Vte[0,T7]. 1
E()_|10g<€|2 v G[Oa s] (3 9)
Proof. By Egs. (2.10), (3.10), (3.17), and (3.18), we have that, for any [0, T?], | B. »(t)| < C/|loge| (hence
|B:2(t)] < C) and

0] < oy [delen = BealOlwont) + oy < reCo VRO + o

|loge| ogel? ~ |logel3/2 |loge|?’
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where in the last estimate we used the Cauchy—Schwarz inequality and again Eq. (3.14). Eq. (3.19) now
follows by integration of the last differential inequality since the initial data imply I.(0) < 4e2. O

We remark that the estimate Eq. (3.19) is sufficient for our purposes but we do not know whether
it is optimal. In [5], a more sophisticated argument allows to obtain the same estimate C'/|loge|? for
the moment of inertia with respect to the center of vorticity, but the whole argument works only for
short times. In our case, we are able to extend the analysis to any positive time not only because of the
estimate Eq. (3.19) for the axial moment of inertia, but above all for the absence of the non-Lipschitz
term Eq. (3.5) when we analyze separately the motion along the radial direction in Lemmata 3.3 and 3.4,
see Remark 3.1 below. After that, we will need and prove a weaker estimate C'/|loge| (global in time)
for the moment of inertia with respect to the center of vorticity in order to conclude the analysis of the
whole motion.

Lemma 3.3. Recall A.(t) = suppw(-,t) and define
R, := max{|ze — Be2(t)|: = € A.(1)}. (3.20)

Given xg € A(0), let x(xp,t) be the solution to Eq. (2.7) with initial condition x(xg,0) = xo and suppose
at time t € (0,TY], it happens that

|z2(20,t) — Bepa(t)] = Re. (3.21)
Then, at this time t,

< )
~ |loge| = wR:|loge| e?|loge|

%|$2(I0, t) — BE,Q(t” (322)

where the function m(-) is defined by
m = [ dyeun). (3.23)
ly2—Be,2(t)|>h

Proof. We observe that the proof is similar to that given in [4, Lemma 2.5]. Letting x = x(xo,t), by
Egs. (2.7), (3.9), (3.14), and (3.17) we have,

%m(xo, t) = Bea(t)| = (ua(x,t) + F§(2,t) — Bea(t)) m
- (3.24)
_ T Tro — Ba,Q(t) - w To — B872(t)
= Vi) g i+ [y Kole - sy =g
with
Vi t) = FE(z,1) + /dz Ro(@, 2) wa (2, 1)
(3.25)
oz [yt (F500)+ [0 Rato2) ()
From Egs. (2.10), (3.10), and (3.14), we have
C
|V (z,t)] < oz vt e [0,TY). (3.26)

For the last term in Eq. (3.24), we split the integration region into two parts, the set A; = {y €
Ac(t): |y2 — Be2(t)] < Ri/2} and the set As = {y € A(t): Ri/2 < |y2 — Be2(t)] < Ri}. Then,

JavEate - )y 25 Be2(t)

= e L — H + Ho, 3.27
2~ Bog(t)] T2 (3.27)
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where
-TQ_BEQ(t)/
H=—+—"—"= |[dyKs(x —y)w:(y,t 3.28
Ay
and
Z‘Q—ng(t)/
Hy=——"= [dy Ks(x —y)w:(y,1). 3.29
2 |z2_B€2(t)|A y Ko (r —y)we(y, 1) (3:29)
2

We consider first the contribution due to the set A;. Recalling Eq. (3.3), after introducing the new
variables ' = x — B.(t), y' =y — B:(t), we get,
1 1
Hy| < — dy’ "+ B.(t)). 3.30
mi<s [ W ey + B0) (3.30)
lys|<Re/2

From Eq. (3.21) we have |z4| = Ry, and hence |y < R;/2 implies |2’ — y'| > |z — y4| > R:/2, so that

1 1
Hi| < — dy’ "+ B(t) £ ———.
| ll_”Rt./</R/2 Vel + Belt) € i
Yol 1t

We bound now H,. Again by Eq. (3.3),

1 1
Hy| < —/dy—%(y,t).
|z — ]

(3.31)

T 27
2
The function |z —y|~! diverges monotonically as y — z, and so the maximum of the integral is obtained
when we rearrange the vorticity mass as close as possible to the singularity. By Eq. (3.12) and since, by
Eq. (3.23), m¢(R:/2) is equal to the total amount of vorticity in Ay, this rearrangement gives,

3Me—2 1 3Me2
ol < o [ =T (3.32)
2m|log el ( ly'|  [loge]

>(0|r)

where the radius r is such that 37r2M/(g%|loge|) = my(R;/2). The estimate Eq. (3.22) now follows by
Eqgs. (3.24), (3.26), (3.27), (3.31), and (3.32). O

We determine now the behavior of the function m;(-) introduced in Eq. (3.23) when its argument goes
to 0. The proof will be adapted from that of [5, Proposition 3.4].

Lemma 3.4. Let m; be defined as in Eq. (3.23). For each ¢ >0 and k € (0, i),

1
1 7/6 —_— =
EhH(l) terﬂ)?é)]g my <log€|k> 0. (3.33)

Proof. Given R > 2h®, h > 0, and « a positive parameter to be fixed later, let Wg p(z2), with x5 the
second component of 2z = (z1,x2), be a nonnegative smooth function, such that

. (3.34)
0 if jxe| > R+ h,

Whrn(w2) = {

and its derivative W, , satisfies

C
Wil < 7

C C
Wha(2) = Wh)] < 72— 1ol < 15 2 — ol (3.36)

(3.35)
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We introduce the quantity

je(R,B) = / de [1 - Wen(es — Bea(t))] we(e,1), (3.37)
which is a mollified version of m; satisfying
pe(R,h) < my(R) < py(R — h,h). (3.38)

Hence it is sufficient to prove (3.33) with p; in place of m;. Since the function ¢t — (R, h) is differentiable,
we can compute its time derivative, by Eq. (3.2) with test function f(x,t) =1 — Wg (z2 — Be2(t)) and
then using Egs. (3.9) and (3.17). We have,
d .
SR = = [do TWa(ez — Bea®) - lu(w.0) + F¥(2.t) = Bu(0)]we (1)
, . : (3.39)
=— [ de Wg,(v2 — Beo(1))[uz(x, 1) + F3 (,1) — Bep(t)] we(x, 1)
= —Hj3 — Hy,

with
Hs = /d;v Wl/{’h(il'g — B.2(t)) /dy Ka(x — y) we(y, t) we(z,t)

— 5 [ 4 [y )ty t) [Wh(on — Beal®) = Whalve — Bealt))] Kl - v)

Hy— / A Wi (22 — Bea(t)) we (2. )V (. ),

where the antisymmetry of K has allowed to achieve the second expression of Hs, and V(z,t) is defined
in Eq. (3.25). We can note that, in view of Eq. (3.26), (3.35), and the fact that W7, ,, (2) is zero if [2| < R,

C
|Hy| < Mmt(}%) vt e [0,TY]. (3.40)

Now we treat Hs. We introduce the new variables 2’ = x — B.(t), ¥’ = y — B:(t) (as done previously),
define w.(z,t) := w.(z + B:(1),t), and
1. ~
F@'y) = gw (@ ) 0y’ 1) Wr p () = W (y2)] Ko (2" =),
whence Hy = [da’ [dy’ f(2',y’). We note that f(z',y’) is a symmetric function of 2’ and y’ and that, by
Eq. (3.34), in order to be different from zero it is necessary that either |z}| > R or |y5| > R. Therefore,

Hs = /dx’/dy’—i—/dx' / dy' — /dxl / dy'| f(@.y)

EARS: lus1>R [whi>R |ysi>R
=2 / dw’/dyéf(x’,y’)— /dx’ / dy' f(z',y")
EARS: whi>R |wh>R

= Hy+ Hy + HY',
with
Hy =2 / da’ / dy’ f(z',y),
eh[>R  [ys|<R—he
m=2 [ [ ey,

lea| >R |y3|>R—he
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H" — _ / dz’ / dy’f(as',y’).
[z >R |ya|>R
By the properties of Wg 5, we have W5, (y5) = 0 for |y5| < R. In particular, Wp , (y5) = 0 for |y5| <
R — h“, then
H= [ s oW [ W K - y)E
lzz|>R lyz| <R—he

and therefore, in view of Eq. (3.35),

C
7y < Smy(R) sup |Aa(e’ 8)], (3.41)
h |24|> R
with
Ay’ 1) = / Ay a2’ — o) 3l 1),
lyh|<R—ho

We note that if |25] > R then |y5| < R — h® implies |2’ — y'| > |a — y5| > h*, hence

1 Gy, t) _ 1 1
Ag(a' 1)) < — dy =2 < / d )<
s, 0] < o5 / YT =y = 2nhe VB S SohaTioga]

lys|<R—he lys| <R—he

We then obtain, by Eq. (3.41),

< ¢ .
~ hltellog €|

From Eq. (3.36), as R > 2h® implies R — h* > R/2,

|HY |+ |HY'| < % / da’ / dy' (Y, t) @ (2, 1)

|HY| < +(R). (3.42)

leg| =R ys|=R—h

C - - CI.(t
< W da’ / dy' (v, t) D (2, 1) < h%ﬂ(ﬁ)mt(R),
las| >R lyz|>R/2
where in the last bound we used Chebyshev’s inequality. Finally, by Eq. (3.19),
1 1
H3 < C R) Vtel[0,T2). 3.43
11l < € ( GraTogs) * g ) ™) Ve DT (3.43)
From estimates Egs. (3.43) and (3.40), recalling Eq. (3.39), we get,
d

Eut(R, h) < A.(R,h)my(R) Yt [0,TY]. (3.44)

where

1 1 1
A(R,h)=C .
(B, R) (h1+alogs| + h?2R?|logel|? + h|log6>
Therefore, by Egs. (3.38) and (3.44),

pi(R,h) < po(R,h) + A (R, h) /dsug (R—h,h) Vtelo,TO. (3.45)
0
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We assume now ¢ sufficiently small, and we iterate the last inequality n = ||loge|] times (denoting with
|a] the integer part of a > 0), from

1 1

to R, = (3.46)

- |log el¥ 2| logel®’
where R,, = Ry — nh, and consequently

_ 1

~ 2n|logelk’

In order to assure the condition R > 2h® stated at the beginning of Lemma 3.4 (under which Eq. (3.44)
has been deduced) we have to choose consistently «. We make the choice

1—-k 1-—2k

which implies

e} =05
1 1 TR c
WalCl—m ) = —m— —
(Ilogsll““) (Ilogsll““) | log g[1—h=(1+k)o”

with k < 1—k—(1+k)d [by the second of (3.47)], and therefore, if € is small enough, h* < R, when R is
in the range established by (3.46). Moreover, the quantity A.(R,h) is bounded by C|loge|? with ¢ < 1,
in fact

1+«
1 (|loge]**1) s
< <C|1 (k+1)
hite|loge| = [loge| < Clloge| )
1 ] Ak+2
< |loge| < |10g€‘4k7
h2R?|loge|? | log ]2
< C|logel”
hlloge| — | log e[
In conclusion,
n—1 :
Cllogelit)?
pe(Ro — h,h) < po(Ro — h, h) + ZMO(Rj7h)(|jg.,|)
j=1 ’

(C|loge[1)" | .
+(n_1)!0/d8(t—8) Ys(Ry,h) YVt e[0,T7].

Since A.(0) C X(z|e), we can determine € small enough so that po(R;,h) = 0 for any j = 0,...,n, hence,
for any t € [0,T7],

(Clloge|?t)"

g, (3.48)

1
(o — o) < CLETEL /d (t— )" ra(Boc ) <

where in the last inequality we have used the trivial bound ps(R,,, h) < 1. Therefore, using also Eq. (3.38),
Stirling formula, and n = [|loge]],

L
- | ]0g5|(1 q)|loge|

which implies Eq. (3.33). O

mt(Ro) S [J,t(R h h) Vit e [O,’I'EO]7
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Remark 3.1. In [5, Prop. 3.4] a similar concentration result is deduced for the vorticity mass outside a
small disk, but only for small times. This is due to the non-Lipschitz term Eq. (3.5) (not present in our
case), which leads to an estimate like Eq. (3.48) but with ¢ = 1. We also remark that a weaker estimate
C/|logel? with @ € (1,2) for the axial moment of inertia instead of Eq. (3.19) would lead as well to
Eq. (3.48) (choosing k € (0, 5%) in this case).

Proof of Eq. (5.8). In view of Egs. (2.10), (3.10), and (3.14), from (3.17) and since |B; 2(0) — o] < € we
have,

C
Therefore, it is sufficient to show that, given k € (O, i),
C
lzg — Boo(t)| < TogoF Vo€ A(t) Vtelo,T0), (3.50)

provided ¢ is small enough. To this end, we first notice that, in view of Lemma 3.3 and Eq. (3.20), for
any o € A.(0) and ¢ € [0,T°] we have |za(xg,t) — Be2(t)| < Ry, and whenever |za(zg,t) — Be2(t)| = Ry
the differential inequality Eq. (3.22) holds true. We claim that this implies
A(t) C{x € R%: |zg — Boo(t)] < p(t)} VYt € [s0,81] V[s0,51] C[0,T7], (3.51)
provided p(t) solves
2C 2

= +

[loge| ~ m|loge|p(t)

p(t)

with initial datum p(sg) > R, and g(¢) any smooth function which is an upper bound for the last term
in Eq. (3.22). Indeed, |z2 — B 2(s0)| < p(so) for any = € A.(sg) and, by absurd, if there were a first
time t. € (so,s1] such that |za(zo,t.) — Be2(ts)| = p(t.) for some zo € A-(0), it would be necessarily
p(t.) = Ry ; hence, by Eq. (3.22), p(t.) would be strictly larger than < |zo(zo,t) — Bg,g(t)Ht:t*, which
contradicts the characterization of ¢, as the first time at which the graph of ¢t — |z2(z0,t) — Be2(t)]
crosses the one of t — p(t).

Now, let

+g(t), (3.52)

to = sup{t € [0,T°]: R, < 3|loge|™" Vs € [0,]}.
If tg = T? then Eq. (3.50) is already achieved, otherwise we set
t1 = sup{t € [to, T°]: Ry > 2|loge|™" Vs € [to, t1]}
and consider p(t) as in Eq. (3.52), relative to the interval [so, s1] = [to, 1] and such that
Celt-2)/2
to) = 4|loge| " () I —
p( 0) | OgE‘ ) g()— |10g€‘1/2

for a fixed £ > 2. We note that p(ty) > Ry, = 3|loge|~* and that, since R; > 2|loge|~* for any t € [tg, 1],
Eq. (3.33) guarantees that above condition on g(t) is compatible with the requirement that the latter is
an upper bound for the last term in Eq. (3.22).

Now, as p(t) > R; > 2|loge|~* for any ¢ € [to, 1], the second term in the right-hand side of Eq. (3.52)
is bounded by C|loge[*~1, and therefore, since k € (0, 1), from Eq. (3.52) we deduce that

Vte [thtlL

pt) < Tog 2 P72 Vt € [to, t],
which integrated from ¢y and ¢; gives
cT
t) < p(t < Vi to,t1].
p()—p( 0)+ ‘10g€|3/4 = |10g€|k E[Oa 1]
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Clearly, if t; = T? we are done. Otherwise, we can repeat the same argument in the intervals [t),t;] C
[t1,T°] defined analogously to [to,t;] (if any). Eq. (3.50) is thus proved. O

4. The reduced system: analysis of the axial motion

In this section we prove item (2) of Theorem 2.2, remarking that, as in the previous section, we always
assume ¢ = 1. We premise a concentration result which shows that large part of the vorticity remains
confined in a disk whose size is infinitesimal as € — 0.

Lemma 4.1. Consider the reduced system defined by Eqs. (2.2), (2.3), and (2.7). Under Assumption 2.1,
with Eq. (3.1) in place of Eq. (2.8), for each T > 0 there are e; € (0,1), C1 > 0 and q.(t) € R?, such
that

q

—-—F Vtel0,T] V 0,e1]. 4.1
Tallogg V10T vee el (41)

|log ¢| / drw(z,t) > 1
% (ge (t),¢[ log e])
This is the content of [5, Lemma 3.1] and it is an extension of the analogous result in [3], where the
case without external field is considered. However, since the demonstration given in [5] is affected by an
error, we provide here the correct proof, see “Appendix A.”

The following proposition shows that in the limit € — 0 the center of vorticity performs a motion with
constant speed along the x1 = z axis.

Proposition 4.2. Under Assumption 2.1, for any T > 0,

I B.(t) - ()] =0 4.2
lim, max [B=(t) = <) =0, (4.2)

with ¢(t) as in Eq. (2.11).

Proof. Since A.(t) is compact we can use Eq. (3.2) as in getting Eq. (3.17) and compute,
. d
Bu(t) = |log5|&/dxst(z,t) _ |log5|/dzw5(x,t) (u+ F¥)(x, 1)
= |loge| /dx we(w,t) F*(x,1) (4.3)

T [oge] / de w. (1, 1) / dy [L(,9) + R 1))we (0. 1),

where we used Eq. (3.9) and [dzw.(z,t)u(z,t) = 0. In what follows, we fix T > 0 and k € (0, 1), and
assume the parameter ¢ so small in order that Eq. (4.1) does hold and that Eq. (3.8) implies 70 = T.
Therefore, from Eq. (4.3), (2.10), in view of Egs. (3.5), (3.10), and (3.11), we have,
. . C

B.1(t) — t B.o(t)| < —— Vte|0,T 4.4

Beat) = Q)] + Bealt) < Ty e € [0.7] (14)
where

1 14|z —

Q:(t) := |loge| /dxwg(x,t)m /dy log |x|_y|yw5(y,t).

To determine the behavior of Q.(t) as € — 0, we decompose,

Q-(t) = Q:(t) + Q2(t),

with

1 —_
/ dy log ng(% t).

|z — y

QL(t) == |loge| / dzwe(z,t)——

4y
(qe(t).¢] logel) 2(qe(t).ellogel)
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The rest Q2(t) = Q-(t) —QL(t) is the sum of three terms, each one is the integration of the same function,
which in view of Eq. (3.11) is bounded by

1 1+ |z —
Gla,y) = 1 log 11TV

= t t
e 108 P, D (0.),

and in the integration domain at least one between the x and the y variable is contained in the set
S(qe(t), e|loge])C. Therefore, since G is a symmetric function,

3|loge] / / 1+ |z —y]

2

t) < ——— d t dy log ———— ) < ———
Q:(0) < 2771 we(z,t) [ dy log |z — y we(y,t) < log |loge|’

(g (1)l lOgEI)G

where we first bounded the dy-integral as done in Eq. (3.13), and then we used Eq. (4.1).

Concerning QL(t), we can obtain a lower bound for it, by inserting a lower bound to the function
L 1o 1+]z—y|
Amxs 2 |z—y]

in the domain of integration and applying again Eq. (4.1),

1 |log ¢ 1+ 2¢|loge|
t) > d t
Q:(t) 2 47(qe 2(t) + €| log el) o8 2¢|log €] v we (1)
S (ae (1).€l log ) (4.5)
|log ¢| log L1 2l loge] 1 GV
T 4m(ge2(t) + €llogel) & 2¢|loge| |logel? log|loge| )

On the other hand, by Egs. (3.12) and (3.13), we can obtain an upper bound for QL(¢),

1 1+ |z —y
1
t) < su dy log ———w.(y,t
QE( ) — 471_(q672(t) 7€|10g€|) xp/ y g |Q§' o y| E(y )
3M 2 14p 1] (10
< p—logprr*/dPL )
2e2|log e|(ge 2(t) — ellogel|) | 2 p 2 / 1+p

with p such that 37p>M/(2|loge|) = 1/|loge|. Now, in view of Eq. (4.1), the disk X(q.(t),e|log |) must
have non-empty intersection with A.(t). Therefore, since we are assuming € so small that 7Y = T, from
Eq. (3.8) we deduce that

C
max |ge 2(t) — ro| < 77— +¢|logel. (4.7)

t€[0,77] | log e|*

We conclude that the right-hand side in both Eqs. (4.5) and (4.6) converges to 1/(4mrg) as € — 0, so
that, in view of Eq. (4.4),

4
li B.1(t) — = 4.
51—I>r(1) trerf(;)i:)’lc"] 6’1( ) (ZO + 47‘(”/‘0) ‘ 0’ ( 8)
which, together with Eq. (3.49), proves Eq. (4.2) (recall we fixed a = 1). O

From Eq. (4.1) and Proposition 4.2, the proof of item (2) of Theorem 2.2 is completed if we show that

lim sup [B:(t) —¢.(t)] =0 (4.9)
€=0ci0,77
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(actually, by Eq. (4.7), the convergence of the second component is already known, but this does not
shorten the proof). To this aim, we set ¥y = X(q.(t),¢|loge|) and compute,

Bo(8) ~ 4:(0)] < [loge| [doo — gu(0)on(z.1)
- |1oge|/dx|a:—q€< e, t) + [1og ] oo~ gu(6)we(a,1)
EG

B (t) — q-(t)| + | log¢| /dx | — Be(t)|we(x, t).

=?

<ell —_
<elloge| + log|log5||

where we used Eq. (4.1). Therefore, by assuming & so small to have 2C; < log|loge],

|Be(t) — qe(t)] < 2¢[loge| +2 \logﬁl/dﬂcws x,t) |10g€|/d$|x— < (t)Pwe(,1)

ZB
<2€|10g€|—|—21/1 g“O \/|log€\J

where we applied again Eq. (4.1), the Cauchy—Schwarz inequality, and introduced the moment of inertia
with respect to center of vort1c1ty defined as

Jo(t) = /dx |z — B.(t)[Pwe (2, t). (4.10)
Now, we claim that
C
Je(t) < —— Vte|0,T], 4.11
(1)< gg ¥tE T (111)

from which Eq. (4.9) follows in view of the above estimate on |B.(t) — ¢-(t)|. Compared with Lemma 3.2,
the proof of Eq. (4.11) will require some more effort, due to the presence of the non-Lipschitz term
Eq. (3.5). We compute the time derivative of J.(t), by using Eq. (3.2),

Ju(t) =2 / Az we (1) (z — Bo(t)) - (u(z,t) + F=(x,1) — B.(t)),

so that, in view of Eq. (4.3),

0 =2 [ asite.0) [ute.) - [ogel [ dpentyt)utyt)] (o~ B.(0)
+2 [[dreen) [P0 - logel [ ayentint) PGt - (o~ B.(0).

We consider first the term containing F¢ and note that, by definition of B.(t),
/dxwg(:mt) (x — Be(t)) - /dng(y,t) Fé(y,t) =0, /dxwg(m,t) (x — Be(t)) - F*(B:(t),t) = 0.

We thus obtain,

2| fasuntet) [P - owel [ayents) P00 -0 - B00)
_2‘/dwa ) [Fe (x,t) — FE(BE(t),t)}-(x—Ba(t))‘

2L
|z = Be(t)|* <

— Je(t),
*|log6\J()

< Z/dxwg(x,t) HL

oge|



ZAMP Concentrated vortex rings Page 19 of 24 70

where, in the last line, we used Eq. (2.10). For the term containing u, we have analogously,

/d:cws(x,t) (x — B:(t)) - /dyws(y,t) u(y,t) = 0.

Moreover, by the antisymmetry of K and using Eq. (3.9),

/dxwg(m,t) u(xz,t) = /dx /dng(x,t) we(y,t) K(z —y) =0, (4.12)

so that, as (x —y) - K(x —y) =0,
/dmwg(x,t)x -z, t) :/dx/dyws(x,t) we(y,t) - K(x —y)
— [ds [ayera oty Ko - )

which implies that also this integral is zero by the antisymmetry of K. Therefore,

2 ‘ [ dwente) [ute0) = Nogel [ ayortont)ute)] o - Bto)

<2 [arenten \ [t et + [arRa)we.0| 1o - B0

C

where we have used Eq. (3.10) and Cauchy—Schwarz inequality.
In conclusion,

. 2L c
|J=(t)] < J-(t) + Tog 21/ J(1).

= |loge| 7°
Recalling that the initial data imply J.(0) < 4¢2, this differential inequality implies Eq. (4.11). The proof
of item (2) of Theorem 2.2 is thus completed.
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Appendix A: Proof of Lemma 4.1

In the absence of external field, the proof of the concentration estimate Eq. (4.1) given in [3] is based
on the conservation along the motion of the kinetic energy E = % Jde lu(&,t)|?, which in cylindrical
coordinates & = (x1, 22) = (z,r) takes the form

1
E= 3 /dx 2mo|u(z, b))


http://creativecommons.org/licenses/by/4.0/
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More precisely, the assumptions on the initial vorticity, together with Eq. (1.7) and the conservation of
the quantities

My = /da: we(x,t), My= /dx raw.(x,t)

allow to compute the asymptotic behavior as € — 0 of the energy FE, from which the desired concentration
estimate is deduced.

In the present case, the conservation law of M, is still valid, see Eq. (3.14). Concerning the variation
of My, since we(z,t) has compact support, we can apply Eq. (3.2) with f(x,t) = 2%, so that

N, = /dxwg(m) 22 FE (2, 1),

which implies |M2\ < 2Cp|loge|~3/2\/M; in view of Assumption 2.1, item (b). Therefore, using also
Eq. (2.9), Ma(t) < M2(0) + (const.) |loge|=2 < (ro + ¢)?|loge|~! + (const.) | loge|~2. Thus, M, is not
conserved, but this only implies the presence of the extra term (const.)|loge|~2 in the upper bound,
which is easily seen to be irrelevant in the proof of [3, Thm. 1].

Concerning the variation of E, we observe that in the proof of [3, Thm. 1] the energy conservation is
used to deduce a lower bound of the form E > C*/|loge| + (const.) /| log|?, because such estimate can
be easily shown to be true for the energy computed at time zero. The crucial point in the argument is that
C* is the same constant appearing in the leading term of an upper bound deduced for the energy F at any
time. Therefore, the proof given in [3] is valid also in the present case provided |E| < (const.) /[loge]|?.

To compute E’, we introduce the stream function

U(z,t) = /dy S(z,y) we(y,t),

where the Green function S(x,y) reads

S, B x2y2 / cos (A1)
VT —y2 + 2z2y2(1 — cos 0)’

so that u(z,t) = x5 "V U(z,t) and the energy takes the form (see, e.g., [3,11])

E = ’iT/dl'\I’(l',t) we(z,t) = W/dx/dyS(:c,y) we (2, 1) we (y, ).

As before, since we(x,t) has compact support we can apply Eq. (3.2), so that, since u- V¥ = 0,

E= W/dxwe(x,t) (F° -V + 0,7)(x,t),
where, again from Eq. (3.2),
0¥(a,t) = [dywnly.t) (ut F)(w.0)- ¥, S(z0)

Since S(z,y) is symmetric then U(y,t) = [dz S(z,y)we(x,t), whence
/daz we(z,t) 0,V (x,t) = /dz we(z,t) /dywa(y,t) (u+ F®)(y,t) - Vy,S(z,v)
/@%% wt F)pet) -9, [ doS(ay) (o)
/dywe (y, 1) (F° - V¥)(y, 1),
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where we used again the orthogonality condition u - V¥ = 0. In conclusion,
E= 27r/dxw5(x,t)(F€ V) (z,t) =27 /dx/dng(x,t) Fe(x,t) - V. S(z,y) we(y, t).

Now, by direct computation [or simply recalling that VW (x,t) = zou(w,t) together with Eqs. (2.2),
(2.5), and (2.6)],

(978 - T2Y2 /7" (yl — 561) cos 0

ory  2m [z — y|2 + 2x2y2(1 — cos 0)]3/2’
0

08 xoys /d Y2 — T2 cosl

dry 27 [z — y|2 + 222y2(1 — cos 0)]3/2"

Therefore, letting

. |
VZ2Y2
and introducing the integrals
r cos r 1 —cosé
1 = [df I = [df
(@) / [a% + 2(1 — cos 0)]3/2’ 2(a) / [a% +2(1 — cos §)]3/2’
0 0

the gradient V.S reads
_ h(a)(y—2) | Ix(a)

y2 (0)

with A(x,y) anti-symmetric, so that

Fen / dx / dyw. (2, )[F= (2, 1) — F*(y, )] - Az, ) w- (3, 1)

+27r/dm/dyw5(m,t)F5(x,t) - B(z,y) we(y, t).

In view of Assumption 2.1, item (b), and noticing that div(z2F€) = 0 implies F5((z1,0),t) = 0, we
deduce that

€ e . x L a |y71‘|2
(P (at) = P (0,0) - Al )| < (@) 2

|F*(x,t) - B(z,y)| = |(F*(2,t) — F*(21,0,t)) - B(z,y)| < mlg(a)\/@.

We now recall the following estimates, see, e.g., [18, Appendix],

™

0 0
COS 5 COS 3 2
I < [dé 2 = [d6 2 —
i(e) < / [a2 4 2(1 — cos 0)]3/2 / [a2 +4sin® §]3/2  a2v/a? + 4’

T

0 0
1 1
Ir(a) < 3 log (2 +Va?+ 4) —5 log a + (const.)

1 1
3 log (2\/3323/2 ++b+ 4:1023;2) e log b + (const.),

where in the last identity we introduced the quantity b = |z — y|? as in [3]. Therefore,

VI2Y2,

(const.)

[(F(x,t) = F*(y,1)) - Az, y)| < |log €|
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t.
‘Fs(a:,t) . B(x,y)’ < (c;);; |) VT2Y2 {log (2\/x2yg ++b+ 4x2y2) — —logb + (const. )}
so that
. conbt
|E| < Hog | /dx/dng @, V)we (Y, t)r/T2Y2 {(const ) + log (2,/x2y2 + b+ 4x2y2) — = logb}

Except for the prefactor (const.) /| log¢|, the right-hand side in the above inequality equals the first upper
bound on FE appearing in [3, Eq. (2.30)], from which the estimate E < (const.) /|loge| is deduced. We
conclude that |E| < (const.) /| loge|? as required. O
Appendix B: Proof of Lemma 2.3

Recalling Eq. (A.1), we have

G (2, 1) = / dy H(z,y) @; - (y, 1)

1
y / dy VL S(2, )@ (9, 1), (B.1)
where

Wie y, ZWJE y7

J#i
with, in view of mass conservation and Eq. (1.15),
A
JwlBewol € g A=Yl (B2)
J

Recalling the definition Eq. (2.12) of T¢, we let
Q; :={z: |za — 1| < R},
Q= J o,
J#i
so that

A; E(t) C Q;, Aiys(t) = suppwi’g(-,t) C Qi Vit e [07T5}

)

and

dist(Q;, %) > 2(D — R), Q; C {z: D < 29 < maxr; + R},
j

with D as in Eq. (1.12). In particular, from the explicit expression of H(x,y) = x5 'VES(z,y), see
Egs. (2.5) and (2.6), or (A.2), it is easily seen that (below D,H (z,y) denotes the Jacobian matrix of
H(z,y) with respect to the variable x)

[H(z,y)| + | DaH(z,y)| < C ¥ (z,y) € Qi x Qi

whence, in view of Eq. (B.2),

G () < <

logel’
c

‘Gi)e(xvt) _Gi78(y7 )l = |1 |

|l —y| Va,yeQ; Vtelo,T].
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Therefore, the auxiliary field F*¢(x,t) as claimed in the lemma can be obtained by setting
. 1 ~
o) = o [y VS @i t),

where S (z,y) is any mollification of S (z,y) which is bounded, globally Lipschitz, and such that S (x,y) =
S(z,y) whenever (z,y) € Q; x ;. O
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