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Modified scattering for the nonlinear nonlocal Schrédinger equation in one-dimensional
case

Nakao Hayashi® and Pavel I. Naumkin

Abstract. We study the large time asymptotics of solutions to the Cauchy problem for the nonlinear nonlocal Schrédinger
equation with critical nonlinearity

0 (u — 02u) + 02u — adiu = A|u?u, t >0, z € R,
u(0,z) =up (), z €R,

where a > %, A € R. We continue to develop the factorization techniques which was started in papers Hayashi and Naumkin
(Z Angew Math Phys 59(6):1002-1028, 2008) for Klein—Gordon, Hayashi and Naumkin (J Math Phys 56(9):093502, 2015)
for a fourth-order Schrédinger, Hayashi and Kaikina (Math Methods Appl Sci 40(5):1573-1597, 2017) for a third-order
Schrodinger to show the modified scattering of solutions to the equation. The crucial points of our approach presented here
are based on the L2-boundedness of the pseudodifferential operators.
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1. Introduction

We study the large time asymptotics of solutions to the Cauchy problem for the nonlinear nonlocal
Schrodinger equation with a critical nonlinearity in one-dimensional case

0 (u — 02u) + 0%u—adtu = \|u>u,t >0, = €R,
U(O,Z’) :u0(m)7 IER,

(1.1)

where a > %, A € R. Equation (1.1 ) can be considered as a particular form of the higher-order nonlinear
Schrodinger equation introduced by [30] to describe the nonlinear propagation of pulses through optical
fibers. Also it arises in the context of high-speed soliton transmission in long-haul optical communication
system [12]. Equation (1.1) represents the propagation of pulses by taking higher dispersion effects into
account than those given by the Schrodinger equation (see [14,22,27,31,34]).

Multiplying Eq. (1.1) by the operator (1 — 6%)_1, we rewrite it in the pseudodifferential form

iOu— Au= (1 —8§)_1 <|u|2u), t>0, veR,

w(0,2) = up (z), = €R, (1.2)

where the linear pseudodifferential operator A = (1 — 92) - (=02 + ady) is characterized by its symbol
INGEE=3
As far as we know, there are no results on the large time asymptotics of solutions of the Cauchy problem

(1.1). The difficulty of the small data scattering problem lies in the slow time decay rate of the L>°-norm
of solutions to the linear problem. So the problem on the large time asymptotic behavior becomes more
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difficult for low space dimensions and low order of the nonlinearity. Comparing the time decay rates of
the main term and the remainder terms of the nonlinearity in (1.1), we find that this equation represents
critical behavior for large time. Indeed, below we will prove the modified scattering of solutions to (1.1
). On the other hand, the higher-order nonlinear local or homogeneous Schrodinger equations have been
widely studied recently. For the local and global well-posedness of the Cauchy problem, we refer to [4,5,29]
and references cited therein. The dispersive blow-up was obtained in [1], [2]. The Cauchy problem for
the higher-order nonlinear Schrodinger equations was intensively studied by many authors. The existence
and uniqueness of solutions to (1.1) were proved in [15,23-26,28,33], and the smoothing properties of
solutions were studied in [8,10,11,23-26].

In the case of a = 1, we find that A = —92, and (1.2) is the well-known cubic nonlinear Schrédinger
equation studied by many authors, see [6,17] and references cited therein. So we exclude the case a = 1
from our consideration here. Final value problem for (1.2) with a = 1 was studied by Ozawa [32], where
the modified wave operator was constructed. Modified scattering of the initial value problem (1.2) with
a = 1 was obtained in [16] by using M DF M decomposition of the free Schrédinger evolution group U (t)
(a =1) called as the factorization techniques. More precisely, we have the identity

1 (z—y)? 1 z2 czy y?
Uy (t = e~ dit dy = e 4it e 't e ant d
1() ¢ it | ¢ (y)dy T R/ ¢ (y)dy
— MDFM¢, (1.3)

where M = e’fT‘Qt is called the multiplication factor, D¢ = \/%gb (%) is called the dilation operator and
F is the Fourier transformation defined by F¢ = \/#27 [ e7®¥¢ (y) dy. The identity U; (t) = M DFM was
R

used in [21] to state the relation between the operators z + 2itd,., Uy (t) zU; (—t) and Mitd, M. In [16],
we have used the identity

FUy (—t) [u]*u = FUy (=) Uy (8) Uy (=t) ul> Uy (8) Uy (—t)
= FMF'D™"M |MDFMU; (—t)u|*> MDFMU, (—t)u

1 —
= o FMF | FMU; (—) ul> FMU; (—t) u,
to decompose the cubic nonlinearity in the form of the sum of the main and the remainder terms
1
% lo|® ¢ + R, with ¢ = FU (—t)u

and it was shown in [16] that R is the remainder term with respect to time decay. However, this method
cannot be applied directly to other dispersive equations since we do not know an explicit representation
for the free evolution group. Later we have used the decomposition of free evolution group (also called
the factorization techniques) in the case of the cubic nonlinear Klein—Gordon equation [18], the inho-
mogeneous fourth-order Schrodinger equation [19] and the third-order Schrodinger equation [20]. In the
present paper, our purpose is to develop this approach (the factorization techniques) for the case of the

2 4
= sligg ’
the large time asymptotic behavior of solutions. We will decompose the cubic nonlinear term into the

main part and a remainder term

in order to find

evolution group U, (t) generated by the nonlocal operator with symbol A (&)

1
2 2
'7:U<1 <_t) |’LL| u— o7 “pa| Pas

2t
where ¢, = FU, (—t)u. In order to prove desired estimates, we use the L2- boundedness of the pseudo-
differential operators. This is a crucial point of our approach presented here. Our method can be applied
to higher-dimensional cases which will be considered in a separate paper.
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To state our results precisely, we introduce Notation and Function Spaces. L? = {¢ € S [|¢||1,, < oo}
1

is the usual Lebesgue space with norm ||¢||;, = (f|¢(ac)|pdx)p for 1 < p < oo and [|¢[|p =
R
sup,cp |¢ ()| for p = co. The weighted Sobolev space is
Hy = {p € 8 |0l = @) (10.)" 6lly, < oo},
with m,s € R, 1 < p < oo, (z) = V1+ 22, (i10;) = /1 — 02. Below F stands for the Fourier transform
¢3(§) = \/% [ e~ ¢(x)dx, and F~1 is the inverse Fourier transformation F~1¢ = \/% [ e=Ep(€)dE. We
"R TR

also use the notations H™* = Hy"*, H™ = H™Y. Let C(I;B) be the space of continuous functions
from the time interval I to a Banach space B. Define the free evolution group U (t) = F~le *AMOF,
we redefine the dilation operator Dy (z) =t~ 2 ¢) (%), the scaling operator (B¢) (z) = ¢ (1 (x)), and the

multiplication factor M = e_it(A(")_"A/(")), where () is defined as a root of equation
2 (1 +2a€? + af"‘)
(1+¢2)°

We note here that M is different from the one used previously in (1.3). We use the same notation for
simplicity.

A (E)

We are now in a position to state the main result of this paper.

Theorem 1.1. Let the initial data ug € H'NH"! and a > £. Assume that the norm 0 < |u|| g1 nppon < €.
Then, there exists an € such that (1.1) has a unique global solution u € C ([0, 00) ; H' N H*!). Moreover,
there exists a unique modified scattering state W, € L such that the asymptotics

Wi i (W P logt _l_s
u(t) = DBM ——e” @i W8ty o (1=4-9) (1.4)
NGX

is valid for t — oo uniformly with respect to x € R, where § > 0.

Remark 1.1. Large time asymptotics (1.4) can be written more explicitly in the following form
£)) et (A(£) (£ (0(2)) — it (u(2)
:W+ (iu’(t))e e <H(%)>2A”(u(%))| +( ())‘
A" (p (%))
+0 (t*%*‘s) .

We note that the main term of the asymptotics differs from the corresponding linear case by the loga-
rithmic oscillation which vanishes in the case of A = 0.

u (t, )

We organize the rest of our paper as follows. In Sect. 2, we formulate the factorization techniques. We
prove the estimates of the defect operators in the uniform metrics and obtain the estimates for derivatives
of the defect operator and its adjoint by applying the L2-boundedness results for pseudodifferential
operators. We estimate the nonlinearity in Sect. 3. Section 4 is devoted to the proof of a priori estimates
of solutions to the Cauchy problem (1.1) in the norm

lulx, = sup (18l + @+ 12 Ol rpos ) (15)
t€[0,T]

where @ (t) = FU (—t)u(t), v > 0 is small depending on the size of the data. Finally, we prove Theo-
rem 1.1 in Sect. 5.
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2. Preliminaries

2.1. Factorization techniques

Denote the symbol A (§) = Eii‘g;, then the free evolution group has the form U (t) = F~le A0 F. We
have

UBFlo=Fle "M (¢) = e (€) de

1
\/271'/6
R
1 . ) /
_ M em&zt(A(E)fA(n)JrnA(n))d,(g)dg
V2
TR

where
M = e~ it(Am=nA'(n))
By a direct calculation
2 (1+ (6a — 3) & 4 3a&* + a&f)
(1+€2)°
It is clear that A” (£) > 0 if a > 3. We consider the case 0 < a < 3. We put

A" () =

F(x) =1+ (6a —3)z + 3az”® 4+ ax®,x = £ > 0,
then
F'(2) = (6a — 3) + 6ax + 3az®
and

F (x) <0for0 <<z F (z) >0 for & > z4,and F’' (z,) =0

where 7, = \/é —1—1 > 0. Therefore, F (z) > F (z,) for any x > 0. By a simple computation, we have

F(zg)=3a—1+vVa—a?>>0

if a > £. Therefore under the condition a > £, we have A” (£) > 0 for all £ € R. This guaranties A’ (€) is
monotone increasing function and the unique stationary point p (z), defined as a root of equation

26 (14208 + al?)
o a+¢)

A ()
for all z € R. Hence, we have
U)re¢

’l
= LB p e it(Am —na ()

eitwﬁ—it(/\(é)—/\(u)ﬂm’(u))¢ (€)dé¢
V2T

1
_ e Dye A=A () [ GiteA () =it (A=A +uA (1) g (£) d¢

_ et —pn ()

Ver

e (MO AW —(E=mA (1) g () dg

3
%\ %\ %\
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Ver

Now we write the factorization formula U (£) F~ ¢ = D,BM Q¢, where Dyp =t~ 26 (2), (Bo) (z) = ¢ (1),
and the defect operator

- ’iBDtM/ewf(A(&)—A(nHH)A'(n))¢(5) de.
R

1

V2T
R

with phase function S(§,n7) = A(§) — A(n) — A (n) (6 —n). Also we need the representation for the
inverse evolution group FU (—t) ¢ = Q*MB~'D; !, where D; '¢ = t2¢ (xt), B~ ¢ = ¢ (A’ (1)) and the
adjoint defect operator

Q(t) ¢ = e 5EM g (¢) de

N[

Q" (1) 6 =

[ s i a” iy dn.

R

ﬂ

2w

Indeed we have

Q" Qp= - /”S“ ) (n) A" (n)dn
R

PUZICS 77)/ —itS(&n) (g) dfdA/

/ 010 () i

_ ztA&)//e w(6-8) g—itA( %@dgdx

=0 (8).
Define the new dependent variable ¢ = FU (—t) u (t). Since FU (—t) L = i0, FU (—t) , where L = id; —
applying the operator FU (—t) to Eq. (1.2), we get
i =262 (juf*v), (2.1)

where v = Q. This is our target equation. Our function space is based on the norm defined by (1.5).
For the convenience of the reader, we now state our strategy of the proof of the theorem briefly. By
using the stationary phase method and integration by parts, we estimate v = Qp as follows

v () = (QB()) (1) = ———— (1) + Ct 0P (22)
i ()

in Lemma 2.1 (estimate of the defect operator). This estimate will be justified if we could be able to

l\D‘H_

%\ %\

l\D‘H_

obtain the estimate of ||0¢@||; ., which requires us to estimate the norm H@g o* <|v|2 v) HL2 via Eq. (2.1).

In Lemma 2.6 we show that
* 2 2 2
|oee” (el)|., < ¢ |ll*o] . < Clloli~ Nollg -

In order to get the estimate of ||@]|;,«, in Lemma 2.2 we prove the estimate of || Q*¢||;, (estimate of the
adjoint defect operator) with ¢ = |v|2 v, such as

(9" ( = Vil (€)6 (€) + Ct 1 [|0,0)| .-
:wm" )¢ (€) + Ct1 |[v][3 0 [0l 2 -
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This can be considered as the adjoint estimate to (2.2). Furthermore we show the estimate for ||9,v||;. =
|0, QP|ly,2 in Lemma 2.5, given by

10,971 L2 < C Il -

Therefore, the crucial estimates are the following
10:Q7¢lL> < Clldllgr 10PN < Cl1 Gl g -

In order to get these estimates, we use the L2- boundedness of pseudodifferential operators given by
Lemma 2.3 and Lemma 2.4.

2.2. Estimate for the defect operator in the uniform norm

t —i
Atton) =/ 5 [ Senag,
R

To compute the asymptotics of A for large time, we apply the stationary phase method (see [13], p. 110)
to find

Consider the kernel

2

R

¢iTsang”(wo) 4 O (t—%) (2.3)

for t — oo, where the stationary point yo is defined by the equation ¢’ (yo) = 0. By virtue of formula
(2.3), we get

Al = s (14007Y)

as t — o0.
In the next lemma, we estimate the defect operator Q in the uniform norm.

Lemma 2.1. The estimate |Q¢p — Ag| < Ct~4 10:b||y,2 is valid for all t > 1.

Proof. By a simple calculation, we have

Qp — A¢ = \/; / TN (§(§) = ¢ (m) e,
R

Integration by parts via identity
e~ = 1, 9, <(5 ) efits(ﬁm)> ,
where
Hy = (1=t (§—n)0eS (&m) ",
yields
Q) — 46 = Ctt [ 1N (5(€) 6 (1)) (€~ m) OcHrdg

R

" Ct% /efitS(&ﬂ) (5 — 77) Hla§¢(€) d£

R
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Note that A” (§) = O (1). Also we have

1
0eS (6,m) = N (€) — N (n /A”n+€ n)z)dz=0(E—1n).
0

Hence the estimate follows

C

L+t(E—n)*
Therefore by Hardy and Cauchy—Schwarz inequalities we obtain

[Hy| + (€ =) O Hy| <

|€ —n|d¢

100 — Ag| < Ct} ( +I3s¢(£)|) TT

2

§0t5||85¢||L2/ S| <ot ol
R 1+tf n)?

Lemma 2.1 is proved.

2.3. Estimate for the adjoint defect operator in the uniform norm

* t 7
A48 =/ [eSEnn man,
R

By virtue of formula (2.3), we obtain the large time asymptotics

A (€)= Vi (€) (1+0 (t71))

We consider the kernel

for t — oco. In the next lemma, we estimate the adjoint defect operator Q* in the uniform norm.

Lemma 2.2. The estimate |Q*¢ — A*¢| < Ct™i 10n@lly2 is valid for all t > 1.
Proof. As above, we integrate by parts via the identity
etSEn — 1,0, ((77 £) eitS(En ) 7
with
Hy = (1 +it (n—€) 9, ()~
and 0,5 (§,n) =A"(n)(n—¢&) = . Then, we find

Q9 A= \f / #SEM (b () — ¢ (€)) A" () dny

_ ot / “Sﬁ")W(n €)2 9, (HoA" (n)) d

R

Lo / e"SEM (1 — &) HyA" (n) 0,0 (n) dn

R

2
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From which via the estimate
C

[Ha () +1(1 = €) 0, (Ha” ()] < s

and Hardy and Cauchy—Schwarz inequalities, we obtain

[N

2
1 - d 1
Q%6 — A%¢| < Ot} 10,6l / UL e P

2 (1+tm-97)

Lemma 2.2 is proved. O

2.4. Boundedness of pseudodifferential operators

There are many papers devoted to the LZ2estimates of pseudodifferential operators (see, e.g. [3,7,9]).
Below we will use the following result on the L?boundedness of pseudodifferential operator

a(z,D)¢= [ efa(x,)d(€)de
/

(see [9]).
Lemma 2.3. Let the symbol a(x,€) be such that
sup |90 (x,€)| < C
z,§€ER
for k,1=0,1. Then
Ja(e. D)ol < Cllol,,

Analogously for the conjugate pseudodifferential operator

a (6.D) ¢ = / e a* (2, ) g (2)de
R

we get the following result.

Lemma 2.4. Let the symbol

sup |8§8£a* (z,8)] <C
z,£ER
for k,1=0,1. Then

la™ (&, D) &l , < Cligll,, -

2.5. Estimate for derivative of the defect operator

In the next lemma, we estimate a derivative of the defect operator Q.
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Lemma 2.5. The estimate [|0,Q||. < C'[|@||g is true for allt > 1.

Proof. We integrate by parts to get

0,00 = Ct} / ¢S (g, (€,1) Bed (€) + a2 (6,1) 6 (€)) e,

R
where
_ 8778 (5777)
and
oS
a2 (&) = O (625%:23) :

Then, we obtain

0,06 =CTIB D" [ eviay (6.n (7)) 40060 € de
R
TFR-1p-1 [ Jict TV —itA©)
+CMB D [ e (g (F)) e N0 (€) de
R
= CMB™'D; 'ay (2,D) F e " 0:p + CMB™'D; ag (2, D) Fle "o,

where the symbols a; (z,£) = ¢1 (f,u (%)) and ag (z,€) = ¢ (f,/i (%)) . Since
1

() :O(x)al/(fﬂ) = m =0(1)
@ (6n) = ——2 () —oq)
{A”(n+(€—n)Z)dZ
and
g2 (&m) = 0¢ | 5 A () =0(1),
OfA”(n+(£—n)Z)dz
we find

sup |950ta; (x,&)| < C for k,1=0,1,j =1,2.
z,6€ER
Hence by Lemma 2.3, we get
laj (z. D)l , < Cligll , -
Thus in view of equalities
—1 o
1Bl , = llel

and || F16|| = 9]l , , we obtain

[z

L2’

Page 9 of 15

2
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10,901l , < C[|B~'D; " ay (2, D) F~le™ " eg||
+C||B7'D; Mag (2, D) F e || < Cllogell , +Cllgl

Lemma 2.5 is proved.

2.6. Estimate for derivative of the adjoint defect operator

Next we prove the estimates for derivatives of adjoint defect operator Q*.
Lemma 2.6. The estimate ||0:Q*¢||;. < C ||¢]|gr is true for allt > 1.

Proof. Integrating by parts, we get

9: Q"¢ = Ct* /6”5(5’") (g3 (£,m) Oy (0) + qa (&,m) $ (1)) A (n) dn,
R
where

g3 (§,m) = gf}ggé Z;

and

1 ¢S (§,m)
4 (&) = gy O <a§S<§,n>A “”)'

Then changing the variable of integration n = u (x) and after that x = %,, we find

e Q" = CetthE) / e~ gy (g, 1 (%)) (DBMD,¢) da:

R

+ Ceith® / e g, (g, " (%)) (DBM o) dar

R
Denote aj (¢,2) = g3 (E,u (%)) and aj (&,2) = q4 (E,u (%)) , then
8:Q*¢ = CeltM®) ( (€,

We have pu(x) = O (x), ¢/ (x) = m =0(1),
1
a3 (&, T A"(n+(§=n)z)dz=0(1)
" [
and
1
0 () = g0 [ A+ €= 2)dz =0 (1),
0
hence

sup [9kokal (6,0)| < C

z,£€ER

for k,1 =0,1, j = 3,4. Application of Lemma 2.4 yields
Jas D) o], <Cloll,,

D) 7 1D,BM,é + &, (£,D) F 1DtBM¢).

ZAMP
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Then in view of equalities HB¢HL2 = |lo|l ||Dt¢||L2 = H(;SHL2 and ’|_7-'_1¢HL2 = ||quHL2 , we find

L2’

a3 (¢, D) F~'D,BM0O,¢

l:Q*¢ll, < C|

L2

+C||ai (6,D) FTIDBMG| < Clogoll , +Cloll,, -

Lemma 2.6 is proved. O

3. Estimates for the nonlinearity
Define the norm
lull, = sup (1@l + 0+ 877 180 legimon )
t€[0,T]

where @ (t) = FU (—t)u(t), v = Ce > 0 is small.

3.1. Asymptotics of the nonlinearity

In the next lemma, we calculate the asymptotic representation for the nonlinearity.

Lemma 3.1. Suppose that |[ullx, < Ce. Then the asymptotics
1
G
is true for all t € [1,T], where v = Qp, ¢ (t) = FU (—t)u(t).

Q" oo = 47 8+ 0 (' H)

Proof. Applying Lemma 2.2 with ¢ = |v|* v, we find

* 2 . 2 — 3 1 2
Qo v = Vil [u]* v+ O (£ [ullg ) +O (75 [0llfe 10g0l2 ) -

. y e _ 1 -~ _1 e
In view of Lemma 2.1, we have the asymptotics v = Z Pt (0] (62&7 4) , and estimate [[v||p < Ce.

Then by Lemma 2.5 and condition of the lemma we find ||0,v||;. < Cet?. Hence, the result of the lemma
follows. Lemma 3.1 is proved. g

3.2. Estimate for derivative of the nonlinearity in Eq. (2.1).

Lemma 3.2. Suppose that ||ulx . < Ce. Then, the estimate H(%Q* |11|211HL2 < O3 is true for allt > 1,
where v = Qp, ¢ (t) = FU(—t)u(t), v = Ce.

Proof. By virtue of Lemma 2.6 with ¢ = [v]’v, we get HBgQ* |v|2vH , < C |}« |[v]lggs - Using
L

Lemma 2.1, we find ||v||,c < Ce. Then by Lemma 2.5, we obtain the result of the lemma. Lemma 3.2 is
proved. O
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4. A priori estimate of solutions
We state the local existence of solutions to the Cauchy problem (1.1) in the functional space H! N H%!

which is shown by the well-known contraction mapping principle.

Theorem 4.1. Assume that the initial data ug € H' N H%'. Then, there exists a time T > 0, which
depends on the norm |[ug||ggiggo.1» such that (1.1) has a unique solution U (—t)u € C ([0, T]; H' N H!)
such that |lullx, < C. If the norm |[ug||g1 ggo.1 45 small, then the existence time T' > 1.

To prove the global result, we need a priori estimate of the norm [[ulx, uniformly with respect to
T>1.

Lemma 4.1. Let the initial data uo € H' N H%! have a small norm ||uo||ggo.- Then, the estimate
lullx, < Ce is true for all T > 1.

Proof. Arguing by the contradiction, we can find the first moment of time 7" > 0, such that |ul|x = Ce.
By Lemma 3.1 and (2.1) we get

oA 2~ —2 3,45
10:p = W lol” @+ O (<f> e3t7 ) . (4.1)

Multiplying (4.1) by @ and taking the real part of the result, we get
alel =0 (&) |
from which it follows that
alel=0 (&) 1).

Hence integration in time yields |@ (¢, €)] < |3 (0,€)| + Ce® < Ce for all ¢ € [1,T]. Next we estimate the
norm |||l We have from (2.1)

d e 1| A2 ~

SIB Ol < ct | ol o] 18 Ol
and by Lemma 3.2

d, - -1 2 3,y—1

- < * < Y .

T 12Ol < 07| o o < 0

Then integrating in time, we get |3 (¢)|lg: < |8 (0) || +Ce3¢7 < Cet” for all ¢ € [1,T]. Also multiplying
(1.1) by @ and taking the imaginary part of the result we have

d
7z Ul @z +118zu @)ll2) = 0.
Therefore, integration in time gives us [|@ ()|lgo.r = [lu ()| < [[uollgr < Ce. Thus, we get [[ullx, < Ce

for all T > 1. We obtain the desired contradiction. Lemma 4.1 is proved.

5. Proof of Theorem 1.1

By Lemma 4.1, we see that a priori estimate of the norm ||ul|yx, < Ce is true for all 7' > 0. Therefore,
the global existence of solutions of the Cauchy problem (1.1) satisfying estimate [Jufx_ < Ce follows by
a standard continuation argument and the local existence Theorem 4.1. Now we turn to the proof of the
asymptotic formula (1.4) for the solutions u of the Cauchy problem (1.1). As in the proof of Lemma 4.1,
we obtain Eq. (4.1)
0= _oppiofent).
T g T
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Changing

o~ 2 dT
g (t75) =@ (tag) exp AN / )

1
we get 0,9 = O (€3t_1_5), where § = i — 7. Integrating in time, we find
t

lg (8) — g (8)]| e < Ce / 7104y < Ces—

S

for all t > s > 0. Therefore, there exists a unique final state g, € L°°, such that

lg (t) = gl < Cet™

/ 19 ~lgs Plogt.

for all ¢ > 0. Denote

We have

t
dr

20~ 2 = [ (19~ 19@) T+ (19 (0 - 9+) log -

S

Hence,
12 (8) = @ (8) || < Ce?s™°
for all t > s > 0. Thus, there exists a unique real-valued function ® , such that &, € L* and
1® () = @4 |y < CE™t7°
Therefore, we obtain
t
/ | (1 Qd—T =®(t)+ g1 [*logt = By + g+ logt + O (t7°).
1
Then, we find the asymptotics

t

_ . dr _
P(t)=grexp | — A 1/@ L) 4o ()
=gy exp ( L M‘M) +0(t7°)
[GRY RGHY
=W, exp ( <§> v (W, |? log t) +0 (t—é) :

where

i\
W,o=grexp| ——5—@ e L.
+ = 9+ P( <§>2 A +>
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Finally using the factorization formulas for U/ (t) and the result of Lemma 2.1, we have

This completes the proof of asymptotics (1.4). Theorem 1.1 is proved.
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