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Abstract. In this paper, we study a class of generalized differential hemivariational inequalities of parabolic type involving
the time fractional order derivative operator in Banach spaces. We use the Rothe method combined with surjectivity of
multivalued pseudomonotone operators and properties of the Clarke generalized gradient to establish existence of solution
to the abstract inequality. As an illustrative application, a frictional quasistatic contact problem for viscoelastic materials
with adhesion is investigated, in which the friction and contact conditions are described by the Clarke generalized gradient
of nonconvex and nonsmooth functionals, and the constitutive relation is modeled by the fractional Kelvin—Voigt law.
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1. Introduction

The fractional calculus, as a natural generalization of the classical integer order calculus, provides a precise
description of some physical phenomena for viscoelastic materials, for example, fractional Kelvin—Voigt
constitutive laws and fractional Maxwell model [16,42,51]. Recent advances in the fractional calculus
concern the fractional derivative modeling in applied science, see [2,9,38], the theory of fractional dif-
ferential equations, see [21], numerical approaches for the fractional differential equations, see [26,55]
and the references therein. Another hot issue is the theory of hemivariational inequalities which is based
on properties of the Clarke generalized gradient, defined for locally Lipschitz functions. This theory has
started with the works of Panagiotopoulos, see [39,40], and has been substantially developed during the
last 30 years. The mathematical results on hemivariational inequalities have found numerous applications
to mechanics, physics and engineering, see [4,14,33,35,37,46,49,50] and the references therein. In this pa-
per, we combine these hot issues and initiate a study of a class of differential hemivariational inequalities
of parabolic type involving the time fractional order derivative operator in Banach spaces.

Let (V)] - |lv), (X,] - |lx) and (Y| - |ly) be reflexive Banach spaces. We consider the generalized
fractional differential hemivariational inequality of the following form
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Problem 1. Find u € AC(0,T;V) and 3 € WY2(0,T;Y) such that

(A(§ Diru(t)) + B(u(t),v) + JO(B(t), Mu(t); Mv) = (f(t),v)
forallveV,ae. te (0,T)

u(0) = ug
B'(t) = g(t, Mu(t), B(t)) for a.e. t € (0,T)
B(0) = Bo-

Here, A, B:V -V* M:V - X,g: (0,T)x X xY =Y, feL*0,T;V*), a € (0,1), up € V and
Bo € Y. The notation § Dfu(t) stands the a-order time fractional derivative of u in the sense of Caputo
defined by

§DXu(t) = oI}~/ (t) for a.e. t € (0,T),

where operator oI} ~*u'(t) is the (1 — a)-order time fractional integral of ' in the sense of Riemann-—
Liouville, i.e.,

t
oI} 7o (t) = ﬁ/o (t—s)"%u/(s)ds fora.e. t € (0,T).
Note that for & = 1 the formula becomes a little bit different, see formula (2.1.10) of [21]. The symbol
JO(y,x; 2) denotes the Clarke generalized directional derivative of a locally Lipschitz functional J: Y x
X — R with respect to its second variable, at a point z in the direction z, for each y € Y fixed. Moreover,
0J stands for the Clarke generalized gradient of J with respect to the last variable.

Now, we give a definition of a solution to Problem 1.

Definition 2. A pair of functions (u, 3) with u € AC(0,T;V) and 3 € WH2(0,T;Y) is called a solution
to Problem 1, if there exists a function £ € L?(0,T; X*) such that

A(§ Dgu(t)) + B(u(t)) + M*E(t) = f(t) for ae. t€(0,7)
B'(t) = g(t, Mu(t),3(t)) for a.e. te (0,T)
u(0) =y and B(0) = Sy

with &(t) € 9J(B(t), Mu(t)) for a.e. t € (0,T).

Systems consisting of variational inequalities and differential equations were introduced initially by
Aubin and Cellina [1] in 1984. From another point of view, they were firstly considered and systematically
studied in a framework of finite-dimensional spaces by Pang and Stewart [41] in 2008. They named this
complex system a differential variational inequality ((DVI), for short). They also indicated the applications
of DVI to several areas involving both dynamics and constraints in the inequality form, for example,
mechanical impact problems, electrical circuits with ideal diodes, the Coulomb frictional problem in
contact mechanics, economical dynamics and related models such as dynamic traffic networks. Since
then, many scientists have contributed to the development of (DVI). In 2013 Liu et al. [24] employed
the topological degree theory for multivalued maps and the method of guiding functions to establish
the existence and global bifurcation behavior for periodic solutions to a class of differential variational
inequalities in finite-dimensional spaces. In 2014 Chen and Wang [8], using the idea of (DVI), have
solved the dynamic Nash equilibrium problem with shared constraints, which involves a dynamic decision
process with multiple players. Subsequently, Ke et al. [20] in 2015 investigated a class of fractional
differential variational inequalities with decay term in finite-dimensional spaces, for details on this topic
in finite-dimensional spaces, we refer to [7,13,22,23,25,32,48] and the references therein. It should be
pointed out that all results in the aforementioned papers were considered only in finite-dimensional
spaces. Being motivated by many applied problems in engineering, operations research, economics, and
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physics, recently, Liu et al. [27], Liu et al. [28], and Liu et al. [31] have provided existence results for
a class of differential mixed variational inequalities in Banach spaces exploiting the semigroup theory,
theory of measure of noncompactness, the Filippov implicit function lemma, and a fixed point theorem
for condensing set-valued operators, etc. Very recently, Liu et al. [29,30] have initiated the study on
differential hemivariational inequalities in Banach spaces. There are only a few applications of (DVI) in
infinite-dimensional spaces which were discussed to support these theoretical findings. Furthermore, until
now, fractional differential hemivariational inequalities have not been studied in both finite and infinite-
dimensional spaces. For this reason, in this work, we will fill in this gap and develop new mathematical
tools and methods for fractional differential hemivariational inequalities.

Main novelties of the paper can be summarized as follows. First, for the first time, we apply the Rothe
method, see [17,53], to study a system of a fractional hemivariational inequality of parabolic type driven
by a nonlinear evolution equation. Until now, there are a few contributions devoted to the Rothe method
for hemivariational inequalities, see [4,18,19], and all of them investigated only a single hemivariational
inequality by using the Rothe method.

Second, the main results of the present paper can be applied to a special form of Problem 1 in which
the locally Lipschitz functional J is assumed to be independent of the function . In this case, Problem 1
reduces to the following parabolic hemivariational inequality involving the time fractional order derivative
operator in the sense of Caputo: find u € AC(0,T; V) such that u(0) = ug and

(AF Dffu(t) + B(u(t)) — f(t),v) + J°(Mu(t); Mv) > 0 (1)

for all v € V and a.e. t € (0,T). This problem has been recently studied by Zeng and Migdrski [54].

Third, the current paper initiates the study of a quasistatic contact problem for a viscoelastic body with
adhesion and the fractional Kelvin—Voigt constitutive law, in which the friction and contact conditions
are both described by the Clarke generalized gradient of nonconvex and nonsmooth functionals involving
adhesion.

Fourth, for our problem, if we are restricted to the case a = 1, then Problem 1 reduces to the following
differential hemivariational inequality of parabolic type: find u € AC(0,T;V) and 8 € W12(0,T;Y) such
that

(AW (t)) + B(u(t)),v) + JO(B(t), Mu(t); Mv) > (f(t),v)
forallveV,ae. te (0,T)

B'(t) = g(t, Mu(t), B(t)) for a.e. t € (0,T)

B(0) = By and u(0) = ug.

In this situation, the corresponding contact problem, see Problem 17, becomes a frictional viscoelastic
contact problem with adhesion described by the classical Kelvin—Voigt constitutive law. It is obvious that
the contact problem under consideration has the form of a differential hemivariational inequality.

The paper is organized as follows. In Sect. 2, we recall notation and auxiliary materials. Section 3
establishes a result on solvability to a class of fractional differential hemivariational inequality by using
the Rothe method and a surjectivity theorem for multivalued pseudomonotone operators. Finally, in
Sect. 4, we consider a quasistatic fractional viscoelastic contact model with adhesion, and then apply the
theoretical results from Sect. 3 to obtain the weak solvability to the contact problem.

(2)

2. Preliminaries

In this section we recall the basic notation and preliminary results which are needed in the sequel,
see [10,12,21,26,42,52]. We start by recalling important and useful properties of the fractional integral
and the Caputo derivative operators, for more details, we refer to [21,42].
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Proposition 3. Let X be a Banach space and o, 3 > 0. Then, the following statements hold

(a) fory e LY(0,T;X), we have oI*o I y(t) = oI* ™ y(t) for a.e. t € (0,T),
(b) forye AC(0,T; X) and o € (0,1], we have

oI5 Diy(t) = y(t) — y(0) for ae. te(0,T),
(c) forye LY0,T;X), we have § D&oI2y(t) = y(t) for a.e. t € (0,T).

We now recall definitions and results from nonlinear analysis which can be found in [10-12,33,52].
Let X be a reflexive Banach space and (-, -) denote the duality of X and X*. A single-valued operator
A: X — X* is pseudomonotone if A is bounded (it maps bounded sets in X into bounded sets in X*)
and for every sequence {z,} C X converging weakly to € X such that limsup(Ax,,z, — z) < 0, we
have

(Az,xz —y) <liminf(Ax,,z, —y) forall ye X.
Obviously, an operator A: X — X* is pseudomonotone if and only if it is bounded, and x,, — x weakly
in X, and limsup(Az,,, z, — z) < 0 entails

im(Az,,z, —x) =0 and Az, — Az weakly in X".
Furthermore, if A € £(X, X™*) is nonnegative, then it is pseudomonotone. Moreover, the notion of pseu-
domonotonicity of a multivalued operator is recalled below.
Definition 4. A multivalued operator T': X — 2% is pseudomonotone if

(a) for every v € X, the set Tv C X* is nonempty, closed and convex;

(b) T is upper semicontinuous from each finite-dimensional subspace of X to X* endowed with the weak
topology;

(c) for any sequences {u,} C X and {u}} C X* such that u,, — u weakly in X, u} € Tu, for alln >1
and limsup (u’, u, —u) <0, we have that for every v € X, there exists u*(v) € Tu such that

(u*(v),u —v) <liminf (u), u, —v).
Let j: X — R be alocally Lipschitz function. We denote by j°(u; v) the generalized (Clarke) directional
derivative of j at the point u € X in the direction v € X defined by
Jw + Av) — j(w)
3 .

§%(u;v) = limsup

A—=0t w—u

The generalized gradient of j: X — R at u € X is defined by
dj(u) ={€€ X* | j%u;v) > (¢,v) forall ve X}

The following result provides an example of a multivalued pseudomonotone operator which is a su-

perposition of the Clarke subgradient with a compact operator, its proof can be found in [14, Proposition
5.6].

Lemma 5. Let V' and X be two reflexive Banach spaces, v: V — X be a linear, continuous, and compact
operator. We denote by v*: X* — V* the adjoint operator of ~v. Let j7: X — R be a locally Lipschitz
function such that
10j(v)||x+ <¢j (14 |Jv||x) forall veX,
with ¢; > 0. Then the multivalued operator G: V — 2V* defined by
G(v) =~%0j(y(v)) forall wveV,
is pseudomonotone.

Furthermore, we recall the following surjective result, which can be found in [12, Theorem 1.3.70]
or [52].



ZAMP A class of fractional differential hemivariational Page 5 of 23 36

Theorem 6. Let X be a reflexive Banach space and T: X — 2% be pseudomonotone and coercive. Then
T is surjective, i.e., for every f € X*, there exists u € X such that Tu > f.

From Theorem 6, we have the following corollary.

Corollary 7. Let V' be a reflexive Banach space. Assume that

(i) A: V. — V* is a pseudomonotone and strongly monotone operator, i.e., there exists ca > 0 such
that (Av — Au,v —u) > callv — ul|? for allv, u € V.

(i) U:V — 2V" is a pseudomonotone operator such that there exist cy > 0 and ¢* > 0 satisfying
U ) ||vs < cullv| +c* forallveV.

If cy < ca, then A+ U is surjective in V*.
Proof. Since A and U are pseudomonotone, it follows from [33, Proposition 3.59(ii)] that A + U is

pseudomonotone as well. Having in mind Theorem 6, it remains to prove that A + U is coercive. Indeed,
we have

(Av+ U(v),v) = (Av — A0, v) + (A0,v) + (U(v),v)

> callvll? = (JA0[lv- + [U@)[lv-)llv]| = (ca — cv)llv[* = ([[A0][v+ + c*)]v]]
for all v € V. The smallness condition ¢y < ca guarantees that A + U is coercive. Therefore, from
Theorem 6, we conclude that A + U is surjective, which completes the proof of the corollary. O
Lemma 8. Let X and Y be reflexive Banach spaces, By € Y, and u € L?(0,T; X). Suppose that F: (0,T) x
X XY =Y satisfies the following conditions

(i) t— F(t,z,y) is measurable on (0,T) for allz € X andy €Y.
(ii) (x,y) — F(t,z,y) is Lipschitz continuous, i.e., there is a constant Ly > 0 such that for all (x1,y1),
(z2,y2) € X XY and a.e. t € (0,T), we have
[F(t, z1,91) — F(tz2,92)ly < Lr (21 — 22| x + [ly1 — y2]ly)-
(iii) ¢t — F(t,0,0) belongs to L?(0,T;Y).
Then there exists 3 € WY2(0,T;Y) a unique solution to the Cauchy problem
B'(t) = F(t,u(t),3(t)) forae. te(0,T),
6(0) = 607

Moreover, given u; € L?(0,T; X) and denoting by 3; € WH2(0,T;Y) the unique solution corresponding
to u;, fori=1, 2, we have

(3)

¢
|61 (t) = B2(t)]|y < Cg/o llui(s) — ua(s)||x ds for all t € [0,T] with ¢g > 0. 4)

Proof. Given u € L?(0,T; X) we consider the function F,: (0,7) x Y — Y defined by
Fult,y) = F(t,u(t),y) forall y €Y, ae. te (0,T).
Hypothesis (ii) implies that
1E® 2z, y)lly < [[F@z,y) = F(t,0,0)[ly +[[F(2,0,0)[ly
< Lr(|lzllx + lvlly) + |1 F'(¢,0,0)||y forall (z,y) € X xY.

Combining the latter with hypotheses (i) and (iii), we deduce that the function t — F(t,u(t),y) belongs
to L2(0,T;Y) for all w € L?(0,T; X) and y € Y, thus is, t — F,(t,y) € L*(0,T;Y) for all y € Y. On the
other hand, by hypothesis (ii), for all y;, y» € Y, we get

1Fultsy1) = Fult,y2)lly = [1F(Eult), ) — F(tult),y2)lly < Lelyr — velly



36 Page 6 of 23 S. Zeng et al. ZAMP

for a.e. t € (0,7), i.e., Fy(t,-) is Lipschitz continuous for a.e. t € (0,7T). Therefore, all conditions of [15,
Theorem 9.9, p.198] are verified. By applying this theorem, we conclude that there exists a unique function
B € WH2(0,T;Y) such that (3) holds.

We now prove inequality (4). In fact, it is clear that, for any u € L?(0,T; X) fixed, the unique function
g€ W20, T;Y) has the form

B(t) = Bo + /0 Fls,u(s), B(s))ds  for all ¢ [0,T].

For u; € L?(0,T; X), let 3; € W12(0,T;Y) be the unique solution corresponding to u;, for i = 1, 2. So,
we have

161(t) - B2y < /

F(s,ur(s), B1(s) = F(s,ua(s), fas)) | ds

t t
< LF/ lui(s) —ua(s)|lx ds+LF/ 181(s) — Ba2(s)]ly ds for all ¢ € [0, T].
0 0

The Gronwall inequality (see, e.g., [47, Lemma 2.31, p.49]) entails

t
161(5) = Bo®)lly < Lr(1 + TLFeLFT)/ ur(s) — ua(s)|xds  for all £ € [0,T].
0

This means that (4) holds with constant ¢z = Lp(1 + TLpelrT), which completes the proof of the
lemma. O

We conclude this section by recalling the generalized discrete version of the Gronwall inequality which
proof can be found in [43, Lemma 2].

Lemma 9. Let {u,}, {v,} and {w,} be nonnegative sequences satisfying

n—1
Up < Uy, + Zwkuk for n> 1.
k=1
Then, we have
n—1 n—1
Uy < Uy + kawk exp Z wj for n>1.
k=1 j=k+1
Moreover, if {u,} and {w,} are such that
n—1
Up, ga—i—Zwkuk for n>1,
k=1

where a > 0 is a constant, then for all n > 1, it holds

n—1
Uy < aexp <Z wk> .

k=1

3. Fractional differential hemivariational inequality

In this section, we focus our attention to the abstract differential hemivariational inequality involving
fractional derivative operator, Problem 1, and provide a result on existence of solutions for this inequality.
The method of proof relies on a surjectivity result for multivalued pseudomonotone operators and the
Rothe method.
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To provide readers with better convenience, we now introduce the standard notation following [11,
12,52]. Let V be a reflexive and separable Banach space with dual space V*. Subsequently, we use the
symbols (-, -) and || - || to stand for the duality pairing between V* and V', and a norm in V', respectively.
Let 0 < T < +o00. We use the standard Bochner-Lebesgue function space V = L?(0,T;V). Recall that
since V is reflexive, it is obvious that both V and its dual space V* = L2(0,T;V*) are reflexive Banach
spaces. The notation (-, )y« xy stands for the duality between V and V*. Let X and Y be other separable
and reflexive Banach spaces, X = L?(0,T; X) and X* = L?(0,T; X*). In the rest of the paper, we denote
by C' a constant whose value may change from line to line.

Let u € AC(0,T;V) be a solution to Problem 1 and w = § Du. From Proposition 3(b), one has

u(t) = oI w(t) + ug
for a.e. t € (0,T). Therefore, Problem 1 can be rewritten as
Problem 10. Find w € L'(0,T;V) and 8 € W12(0,T;Y) such that
(A(w(t) + BloIfw(t) + o), v) + JO(B(t), M(oIfw(t) +uo); Mv) > (f(t),v)
forallv eV, ae. t € (0,T)
B'(t) = g(t, M(oIfw(t) + uo), B(t)) for a.e. t € (0,T)
B(0) = fo-

Observe that the above problem can be reformulated as the following inclusion problem driven by a
fractional integral operator and a nonlinear differential equation.

Problem 11. Find w € L*(0,T;V) and 3 € WY2(0,T;Y) such that
A(w(t)) + BloIpw(t) + ug) + M*0J(B(t), M(oIfw(t) + uo)) > f(¢)
for a.e. t € (0,7)
B'(t) = g(t, M (oI w(t) + uo), B(t)) for a.e. t € (0,T)
B(0) = fo.

We now impose the following assumptions on the data of Problem 11.
H(A): A e L(V,V*) is coercive, i.e., there exists a constant m4 > 0 such that

(Av,v) > mallv||* forall veV.

H(B): Be L(V,V*).
H(J): J: Y x X — R is such that

(i)  — J(y,x) is locally Lipschitz for all y € Y

(ii) there exists a constant c; > 0 such that

10T (y, )| x+ <cyj(1+|z|]|x) forally €Y and z € X;

(iii) (y, ) — JO(y,z;v) is upper semicontinuous from Y x X into R for all v € X.
H(M): M € L(V,X) is compact.
H(f): feL>0,T;V*).
H(g): g: (0,T) x X xY — Y is such that

(i) t — g(t,x,y) is measurable on (0,7) for all z € X and y € Y;

(i) (x,y) — g(t,z,y) is Lipschitz continuous, i.e., there exists a constant L, > 0 such that for all

(z1,91), (x2,92) € X XY and a.e. t € (0,7, we have
lg(t, 21, 91) = 9t 22, y2)lly < Ly([ler = 22llx + 1 = w2lly);

(iii) ¢+ g(¢,0,0) belongs to L2(0,T;Y).



36 Page 8 of 23 S. Zeng et al. ZAMP

In fact, hypothesis H(J) guarantees that the subgradient operator 9.J of J(y, ) is upper semicontin-
uous.

Lemma 12. Under hypothesis H(J) the subgradient operator
Y x X3 (y,z)— 0J(y,z) C X*

is upper semicontinuous from Y x X endowed with the norm topology to the subsets of X* endowed with
the weak topology.

Proof. From [11, Proposition 4.1.4], it is sufficient to show that for any weakly closed subset D of X*, the
weak inverse image (0J)~ (D) of dJ under D is closed in the norm topology, where (0.J) (D) is defined
by

(0J)" (D) ={(y,x) €Y x X | 0J(y,z) N D #0 }.
Let {(yn,zn)} C (0J)~ (D) be such that (yn,z,) — (y,z) in Y x X, as n — oo and {&,} C X* be such
that &, € 0J(yn,zn) N D for each n € N. The hypothesis H(J)(ii) implies that the sequence {,} is
bounded in X*. Hence, from the reflexivity of X*, without loss of generality, we may assume that &, — &
weakly in X*. The weak closedness of D guarantees that £ € D. On the other hand, &, € 0J(yn,zn)
reveals

€y 2)xoxx < I (Ynyzn;2) forall ze X,

Taking into account the upper semicontinuity of (y,z) — J°(y,z;2) for all 2 € X and passing to the
limit, we have

(€, 2)x+xx = limsup(&,, 2) x+xx < limsup J°(yn, zn;2) < JO(y, 25 2)

for all z € X. Hence ¢ € 9J(y, x), and consequently, we obtain £ € dJ(y,x) N D, i.e., (y,x) € (8J)~ (D).
This completes the proof of the lemma. O

Let N € Ny be fixed, 7 = %, t;, = k7, and f¥ be defined by

R 1"
fr=- f(s)ds for k=1,... N.
T Jty_q

Consider the following discretized problem corresponding to Problem 11 called the Rothe problem.

Problem 13. Find {w*}N_ c V, {¢FWNV  C X* and B, € WH2(0,T;Y) such that w® = 0, 3,(0) = By
and

BL(t) = g(t, Mu,(t),3,(t)) for a.e. t € (0,) (6)
Awy + B(uf) + M*€ = fF (7)
with &8 € 0J (B, (tr), Muk), for k=1,2,..., N, where uk and i, (t) for t € (0,t;) are defined by

a k .
u’::uo+m;wﬂ<k—j+nafacfjm, (8)

and
N i
~ Zi:l X(ti—lyti](t)u:' 17 0<t S T7
ur(t) =
Ug, = Oa
respectively. Here x(;,_, 1,1 stands for the characteristic function of the interval (t;—1,t;], i.e.,

1, te (timatil,
X(tioa.t:] (£) = {0, otherwise.

First, we shall show the existence of solution to Problem 13.
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Lemma 14. Let hypotheses H(A), H(B), H(J), H(g), H(f) and H(M) hold. Then, there exists 7o > 0
such that, for all T € (0,79), Problem 13 has at least one solution.

Proof. Given w?, w!, ..., w?”~!, we will prove that there exist w” € V, & € X* and a function 3, €

Wh2(0,t,;Y) such that (6) and (7) hold.

From equality (8), we obtain elements u2, ul, ... u”~!. For this reason, the function %, in (9) is well-
defined in (0,t,). It is clear that @, € L?(0,t,; V) and all conditions of Lemma 8 are satisfied. Therefore,
from this lemma, there exists a unique solution 3, € W12(0,t,;Y) such that Eq. (6) holds.

It remains to show that there exist elements w? € V and £ € X* such that equality (7) holds. Denote

a n—1 «

Fagn v =i+ ) = (=g =g

Vo = Ug + _
= INa+1)

To this end, we will show that the multivalued operator V' 3 v — Av+ B(vg+cov)+M*0J (5 (tn), M (vo
cov)) C V* is surjective. Hypotheses H(A) and H (B) imply that operator V' 3 v +— Av+B(vg+cov) € V*
is bounded, continuous, and fulfills the condition

(Av + B(vg + cov) — Au— B(vg + cou),v —u) > (ma — co||B|)|lv — ul|?

for all v, u € V. For the mapping v — J (8, (t,),v), by hypotheses H(J), H(M) and Lemma 5, we obtain
that V 5 v — M*0J (3, (t,), M (vo + cov)) C V* is pseudomonotone and

IM*0 (B-(tn), M (vo + cov))l| < cocs | M| [[o]] + [|M ][e.s (1 + [[M]]]|vo]l)
for all v € V. Next, we choose
< mal'(1+ «) )flx
T0 = T 15
Bl + s M]?

to see that v — Av + B(vg + cov) is strongly monotone and cocy||M||? + co||B|| < ma for all T €
(0,79). We are now in a position to apply Corollary 7 to deduce that operator v — Av + B(vg + cov) +
M*0J(B-(tn), M (vo + cov)) is surjective for all 0 < 7 < 79. Therefore, we conclude that there exist
elements w? € V and &* € X* such that equation (7) holds. This completes the proof of the lemma. O

The following result provides estimates for the sequence of solutions of the Rothe problem, Problem 13.

Lemma 15. Under assumptions H(A), H(B), H(J), H(g), H(f), and H(M), there exists 1o > 0 and
C > 0 independent of T, such that for all T € (0,7), the solutions to Problem 13 satisfy

k
< 1
poimax |zl < € (10)
k
< 11
pomnax uzll < G (11)
k
« <
pomax &l < € (12)

where £ € X* is such that €8 € 0J (B, (tr), M (u¥)) and

T

Awl + B(uf) + M*¢ = fF,

fork=1,2,... N.
Proof. Taking k = n in (7), we multiply equation (7) by w? to get

(Awl, w?) + (Bul,wh) + (€8, M) xx- = (£, wl).

T T
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From definition of u (see (8)) and hypothesis H(B), we have

(e

Buz o) = (Bluo+ 5 s ;wi (=341 = (0= 3)°),w? )

n—1

n ny_ 7Bl s
> — || Buollv-[lw}|| — Z (n—j+1)% = (n =) B||wl||w II*mII &
j:l
(13)
It follows from the growth condition H(.J)(ii) that
(€8, Mu e = — €8] Ml 2 —es(1+ [ Mu2 )| Mu? | x
M .
> —cslMtutlls (14 1buolx + fl anfn ~ i+ = (=)
T CJ||M|| 2
> — (cq||M|| 4 cs||M||7||u w — ||l
> — (cql| M| + es | M luol) |wy | — T+ a) [[w?]]
TaCJ||M||2 = j . .
_ L n — D — (n—4)%. 14
T+ a) ;IIWTIIIIWTII[(n J+1* = (n—j)"] (14)

From the coercivity of operator A and inequalities (13) and (14), we get

(2wl = (Awl w?) + (Bult, wl) + (€8, Mul) x o x-

> mal|w?|? FT(Q”B')wfn? — (I|Buollv- + eI M|Plluoll + el M) [w?]
- Tl”ﬂ le wl || | [( —j+1>@—<n—j>a1—ﬂf§1"”j”a')'2|| n2
T anM“ an | [(n = § + 1) — (n— )7,
and subsequently
1ol + T UBI sl M) anfu D — (- )]

I'(l+a)

(B + esIMI2)y
w2

B

ve sl M+ e |MPluol) = (e

1
Taking 79 = (%) “, we deduce that m4 — %ﬁgqﬂm > A for all T € (0, 7). Therefore,

2([[Bll+esIM]|
one has
20 f7 v + 2(cg|[M]| 4 e || M| |luo |l + || Buollv+)
ma ma
(B +cJ||M||

lewjll (n—j+1)%=(n -4 = [w].

mAF
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Next, from hypothesis H(f), there exists a constant my > 0 such that || f”||y+ < my for all 7 > 0 and

n € N. Setting
_2my | 2(cg [ M| + eq | M|P|[uol| + || Buollv-)
mg = + ,
ma ma

we are in a position to apply the generalized discrete Gronwall inequality, Lemma 9, to see that

2(|1B| + es||M]*)7
mal'(a+1)

a n—1

>l =+ 1) = (n =)

e | < moexp (

2(IIBll +cJ||M||2)t%)

:moexp( mal' (14 «)

2(| Bl +0J||Mll2)To‘).

< M= Mo exp ( mal'(1+ «)

Hence, the estimate (10) is verified.
Furthermore, by equality (8), the estimate (11) is easily obtained from the following inequality

n| _ T - 7 o 1) — o\«
Il =l + Fra sy D wllln =g+ 17 (=]
(t%ﬂ&rl - t;.:fj)

< [lu| + =—2
ol
=T e+ 1) &

J

mi o
< Juoll + mtn
mlTa

Finally, the growth condition in H(J)(ii) ensures that
€7 1x < eq(L+ |Mul]|x) < ey(1+ || M]|ms).
Consequently, the condition (12) follows, which completes the proof of the lemma. O

To state and prove our main result on the existence of solution to Problem 11, we define the piecewise
constant interpolant functions w,, @,: [0,7] =V, f;: [0,T] — V* and &;: [0,T] — X* by

We(t) = wy, t€ (tho1,ts,

T (t) = ub, te (tp1,ts),
fT(t):ffv te(tk—htk]a
& (1) =€, te (thor,ts]

fork=1,...,N.

Theorem 16. Assume that H(A), H(B), H(J), H(g), H(f), and H(M) hold. Let n € (0,«) and {7} be
a sequence such that T, — 0, as n — oco. Then, for a subsequence still denoted by T, we have

w, —w  weakly in L%(O,T; V),
& — & weakly in X,
B8, =8 inCO,T;Y),



36 Page 12 of 23 S. Zeng et al. ZAMP

as T — 0, where (w,&,5) € L%(O,T; V) x X* x WH2(0,T;Y) is a solution to Problem 11.

Proof. From the estimate (10), we have

1 T 1 N 2 T N .1
oy = [ el as =30 [ et =Y il <c.
Liorvy  Jo — Ji —~

Hence, we deduce that {w,} is bounded in L%(O,T ; V). Therefore, without loss of generality, we may
assume that there exists w € L%(O, T; V) such that

W, —w weakly in L7(0,T;V), as 7 — 0. (15)

For any v* € V* and t € [0,T], let e(s) = (t—s)* 'v*x[g,4(s) for s € (0,T). Obviously, e € Lni’(O,T; V*),
where ' = 1 — 7). Now, we have

t t
‘@*, I‘(la)/o (t — 5)°~1, (5) ds — I‘(la)/o (t — 5)°Lu(s) ds)
1 ' a1, % —
< T /, [((t =) 0" wr(s) —w(s))|ds
1
< mK@,wT — w>L$(0,T;V*)><L%(O,T;V)| —0, as7—0.
Therefore, we have
olfw,(t) — oI w(t) weakly in V, as 7 — 0, (16)

for all ¢ € [0,T]. Moreover, using estimate (10) again, one has
- Qo _ T - j . «@ Ve’
- (t) — uo — oIy W, (t)|| = ijz_:lw?r [(n—j+1)*—=(n—75)

T e T

N /Ot(t—s)ale(s)dsH < Fga)H/tt"(tn_s)ale(s)dsH

+ %@H /Ot[(tn =87 (= ) () ds

C b a—1 i a—1 _ —s a—1 s
g@(/t (b — 9) ds+/0|(t—s) (b — ) ds)
< F(fﬂ) [(tn — )%+ 7+ (tn — ) — 2] (17)

for t € (tp—1,ts]. So, we conclude
U, (t) —ug — ol w,(t) —» 0 stronglyin V, as7—0
for all ¢t € [0,T]. Combining the latter and convergence (16), we obtain
Ur(t) — ol w(t) +ugp weaklyin V, as 7—0 (18)
for all t € [0,T]. Since the operator M is compact, we get
M(u,(t)) — M(up + olfw(t)) stronglyin X, as 7—0 (19)
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for all ¢t € [0,T).
Analogously, for functions @, given by (9) and @,, we have

170 = 0l = s | 3o wd [l =5+ )% = (= 5)°)
j=1

=Y w9~ - = 1)) < F(Cjil);un—wna

ToC

—2(n—5)%+(n—7—1) - |wl| + < ——

(n=5)*+(n—j -1 [l ( )|| ”—F(a+1)

aHZm G = 2n =) + (= 1)
T*C
<~ (1 a — 1)
~T(a+ 1)( = (n=1)%)
for t € (tn—1,tn]. This inequality together with convergence (18) and the compactness of M implies
M(tu,(t)) — M(up + olfw(t)) stronglyin X, as 7—0 (20)

for all ¢t € [0,T7.

Since w € L7 (0,T;V), it is obvious that function t — M (oI{*w(t)) belongs to AC(0,T; X'). We denote
u = ug + olffw. We are now in a position to apply Lemma 8 to deduce that there exists a unique solution
B € WH2(0,T;Y) such that

B(t) = Bo + / o(s, M(u(s)), B(s)) ds

for all t € [0,T]. By hypothesis H(g)(ii) and Lemma 8, we have

16(2) = B-()lly SC/O 1M (uo + oI w(s)) — M(u(s))l|x ds

for all ¢ € [0,T], thus is,
T
max |[8(t) — B-(t)[ly < C/ [ M (uo + oI w(s)) — M (u(s))|x ds.
te[0,T] 0

We use convergence (20), estimate (10), and the Lebesgue-dominated convergence theorem, see, e.g., [33,
Theorem 1.65], to conclude that 3, converges to 8 in C(0,T;Y).

On the other hand, estimate (12) guarantees that the sequence {&;} is bounded in X*. So, passing to
a subsequence if necessary, there exists £ € X'* such that

& — & weaklyin X", as T —0. (21)

By Lemma 12, we know that the mapping (y,z) — 0.J(y,x) is upper semicontinuous from Y x X into
X* endowed with weak topology. Using this property, the relation

ek e 0J(B-(tr), M(uF)) for k=1,2,...,N,
and convergences 3, — (in C(0,T;Y), (19) and (21), by [33, Theorem 3.13], we deduce that
£() € DI(A(E), M(uo + o I8 w(t))
for a.e. t € (0,7).
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Subsequently, we consider the Nemytskii operators A and B corresponding to A and B, which are
defined by
(Av)(t) = Av(t) and (Bv)(t) = B(ug + olv(t))

for v € V, a.e. t € (0,T), respectively. Since A € L(V,V*) and w, — w weakly in L%(O,T; V),as 17— 0,
we obtain

Aw, - Aw weakly in L%(O7T; V) cvr, as 7—0.
Using hypothesis H(B) and convergence (16), one has
B(ug + oIfw.(t)) — B(ug + olf'w(t)) weakly in V* as 7— 0,
for all t € [0, T]. Furthermore, we use estimate (10) again to obtain

(B(uo + ol w- (1)), v(t)) < |[Bluo + ol w-(0))] lv(®)]]

IBIC .
< (2l + 2Bl ) o)

IBIC
< (s + Tl ) o0

Exploiting the Lebesgue-dominated convergence theorem again, we get from the above inequality

hrn(lﬁ'wT7 Vixy = hm/ B(ug + oI w-(t)),v(t)) dt

_ /O lim (B(uo + I8, (£)), v(t)) dt

T—

T
- / (Bluo + oIfw(t)), v(t)) dt = (B, v}y xy

for all v € V.
From [5, Lemma 3.3], we know that f. — f strongly in V*, as 7 — 0. We also introduce the Nemytskii
operator M:V — X corresponding to M,

(Mo)(t) = M(v(t)) for veV, ae. te (0,T).
To conclude, for all v € V, we obtain the following results
(AWr, v)yexy = (Aw, v)y=xv,
(Bwr,v)v-xv — (Bw, v)v=xv,
(& M) s xx — (§ M) s x s
(frsv)vexy = (fiv)vexv,
as 7 — 0. The above convergences entail

0 <lim Sup<AwTa U)V*XV + lim Sup<B@Ta U>V*><V + lim Sup<§7’7 MU>X* XX

7—0 7—0 7—0
_hf_n_}nf<f7'7 >V*><V S <Aw + Bw — f7v>V*><V + <€aMU>X*><X

for all v € V. This implies
(Aw + Bw + M*E,0)pexy > (f,v)pexy forall v eV,
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where £(t) € OJ(B(t), M(ug + oICw(t))) for ae. t € (0,T). We conclude that (w,3) € L7(0,T;V) x
W12(0,7T;Y) is a solution of Problem 11, which completes the proof of the theorem. O

4. A fractional viscoelastic contact problem with friction and adhesion

In this section, the abstract theoretical results of Sect. 3 will be used to study a frictional contact problem
for a viscoelastic body with time fractional Kelvin—Voigt constitutive law and adhesion.

The physical formulation of the fractional viscoelastic contact problem is provided below. We consider
a viscoelastic body which occupies a domain Q C R, where d = 2, 3. The boundary I' = 9 is assumed
to be Lipschitz continuous, and it is divided into three disjoint measurable parts I'p, I'y and I'¢ with
meas (I'p) > 0. The contact problem will be discussed in a finite time interval (0,T).

For convenience of the reader, the description of basic notation is provided in Table 1.

The inner products and corresponding norms in R? and S? are denoted by

wov=uv;, |v|ga=@-v)2 forallu=(u;), v=(v;)€R

o:7T =0T, |7Tllsa=(7: )7 forall o = (o), T=(7i;) €S,
respectively. Also, we denote
Q=0x(0,T), Y¥p=TIpx(0,T)
Sy =Tn x (0,T), ¢ =T¢ x (0,T).

For simplicity, we do not indicate explicitly the dependence of various functions and operators on x.
The classical formulation of the mechanical contact problem is described as follows.

Problem 17. Find a displacement field u: Q — R%, a stress field o: Q — S and a bonding field 3: Xc —
[0,1] such that

C .
o(t) = (e(o Di'u(t)) + & (e(u(t))) in Q, (22)
Dive(t) + fo(t) =0 in Q, (23)
u(t) =0 on Xp, (24)
oty =fn(t) on Xy, (25)
— Oy (t) € 8]11 (6(75)7 Uy (t)) Oon EC? (26)
TABLE 1. Symbol description
Symbol Description
v =(v;) The unit outward normal vector
rcQ=QuUTl A position vector
indices ¢, j, k, | They run from 1 to d and the summation convention over repeated indices is used
sd The space of second order symmetric tensors on R%
u = (u;) A displacement vector
o = (0ij) A stress tensor
e(u) = (g45(u)) A linearized (small) strain tensor
gij(w) = 3 (uij +uj), i,j=1,....d
oy =(ov) v The normal component of stress field o on I"
or =0V —0oyV The tangential component of stress field o on I'
Uy =U -V The normal component of the displacement field w on I
Ur =U — UV The tangential component of the displacement field w on I'
Dive = (04j,5) The divergence of o, 0y;,; = 8237




36 Page 16 of 23 S. Zeng et al. ZAMP

— o.(t) € 04, (B(t), u (1)) on Xg¢, (27)
B'(t) = F(t,ult), B(t)) on ¢, (28)
B(0) = Bo on Tg, (29)
w(0) = u i Q. (30)

We now give a brief description of equations and relations in Problem 17. The generalized fractional
Kelvin—Voigt constitutive law of the Caputo type, see [54], for viscoelastic body is given in (22). Operators
% and & stand here for the viscosity and elasticity operators, respectively. Note that since the contact
process is assumed to be quasistatic, the acceleration term is negligible and we deal in Q with equilibrium
equation (23), where f denotes the time dependent density of volume forces. Moreover, conditions (24)
and (25) reveal the displacement and traction boundary conditions on parts I'p and T’y of the boundary,
respectively, i.e., the body is fixed on I'p and it is subjected to the time dependent surface traction of
density fy on I'y.

The unknown function ( is a surface internal variable, which is usually called the bonding field or the
adhesion field. It describes the pointwise fractional density of active bonds on the contact surface. The
evolution of the bounding field is driven by a nonlinear ordinary differential equation (28) depending on
the displacement, and considered on contact surface I'c. Furthermore, if 3 =1 at a point of the contact
part, the adhesion is complete and all the bonds are active, and 8 = 0 means that all bonds are inactive
and there is no adhesion. But, when 0 < 8 < 1 then the adhesion is partial and a fracture 3 of the bonds
is active. The function [y denotes the initial bonding field in (29). For more details on the adhesion
phenomena, see [3,6,15,36].

The contact condition (26) with adhesion is called a multivalued normal compliance contact boundary
condition, which is described by the subgradient of a nonconvex function j,, where j, is assumed to
be locally Lipschitz with respect to the last variable. On the other hand, the general tangential contact
condition (27) with adhesion, i.e., friction contact condition with adhesion, is governed by the subgradient
of a nonconvex function j.. In fact, this contact condition without the bonding field has been treated in
many papers, see, e.g., [15,34,35,44,45]. The initial displacement is given in (30). For more details on the
mathematical theory of contact mechanics, we refer to [33,37,44,45].

Subsequently, we obtain the variational formulation of Problem 17. We will use the function spaces
V', H and ‘H defined by

V={veH@QR) |v=00onTp}, H=L*(%RY and H=L*Q;S%. (31)

The trace of an element v € H'(Q; R?) is denoted by the same symbol . It is obvious that H is endowed
with the Hilbertian structure by the inner product

(O',T)HZ/O'ij(:B) 7j(x)dx for o, T €H,
Q

and the associated norm || - ||3. For space V', we consider the inner product by
(1, 0)y = (e(w),e(0))r for w,v eV,

and the associated norm || - ||y. Recall that, since meas (I'p) > 0, we know that V' is a real Hilbert space.
From the Sobolev trace theorem, there exists ¢, > 0 (the Korn constant) such that

[vllz2remey < kel vy forall v eV,

where [|7|| denotes the norm of the trace operator y: V — L?(I'c; R?).
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In the study of Problem 17, the viscosity operator € : QxS% — S% and elasticity operator &: QxS% —
S? satisfy the following hypotheses.

¢: QxS — S?is such that

(a) €(x,€) = a(z)e for a.e. x € Q and all € € S,
(b) a(x) = (ajjri(x)) with a;jr € L>(Q), (32)

(¢) aijri(T)eijen > mq ||€H§d for a.e. x € Q,

and all € = (g;;) € S? with m, > 0.

&: QxS — S?is such that

(a) &(x,€) = b(x)e for a.e. € Q and all € € S, (33)
(b) b(x) = (bijri(x)) with bijr € L>(Q).

The normal potential j,: I'c x R x R — R and tangential function j,: I'c x R x R? — R have the
following properties.

Jv:Teo xR xR — R is such that
(a) 7,(-,7, s) is measurable on I'c for all 7, s € R and
Ju(,0,0) € L(Tc),
(b) ju(,7,-) is locally Lipschitz on R for all r € R and a.e. © € T'¢,
(¢) 107y (x, 7, 8)| < c,(1+]s|) for all r,s € R and a.e. x € I'¢
with ¢, > 0, (34)
(d) either j,(x,r,-) or — j,(x,r,-) is regular for a.e. x € T'c and r € R,
(e) (r,8) — jo(x,r,s; z) is upper semicontinuous for all z € R

and a.e. € I'c, where jg denotes the Clarke derivative

of s — j,(x,r,s) in direction z.
jr:Te x R x R — R is such that
(a) jr(-, 7, &) is measurable on T'¢ for all (r,€) € R x R? and
j-(-,0,0) € L' (T'¢),
(b) j-(,7,-) is locally Lipschitz on R? for all 7 € R and a.e. ¢ € T'¢,
(c) 104 (@, 7,€)llza < er (1 + [|€l|ga) for all (r,€) € R x R
and a.e. ¢ € I'c with ¢, > 0,
(d) either j,(x,r,-) or — j,(x,r,-) is regular for a.e. x € T'c and r € R,
(e) (r, &) — j%(a,r, & m) is upper semicontinuous for all n € R?
and a.e. € I'c, where j° denotes the Clarke derivative

of & — j(x,r, &) in direction 7.

In conditions (34)(c) and (35)(c), the symbols 07, and Jj, stand for the Clarke generalized gradient
of j, and j, with respect to their last variables, respectively. Subsequently, if we suppose that (34)(d)
and (35)(d) hold, we mean that “either j,(x,r,-) and j,(x,r,-) are regular” or “either —j,(x,r, ) and
—jr(x,r, ) are regular” for all » € R and a.e. « € T'c. Note that examples of functions which satisfy
conditions (34) and (35) can be found in [3, Example 18].



36 Page 18 of 23 S. Zeng et al. ZAMP

The initial conditions, densities of volume forces and surface tractions satisfy the following regularity
hypotheses.

ug €V, by L*Tco), foeLl=0,T;L*(%RY), fyeL>(0,T;L*(Tn;RY)). (36)
The adhesive evolution rate function F' satisfies the following condition.
F:To x (0,T) x R x R — R is such that
(a) F(-,-,&,7) is measurable on I'c x (0,T) for all (¢,7) € R? x R,
(b) [F(@,t,&1,m1) — F(®,1,&5,72)] < Lp (1§ — &sllra + 11— 72])
for a.e. (z,t) € T¢ x (0,T) and all (¢,,7;) € R x R, i =1,2, (37)
with Lp > 0,
(c) F(x,t,€,0) =0, F(x,t,&r) >0 for r <0, and F(x,t,&r) <0
for r > 1, for a.e. (x,t) € T x (0,T), and for all &€ € R%.

We now focus on the variational formulation of the contact problem (22)—(30). We suppose in what
follows that (u, o) are smooth functions on Q which solve (22)—(30). For any v € V fixed, we multiply
equilibrium equation (23) by v and then use the Green formula, cf. [33, Theorem 2.25] to get

(o(t),e())n = (fot),v)m + / o(t)y-vdl

r
for a.e. t € (0,T). Recalling that
/a’(t)u-vdf :/ o-(t)l/-'vdF+/ o-(t)l/-'udF+/ o(t)v-vdl,
T T'p I'n I16‘

and applying boundary conditions (24) and (25), we have

/o-(t)u-'udF: fN(t)-vdF+/ oty -vdl
r

T'n T'c

for a.e. t € (0,T), It follows from the Riesz representation principle that there exists an element f € V*
such that

(F(t),v) = (fo(),v)m + (fn (D), ”)L2(FN;JRd)
for all v € V, a.e. t € (0,T). From the decomposition formula, see (6.33) in [33], we obtain
(o(t),e(v))n = (f(t),v) +/F (ov(t)vy + o+ (t) - vr-) AT (38)

for a.e. t € (0, 7). On the other hand, by contact conditions (26), (27), and the definition of the subgra-
dient, we obtain

—ou(vy < Gp(BE), un(t);v,),  —or(t) - vr < 2(B(H), ur(t);v;) on Se. (39)

Putting the fractional Kelvin—Voigt constitutive law (22), and inequalities (39) into (38), we have
(C(e(§ Diu(t))) e(v)),, + (E(e(u(t), e(v)),,

+/F o(B(t), uy (t);00) + 2 (B(1), wr (t);07) AT > (£(2), v)

for a.e. t € (0,7). Finally, using conditions (28)—(30) and the last inequality, we obtain the following
variational formulation of Problem 17.
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Problem 18. Find u € WY2(0,T;V) and 8 € WH2(0,T; L2(T'¢)) such that
(€ (e(§ Dult)),e(v),y + (S(e(ult)). (),
[R50 + Bl (0 0,)) U = (£10),0)
er allveV, ae te(0,T), (40)
G(t) = F(t, u(t), B(1)) on Tc,

p(0) =By in ¢,
u(0) =wup in Q.

Note that Problem 18 represents a differential hemivariational inequality involving the Caputo time
fractional derivative operator. Since W2(0,T;V) C C(0,T;V), it is clear that the initial condition has
a meaning in the space V. We have the following existence result.

Theorem 19. Assume hypotheses (32)—(37). Then Problem 18 has at least one solution (u,3) € W12(0,T;
V) x WE2(0,T; LA(T'¢)).

Proof. The proof is based on Theorem 16. We consider the spaces X = L?(I'c;RY), Y = L?(I'¢), and
define operators A, B: V. — V* by

(Au,v)yrxy = <‘5(s(u))7s(v)>H for w,vevV, (41)
(Bu, v)y-xy = <§(e(u)),e(v)>H for w,vevV, (42)
respectively. For u € X and g € Y, denote the function J: ¥ x X — R by
IG.w) = [ Gl B.w) + o, frur) L. (43)
I'c

Combining hypotheses (34)(e), (35)(e) and [33, Corollary 4.15(vii)], we deduce that J(3,-) or —J(8,-) is
regular on X for all 5 € Y. On the other hand, [33, Lemma 3.39(3) and Corollary 4.15(vi)] imply

PG = [ (@@ 5) + . fu) dr. (41)
el
050w = | (@u(a.p.w,) + Oji (e, 6ur)) AT (45)
I'e
for all 3 € Y and u € X. Moreover, let M =~ and g: (0,7) x X x Y — Y be defined by
g(t,u,0)(x) = F(x,t, 8(x),u(x)) forallfeY, ueX ae zclg, (46)

where 7: V' — X is the trace operator.
Using these notation, Problem 18 can be reformulated as the following abstract fractional differential
hemivariational inequality: find w € W2(0,T; V) and 8 € W2(0,T;Y) such that

(A(§ Diu(t),v) + (B(u(t),v) + JO(B(t), Mu(t); Mv) > (f(t),v)
forallv eV, ae. te(0,T),

B'(t) = g(t,u(t),5(t)) for ae. te (0,T), (47)
B(0) = Bo,
u(0) = up in Q.

We will prove the existence of solution to problem (47) by using Theorem 16. To this end, we denote
w(t) = § Dfu(t) for a.e. t € (0,T). Applying Proposition 3(b), we obtain

u(t) = olfw(t) + ug for ae. te(0,7). (48)
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Thus, problem (47) can be reformulated as follows: find w € L'(0,7;V) and 3 € W2(0,T;Y’) such that
(Aw(t) + B(ug + o [fw(t)), v) + JO(M (uo + o [fw(t)); Mv) > (£(t),v)
forall veV, ae. te(0,7)
B'(t) = g(t, M(uo + oIfw(t)), 5(t)) for ae. t € (0,7T)

B8(0) = Bo-

This means that (u,3) € WH2(0,T; V) x WH2(0,T;Y) is a solution to problem (47) if and only if
(w,3) € LY(0,T;V) x WH2(0,T;Y) solves problem (49).

To this end, we will verify that hypotheses H(A), H(B), H(f), H(J), H(g) and H(M) of Theorem 16
are satisfied. Obviously, from hypothesis (32), we can see that the operator A, see (41), is coercive
with constant m, and A € L(V,V*), i.e., H(A) holds. Note that, since the elastic operator & satisfies
properties (33), this yields that B € L(V,V*), i.e., H(B) is verified. Moreover, hypotheses (34) and
(35) combined with [33, Corollary 4.15(v)] imply that the conditions H(J)(i) and (ii) are satisfied with
¢y = max{y/3meas(I'c),1}(¢, + ¢;). The upper semicontinuity of j, and j,, and Fatou’s lemma, see,
e.g., [33, Theorem 1.64], guarantee that the function (3,u) — J°(3,u;v) is also upper semicontinuous
from Y x X to R, for all v € X. So, J has the property H(J)(iii). In addition, it follows from the
regularity hypothesis (36) that f satisfies H(f). From [12, Theorem 3.9.34], we infer that the trace
operator «y satisfies H(M). Finally, it is easy to verify that under hypothesis (37), operator g defined by
(46) satisfies all conditions in H(g).

Summing up, we have verified all hypotheses of Theorem 16. Therefore, applying this theorem, problem
(49) has a solution (w, 3) € L(0,T;V) x W12(0,T;Y). Hence, we deduce that (u,3) € WH2(0,T;V) x
W12(0,7T;Y) is a solution to problem (47), where u is defined by equality (48). Finally, we conclude that
(u,3) € WH2(0,T; V) x WL2(0,T;Y) solves Problem 18. This completes the proof of the theorem. [

(49)

We say that a triple of functions (u, o, 3) which satisfies (22) and (40) is called a weak solution to
Problem 17. We conclude that, under assumptions of Theorem 19, Problem 17 has at least one weak
solution. Moreover, the weak solution has the following regularity

we Wh(0,T;V), o € L*(0,T; L2(2,8%), e W'?(0,T;Y), and Dive € V',

because w € V and u(t) = o[fw(t) + ug for a.e. t € (0,T), which is such that (49) holds.

Note that if the nonconvex potential j, and tangential function j. are independent of the adhesion
field 3, then Problem 17 reduces to the fractional viscoelastic contact problem, which was studied by
Zeng and Migérski [54]. On the other hand, if @ = 1 in Problem 17, then it reduces to the following
viscoelastic contact problem with classical Kelvin—Voigt constitutive law and adhesion.

Problem 20. Find a displacement fieldw: Q — R?, a stress field 0: Q — S and a bonding field 3: ¢ —
[0,1] such that

o(t) =C(e(u'(1))) +5’( (u(t))) in 0,
Dive(t) + fo(t) = in Q,
u(t) =0 on Xp,
o)y = fn(1) on Xy,
—oy(t) € 95, (B(t), un(t)) on Xc,
— o, (t) € 05+ (B(1), u-(t)) on X¢,
B'(t) = F(t,u(t), B(t)) on XY¢,
B(0) = Bo on I'¢,

u(0) = ug in Q.
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Clearly, Problem 20 has the following variational formulation, which is a classical differential hemi-
variational inequality.

Problem 21. Find w € WY2(0,T;V) and 3 € WH2(0,T; L*(T'¢)) such that
(€ (e (1)), e(v)),, +(E(e(u(t))),e(v)),,
[ (@B @50) + Rlure00) 4T 2 (£(0),0)
I'c
forall veV, ae te(0,7T),

B'(t) = F(t,u(t), B(t)) on Xc.

B(0)=p in Te.

u(0) =wuo in .

As a consequence of Theorem 19, we conclude the following result.

Corollary 22. Assume that hypotheses (32)—~(37) hold. Then Problem 21 has a solution (u, 3) € W12(0,T;
V) x WH2(0,T; L3(T¢)).

Open Access. This article is distributed under the terms of the Creative Commons Attribution 4.0 International Li-
cense (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in
any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

References

(1] Aubin, J.-P., Cellina, A.: Differential Inclusions: Set-valued Maps and Viability Theory. Springer, Berlin (1984)
[2] Baleanu, D., Diethelm, K., Scalas, E., Trujillo, J.J.: Models and Numerical Methods. World Scientific, Boston (2012)
(3] Bartosz, K.: Hemivariational inequalities modeling dynamic contact problems with adhesion. Nonlinear Anal. Theory
Methods Appl. 71, 1747-1762 (2009)
[4] Bartosz, K., Sofonea, M.: The Rothe method for variational-hemivariational inequalities with applications to contact
mechanics. STAM. J. Math. Anal. 48, 861-883 (2016)
[5] Carstensen, C., Gwinner, J.: A theory of discretization for nonlinear evolution inequalities applied to parabolic Signorini
problems. Ann. Mat. Pura Appl. 177, 363-394 (1999)
[6] Chau, O., Shillor, M., Sofonea, M.: Dynamic frictionless contact with adhesion. Z. Angew. Math. Phys. 55, 32-47 (2004)
[7] Chen, X., Wang, Z.: Convergence of regularized time-stepping methods for differential variational inequalities. STAM
J. Optim. 23, 16471671 (2013)
[8] Chen, X., Wang, Z.: Differential variational inequality approach to dynamic games with shared constraints. Math.
Program. 146, 379-408 (2014)
[9] Christensen, R.: Theory of Viscoelasticity: An Introduction. Elsevier, New York (2012)
[10] Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley Interscience, New York (1983)
[11] Denkowski, Z., Migérski, S., Papageorgiou, N.S.: An Introduction to Nonlinear Analysis: Theory. Kluwer Aca-
demic/Plenum Publishers, Boston, Dordrecht, London, New York (2003)
[12] Denkowski, Z., Migérski, S., Papageorgiou, N.S.: An Introduction to Nonlinear Analysis: Applications. Kluwer Aca-
demic/Plenum Publishers, Boston, Dordrecht, London, New York (2003)
[13] Gwinner, J.: On a new class of differential variational inequalities and a stability result. Math. Program. 139, 205-221
(2013)

[14] Han, W., Migérski, S., Sofonea, M. Eds.,: Advances in variational and hemivariational inequalities with applications.
Theory, numerical analysis, and applications. In: Advances in Mechanics and Mathematics, vol. 33. Springer (2015)
[15] Han, W., Sofonea, M.: Quasistatic Contact Problems in Viscoelasticity and Viscoplasticity, Studies in Advanced Math-

ematics 30. Americal Mathematical Society, Providence (2002)
[16] Herrmann, R.: Fractional Calculus: An Introduction for Physicists. World Scientific, Singapore (2011)
[17] Kacur, J.: Method of Rothe in Evolution Equations (Teubner-Texte zur Mathematik 80). B.G. Teubner, Leipzig (1985)


http://creativecommons.org/licenses/by/4.0/

36 Page 22 of 23 S. Zeng et al. ZAMP

[18] Kalita, P.: Regularity and Rothe method error estimates for parabolic hemivariational inequality. J. Math. Anal. Appl.
389, 618-631 (2012)

[19] Kalita, P.: Convergence of Rothe scheme for hemivariational inequalities of parabolic type. Int. J. Numer. Anal. Mod.
10, 445-465 (2013)

[20] Ke, T.D., Loi, N.V., Obukhovskii, V.: Decay solutions for a class of fractional differential variational inequalities. Fract.
Calec. Appl. Anal. 18, 531-553 (2015)

[21] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)

[22] Li, X.S., Huang, N.J., O’Regan, D.: Differential mixed variational inequalities in finite dimensional spaces. Nonlinear
Anal. Theory Methods Appl. 72, 3875-3886 (2010)

[23] Li, X.S., Huang, N.J., O’Regan, D.: A class of impulsive differential variational inequalities in finite dimensional spaces.
J. Frankl. Inst. 353, 3151-3175 (2016)

[24] Liu, Z.H., Loi, N.V., Obukhovskii, V.: Existence and global bifurcation of periodic solutions to a class of differential
variational inequalities. Int. J. Bifurcat. Chaos 23 (2013), ID 1350125

[25] Liu, Z.H., Zeng, S.D.: Differential variational inequalities in infinite Banach spaces. Acta Math. Sci. 37, 26-32 (2017)

[26] Liu, Z.H., Zeng, S.D., Bai, Y.R.: Maximum principles for multi-term space-time variable order fractional diffusion
equations and their applications. Fract. Calc. Appl. Anal. 19, 188-211 (2016)

[27] Liu, Z.H., Zeng, S.D., Motreanu, D.: Evolutionary problems driven by variational inequalities. J. Differ. Equ. 260,
6787-6799 (2016)

[28] Liu, Z.H., Migérski, S., Zeng, S.D.: Partial differential variational inequalities involving nonlocal boundary conditions
in Banach spaces. J. Differ. Equ. 263, 3989-4006 (2017)

[29] Liu, Z.H., Zeng, S.D., Motreanu, D.: Partial differential hemivariational inequalities. Adv. Nonlinear Anal. (2017).
https://doi.org/10.1515/anona-2016-0102

[30] Liu, Z.H., Motreanu, D., Zeng, S.D.: Nonlinear evolutionary systems driven by quasi-hemivariational inequalities. Math.
Method Appl. Sci. 41, 1214-1229 (2018)

[31] Liu, Z.H., Motreanu, D., Zeng, S.D.: Nonlinear evolutionary systems driven by mixed variational inequalities and its
applications. Nonlinear Anal. Real World Appl. 42, 409-421 (2018)

[32] Loi, N.V.: On two-parameter global bifurcation of periodic solutions to a class of differential variational inequalities.
Nonlinear Anal. Theory Methods Appl. 122, 83-99 (2015)

[33] Migérski, S., Ochal, A., Sofonea, M.: Nonlinear inclusions and hemivariational inequalities: models and analysis of
contact problems. In: Advances in Mechanics and Mathematics, vol. 26. Springer, New York (2013)

[34] Migérski, S., Zeng, S.D.: Hyperbolic hemivariational inequalities controled by evolution equations with application to
adhesive contact model. Nonlinear Anal. Real World Appl. (accepted)

[35] Migérski, S., Ochal, A.: A unified approach to dynamic contact problems in viscoelasticity. J. Elasticity 83, 247-275
(2006)

[36] Migérski, S., Ochal, A.: Dynamic bilateral contact problem for viscoelastic piezoelectric materials with adhesion. Non-
linear Anal. Theory Methods Appl. 69, 495-509 (2008)

[37] Migérski, S., Ochal, A.: Quasi-static hemivariational inequality via vanishing acceleration approach. SIAM J. Math.
Anal. 41, 1415-1435 (2009)

[38] Miiller, S., Kastner, M., Brummund, J., Ulbricht, V.: A nonlinear fractional viscoelastic material model for polymers.
Comput. Mater. Sci. 50, 2938-2949 (2011)

[39] Panagiotopoulos, P.D.: Inequality Problems in Mechanics and Applications. Birkh&duser, Boston (1985)

[40] Panagiotopoulos, P.D.: Hemivariational Inequalities, Applications in Mechanics and Engineering. Springer, Berlin (1993)

[41] Pang, J.S., Stewart, D.E.: Differential variational inequalities. Math. Program. 113, 345424 (2008)

[42] Podlubny, I.: Fractional Differential Equations. Academic, San Diego (1999)

[43] Shen, S., Liu, F., Chen, J., Turner, L., Anh, V.: Numerical techniques for the variable order time fractional diffusion
equation. Appl. Math. Comput. 218, 1086110870 (2012)

[44] Shillor, M., Sofonea, M., Telega, J.J.: Models and Analysis of Quasistatic Contact. Lecture Notes Physics, vol. 655.
Springer, Berlin (2004)

[45] Sofonea, M., Matei, A.: Mathematical Models in Contact Mechanics, London Mathematical Society, Lecture Note Series
398, Cambridge University Press (2012)

[46] Sofonea, M., Xiao, Y.B.: Fully history-dependent quasivariational inequalities in contact mechanics. Appl. Anal. 95,
2464-2484 (2016)

[47] Sofonea, M., Han, W.M., Shillor, M.: Analysis and Approximation of Contact Problems with Adhesion or Damage.
Chapman & Hall/CRC, Boca Raton (2006)

[48] Van, N.T., Ke, T.D.: Asymptotic behaviorof solutions to a class of differential variational inequalities. Ann. Polon.
Math. 114, 147-164 (2015)

[49] Xiao, Y.B., Huang, N.J.: Generalized quasi-variational-like hemivariational inequalities. Nonlinear Anal. Theory Meth-
ods Appl. 69, 637646 (2008)


https://doi.org/10.1515/anona-2016-0102

ZAMP A class of fractional differential hemivariational Page 23 of 23 36

[50] Xiao, Y.B., Huang, N.J.: Sub-super-solution method for a class of higher order evolution hemivariational inequalities.
Nonlinear Anal. 71, 558-570 (2009)

[51] Yang, Q., Turner, I., Liu, F., Ilic, M.: Novel numerical methods for solving the time—space fractional diffusion equation
in two dimensions. SIAM J. Sci. Comput. 33, 1159-1180 (2011)

[52] Zeidler, E.: Nonlinear Functional Analysis and Applications IT A/B. Springer, New York (1990)

[63] Zeng, S.D., Migérski, S.: Noncoercive hyperbolic variational inequalities with applications to contact mechanics. J.
Math. Anal. Appl. 455, 619-637 (2017)

[64] Zeng, S.D., Migérski, S.: A class of time-fractional hemivariational inequalities with application to frictional contact
problem. Commun. Nonlinear Sci. Numer. Simul. 56, 34-48 (2018)

[55] Zeng, F., Li, C., Liu, F., Turner, I.: The use of finite difference/element approaches for solving the time-fractional
subdiffusion equation. STAM J. Sci. Comput. 35, 2976-3000 (2013)

Shengda Zeng

Faculty of Mathematics and Computer Science
Jagiellonian University in Krakow

ul. Lojasiewicza 6

30348 Krakéw

Poland

e-mail: zengshengda@163.com

Zhenhai Liu

Guangxi Key Laboratory of Universities

Optimization Control and Engineering Calculation, and College of Sciences
Guangxi University for Nationalities

Nanning 530006 Guangxi Province

People’s Republic of China

e-mail: zhhliu@hotmail.com

Stanislaw Migorski

College of Sciences

Qinzhou University

Qinzhou 535000 Guangxi Province
People’s Republic of China

Stanislaw Migorski

Chair of Optimization and Control
Jagiellonian University in Krakow
ul. Lojasiewicza 6

30348 Krakéw

Poland

e-mail: stanislaw.migorski@uj.edu.pl

(Received: December 4, 2017; revised: February 12, 2018)



	A class of fractional differential hemivariational inequalities with application to contact problem
	Abstract
	1. Introduction
	2. Preliminaries
	3. Fractional differential hemivariational inequality
	4. A fractional viscoelastic contact problem with friction and adhesion
	Open Access
	References




