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1. Introduction

The study of differential equations with constraints has a long history and is closely connected to the
study of variational inequalities. The beginning of the research on variational inequalities is due to a
contact problem posed by Signorini. The term “variational inequality” was introduced by Fichera and
the mathematical theory of variational inequalities started with Stampacchia, who influenced several
mathematicians, such as Lions, Hartman, Duvaut, Brezis and others. Existence and uniqueness results
for variational inequalities can be found in [2,3,9,20,21].

The notion of a hemivariational inequality, a useful generalization of variational inequality, is concerned
with nonconvex and nonsmooth energy functionals and was introduced and studied in the early 1980s
by Panagiotopoulos in [36,38,39]. This type of inequality is based on the notion of the generalized
directional derivative and the Clarke generalized gradient of a locally Lipschitz function and is closely
related to a class of nonlinear inclusions of subdifferential type. During the last four decades, the number of
contributions to the area of variational and hemivariational inequalities was enormous, both in the theory
and applications, cf. e.g., [9,10,17,20,27,30,36,39,41] and the references therein. A part of this progress
was motivated by new models and their formulations arising in Contact Mechanics, cf. e.g., [16,17,35,
40,41,45]. Hemivariational inequalities and their systems play nowadays a crucial role in a description of
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many important problems arising in engineering and mechanics, especially in mathematical modeling of
various processes involved in contact between deformable bodies.

Recently there has been increasing interest in the theory and applications of variational-hemivariational
inequalities that represent a special class of inequalities involving both convex and nonconvex functional-
s, cf. [14,15,28,32,35]. Recent results in this area deal with variational-hemivariational inequalities with
history-dependent operators, cf. e.g., [4,11,19,26,29,31,33,42-44,46,47]. A class of stationary variational-
hemivariational inequalities was studied in [15] where results on existence and uniqueness of the solution,
continuous dependence of the solution on the data and numerical algorithms for solving such inequal-
ity were delivered. These results were applied to a variational-hemivariational inequality arising in the
study of quasistatic model of elastic contact. An evolutionary version of the variational-hemivariational
inequalities studied in [15] was considered in [31]. There, a quasistatic viscoelastic frictionless contact
problem with the memory term was analyzed on unbounded time interval. The paper [43], being the
continuation of [31], developed further the theory of variational-hemivariational inequalities and provid-
ed the numerical study of quasistatic frictional viscoelastic contact problem. A number of quasistatic
contact problems modeled by history-dependent variational inequalities were studied in several papers.
For instance, in [44] quasi-variational inequalities are used to deal with contact problems with normal
compliance, with normal damped response, and with the Signorini condition. The frictionless contac-
t problem with normal compliance, unilateral constraint and memory effects was investigated in [46].
In contrast to [46], paper [42] examined the frictional contact with normal compliance, memory ter-
m, and the Coulomb law of dry friction. All aforementioned papers studied the static and quasistatic
problems for history-dependent variational and history-dependent variational-hemivariational inequali-
ties.

The purpose of this paper is to extend a part of these results to a new class of evolutionary problems.
First, we prove the unique weak solvability of abstract evolutionary variational-hemivariational inequal-
ity in which the derivatives of the unknown variable are involved. In contrast to [25-29,31], no Clarke
regularity of locally Lipschitz potential is assumed. We deal with a class of abstract evolution variational-
hemivariational inequalities of first order involving history-dependent operators. We study the Cauchy
problem for inequality from this class and provide conditions under which the Cauchy problem has a
unique solution. The two main features of the variational-hemivariational inequality under investigation
are the following. On the one hand, it involves two nondifferentiable potentials, one of them is locally
Lipschitz continuous and nonconvex, and the second one is assumed to be convex and lower semicontinu-
ous. On the other hand, the inequality contains two nonlinear operators of history type, and one of them
appears in the convex potential. The main result of this paper on existence and uniqueness of solution to
variational-hemivariational inequality with history-dependent operators is new and has not been delivered
in the literature so far. Our main result is obtained by combining a fixed point argument, already used
in several papers, see e.g., [1,12,13], and a recent result for evolution subdifferential inclusions provided
in [32].

The class of evolution variational-hemivariational inequalities presented in this paper provides a new
mathematical tool and a general framework for a large number of dynamic contact problems, associated
with various constitutive laws and frictional or frictionless contact conditions. As an illustration, in
the second part of the paper, we consider an initial boundary value problem which describe a model
of evolution of a viscoelastic body in contact with a foundation. We assume that the contact process
is dynamic and the friction is described by subdifferential boundary conditions. Both the constitutive
law and the contact condition involve memory operators. Such kind of problems leads to a new and
nonstandard mathematical model. As an application of our abstract result, we provide a theorem on the
unique weak solvability of the contact problem.

We also mention that the dynamic Signorini frictionless contact problem for viscoelastic materials
with singular memory has been studied by Jarusek [18]. Cocou [6] proved existence of weak solution for a
dynamic viscoelastic unilateral contact problem with nonlocal friction and the Kelvin—Voigt law. Results
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on dynamic contact with velocity dependent friction can be found in Kuttler and Shillor in [22,23]. Note
that dynamic contact problems with history-dependent operators have been also studied in two very
recent papers [34] and [37]. Theorem 6 of the present paper is an extension to variational-hemivariational
inequalities of Theorem 5 from [34] obtained for variational inequalities.

The paper is structured as follows. In Section 2 we recall notation and present some auxiliary mate-
rial. Section 3 provides the proof of existence and uniqueness result for abstract evolution variational-
hemivariational inequalities with history-dependent operators. A dynamic frictional contact problem for
viscoelastic materials with long memory is studied in Section 4. We give its variational formulation and
show its unique solvability.

2. Preliminaries

In this paper we use standard notation for the Lebesgue and Sobolev spaces of functions defined on a
time interval [0,7], 0 < T < 400 with values in a Banach space E with a norm || - ||g. Recall that
the space L?(0,T; E) of vector-valued functions consists of all measurable functions u: (0,7) — E for
which fOT |lu(t)||% dt is finite. The duality pairing between E* and E is denoted by (-,-)g=x g, where
E* stands for the dual space to E. For a set U C E, we define ||U|lg = sup{|lullg | v € U}. We
denote by L(FE,F) a space of linear and bounded operators from a Banach space F with values in a
Banach space F' with the usual norm || - || z(z 7). The inner product in a Hilbert space E is denoted by
().

In what follows we consider an evolution triple of spaces (V, H, V*). This means that V is a reflexive
separable Banach space, H is a separable Hilbert space, the embedding V C H is continuous, and V is
dense in H. In this setting the space H is identified with its dual and we have V' C H C V* with dense
and continuous embeddings. We introduce the spaces V = L2(0,T;V) and W = {v € V | v/ € V*}, where
V* = L%(0,T;V*) and the derivative is understood in the sense of vector-valued distributions. The space
W endowed with the norm |[v|ly = |[v|ly + ||v’[|v+ becomes a separable and reflexive Banach space. The
duality pairing between V* and V is given by

T

(W, V) prxy = /(w(t),v(t))v*xv dt for weV*, vel.
0

We have the following continuous embeddings W C V C L*(0,T; H) C V*. It is well known that W C
C(0,T; H) continuously (cf. Proposition 3.4.14 of [8]), where C'(0,T; H) stands for the space of continuous
functions on [0, 7] with values in H.

We recall some facts from the theory monotone operators and convex functions. Let E be a Banach
space. An operator T': E — 2F is called monotone if (u* —v*,u —v)g«xp > 0 for all u* € Tu, v* € T,
u, v € E. It is called maximal monotone, if it is monotone and maximal in the sense of inclusion of
graphs in the family of monotone operators from E to 2F". Operator T is called coercive, if there exists a
function a: Ry — R with lim,_ 4 o a(r) = 400 such that (u*,u) > a(||u||g) ||u||g for all u € E, u* € Tu.
A single-valued operator A: E — E* is called pseudomonotone, if it is bounded (it maps bounded sets
of E into bounded sets of E*) and u,, — u weakly in E with limsup(Au,,u, — u)gxg < 0 imply
(Au,u — V) prxp < liminf{Au,, u, — v)g-x g for all v € E.

Given an operator A: (0,7) x E — E*, its Nemitskii (or superposition) operator is the operator
A: L*(0,T; E) — L*(0,T; E*) defined by (Av)(t) = A(t,v(t)) for v € L?(0,T; E) and t € (0, 7).

Recall also that a function ¢: E — RU {400} is proper if it is not identically equal to +oo0, i.e., the
effective domain domp = {z € E | p(z) < 400} # 0. It is lower semicontinuous (ls.c.) if 2, — z in
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E implies p(z) < liminf ¢(x,). It is well known (cf. Proposition 5.2.10 of [7]) that a convex and l.s.c.
function ¢: E — R defined on a Banach space E, is locally Lipschitz

Definition 1. Let ¢: E — R U {400} be a proper, convex and lower semicontinuous function. The
subdifferential of d¢ is generally multivalued mapping dp: E — 2F" defined by

Op(z) ={z* € B | (a*,v — 2)prxp < o(v) —p(x) for allv € E'}
is called the subdifferential of ¢. The elements of the set dp(z) are called subgradients of ¢ in x.
The following fact will be useful in the next sections.

Remark 2. Let E be a Banach space and ¢: E — R be a convex and Lipschitz continuous function with
constant L. Then [|0p(z)| g+ < Ly, for all z € E.

Finally, we recall the following notions for locally Lipschitz functions.

Definition 3. Let h: E — R be a locally Lipschitz function on a Banach space E. For x, v € E, the
generalized directional derivative of h at x in the direction v, denoted by h°(z;v) is defined by

h Av) —h
RO (2;v) = limsup (v + ) (y)
y—a, A0 A

The generalized (Clarke) gradient (subdifferential) of h at x, denoted by Oh(z), is a subset of E* given
by

Oh(z) = {¢ € E* | hO(z;v) > (C,v) g p for all v € B}

The proofs of the results presented in this section can be found in standard textbooks,
e.g., [5,7,8,30,48].

3. Existence and uniqueness result

In this section we provide the existence and uniqueness result for an abstract evolution variational-
hemivariational inequality. Its proof is based on a recent result on an evolution inclusion in Banach spaces
of [30] and a fixed point argument. We work in the framework of evolution triple of spaces (V, H,V*).
Let X and Y be separable and reflexive Banach spaces.

Consider the operators A: (0,T) x V — V* R:V — V* Ry: V — L*0,T;Y), M: V — X, and the
functions J: (0,7) x X =R, ¢: Y x X - Rand f: (0,T) — V*.

With these data we consider the following dynamic problem.

Problem 4. Find w € W such that
(w'(t) + A(t, w(t)) + (Rw)(t),v — w(t))v-xv
+J0(t, Mw(t); Mo — Mw(t)) + o((Riw)(t), Mv) — o((Riw)(t), Mw(t))
>{ft),v—w(t))y-xy forall veV, ae te(0,T),

w(0) = vy.
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In the study of Problem 4 we will need the following hypotheses on the data.

A:(0,T) x V — V™ is such that
(a)
(b)

(c) [JA(t, v)||v+ < ao(t) + aillv||y for all v € V, ae. t € (0,T)
with ag € L?(0,7T),a¢ > 0 and a; > 0.

(d) (A(t,v),v)yxy > aallv]? for allv e V, ae. t € (0,7)
with ay > 0.

A(-,v) is measurable on (0,7") for all v € V.
A(t,-) is pseudomonotone on V for a.e. t € (0,T).

(e) A(t,-) is strongly monotone for a.e. t € (0,T), i.e., there
is m4 > 0 such that for all v;,ve € V, ae. t € (0,T)

(A(t,v1) — A(t,v2),v1 — v2)vexy = mallvr — va[}.

M e L(V, X) is such that its Nemytskii operator
M: W CV— L?0,T; X) is compact.

J:(0,T) x X — R is such that
(a) J(-,v) is measurable on (0,7 for all v € X.
(b) J(t,-) is locally Lipschitz on X for a.e. t € (0,T).

(c) [|0J(t, v)|lx+ < co(t) + ca]|v]| x for all v € X,
a.e. t € (0,T) with ¢g € L*(0,T),co > 0,¢1 > 0.

(d) (v} — 3,01 — va)xexx = —myllvr — va|% for all
vi€dJ(t,v), vieX* v, eX, i1=1,2 ae te€(0,T)
with mj; > 0.

p:Y x X — R is such that

(a) (-, 2) is continuous on Y for all z € X.
(b) ¢(y,-) is convex and l.s.c. on X for all y € Y.

() [[0p(y, 2)|[x+ < co(L+ [lylly + [|Iz]lx) for all y € Y,z € X,
with ¢, > 0.

(d) p(y1, 22) — p(y1, 21) + 0(y2,21) — (Y2, 22) <
< Bollyr —y2llvllzr — #z2l|x forall yi,y2 €Y, 21,20 € X
with 8, > 0.

One of the following conditions is satisfied.
(a) ag > 2v2 (1 +cp) || M|?, where ||M|| = M|l zev,x)-

(b) JO(t,2;—2) < dp (1 + ||2]|x) for all 2z € X,a.e. t € (0,7)
with dy > 0 and ||0p(y, 2)||x- < ¢, forally ey,
z€Z with ¢, > 0.

mapa > myg H]WH2
feL?0,T;V*), vg € V.

Page 5 of 22 15
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R:V — L?(0,T;V*) and Ry: V — L*(0,T;Y) are such that

(a) [[(Ru1)(t) — (Ru2)(t) v+ < CR/Hvl(S) — va(s)]lv ds
0

for all v1,v9 €V, a.e. t € (0,T) with cg > 0. (8)

(b) [(R1v1)(t) — (Rave)()|ly < cr, / [[v1(s) —va(s)[lv ds

0
for all v1,v9 € V, ae. t € (0,T) with cg, > 0.

We comment that the function J is locally Lipschitz with respect to the second argument and it is, in
general, nonconvex while ¢ is supposed to be convex and l.s.c. with respect to its second argument. For
this reason, the inequality in Problem 4 is called variational-hemivariational inequality.

Remark 5. Hypothesis (3)(d) is called the relaxed monotonicity condition for a locally Lipschitz function
J(t,-). It was used in the literature (cf. Section 3.3 of [30]) to guarantee the uniqueness of the solution
to hemivariational inequalities. This hypothesis is equivalent to the following condition

Tt w1502 — v1) + SOt vz 01 — vp) < myfloy — ok 9)

for all v1, v € X, a.e. t € (0,T). Examples of nonconvex functions which satisfy the relaxed monotonicity
condition can be found in [29,30]. It can be proved that for a convex function condition (3)(d), or
equivalently (9), holds with m; = 0.

We have the following existence and uniqueness result.
Theorem 6. Under hypotheses (1)—(8), Problem 4 has a unique solution w € W.

Proof. The proof of the theorem will be established in several steps. It is based on a recent result on
existence of solution to subdifferential inclusions in [32] and a fixed point argument.
Step 1. First, we fix £ € L2(0,7;V*) and n € L*(0,T;Y). Consider the following auxiliary problem.

Problem 7. Find we, € W such that
(e, (1) + A(t, wen(t) + £(), v — wen () vexv
+J0(t, Mwgy(t): Mo — Mwe,(t)) + (n(t), Mv) — (n(t), Mwe,(t))
> (f(t),v — wey(t))yrxy forall veV, ae te(0,T),

Wey (0) = vo.

Our goal in this step is to prove that Problem 7 has a unique solution. To this end, define the function
U,:(0,T) x X - R by

U, (t,z) = J(t,z) +p(n(t),z) forall ze X, ae. te(0,T). (10)

We claim that under assumptions (3) and (4), the function ¥, : (0,7) x X — R defined by (10) has
the following properties.

(a) ¥,(-, %) is measurable on (0,T) for all z € X.
(b) W,(t,-) is locally Lipschitz on X for a.e. t € (0,7).

(@ 10%,(t,2)lx- < alt) + (e1 + el for all = € X an
and a.e. t € (0,7) with o € L*(0,T), o > 0.

(d) (0Wy(t,21) = OWy(t, 22), 21 — 22) x=xx = —myllzs — 2ol
for all 21,2, € X and a.e. t € (0,T).
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Indeed, since (0,T) > ¢t — n(t) € Y is measurable, conditions (3)(a) and (4)(a) imply that the function
U, is also measurable, i.e., (11)(a) is satisfied. Since ¢(y,-) is convex, lower semicontinuous and finite for
y € Y, we know that ¢(y,-) is locally Lipschitz for y € Y. Hence and by condition (3)(b), we conclude
that the function ¥, (¢, ) is locally Lipschitz on X for a.e. t € (0,7), i.e., (11)(b) holds.

From the fact that J(¢,-) and ¢(t,-) are locally Lipschitz for a.e. t € (0,T), by Proposition 5.6.23
of [7], we have

oW, (t,z) CAJ(t, z) + Op(n(t),z) forall z€ X and a.e. t € (0,T). (12)
Hence
[0Wn (¢, 2) || x= < 10J(L, 2)llx+ + 19(n(t), 2) || x-

< (eo(®) + erllzllx) + e (L4 [In(@)lly + 2lx) = a(t) + (a1 + ¢p) |2l x

for all z € X, a.e. t € (0,T), where a € L*(0,T), a > 0. So, condition (11)(c) is satisfied.

Finally, since ¢(y,-) is convex and lower semicontinuous by (4)(b), from Theorem 6.3.19 in [7], we
know that d¢(y, ) is maximal monotone for all y € Y. Using the monotonicity of dp(y, ) for y € Y and
condition (3)(d), we get

<8\Ifn(t,21) — 8\I/n(t,22),2’1 — 22>X* xX = <8J(t,21) — 3J(t,22),zl — Z2>X* x X

+ (0p(n(t), z1) — dp(n(t), 22), 21 — 22) x*xx = —myllz1 — 22X

for all z1, 20 € X, a.e. t € (0,T). Hence condition (11)(d) holds, which completes the proof of (11).
Subsequently, we associate with Problem 7 the following evolutionary inclusion.

Find we¢, € W such that
wi, (1) + A(t, wey (t) + MOV, (t, Mwey(t)) 3 fe(t) ae. t€(0,T) (13)
wey (0) = vo,

where fe € L?(0,T;V*) is given by fe(t) = f(t) —&(¢) for a.e. t € (0,T) and U, is defined by (10). Having
in mind hypotheses (1)—(7) and properties (11), we are now in a position to apply Theorem 2.6 of [32] to
deduce that problem (13) has a unique solution wg, € W.

Next, from (12) and (13), we infer that we, € W is also a solution to the following problem.

Find we,, € W such that
wg, (t) + A(t, we, (1) + M*OJ(t, Mwe, (1)) + M*9p(n(t), Mwe,(t)) > fe(t)
a.e. t€(0,7T)

(14)

’wgn (0) = 0.

We claim that every solution to inclusion (14) is also a solution to Problem 7. To prove the claim, let
we, € W be the solution to problem (14). This means that there exist pg,, d¢y € L?(0,T; X*) such that

wi, () + A(t, wey (t) + M*pen(t) + M*0¢y(t) = fe(t) ae. t€(0,T)
pen(t) € 0J(t, Mwe,(t)) ae. te (0,T)

bealt) € Do(n(t), Mugy (1)) ae. t € (0,T)

wen(0) = vo.

(15)

By Definitions 1 and 3 of the convex and Clarke subdifferentials, we have
(pen(t), 2) x+xx < JO(t, Mwey (t); 2)

{Oen(t), 2 = Mwey (1)) x+xx < ¢(n(t), 2) = p(n(t), Mwey (1))
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for all z € X, a.e. t € (0,7T). Let v € V. Multiplying the first equation in (15) by v — we,(t), we obtain
(W, (1) + A(t, wen (1)), v — weg (1)) v v + (M peq (t), v — wey (1)) vexv
+ (M 6¢n (1), v — wey (£))vexv = (fe(t), v — wey (1)) vexv.
Inserting the two inequalities
(M pey(£),0 — wea (B xv < Tt Mugy (1): Mo — Mgy (1)),
(Mben(t),v — wen (b)) vexv < @(n(t), Mv) — @(n(t), Mwey(t))
for a.e. t € (0,T), into the above equation, we get
(e, (1) + A(t, wen (1)), v — wen(8))vexv
+J0(t, Mwgy (t); Mv — Mwey(t)) + ¢ (n(t), Mv) — o(n(t), Mwey(t))
> (fe(t),v —wey(t))y=xy forall veV, ae. te(0,T),
wey (0) = vo.

Hence, we¢, € W is a solution to Problem 7. This completes the proof of the claim.

To complete the proof of Step 1, we show that the solution to Problem 7 is unique. Let wq, wy € W be
the solutions to Problem 7 (we skip the subscripts &, 7 for this part of the proof). We write two inequalities:
for wy and take ws(t) as the test function, and for we and take wq(t) as the test function. We have

(wi(t) + A(t, wi (1), wa(t) — wi(t))vexv
+J0(t, Mws (8); Mws(t) = Mwy (8)) + @(n(t), Mwa(t)) — @(n(t), Mw (t))

> (fe(t),wa(t) —wi(t))vexy ae. te(0,7T)

and
(wy (t) + A(t, wa(t)), wi(t) — wa(t))vexv
70(t, Muwa(t); Mun(t) — Mua(t)) + o(n(t), Muws (1)) — p(n(t), Mus (1))
> (fe(t), w1 (t) —wa(t))yvxy ae te(0,T)
and w1 (0) = wa(0) = vg. Adding these inequalities, we deduce
(wi(t) = wy(t), wi(t) — wa(t))vexv
(At w1 () — At wa (), 01 (1) — wa(t))v-r
< JO(t, Mwy (£); Mws(t) — Mwy (1)) + JO(t, Mws(t); Mwi () — Mws(t))

for a.e t € (0,T). Integrating the above inequality on the time interval (0,t), using the integration by
parts formula, cf. e.g., Proposition 3.4.14 in [8], condition (1)(e) and Remark 5, it follows that
t

1 (6) = wa®lfy = 5 lur (0) = walO)lFy +ma [ foa(s) ~ wa(s) [} ds
0

¢
< mJ||M||2/ |wi(s) —wa(s)||3 ds for all ¢ € [0,T].
0

Hence, from condition wy (0) = w2 (0) = vp, and assumption (6), we obtain
lwy(t) —wa(t)||% =0 for all t € [0,T).
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This implies that wq (t) = wa(t) for all ¢ € [0,T7, i.e., w1 = wq. In conclusion, we deduce that solution to
Problem 7 is unique. This completes the proof of Step 1.
Step 2. In this part of the proof, we define the operator A: L?(0,T;V* x Y) — L%(0,T;V* x Y) by

A&, n) = (Rwgy, Riwe,)  for all (€,n) € L*(0,T;V* x Y),

where we, € W denotes the unique solution to Problem 7 corresponding to (§,7).
We show that operator A has a unique fixed point. To this end, we apply Lemma 7 of [24]. We will
prove that for all (&1,m1), (&2,m2) € L?(0,T;V* x Y) and a.e. t € (0,T), we have
t

%/*des (16)

[A(E1,m)(#) — A(§2,m2) (D)]

Z‘WYSc/ 1, m)(s) — (E0,m)(5)]

with ¢ > 0.
Let (&1,m), (&2,m2) € L*(0,T;V* x Y) and wy = wg,y,, w2 = wg,,, be the unique solutions to
Problem 7 corresponding to (£1,71) and (£2,72), respectively. Thus

(wi (t) + A(t, wi(t)), wa(t) — wi(t))vexv
+ JO(t, Mwy (t); Mws(t) — Mwy (1) + (i (), Mwa(t)) — @ (n (), Muws (t))
> (f(t) —&1(t), wa(t) —wi(t))vexy ae. te(0,T)

and
(wh(t) + A(t, wa(t)), w1 (t) — wa(t))vexv
0t Muoy(6); Muoy(8) — Mus(8)) + (a(t), My (8)) — p(ia(t), Mus (1)
> (f(t) = &(t), wi(t) —wa(t))vexv ae. t€(0,T)
and w1 (0) = wz(0) = vo. Adding these two inequalities, we obtain

(wy (t) — wy(t), wa(t) — wi(t))v-xv + (A(t,wi(t)) — At wa(t)), w ( ) —wi(t)vexv
+J0(t,Mw1(t);Mw2(t) — Muw; () + Jo(t,ng( ); Mwy (t) — Mws(t))
+o(m(t), Mws(t)) — o(m(t), Mwi(t) + @(n2(t), Mw (t)) — w( 5 (t), Mws(t))
> (&1 (1), w2(t) —wi()vexv — (§2(t), wi(t) — wa(t))vexv

for a.e. t € (0,T).
Similarly as in the first part of the proof, we integrate the above inequality on (0, t), use the integration
by parts formula, and hypotheses (1)(e), (3)(d) and (4)(d). We get
t

() = wa(OlFy = 5lwr(©) — walOlFy + ma [ for(s) — wal)] ds
0
< MIP [ Jun(s) = wals)F ds
+ 8] / I s) = () a(s) — wa(o)]v ds

/ €159 — €2(8) - s (5) — ()l s
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for all t € [0, 7). Using hypothesis (6) and the Holder inequality, we have
Cllwy —wallZ20.4vy < Boll M Im = n2ll L2063y lwr — wall L2 (0,60

+|€1 — &2
for all ¢ € [0,7] with ¢ =ma —my||M|?> > 0. Thus

- w2||L2(o,t;v)

lwi = wallL20,6v) < ¢ (lm = n2llL2,6v) + 161 — E2llL20.6v+)) (17)
for all ¢t € [0,T], where ¢ is a positive constant which value may change from line to line.

On the other hand, by the definition of operator A, hypothesis (8), condition (17) and the Jensen
inequality, one can verify that

A€, m)(E) = A€, m2) (D) [Ty

= II(Rwl)( ) = (Rwa)(1)|[3+ + [|(Rywn)( ) = (Ruywa) ()3

2
(cn / s (5) — wa(s) v ds)” + (e, / s (5) — wa(s) v ds)

< cllwr = wsllfz vy < ¢ (I = ma ) + 6 —@\\Lz(o,t;m)

<e / 1€, m)(5) — (€20 72)(5) 3oy ds

for a.e. t € (0,T). This proves condition (16) and subsequently, by Lemma 7 of [24], we deduce that there
exists a unique fixed point (£*,7*) of A, i.e.,

(€*,n*) € L*(0,T; V* x Y) is such that A(&*,n*) = (£*,n%).

The proof of Step 2 is complete.
Step 3. Let (¢*,n*) € L?(0,T; V* x Y) be the unique fixed point of operator A. Let we«,« € W be the
unique solution to Problem 7 corresponding to (£*,7*). From the definition of operator A, we have

§" = R(weey+) and n* = Ry(weep~).

Using these relations in Problem 7, we easily deduce that we«,= is the unique solution to Problem 4. This
completes the proof of the theorem. O

4. A dynamic frictional contact problem

Many important dynamic contact problems dealing with elastic, viscoelastic or viscoplastic materials
can be cast in a variational-hemivariational inequality form as in Problem 4 in which the unknown is
the velocity field. In this section we provide a description of a dynamic viscoelastic contact problem to
which our abstract result of Section 3 can be applied. We show that the variational formulation of the
contact problem leads to evolutionary variational-hemivariational inequality for which we prove a result
on existence and uniqueness of weak solution.

We start with the notation needed to describe the contact problem and with its physical setting.
Then, we provide the hypotheses under which we study the contact problem. We denote by S? the space
of d x d symmetric matrices, and we always adopt the summation convention over repeated indices. The
canonical inner products and norms on R% and S? are given by

UV = u; v, [v]| = (v-v)"/? forall u,veR?

1/2

cir=0yry, |rll=(r:m)"? forall o7 s
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The physical setting of the contact problem is as follows. A deformable viscoelastic body occupies
aset Q C R? d = 2, 3 in applications. The volume forces and surface tractions depend on time and
act on the body. We are interested in the dynamic process of the mechanical state of the body on the
time interval [0,7] with 0 < T' < +00. The boundary I' = 99 is supposed to be Lipschitz continuous
and to be composed of three parts I'p, I'y and I'c which are mutually disjoint, and the measure of I'p,
denoted by |I'pl, is positive. Then, the unit outward normal vector v exists a.e. on I'. We assume that
the body is clamped on part I'p, so the displacement field vanishes there. Volume forces of density f
act in 2 and surface tractions of density f, are applied on I'y. The body may come in contact with an
obstacle over the potential contact surface I'c. In what follows we put Q@ = Q x (0,7), ¥ =T x (0,7),
Xp=Tpx(0,T), Xy =Tn x (0,T) and Lo = T'c x (0,T). We often do not indicate explicitly the
dependence of functions on the spatial variable x € ).

Moreover, for a vector & € R?, the normal and tangential components of & on the boundary are
denoted by &, = £ -v and £, = & — £, v, respectively. The normal and tangential components of the
matrix o € S? are defined on boundary by o, = (ov) - v and o, = ov — 0,v, respectively.

We denote by u: Q — R? the displacement vector, by o: @Q — S¢ the stress tensor and by e(u) =
(€i(w)) the linearized (small) strain tensor, where ¢, j = 1,...,d. Recall that the components of the
linearized strain tensor are given by e(u) = 1/2(u;; + u;,;), where u; ; = Ou;/0x;.

The classical formulation of the problem reads as follows.

Problem P. Find a displacement field w: Q — R% and a stress field o: Q — S such that

w!(t) ~ Diver(t) = folf) in Q. (18)
o(t) = A(t,e(u'(t))) + B(t,e(u(t))) + /IC(t —s,e(u/(s))) ds in Q, (19)
0
u(t)=0 on ¥p, (20)
oty = fy(t) on Xy, (21)
—0,(t) € 0j,(t,u, (1)) on X¢, (22)
— o, (t) € h(u,(t)) O (u(t)) on Y¢, (23)
u(0) =ug, u'(0) =g in Q. (24)

We note that (18) is the equation of motion in which “Div” denotes the divergence operator for tensor
valued functions, Dive = (oy;,;), and, for simplicity, we assume that the density of mass is equal to
one. Equation (19) represents the viscoelastic constitutive law with long memory, where A, B and K are
nonlinear time-dependent viscosity, elasticity and relaxation operators, respectively. Conditions (20) and
(21) are the displacement and the traction boundary conditions. The multivalued conditions (22) and (23)
represent the contact and friction conditions, respectively, in which j,, h and ¥ are given functions. The
function j, is locally Lipschitz in the second variable, and 975, denotes its Clarke subdifferential, while
the function 1) is convex in the second variable and 9 stands for its convex subdifferential. Remark that
the explicit dependence of the operators A and B in (19) and the function j, in (22) on the time variable
allows to model situation when the frictional contact conditions depend on the temperature, which plays
the role of a parameter, i.e., its evolution in time is prescribed. The example of contact condition (22) is
the so-called normal damped response condition of the form

—0,(t) = ky (2, )py (W, () on e,



15 Page 12 of 22 S. Migérski and J. Ogorzaly ZAMP

where k, € L>(Z¢) and p,: R — R is continuous. In this case, potential j,(x,t,7) = k,(x,t) [ p.(s)ds
0

and 97, (x,t,r) = k,(x,t)p,(r) for all r € R, a.e. (x,t) € X¢. Since p, is not supposed to be increasing,
Ju(x,t,-) is not necessary a convex function. Various examples of the nonmonotone normal damped
response condition are presented in [16,27,30,41,45]. The friction condition (23) incorporates several
conditions met in the literature. One of the simplest choices is 1(x, &) = k(z)||&|| for all £ € RY, a.e.
x € ', where k is a nonnegative function. This leads to the Coulomb law of dry friction of the form

ur(t) oo
I if u, #0,
u (1)

lo-Oll < B, —or(t) = Fy g

where Fp, = h(u,(t))k(x) represents the friction bound. We refer to Section 6.3 of [30] for a detailed
discussion on the friction laws of the form (23). Finally, conditions (24) represent the initial conditions
where ug and vy denote the initial displacement and the initial velocity, respectively.

Next, we introduce the spaces needed for the variational formulation. Let

V={ve H(QGRY) |v=0 onTp}, (25)

which is a closed subspace of H'(£2;R%) due to the continuity of the trace operator and H = L2?(£2;R9).
Then (V, H, V*) forms the evolution triple of spaces. It is well known that the trace operator denoted by
v:V — L*(;RY) is linear and continuous. For the element v € V we still use the notation v for the
trace of v on the boundary. We also set H = L?(£2;S%). On V we consider the inner product and the
corresponding norm given by

(w,v)v = (e(u),e(@))n, |[lv] = lle(v)[n foruw,veV.

From the Korn inequality [[v|| g1 (qra) < clle(v)| for v € V with ¢ > 0, it follows that [| - || j1(;re) and
I - || are equivalent norms on V.

In the study of problem (18)—(24) we consider the following assumptions on the viscosity operator A,
the elasticity operator B and the relaxation operator K.

A: Q x S* — 8% is such that
(a) A(:, -, &) is measurable on @ for all € € S%.
(b) A(=,t,-) is continuous on S? for a.e. (x,t) € Q.

() (A(zm,t,e1) — Az, t,€2)) : (€1 — €2) > maller — &3 (26)
for all €1,e2 € S¢, a.e. (x,t) € Q with m4 > 0.

(d) Az, t,€)|lse < ao(x,t) + ay]|ellge for all € € S,
a.e. (z,t) € Q with @y € L*(Q),a@ > 0 and @; > 0.

(e) A(z,t,0) =0 for a.e. (x,t) € Q.
B: Q x S* — S% is such that

(a) B(-,-,€) is measurable on @ for all & € S%.

(b) ||B(:I:,t,€1) - B(wﬁt’€2>||Sd < LBHal - €2||Sd (27)
for all 1,62 € S, a.e. (z,t) € Q with Lg > 0.

(C) B(~,~,O) € Lz(QQSd)~
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K:Q xS* — 8% is such that
(a) K(-,-, €) is measurable on Q for all € € S%.
(b) IK(z,t,e1) — K(x,t,€2)||se < Lic|ler — e2]lsa (28)
for all €1,e5 € S¢, a.e. (x,t) € Q with L > 0.
(C) ]C(a '70) € L2(Q§Sd)'

The memory function h, the friction potential v and the contact potential j, satisfy the following
hypotheses.

h:T'c x R — Ry is such that
(a) h(-,r) is measurable on I'c for all r € R.

(b) [M(x,r1) — h(x,72)| < Lp|ry — o for all (29)
r1,r2 € R, ae. ¢ € I'¢ with Ly > 0.

(¢) 0 < h(x,r) <hforalreR, ae x e 'c with h > 0.
1: Te x RY — R is such that

(a) ¥(-, &) is measurable on I'¢ for all £ € R and
there exists &, € R? such that (-, &,) € L*(T'¢).

(30)

(b) ¢¥(x,-) is convex for a.e. x € T'¢.
(c) [(x, &) — (@, &)] < Lyll§; — &l for all

€, €RY ae x € o with Ly > 0.

Jv: Yo x R — R is such that

(a) ju (-, -, 7) is measurable on X for all » € R and there

exists e € L*(I'¢) such that j,(-,-, e()) € L' (Z¢).
(b) ju(z,t,-) is locally Lipschitz on R for a.e. (x,t) € X¢.
(¢) |0ju(z,t,7)| < Cou (2, t) + C1p|r| for all r € R,

a.e. (:Ij,t) € Yo with ¢, € L2(Ec),Eoy,51y > 0. (31)

(d) (rf —r3)(r1 —r2) > —my|ry — rf? for all
r¥ € dj,(x,t,r;),r €Ri=1,2, ae. (x,t) € X¢
with m, > 0.

(e) 7o, t,r; —r) < d,(1 + |r|) for all 7 € R,
a.e. (x,t) € Lo with d, > 0.

We suppose that the densities of the body forces and tractions, and the initial data have the following
regularity
fo € L*(0,T; LX(RY),  fy € L2(0,T; L2 (Tn;RY),  wo, wo € V. (32)
Finally, we need the following smallness condition
ma > my ||y (33)

We now pass to the variational formulation of Problem P. Let (u,0) be a couple of sufficiently
smooth functions which solve (18)—(23). Let v € V and t € (0,T). Then, using the Green formula (cf.
Theorem 2.25 in [30]) and (18), we have

/u”(t) (v —d(t))dx + /o’(t) s (e(v) —e(u/(t))) da

Q Q
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= /O'(t)l/ (v —/(t))dl —|—/f0(t) (v —u/(t)de.
r )

Next, we employ boundary conditions (20) and (21) and the decomposition formula o (t) v-v = o, (t)v, +
o.(t)-v; on X to obtain

/ u(t) - (v—u'(t)de +/ o(t): (e(v) —e(u'(t)))dz

Q Q
- [t~ dr - [ o) (o, ~u @) ar
T'c I'c
~ [ o) 0 -w@)ds+ [ £ 0w ar. (34)
Q I'n

Subsequently, from boundary conditions (22) and (23), by definitions of the convex and Clarke subdiffer-
entials, we infer

—0u () (v — uy, (1) < Gy (8w, (8); 00 — (1)),
—0.(t) - (vr — ur(t)) < h(w,(1))(P(vr) — P(ur(1))

on X¢, for a.e. t € (0,7). Using these inequalities in (34), we obtain

(u’(t), v = ()vexv + (o(t),e(v) — (' (t)))2 + /jB(M’u(t);vu —u, () dT

+ / B (£)) ($(02) — (! (1)) T > (F(8), 0y v (35)

where the function f: (0,7) — V* is defined by
(f),v)vexv = (Fo(t),v)r2(mray + (Fn (1), V) L2y R (36)
for all v € V and a.e. t € (0,7).
We now combine inequality (35) with the constitutive law (19) and the initial conditions (24) to obtain

the following variational formulation of Problem P.
Problem Py . Find a displacement field w: Q — R% and a stress field o: Q — S such that

o(t) = Alt,e(u'(t)) + B(t, e(u(t)))
—I—/IC(t —s,e(u/(s)))ds forae. te(0,7), (37)
0

(W’ (t),v — W (t)vexv + (o(t),e(v) — e(w(t)))n
+ /jg(t,uﬁ,(t);vy —u,, () dI’ + / h(uy (8)) (Y(vr) — P (t))) dT
> (f(t),v)v+xy forall veV, ae te(0,T), (38)
u(0) = uy, u'(0) = vo. (39)

Our main result in the study of Problem Py is the following.
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Theorem 8. Suppose that (26)-(30), (31)(a)-(d), (32) and (33) hold. If one of the following hypotheses
i) ma>2v2(V2e, + Lyhy/[De]) I (40)
i) (31)(e) holds (41)
is satisfied, then Problem Py has at least one solution which satisfies
uc Wh(0,T;V), o L?0,T;H), Dive c L*(0,T;V*). (42)
If, in addition, the following hypothesis holds

ma > my||[yl* + v/(Ls + L) T + Lu Lt [y VI IIT (43)

then the solution of Problem Py is unique.

Proof. The proof consists of three main parts in which we establish existence, uniqueness and regularity
of solution of Problem Py .

Existence part. To prove ex1stence of solutions to Problem Py, we apply Theorem 6. To this end, let us
denote w(t) = u/'(t), i.e., u(t fo s)ds+wuy for a.e. t € (0,T). Using this notation and inserting (37)
into (38), Problem Py is equlvalently formulated as follows.

Problem P;. Find a velocity field w: Q — R? such that

(w'(t),v — w(t)v-xv + (At e(w(t))),e(v) — e(w(t))),,

H

( /w ) ds + u) +/K t—s,e(w )))dsvs(v)—s(u’(t))>
0 0

4 / JO(t,wy (£); v, — w, (£)) dT

T'e

s ([ ws)as +u), ) 010,) 6w, @) a0 2 (0,0

Te
forall veV, ae te(0,T),
u(0) = ug, u'(0) = vo.

We observe that if (u, o) is a solution to Problem Py, then w = u’ solves Problem P;. Vice versa, if w
solves Problem P7, then we define w(¢ f w(s)ds+wug for a.e. t € (0,7) and once we have displacement

u, the stress field in Problem Py can be unlquely determined by (37), and then (u, o) solves Problem Py .
Therefore, in what follows, we will solve Problem P; and we associate with it an inequality to which we
apply Theorem 6.

We put X = L?(I'¢;RY) and Y = L?(I'¢), and introduce the following operators and functionals. Let
A: (0,T)xV =-V* §: V-V R: V=V Ri:V—L>0,T;Y), p: Y xX =R, J: (0,T) x X - R
and M:V — X be defined by

(A(t,u),v)v-xv = (A(t,e(u)),e(v))y for all u,v €V, ae. t € (0,T), (44)

(Sw)(t /w Yds+ug forall weV, ae. te(0,T), (45)
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t

(Rw)(®),vvrv = (Bltse((Sw)e) + [ Kt - s.ew(s)) ds.o(v)

H
0
foralw eV, veV, ae te(0,T), (46)
t
(Riw)(t) = (Sw),(t) = /w,,(s) ds + uoy
0
for allw € V, a.e. t € (0,T), (47)
p(w.2) = [ Way(@)vle = @) A orally € Vz e X, (48)
I'c
J(t,z) = /jl,(a:,t, zy(x))dl forall z € X, ae. t € (0,7), (49)
Te
M =~:V — X is the trace operator. (50)

Using the above notation, we consider the following variational-hemivariational inequality.
Problem Ps. Find w € W such that

(w'(t) + At w(t)) + (Rw)(t),v — w(t))vexv
+J0(t, Mw(t); Mv — Mw(t)) + o(Raw)(t), Mv) — p((Raw)(t), Muw(t))
> (f(t),v —w(t))y-xy forall veV, ae. te(0,T),
w(0) = w.

In what follows we establish the existence of solutions to Problem P, and we observe that every
solution to Problem P, is also a solution to Problem P;. We will verify hypotheses of Theorem 6.
19) From the proof of Theorem 14.2 of [33], we know that operator A defined by (44) satisfies hypothesis
(1) with ma = mu, ao(t) = V2 |[ao(t)||r2(0), a1 = V2@ and ax = ma.
20) The operator M = ~: V — X satisfies hypothesis (2). For the proof, we refer to Theorem 2.18 of [32].
3%) Let j: ¥¢ x RY — R be defined by

jlx,t, &) = j,(x,t,6,) forall &€eR? ae. (x,t) € Ze.

Then, j satisfies the following properties.

I) The function j(-,-, &) is measurable on Y¢ for all & € R%. Moreover, if e € L?(I'¢) is as in (31)(a),
then the function é(z) = e(z) v for a.e. © € ¢ satisfies j(-,-,¢()) € L}(Z¢).

IT1) The function j(z,t,-) is locally Lipschitz on R? for a.e. (z,t) € S¢.

IIT) By Proposition 3.37 of [30], we obtain

9j(x,t,€) C Ojy(,1,8) v (51)
i@, t,&m) < Go(@,t,60im,) (52)
for all £, n € R, ae. (x,t) € X¢. From (31)(c) and inclusion (51), we deduce the following inequality
[0, t,&)|| < o, t) + 1 [€]]
for all £ € R?, a.e. (x,t) € Y.



ZAMP Dynamic history-dependent variational-hemivariational... Page 17 of 22 15

IV) Let ¢; € 0j(z,t,&,), &, ¢; € RY, i =1, 2. Then, by hypothesis (31)(d) and inclusion (51), we have
Ci =nv,mn; € 8J($7taful) and

(€1=¢C) (&1 —&) = —ma)v- (& — &)

= (m — o) (E1n — 20) > —m, [|&; — &,
for a.e. (x,t) € ¥¢. This proves that

(0j(m,t,&1) — 9j(x,1,€5)) - (€1 — &) > —m, [|€; — &
for all &, &, € R, ace. (z,t) € Sc.
V) From hypothesis (31)(e) and (52), we obtain
3@, & =€) < (e, 1,65 —8) < du(1+[I€])
for all £ € R?, a.e. (z,t) € Xc.
Under the above notation, we consider the integral functional given by
J(t,z) = /j(m,t,z(m)) dI' for z € X, a.e. t € (0,7).
Te
Exploiting properties 3°) 1)-V), by Theorem 3.47 of [30], we have
(i) J(-,z) is measurable on (0,7") for all z € X.

(ii) J(t,-) is well defined and Lipschitz on bounded subsets (hence also locally
Lipschitz) on X for a.e. t € (0,T).

(i) [[0J(t, z)||x+ < co(t) + e1]|2]|x for all z € X, a.e. t € (0,T) with
Co(t) = \/2|Fc| ||EOV||L2(F0) and C1 = \/5611,.

(iv) (DJ(t,z1) — OJ(t,22), 21 — z2) x*xx = —myl|lz1 — z2]|% for all z; € X,
i=1,2, a.e. t € (0,T) with my =m,, cf. the proof of Theorem 5.23 of [30].
From conditions (i)-(iv) we concude that hypothesis (3) holds.
49%) Next, we check that under hypotheses (29) and (30), the functional ¢ defined by (48) satisfies (4).
I) Let z € X be fixed and define g(x,r) = ¢ (x, z,(x))h(z,r) for r € R, a.e. ¢ € T'¢. It is clear that
g(+,7) is measurable for all » € R, g(x,-) is continuous for a.e. © € I'c and |g(x,7)| < hn.(z) for all
r €R, a.e. ¢ € I'c, where 1, € L?(I'¢) is given by

nz(x) = Ly 27 (@)]| + Ly [§oll + (2, &)

for a.e. * € I'c. From the Holder inequality, we have

[P(Y1,2) — (Y2, 2)| < Ln / (@, 2 (2))] |y, (®) — yo(2)[ T

o]

I
<Ly / n:(@)] [y, (x) — yo ()|l < Lal|n:lly ly: — yally
I'e

for all y,, y, € Y. Hence ¢(+, z) is Lipschitz for all z € X which implies that condition (4)(a) holds.

II) Let y € Y be fixed and define f(x,&) = h(x,y(x))p(xz,€,) for & € RY, ae. © € T'¢. It is clear that
f(-,€) is measurable for all £ € R?, f(x,-) is Lipschitz continuous and convex for a.e. © € I'c. Using the
Hoélder inequality, we obtain

lp(y, 21) — o(y, 22)| S/|h(w,y(w))||¢(w»zlf(w))—d}(ﬂcazzr(w)ﬂ(ﬂ“

e
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< LoF [ (@) = 22, @) dF < Lufiy/ el 21 - 2allx.
Te

Thus ¢(y,-) is convex and Lipschitz for all y € Y which implies that condition (4)(b) is also satisfied.
Moreover, by Remark 2, we deduce that

10¢(y, 2)||x+ < Lyhy/|[Tc| forally ey, z € X,

which implies condition (4)(c) with ¢, = Lyhy/[Tc].
IIT) Finally, exploiting the Lipschitz continuity of h(x,-) and ¢(x,-) for a.e. € T'¢, by the Holder
inequality, we get

(Y1, 22) — P(Y1, 21) + P(Ya, 21) — (Yo, 22)

= /(h(w,yl(x)) — h(®@, yy(2))) (P(x, 22 (2)) — P(2, 217 (2))) AT

< LnLy / Y1 () = ya ()] 217 (@) — 22 (@) AU < L Lyllys — yally [[21 = 22l

Hence, condition (4)(d) is satisfied with 3, = LjL,. This completes the proof that the functional ¢
satisfies hypothesis (4).

59) Since ¢ = V2@, by 3°)V), ¢, = Lyhy/[Tc| by 4°)11), and aq = m 4 by 1°), it is clear that condition
(40) implies hypothesis (5)(a).

The hypothesis (5)(b) is guaranteed by the condition (41). To see this, we recall that by 4°)II), we
have [|0¢(y, 2)||x+ < Lyhy/|T¢c| for all y € Y, z € X. Moreover, we make use of the inequality in 3°)V)
and formula

JO(t, z;w) < /jo(sc,t,z(m);w(sc))df for z,we X, ae. t€(0,7), (53)
I'e

which is a consequence of Theorem 3.47(iv) of [30] to conclude that
JO(t,z;—2) < do (1 + |z||x) forall z€ X, ae. tec (0,T) with dy > 0.

Hence (5)(b) is satisfied.
6°) We will show that the operators R and R; defined by (46) and (47) satisfy hypotheses (8)(a) and
(b), respectively. Indeed, using (27)(b) and (28)(b), we obtain

[(Rwn)(t) — (Rws)(#)[lv+ < [B(t, e((Sw1)(#))) — B(t, e((Swa)(1)))

+/ 1Kt —s,e(wi(s))) — K(t — 5, e(w2(s)))[ln ds
0
< L [e((Sw1)(#)) — e((Sw2)(1))[x + Lk / le(wi(s)) — e(wa(s))lln ds
0

< (Ls + Lx) / w1 (s) — ws(s)[lv ds (54)
0

for all wy, wa € V, ae. t € (0,T). It follows from (54) that
[(Rw)(®)[lv+ < (L + Li)[|wl L2 (0,6:v) + [[(RO)(2)]

Ve (55)
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for all w € V, a.e. t € (0,T). Using (27)(c) and the definition of the operator R, we infer that

1(RO)(®)]

t
ve < B0 ey + / () |22y ds (56)
0

with b(z,t) = ||B(z,t,0)||se and k(z,t) = || K(z, t,0)||se, b, k € L*(Q). From (55) and (56), we deduce

[Rwlly- < c(wlly + bl 2(q) + Ikl L2(@))

for all w € V with ¢ > 0 which implies that operator R is well defined and has values in V*. Also, using
the continuity of the trace operator and the inequality |£,| < [|£]| for € € R?, from the definition of
operator R, we get

[(R1w1)(t) — (Riwa)(t)]

ve = [[(Swi)u(t) = (Swa), (8)[ly
< Iy ((Sw1)(t) — (Sw2)(1))lIx < [l / [wi(s) = wa(s)v ds (57)

for all wy, wy € V, ae. t € (0,T). We conclude that condition (8) is satisfied with cg = Lg + L and

ey = Il
7%) It is obvious that condition (6) is a consequence of the smallness condition (33). Finally, it is easy to
see that (32) implies the regularity hypothesis (7).

All hypotheses of Theorem 6 are now verified, so we deduce from it that Problem P, admits a unique
solution w € W. Next, using the inequality (53), we easily infer that the solution to Problem Py is
a solution to Problem P;. This implies that Problem Py has at least one solution. The proof of the
existence part of the theorem is complete.

Uniqueness part. In this part we assume, in addition to the previous hypotheses, that condition (43)
holds. Since Problem Py is equivalent to Problem P;, we show the uniqueness of Problem P;. Let wq,
wso € W be solution to the following problem.

(w'(t) + A(t,w(t)) + (Rw)(t), v — w(t)vexv
+ /jg(t7wu(t);vu —wy () dl' + e((Riw)(t), yv) — e((Raw)(t), yw(t))
T'e
> (f(t), v —w(t))y«xyv forall veV, ae te(0,T),
w(0) = vy.

We write the inequality satisfied by w; and take v = ws(t), and write the inequality with ws and take
v =w(t), and then we add the two resulting inequalities. We have

(W) (t) — wy(t), w1 (t) — wa(t))vexv
+ (A, w1 (1) — A(t, wa (1)), wi(t) — wa(t))vexv

< (Rw1)(t) = (Rw2) (1), wa(t) — wi(t))vxv

b [ (200 010050, () = w000 + 3208 w0 (0 01, (0) — (1)) T

+e(Riw1)(1), ywa(t)) — p((Rawn)(t), ywi (1))
+ e((Raws)(t), ywi (1)) — p((Riws)(t),ywa(t)) ae. t € (0,T),

w1(0) — w2(0) =0.
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Using Remark 5, (4)(d) and (31)(d), we obtain
(wi(t) — wh(t), wi(t) — wa(t))vexy
+ (At wi (1) — At wa(t)), wi(t) — wa(t))vexv
<

(Rw1)(t) — (Rw2)(t), wa(t) — wi(t))vxv

+m,, / |w1,(t) —wgl,(t)|2 dr

+ B, [(Raw)(t) = (Ruwa) (@) |ly [ywi(t) = ywa(t)llx  ae. t € (0,T),
w1(0) — w3 (0) = 0,
where (3, = Ly L. Integrating on (0,%), using (1)(e) and the initial condition, it follows

3ws() = wa(t)F + ma [ Jw1() — wals) [} ds

t

<( / |(Rawy)(s) — (Rawva)(s)

1/2
I3 ds) / Jws (5) — wa(s) 3 ds)
t
- / yan (s) — wa(s) % ds
0

48 1 ([ IR1w2)(6) = (Ruwa)(5) [} ds)| / s (s) — wals) [} ds)
0

for all ¢ € [0, T]. Hence and from inequalities (54) and (57), we get
ma[wi = wa| 20y < Vert [wi — w272 4,y
+my VP lwi = wallZa0.1) + Be IVl Veritllwr — wall7a iy

< (ol 2 + VerT + Bolven,T ) llwr = wallfa )

for all t € [0,T] with 8, = LpLy, cr = L + Li and cg, = ||7||. Hence and from hypothesis (43) it is

clear that wy = wsy. This completes the proof of uniqueness of solution to Problem Py .

Regularity. In order to obtain the regularity (42) of the solution of Problem Py, we note that the regularity
t

w € W together with the definition u(t) = [w(s)ds+ug for a.e. t € (0,T) combined with the continuity
0
of the embedding W C C(0,T; H) implies that
weWh2(0,T;V), o €C(0,T;H), " e L*0,T;V"). (58)

In addition, the constitutive law (19), hypotheses (26), (27), (28) and (58) show that o € L?(0,T;H).
Furthermore, from (19) and (38) we obtain that u”(t) — Dive(t) = f,(t) in Q. This equality combined
with (32) and (58) imply that Div o € L?(0,T;V*). Thus, the regularity of the stress field is given by

o€ L*(0,T;H), Dive e L*(0,T;V*). (59)
Hence we conclude that the regularity (42) holds. This completes the proof of the theorem. O
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We remark that the existence part of Theorem 8 represents a global result, and the uniqueness result
is a local one since the length of the time interval has to satisfy the smallness condition (43).

A couple of functions w: (0,7) — V and o: (0,7) — H which satisfies (37), (38) and (39) is called
a weak solution to Problem P. In conclusion, we infer that under the assumptions of Theorem 8 there
exists a unique weak solution to Problem P with regularity (42).

Open Access. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses /by /4.0/), which permits unrestricted use, distribution, and reproduction in any medi-
um, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.
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