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Modeling and analysis of a contact problem for a viscoelastic rod

Krzysztof Bartosz and Mircea Sofonea

Abstract. We consider a nonlinear viscoelastic rod which is in contact with a foundation along its length and is in contact
with an obstacle at its end. The rod is acted up by body forces and, as a result, its mechanical state evolves. Our aim
in this paper is twofold. The first one is to construct an appropriate mathematical model which describes the evolution of
the rod. The second one is to prove the weak solvability of the problem. To this end, we use arguments on second-order
inclusions with multivalued pseudomonotone operators.
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1. Introduction

Vibration processes and objects or media arise in engineering and everyday life. The vibration of a bridge,
of a window, of a spring or an automotive platform with a low-power active suspension represents only
four simple examples, among others. Vibration produces sounds and could lead to resonance phenomena
which can have destructive effects on the mechanical systems. For this reason, there is a considerable
interest in the modeling, analysis and numerical simulation of such processes. The literature in the field
is extensive.

In the engineering literature, the vibrations are very often studied by considering mechanical systems
based on finite collections of masses, springs, dampers, and rods in frictional or frictionless contact. The
analysis of such systems leads often to nonlinear differential equations or inclusions of second order. The
nonlinearity arises either from the nonlinearity of the constitutive laws involved into the model or from
the contact conditions.

In this work, we study the evolution of a simple mechanical system, consisting of a vibrating rod in
contact with a support along its length, the so-called foundation. The interaction between the rod and
the foundation is modeled with specific interface conditions. The rod is clamped at one end and, in
addition, is in contact with an obstacle, at the other end. The contact is modeled with a subdifferential
condition involving a possible nonconvex potential. We derive a mathematical model describing the above
physical setting which leads to a new and nonstandard problem, expressed in terms of a second-order
differential inclusion. Solving this inclusion, which involves strongly nonlinearities, represents the main
trait of novelty of this paper. In this way, we show how one can apply the rapidly developing theory of
differential inclusions to describe contact processes with rods. We do it in a simple setting that avoids
some complications related to higher dimensions, making the mathematical approach more transparent.
Moreover, these simple settings are of importance since they allow for easier experimental measurements
and identification of the system parameters. These parameter functions then may be used in more realistic
applications.
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Mathematical models describing the evolution of rods in contact with obstacle have been studied by
many authors. For instance, a dynamic unilateral problem for rods was considered in [22], where the
existence of the weak solutions was established and numerical simulations have been provided. Dynamic
contact of two rods was modeled, analyzed and numerically simulated in [16]. The dynamic impact
of two thermoelastic rods can be found in [2] and the quasistatic contact in [3]. In both papers, the
heat exchange between the tips was assumed to depend on the distance or the gap when the rods were
separated. Contact problems with thermo-viscoelastic rods have been discussed in [17,18]. Quasistatic
contact of a elastic-perfectly-plastic rod was studied in [23]. This was, to the best of our knowledge, the
first result for contact of a material with such a constitutive law. We also refer to [1] for a survey of
static and quasistatic frictional contact problems in elasticity.

The rest of the paper is organized as follows. In Sect. 2, we introduce some basic definitions and
preliminaries that will be used in the sequel. In Sect. 3, we describe the physical setting and construct
our mathematical model of contact. It is in a form of a nonlinear inclusion in which the unknown is the
displacement field. Finally, in Sect. 4 we provide the existence result for the inclusion under consideration.
In this way, we prove that the contact problem has a weak solution. The proof of the existence theorem
is based on time discretization technique, the so-called Rothe method, that we present in Sect. 5. It could
also be obtained by using an abstract result recently obtained in [5]. However, for the convenience of the
reader, we made the choice to present a direct proof for our main existence result, Theorem 4.9. We
refer to [14,15] for additional results and methods concerning the discretization of nonlinear evolutionary
problems.

2. Preliminaries

In this section, we briefly present the notation and some preliminary material to be used later in this
paper. More details on the material presented below can be found in the books [10,11,19,20,26].

First, we precise that all linear spaces used in this paper are assumed to be real. Unless it is stated
otherwise, below in this section we denote by X a normed space with the norm ||-||x, by X* its topological
dual, and (-, -) ., y will represent the duality pairing of X and X*. The symbol 2X" is used to represent
the set of all subsets of X*. We start with definition of the generalized directional derivative and the
subdifferential in sense of Clarke.

Definition 2.1. Let ¢: X — R be a locally Lipschitz function. The Clarke generalized directional derivative
of ¢ at the point = € X in the direction v € X is defined by

o) —
900(55; v) = lim sup ey + M) —o(y) .
y—x,A10 A

The Clarke subdifferential of ¢ at x is a subset of X* given by
dplw) = {C € X*| @(@50) = (C,v)yorx forall ve X},
In what follows we introduce the notion of coercivity.

Definition 2.2. Let X be a real Banach space and A: X — 2% be a multivalued operator. We say that
A is coercive if either the domain D(A) of A is bounded or D(A) is unbounded and

inf{(v*,v) y., x | v* € Av}
= +-00.

l[o]| x —oc vED(A) vl x

We now proceed with the definition of a pseudomonotone operator in both single valued and multi-
valued case.
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Definition 2.3. Let X be a real, reflexive Banach space. A single valued operator A: X — X* is called

pseudomonotone, if for any sequence {v,, }52; C X such that v, — v weakly in X and lim sup(Av,, v, —
n—oo

v) < 0, we have (Av,v — y) < liminf(Av,, v, —y) for every y € X.

Definition 2.4. Let X be a real, reflexive Banach space. A multivalued operator A: X — 2% is called
pseudomonotone if the following conditions hold:

1) A has values which are nonempty, weakly compact and convex,
2) A is upper semicontinuous from every finite dimensional subspace of X into X* furnished with weak

topology,
3) if {vp o2, € X and {v}}52, C X* are two sequences such that v, — v weakly in X, v} € A(vy)
for all n > 1 and limsup(v},v, —v) < 0, then for every y € X there exists u(y) € A(v) such that

n—oo
(u(y),v —y) < liminf (v}, v, — y).
n—oo
We now recall two important results concerning properties of pseudomonotone operators.

Proposition 2.5. Let X be a reflexive Banach space and A1, Ay: X — 2% be pseudomonotone operators.
Then Ay + As: X — 257 is a pseudomonotone operator.

Theorem 2.6. Let X be a reflexive Banach space and let A: X — 2% be a coercive, bounded and
pseudomonotone multivalued operator. Then A is surjective, i.e., R(A) = X*.

Let X be a Banach space and T' > 0. We introduce the space BV (0,T; X) of functions of bounded
total variation on [0,7T]. Let m denote any finite partition of [0,7] by a family of disjoint subintervals
{os = (a;,b;)} such that [0,T] = U",7;. Let F denote the family of all such partitions. Then for a
function x: [0,7] — X and for 1 < g < 0o, we define a seminorm

HxH?BVq(O,T;X) = :‘él;__{ Z [|lz(b;) — :c(az)||g(}

o€m
and the space
BV(0,75X) = {x: [0.7] = X| |z svao.rx) < oo}
For 1 < p < oo, 1< ¢q < oo and Banach spaces X, Z such that X C Z, we introduce a vector space
MPU0, T, X, Z) = LP(0,T; X)NBVY0,T; Z).
Then the space M?9(0,T; X, Z) is also a Banach space with the norm given by ||| z» 0,7, x)+ | Bva (0,72

Next we recall a compactness result, which will be used in the sequel. For its proof, we refer to [15].

Proposition 2.7. Let 1 < p,q < oo. Let X7 C Xo C X3 be real Banach spaces such that X is reflexive,

the embedding X1 C X5 is compact and the embedding Xo C X3 is continuous. Then the embedding
MP9(0,T; X1, X3) C LP(0,T; X5) is compact.

The following version of Aubin-Celina convergence theorem (see [4]) will be used in what follows.

Proposition 2.8. Let X and Y be Banach spaces, and F: X — 2Y be a multifunction such that

(a) the values of F are nonempty closed and convex subsets of Y ;
(b) F is upper semicontinuous from X intoY endowed with a weak topology.

Let xp,x: (0,T) — X, yn,y: (0,T) =Y, n €N, be measurable functions such that x,(t) — x(t) for a.e.
t € (0,T) and y, — y weakly in L*(0,T;Y). If y,(t) € F(z,(t)) for alln € N and a.e. t € (0,T), then
y(t) € F(xz(t)) for a.e. t € (0,T).

Finally we will need the following discrete Gronwall lemma ([13, Chap. 7]).
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Lemma 2.9. Let T > 0 be given. For a positive integer N we define k = T/N. Assume that {g,})_, and
{en}N_| are two sequences of nonnegative numbers satisfying

n
en < Cgp +EZkej, n=1,...,N
j=1
for a positive constant ¢ independent of N or k. Then there exists a positive constant c, independent of
N or k, such that

max e, < c¢ max .
1<n<N ' T 1§n§Ng”

3. The model

We consider a viscoelastic rod which occupies, in its reference configuration, the interval (0, L) with
L > 0. The rod is attached at its end x = 0 and is in contact with an obstacle at z = L. In addition, it
is contact with a reactive foundation along its length that opposes its deformation. The rod is acted up
by time-dependent body forces of density f. The physical setting is depicted in Fig. 1.

We are interested in the description of the dynamic evolution of the rod in the physical setting above
and in providing the analysis of the corresponding mathematical model. To this end, we denote in what
follows by x and t the spatial and the time variables, respectively. Note that « € [0, L] and ¢ € [0, T,
where T represents the length of the time interval of interest. Moreover, for a function G = G(z,t), we
use the subscripts x and t for the derivatives with respect to z and ¢, i.e.,

_0G oG foale 0%G B 0%G

Gw_aixa Gtza7 wa:W7 Itzwv Gtt_atQ'

Everywhere in this paper, we denote by u = u(x,t) and ¢ = o(z,t) the displacement and the stress
function, respectively. We also denote by € = e(x,t) the deformation function defined by & = u,.
We turn now to the construction of our mathematical model, which gathers the equation of motion,
the constitutive law, the boundary conditions and the initial conditions, that we describe in what follows.
First, the equation of motion of the rod is given by

p(x)uy(x,t) = oy (x,t) + F(zx,t) forall x €[0,L], t €[0,T]. (3.1)

Here p = p(x) represents the density of mass in the reference configuration and F = F(x,t) represents
the total force acting on the rod, i.e., the sum of the applied force and the reaction of the foundation.
We assume that the reaction of the foundation has an additive decomposition of the form v + £, where
the functions ¢ and ¢ will be described below. Therefore

Flz,t) = fx,t) + (x,t) + £(x,t)  forall z € [0,L], t €[0,T]. (3.2)

Next we assume that

W(w,t) = —g(u(z,t)) for all x € [0, L], t € [0,T], (3.3)
&(x,t) = —h(u(z,t)) forall z €0, L], ¢t €[0,T). (3.4)
o L
£
00000000000000000), obstacle
foundation

Fi1G. 1. The rod in contact



ZAMP Modeling and analysis of a contact problem Page 5 of 21 127

where g and h are given nonlinear functions, assumed to be positive for positive argument and negative
for negative argument. This restriction guarantees that the forces v and £ are opposite to the velocity
and the displacement fields, respectively. Note that assumption (3.3) shows that the force v depends only
on the velocity field u; which mimics the behavior of a nonlinear viscous damper. Therefore it could be
used to model the friction between the rod and the foundation. In contrast, assumption (3.4) shows that
the force & depends only on the displacement field u, which mimics the behavior of a nonlinear elastic
spring. It could be used to model the adhesion between the rod and the foundation.

We now gather the Egs. (3.1)—(3.4) and assume, for simplicity, that p = 1. As a result, we obtain the
balance equation

ug (2, t) + g(ur(z,t)) + h(u(z, 1)) = ou(z,t) + f(2,1)
for all z € [0, L], ¢t € [0,T). (3.5)
The next step is to prescribe the constitutive law. We assume that the rod is viscoelastic and its
behavior is described with the equation
o =nle|P"2e; + Ee. (3.6)

Here n > 0 is a viscosity coefficient, £ > 0 represents the Young modulus and p > 2 is a given coeffi-
cient. Note that (3.6) represents a nonlinear version of the well-known Kelvin—Voigt linear viscoelastic
constitutive law

o =g, + Ee. (3.7
Actually, (3.6) could be recovered from (3.7) by assuming that the viscosity coefficient 77 depends on the
strain rate &, i.e., 7 = 7j(g¢) = n|e¢|P~2. Such kind of dependence is justified from physical point of view
since it can be observed to various materials like polymers and pastes, as explained in [24], for instance.
In addition, it makes the resulting boundary value problem more difficult from mathematical point of
view, since it introduces a strong nonlinearity into the model.

We now replace € = u, in (3.6) to see that

0 = nftze|’ " ugs + Eu, (3.8)
then we substitute this equality in the balance Eq. (3.5) to find that
U (2, 1) — (M|t [P ™2 ugt) s — Btz + g(ue(z, ) + hu(x,t)) = f(z,t)
for all z € [0, L], ¢t € [0, 7). (3.9)

We now describe the boundary conditions. First of all, since the rod is fixed in = 0, the displacement
field vanishes there, i.e.,
u(0,t) =0 for all ¢ € [0,T]. (3.10)
Next we assume that the rod is in contact at + = L with an obstacle and we model the contact with a
subdifferential inclusion of the form

—o(L,t) € 0j(ue(L,t)) for all t € [0,T]. (3.11)

Here j is a prescribed possible nonconvex function and 95 represents its Clarke subdifferential. Examples
of contact conditions which can be cast in the form (3.11), can be found in [13,19,25], for instance. Here
we restrict ourselves to recall that they include the so-called normal damped response condition and
various viscous-type contact conditions. We combine now (3.8) and (3.11) to deduce that

- <n|uxt(L,t)|p_2um(L,t) n Euz(L,t)) € j(uy(L,1)) for all ¢ € [0,T]. (3.12)
Finally, we prescribe the initial displacement and the initial velocity of the rod, i.e.,
w(z,0) =up(z), wu(x,0) =wve(x) foralltel0,T], (3.13)

where ug and vy are given functions.
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We are now in a position to formulate the mathematical model which describes the dynamic evolution
of the rod, in the physical setting described above.

Problem P. Find a displacement field w: [0, L] x [0, T] — R which satisfies the balance equation (3.9), the
boundary conditions (3.10), (3.12) and the initial conditions (3.13).

The existence of weak solution of Problem P will be provided in Sect. 4. It is based on technique
used recently in [5]. Here we mention that the main difficulty in the analysis of Problem P arises in the
nonlinearities of this problem, which appear both in the second-order Eq. (3.9) and in the multivalued
boundary condition (3.12). We also note that, if the displacement function w represents a solution to

Problem P, then the corresponding stress field can be easily computed by using the constitutive law
(3.8).

4. Main result

In this section, we state our main result in the study of Problem P, Theorem 4.9. Here and below, we
take 2 < p < o0 and 1 < ¢ < 2 satisfying % + % = 1. We use notation Ry for a set of nonnegative real
numbers.

We impose the following assumptions on the functions g, h, j and f.

H(g) g¢:R — Ris such that
) g is continuous,
= inf -
) g:=inf g(s)s > —oo,
(ii7)  |g(s)| < cg(1+[s[P71) for all s € R with ¢, > 0.
h) h:R — R is such that

(i) |h(s)| <en(l+]s|7) forallseR with e, > 0,

) |h(r) = h(s)| < h (max{|r], |s|}) |s — r|% for all r, s € R,

where h: R — R is a nondecreasing function.

H(j) j:R — Ris such that

(i) 7 is locally Lipschitz

(i) €] < ¢j(1+4|s[P~h) for all € € 9j(s) with ¢; > 0.
H(f) feL[0,T] [0, L]).
1o Uug € V, vg € H.

A typical example which satisfies assumption H(h) is the function

h(s) = [s’s,

=

where 6 <1 — %.
We introduce the spaces
W={veW"(0,L)|v(0)=0}, V={veH 0,L)|v0)=0}
and H = L?(0, L) with the norms defined by
L L L
lolly = [ foul da. ol = [ foa da. ol = [ 1o da.
0 0 0

We denote by (-, )y« and (-, )1+ the duality in spaces W and V, respectively. The inner product
in H is denoted by (-, ). Identifying H with its dual, we remark that the above spaces form the evolution
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system
WcVCcHCV CcW*
with all embeddings dense and continuous. We also recall that the embeddings W C H and V C H are
compact. It is well known that V' C C(0, L) and the following inequality holds:
llvllceo,n) < \/EHUHV for all v e V. (4.1)

Here C(0, L) denotes the space of continuous functions on [0, L] with norm |v[|¢(o,z) = max{ |v(z)| | z €
[0,L] } for all v € C(0, L). We consider operators A: W — W* B: V — V* and C: V — W* defined by

L L
(Au, V)= xw = 77/ e [P 2 upv, do + /g(u)v dr for allu,v € W,
0 0

L
(Bu,v)ysxy = E/uxvxdx forallueV, veV,
0

L
(Cu, VY wsxw = /h(u)vdx foralu eV, ve W.
0
We also define the functional F': [0,T] — W* by

L
(F(t),0) e = /f(t)v dz for allv e W.
0

Moreover we define the spaces W = LP(0,T; W),V = LP(0,T; V), H = L*(0,T; H) and U = LP(0,T). We
note that their dual spaces are W* = L2(0,T; W*), V* = L4(0,T;V*) and U* = L9(0,T), respectively.
We now introduce a notion of weak solution of Problem P.
Definition 4.1. A function u € W is said to be a weak solution of Problem P if u; € W, u;; € W* and
there exists a function ¢ : [0, 7] — R such that
(ue () + Aug(t) + Bu(t) + Cu(t), v)y- o + E(E)0(L) = (F(E),0) e s
for a.e. t € (0,T), forallve W,
&(t) € 9j(ue(L,t)) for ae. t € (0,7),
w(z,0) =ug(x), wu(x,0) =wvo(x) forae. xe€(0,L).
We remark that the weak formulation used in Definition 4.1 can be obtained from equation in Problem
P by multiplying it by a test function v € W and using an integration by parts formula.
In what follows we will deal with the existence of weak solutions of Problem P. To this end, we define
the multifunction M : R — 2% by M (s) = 97j(s) for all s € R. We also define the operator v: W — R given
by yv = v(L) for all v € W. We recall that W C C(0, L) and v(L) is understood as a value of a continuous

representant of v € W at L. Thus operator v is well defined. We use notation ||| := |||/ z(w,r). Next we
formulate the following auxiliary problem.

Problem P. Find u € W with u; € W and uy € W* such that
uge () + Auy(t) + Bu(t) + Cu(t) +v* M (yu(t)) > F(t) a.e. t € [0,T],
u(0) = ug, u(0) = vp.

Remark 4.2. By the definition of operator M, it follows that each solution of Problem P is also a weak
solution of Problem P.
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Applying Poincare and Jensen inequalities, we find that
/|v|pdx < LP / |vz|Pdz for allv € W. (4.2)
0 0

Next we state and prove several properties of the operators A, B, C';, M and « which will be used in
Sect. 5.
Lemma 4.3. If the assumptions H(g) hold, then the operator A: W — W* satisfies

() | Aullw- < ca(l+ ully ") for allu € W, where ca = n+ ¢,
(ii) (Au,u)yy oy > nllullfy +Lg  for alue W,
(iti) A is pseudomonotone.

Proof. Condition (i) follows from H(g)(zi¢) and (4.2). Condition (i7) follows directly from the definition

of A and H(g)(i7). Finally for the proof of (ii¢), we refer to the proof of Proposition 27.9 in [26]. O
Lemma 4.4. The operator B: V. — V* is linear, bounded, symmetric and strongly positive, i.e.,
(Bu,wyu oy = Ellull¥, || Bullv- = E|ully  for allu € V. (4.3)

The proof of Lemma 4.4 follows directly from the definition of B.
Lemma 4.5. If the assumptions H(h) hold, then the operator C': V. — W* satisfies
2
(1) |Cv|lw= < Be(1+ |lv||{y) for allv € V with B > 0,

(ii) there exists a nondecreasing function C: Ry — R, such that
|Co — Cwllw- < Clmax{llollv. [wlv }llo —wll

for allv,w eV,
(i1i) C is strongly continuous.

Proof. We start with the proof of (¢). Using H(h)() and Holder inequality, and (4.2), we calculate
L
(o) | < [ Ih@llulde < [ e (14 Jof?) w]da
0 0

<epL (L*lz + ||11||{1/> lw|lw forallveV, weW.

Thus it follows that ||Cv|jw- < chL(Lq + H’U”V) and () holds with 8¢ = ¢p L max{1, Ls a }. Now we prove
(73). Let u,v € V and w € W. Applying again Holder inequality and (4.2), we get

(€= Cou)yy | < [ 1) = ho)wlde <

L q

/(E(maX{IU\» [w[})u—wvldz | Liwllw,
0
and, in a consequence, it follows that

1
q

L
|Cu — Co|lw~ < /(E(max{|u|7 [ u—v|dx | L. (4.4)
0
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Since function h is nondecreasing, using (4.1), we obtain
h(max{|u(z)|, [v(x)[}) < h(max{||ullc(o,L). [vllcw,)})
< h(VLmax{||uly, |v|v}) forallz € [0, L].
Moreover using again Holder inequality, we obtain

1
q

L

1
/|u—v|dx §Li\|u—vH}fI.
0

Thus condition (i) holds with the function C given by C(s) = Liﬂﬁ(\/fs) for all s € R;. It remains
to show (#ii). Let v,, — v weakly in V. It is enough to show that Cv, — Cv in W* for a subsequence.
Since the embedding V' C H is compact then, for a subsequence again denoted v,,, we have v,, — v in
H. Thus by (i7), it follows that C'v,, — Cv in W*. This completes the proof. O
Lemma 4.6. If the assumptions H(j) hold, then the operator M satisfies

(i) for allu € R, M(u) is a nonempty, closed and conver set,
(i) M is upper semicontinuous,
(iii) €] < c;j(1+ [s[P7Y) for allw € R, £ € M(s).

The proof of Lemma 4.6 follows directly from the properties of Clarke subdifferential (see [10]).
Lemma 4.7. The operator v: W — R is linear and strongly continuous.

Proof. The linearity of + is obvious. We also observe, that for all v € C(0, L), we have |yv| = |v(L)| <

maxgepo,z) [v(z)| = ||vllco,), which means, that v € C(0,L)*. Let v, — v weakly in W. Since the
embedding W C C(0, L) is continuous, we also have v,, — v weakly in C(0, L), so, in particular yv,, — yv
in R, which completes the proof. U

Lemma 4.8. The operator v*M(y(:)): W — W* is pseudomonotone.

The proof of Lemma 4.8 exploits Lemma 4.7 and follows the lines of the proof of Proposition 1.6 in
[6] and, therefore, we omit it.

We now impose the following additional assumption on the constants of the problem.
Heonst n> cj”ﬁ)/”p'

Our existence result in the study of Problem P that we state here and prove in Sect. 5 is the following.

Theorem 4.9. Let the assumptions H(g), H(h), H(j), H(f) and Hy hold. Moreover assume that either
p =2 or Hepnst holds. Then Problem P admits a weak solution.

5. The Rothe method

In this section, we study a time semidiscrete scheme corresponding to Problem P. We provide the existence
result for the approximate problem, and we study the convergence of its solution to the solution of
Problem P, when the discretization parameter converges to 0. In this way, we will prove Theorem 4.9.
The technique presented below is referred as the Rothe method and was already used in many references,
including [5,7,8].
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5.1. Discrete problem

We divide the time interval [0, 7] by means of a sequence {t;}1", C [0,7] defined as follows
ty = k7,, where 7, =T/N, for k=0,... N,.

In the above notation, N,, denotes the number of time steps in nth division of [0, T, so we have N,, — 00
and 7,, — 0, as n — oo. For the convenience we will omit the subscript n and write N, 7 instead of
Ny, Tn. We approximate the initial condition uy and vy by elements of W. Namely, let {ul}, {09} ¢ W
be sequences such that u? — ug in V and v — vy in H, as 7 — 0, and [[v2||w < ¢/+/T for some constant
c> 0.

For a given 7 > 0 we formulate the following Rothe problem.

Problem P.. Find a sequence {w*}_, C W such that w? = v¥ and

1
<(w]TC wfl)+Awf+Buf+0uf,v> + &Fqu
W xW

= <Ff,v> forall ve W and k=1,...,N, (5.1)

WHxWw

kT
where ¢&8 € M(ywk), FE =1 [ F(t)dt for k=1,...,N and the sequence {uf}Y_ is defined by

i (k—=1)T

k
u’j:u2+72wi for k=1,...,N. (5.2)
i=1

In what follows we will study the existence of solution to Problem P.. To this end, we define an auxiliary
multivalued operator 7: Ry x W x W x W — 2W" by

1
T(r,y,z,w) = el + Aw+rBw+ C(y + rz + rw) + v* M (yw) (5.3)
forall r e Ry, y,z,w e W.
The significance of operator 7 in the study of Problem P, is explained below.

Remark 5.1. It is easy to observe, that Problem P, is equivalent with finding a sequence {w*}& , c W
such that w? = 02, w! satisfies

1
T(r,u2,0,wl) 3 FF + Zw® — Bu? (5.4)
T
and, for k =2,..., N, w satisfies
k—1 1 k—1
T (T, u?, Zwi,wf) SEF 4 —wh Tt - Bul — 7 Z Buw. (5.5)
T
i=1 i=1

The following lemmata provide properties of operator 7.

Lemma 5.2. Let the assumptions H(g), H(h) and H(j) hold. Moreover assume that either p = 2 or Honst
holds. Then, there exists 7o > 0 such that for all 0 < 7 < 79, operator T (1,y,z,): W — 2" s coercive
forally,z e W.

Proof. Let y,z € W be fixed. In the whole proof, we will denote by ¢ a positive function, which may
change from line to line and may have a various set of arguments. Suppose that v € 7(7,y, z,w), where
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w € W is given. Then we have, u = 2w + Aw + 7Bw + 7C(y + 72 + Tw) + 7*§, where { € M(yw). In
order to show the coercivity of 7, we calculate

1
<U, w>W*><W = ;”w”% + <Aw7 w>W*><W +7 <B’LU, w>V*><V
+(Cy + 72 4+ Tw), W) oy + EVW. (5.6)
Using Lemma 4.5 (i) and Young inequality, we estimate

Oy + 72 + Tw), wyye oy | <Oy + 72 + Tw) W

wllw
2
< Be (1 +ly + 72 +Tw||xq/> wllw < ellwlfy + (€)1 + ly + 72 + Tw|]F)

< elwlfy + c@)r?wly + c(e lyllv, Izllv) (5.7)
Moreover by Lemma 4.6 (ii), we have
[§yw| < emlyw] + emlywl? < (em +€) ywl? + ¢(e). (5.8)

It is known that W C C(0,L) C H, where the first embedding is compact and the last one is continuous.
Thus using the Ehrling lemma (cf. Lemma 7.6 of [21]), we claim, that for all € > 0

lyw| = [w(L)| < [lwllco,r) < ellwllw + c(e)||w]| - (5.9)

Now we consider two cases.
Case 1. p = 2. Then combining (5.8) and (5.9), we get

[gywl < ellwlify + c(e)wlF + c(e)- (5.10)
Thus by Lemma 4.3 (ii), Lemma 4.4, (5.6), (5.7) and (5.10), we have

(1 whe s = (3= @) ol + (0 = 22) ol

+7(E = c(e)n)|[wlfi, + Lg — cle [lyllv, l|2llv)-
Let us take ¢ = 11 and 79 = min{c(31)~", Ec(1n)~'}. Then it follows that operator 7 is coercive for

7 < 79.
Case 2. p > 0 and H_ o holds. From Lemma 4.3 (4i), Lemma 4.4, (5.6)—(5.8) we get

1
(s Wy = ~llwllz + (= (ear + )P = &) [lwlify
+7(E = c(e)n)|wlly + Lg = c(e lyllv, Illv)-

We take ¢ = 2 := (n — cear||7]|P)/(||v]]P + 1). The assumption Heopnse implies that € > 0. Let us define
7o = Ec(2) 7. Now we observe, that 7 is coercive for 7 < 7. O

Lemma 5.3. Let the assumptions H(g), H(h) and H(j) hold. Then operator T is bounded with respect to
the last variable.

Proof. The boundedness of 7T follows directly from Lemma 4.3 (i), Lemmas 4.4, 4.5 (¢) and 4.6 (¢i7). O

Lemma 5.4. Let the assumptions H(g), H(h) and H(j) hold. Then operator T is pseudomonotone with
respect to the last variable.

Proof. We examine the pseudomonotonicity of each components of 7. The operator W 3 w — %w e W+
is pseudomonotone, since it is linear and monotone. The pseudomonotonicity of A is provided by Lemma
4.3 (iii). Operator 7B is pseudomonotone, since it is linear and monotone. By Lemma 4.5 (i4i), and the
continuity of embedding W C V', we claim, that the operator C is strongly continuous from W to W*
and, in a consequence, it is pseudomonotone. Finally the multivalued term of 7 is pseudomonotone due
to Lemma 4.8. Thus from Proposition 2.5, it follows, that 7 is pseudomonotone. O



127 Page 12 of 21 K. Bartosz and M. Sofonea ZAMP

Corollary 5.5. Let the assumptions H(g), H(h) and H(j) hold. Moreover assume that either p = 2 or
H_onst holds. Then there exists 7o > 0 such that for all 0 < 7 < 9 the mapping T(7,y,z,-): W — oW s
surjective for all y,z € W, i.e., for every f € W*, there exists w € W such that

T(1,y,z,w) > f.
Proof. The proof is a consequence of Lemmas 5.2-5.4 and Theorem 2.6. O
Now we are in a position to formulate an existence result for Problem P,.

Theorem 5.6. Let the assumptions H(g), H(h), H(j) and Hy hold. Moreover assume that either p = 2
or Heonst holds. Then there exists 79 > 0 such that for all 0 < 7 < 179 Problem P has a solution.

Proof. We have to provide the existence of a sequence {w®}I_ . that is a solution of Problem P,. First,
we define w? = v2. By Corollary 5.5, we know that for 7 > 0 small enough, operator 7 is surjective with
respect to the last variable, and, in a consequence, there exists w! that satisfies (5.4). Then we proceed
by induction. Suppose that elements w?, j = 0,..., k—1 are already found for a fixed k = 2,..., N. Using
again surjectivity of 7, we deduce that there exists w* € W that satisfies (5.5). Proceeding recursively,
we provide existence of the entire sequence {w’j}fcvzo. Applying Remark 5.1, we state that it is a solution
of Problem P;. O

5.2. A-priori estimates

In this subsection, we provide a priori estimates for the solution of Problem P..

Let the sequence {w®}Y_ be a solution of Problem P, {¢¥} ) be a sequence that satisfies £F €
M(ywk) for k = 1,...,N and the sequence {uf}¥_; be defined by (5.2). Then we have the following
result.

Lemma 5.7. Let the assumptions H(g), H(h) and H(j) hold. Moreover assume that either p = 2 or Heonst
holds. Then the sequences {wr}N_  {u®IN_and {EF}N_, satisfy

ni||2
< .
max [l < (5.1
N
> rllwkf <e, (5.12)
k=1
N
> orlgkr <o, (5.13)
k=1
max [ <e. (5.14)

where the constant ¢ does not depend on T.
Proof. We take v = w” in (5.1) and obtain

(wk—wf_l,w’j)H+T<Aw’j,w’j> +T<Bu’ﬁ,w’j>

T W xW V*xVv
ko k k., k ko, k
T<CUT,IUT>W*XW+T€T’)/’LUT :T<FT,wT>W*XW. (5.15)
By a property of scalar product in Hilbert space, we have
_ 1 1 _ 1 _
(wh — k™4, wb) = Skl — Sllh %+ 5wk — b3 (5.16)

By Lemma 4.3 (i7), we have

T <Awf,w§>W*XW > rl|lwk|h, + 7L g. (5.17)
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By the properties of operator B (see Lemma 4.4), we get

T <Buf7wk>V*XV (Buk uf —uk 1>V*><V <BuT, T>V*XV (5.18)
1 _ _ 1 _ _
~5 (Bul=t, uk 1>V*><V + 2 (B(uf —uf™1),uf —uf 1>V*><V

1 1
> 5 <Bu§’u¢>v*xv - 5 <Bu£_1’u£_l>v*xv =FE (||U¢||%/ - Hu‘]ﬁ_ln%/) .

By Lemma 4.5 (i), we get

2
7 (Cub 0y < (14 181 )
< 7'5||wk||p + 7er () |ub |3 + Tea(e). (5.19)
Moreover we claim that
T(Ffw

Dwexw < TIEF lw-lwfllw < rellwfllfy + res(e)|FE (I (5.20)

Finally we estimate the term &¥~w”. To this end, we consider two cases. If p = 2, then, analogously to
(5.10), we get
TIEEywy| < Tellwilffy + Tea(e) |l + Tes(e). (5.21)
If p > 2, we use estimate analogous to (5.8) to obtain
k., k k k
Tl&ywz| < Teml[VIPwF Gy + Tellwr Ty + Tes(e). (5.22)

We sum up the Eq. (5.15) for k = 1,...,n < N and use (5.16)—(5.20). Moreover we apply either (5.21)
for p =2 or (5.22) for p > 2. Thus for p = 2, we obtain
1 . . 1 n n
3wl + Bl + 5 Dl —wi | F o+ (= 3) Y Tkl
k=1 k=1
n

< el Zruw I3+ ex(e) S 7kl + ese) S TIFE e

k=1 k=1
+ §||w9-||§'i+TL|ﬂ‘ + T (c2(e) + c5(¢)) - (5.23)
On the other hand, when p > 2, we get
1 1 n n
3wt lE + Elur v + 5 D llwk = wk i + (0= eallyllP = 3¢) Y rllwk |y
k=1 k=1
n n 1
< ei(e) YTkl +eale) Yo TIEF - + 5 1w? %
k=1 k=1
+ TL|g| + T (c2(e) + cs(c)) - (5.24)

If p = 2, we apply Lemma 2.9 to (5.23) with ¢ = %77. If p > 2, we use Honst and apply Lemma 2.9 to
(5.24) with e = 2(n — car||7]|?) > 0. In both cases, we obtain

n
n n k|q q
s wll + max [ <c<1+ZrFT||W*> <L+ [Fl.) (5.25)

It follows from H(f) that F € W*, so the right-hand side of (5.25) remains bounded and we obtain
(5.11). Now from (5.25), we conclude that the right-hand side of (5.23), as well as the right-hand side of
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(5.24) are bounded, and in a consequence, (5.12) holds for all p > 2. The estimates (5.13) follows directly
from H(j)(i7) and (5.12). Finally using (5.2), we obtain for a fixed k =1,..., N

k P k P
ud +7y whf <2t (IIUHV + <TZ ||w2w> )
i=1 w i=1
k
<2rt <|IUQII€V R ey IIwilliv>
i=1
k
<2rt <|Iu0||” +TP Y wiII’V’V) -
i=1

The last estimates, together with (5.12), give (5.14). O

|y =

5.3. Convergence of the Rothe method

In this subsection, we construct sequences of time-dependent piecewise constant and piecewise linear
functions, whose values are determined by the solution of Problem P,. Next we study their convergence
to the solution of Problem P.

Let {wk}N . {uk}N_and {€F}Y ) be sequences described in the previous subsection. We define the
functions w,,u,: (0,T] — W, &, : (0,T] = R, F,: (0,T] — W*, w,,u,, : [0,7] — W by the formulas

We(t) = wk, w(t) =ul, € .(t)= ’:, F.(t)=FF for te ((k— 1), k7],

wT(t):w’j—f—(—k) (wk —wh=1 for t € [(k — 1)1, k7],
uT(t)uﬁJr(Tk) (uf —ub=1y for t € [(k —1)7,k7], k=1,...,N.

Hereafter the convergence of all quantities subscribed with 7 will be considered as 7 — 0.
By Lemma 3.3 in [9], we know that

F, — F in W*. (5.26)

We observe that @, is the distributional derivative of wu,, namely u,+(t) = w,(t) for a.e. t € (0,T).
k k—1
Moreover the distributional derivative of w is given by wr(t) = “=—=— for all t € ((k — 1)7,k7), k =
1,...,N.
We define the Nemytskii operators A: W — W* B: V — V* C: V — W* and 7: W — U given by
(Av)(t) = A(v(t)) for v € W, (Bu)(t) = B(v(t)), (Cv)(t) = C(v(t)) for v € V and (Fv)(t) = ~yv(t) for
v € W. Since {wF}N_ solves Problem P, it follows that

<w7t7 U)H + <Aﬁ7—, U>w*><w + <Bﬂra 'U>W* <w T+ <CUﬂ U>W* W
+ <7*ET’U>W*><W = <FT’U>W*><W for all v e W, (5.27)
E.(t) € M((Fw,)(t)) forae. te (0,T), (5.28)
where 7*: U* — W* denotes the operator adjoint to 7. Our goal is to obtain a solution of the original

Problem P, by passing to the limit in (5.27) and (5.28), as 7 — 0. In the first step, we provide appropriate
bounds for functions w,, W, u,,u, and &...
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Lemma 5.8. Let the assumptions of Lemma 5.7 hold. Then there exists a positive constant c, that does
not depend on T, such that

[@- || Lo (0,1:m) <, (5.29)
lwrllco ;o) < e (5.30)
[w-lw < ¢, (5.31)
[w-llw <c, (5.32)
[@r || e 0,70y < (5.33)
|r || Lo (0,mw) < €, (5.34)
1€ - < e, (5.35)
[wrellw- < ¢, (5.36)
[@r ([ area 0,73 w W) < e (5.37)

Proof. The estimates (5.29) and (5.30) follow directly from (5.11). Moreover |[w- |}, = Tszzl |wk |,
so from (5.12), we obtain (5.31). The simple calculation shows that ||w.|]},, <7 ZkN:() [|wk||%,,. Thus using
(5.12) and the fact that ||w?| < C/\/7, we get (5.32). The estimates (5.33) and (5.34) follows from (5.14).
In order to show (5.35), it is enough to observe, that || ||7,. = Tszzl €19 and apply (5.13).

Now we pass to the proof of (5.36). To this end, we calculate from (5.27)

wrellwe = sup [(wre, Wy | = sup |(Wre, v)3]
veW veWw

lollw =1 llollw =1
< AWz [lw- + 1B [w= + [ICUr [lw= + 7 & [lw= + [[E[lw- (5.38)
Applying Lemma 4.3 (i), Lemma 4.4 and Lemma 4.5 (¢) and using (5.31), (5.33) and (5.35), we estimate
AT - < 1 (1 + [T 55 < e, (5.39)

1B [y < e B | V- dt

T
b = [ 1B(0)
0

T

<o B / - ()} dt = ey Bl |3 < eallt ||z o.rm) < o (5.40)
0
T T
ICa g, = / |G (#)[- dt < ex / (1+ [, ()13 dt
0 0
< ea(L+ 11T 3) < eall + [T 0. < o (5.41)
17E e < 17 e e Bl < e (5.42)

where the constants cy, co, c3,c may vary from line to line. Moreover from (5.26), it follows that F, is
bounded in W*. Thus applying (5.39)—(5.42) to (5.38), we obtain (5.36).

Next we pass to the proof of (5.37). Taking into account (5.31), it is enough to estimate the seminorm
@+ || Bvaco,r;w+)- Since the function @, is piecewise constant, the seminorm will be measured by means

of jumps between elements of sequence {w}Y_ . Namely, let {k;}}, C {1,...,N} be an increasing
sequence of numbers such that k1 = 1, kpy = N and
M—1
||wr‘|qBVq(0,T;W*) = Z Hwi'jﬂ - wfj\lq *e (5.43)

Jj=1
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For a fixed j =1,..., M — 1, we obtain
e — wl ][5,

_ k'+1 k‘+171 k'+171 k"+172 k’+1 k; q
—||wTJ —w;’ + w;? —wy’ + - twy —wTJHW*

kjt1—1 kjt1—1
_ q _ q
<l -k 3 b -t <N S et a0
I=k; I=k;
Combining (5.43) with (5.44), we get
M—-1 [kjt1—1
_ _ q
(@G yagoray SN D D0 [t —wl],.
=1 \ I=k;
N-—1 N-—1 1+1 1 nq
= NS bt . = oty S0 T
T T * T W
1=1 =1

=T wre||dy- -

Thus it follows from (5.36) that [[w,||gyao,r;w+) < ¢. Combining this with (5.31), we get (5.37), which
completes the proof of the lemma. O

The next lemmata deal with the properties of Nemytskii operators A, 1, C and 7.

Lemma 5.9. If the assumptions H(g) hold, then the operator A satisfies:
H(A): if a sequence {w,}52, C W is bounded in MP9(0,T;W,W*), w, — w weakly in W and
limsup,, _, o (Awn, Wy — W)y < 0, then Aw, — Aw weakly in W*.

The proof of Lemma 5.9 follows the lines of the proof of Lemma 1 in [15] and exploits Lemma 4.3.
We remark that every operator, which satisfies H(.A), is said to be pseudomonotone with respect to
the space MP2(0,T; W, W*).

Lemma 5.10. The operator B is linear, bounded, symmetric and strongly positive.
Lemma 5.10 follows directly from Lemma 4.4.

Lemma 5.11. If the assumption H(h) holds, then the operator C satisfies:
H(C): if a sequence {v,} is bounded in L>(0,T;V) and v, — v in L*(0,T; H), then Cv, — Cv in
W,

Proof. Let the sequence {v,} be bounded in L>°(0,T;V) and let v,, — v in L'(0,7T; H). It follows from
Lemma 4.5 (i7) that

[Cvn — Colfy. < /5q(max{llvn(t)llv, lo(@)llv Dllvn () = v(@)] - (5.45)
0

Since the function C is nondecreasing, and {v,} is bounded in L>(0,T;V), we conclude that for a.e.
te(0,7T)

Clamasc{ [0 () lv- 0(®) v }) < Clmax{[oalz=0.1:3: [0l =0, }) < .
Combining it with (5.45), we have ||Cv, — Cvl[}y. < ¢|lvn — |11 (0,7;m)- Since v, — v in L*(0,T; H), we
found that ||Cv,, — Cv|lw+ — 0, which completes the proof. O

Lemma 5.12. The operator % satisfies the following condition:
H#): if a sequence {v,} is bounded in MP(0,T; W,W™*), then, for a subsequence
(still denoted by v, ), we have Jv, — Fv in U.
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Proof. Let the sequence {v,} be bounded in MP2(0,T; W, W*). We recall that W c C(0,L) C W*,
where the first embedding is compact and the second one is continuous. Thus applying Proposition 2.7,
we claim that for a subsequence (still denoted by v,,) we have

v, — v in LP(0,T;C(0,L)). (5.46)

Thus we calculate

Fon — 7ol = / () — yo(t) P dt = / fon(L. 1) — o(Z, [P dt
0

/ lon(®) = @10 1 At < ellvn = 00 zvcr0.00) (5.47)

Combining (5.46) with (5.47), we get Fv, — Fv in U, which completes the proof. O

Now we are in a position to formulate the main theorem that guaranties the existence of solution of
Problem P.

Theorem 5.13. Let H(g), H(h), H(j) and Hy hold. Moreover assume that either p = 2 or Heonst holds.
Then there exists a solution of Problem P.

Proof. Let the assumptions of the theorem hold. Then for 7 > 0 small enough, we can apply Theorem 5.6
to obtain the solution of Problem P,. Furthermore we construct the functions w,,w,,u,,%, and & that
have been introduced at the beginning of this subsection. By Lemma 5.8, and the reflexivity of spaces W
and U, for subsequences still subscribed with 7, we have the following convergence results

w; — w weakly * in L°°(0,T; H) and weakly in W, (5.48)
wy — w weakly * in L*°(0,7; H) and weakly in W, (5.49)
wyy — wy weakly in W*, (5.50)
u, —u weakly x in L*>(0,T; W), (5.51)
u; — u weakly x in L*(0,T; W), (5.52)
&, — & weakly in U*, (5.53)

where W, w,u,u € W and & € U. Note that symbol w; in (5.50) denotes the distributional derivative of
the function w from (5.49). In what follows we will show that the limits obtained in (5.48) and (5.49)
coincide, and so do the limits obtained in (5.51) and (5.52). To this end, we calculate

N kT k k—1P
e — we By = kr — )P || ..
||@- U’T”w / (kT ) - e p+1||w7't||W
=1 21)r

Recalling (5.36), we find that w, — w, — 0 in W*. From (5.48) and (5.49), we have W, — w, — W — w
weakly in W. Since the embedding W C W* is continuous, we also have w, — w, — W — w weakly in
W*. From uniqueness of weak limit, we have w = w. Analogously, we calculate
TP » ™ b

— ||, = ——||w, |5 5.54
erlHU el p+1||w 598 ( )
), (5.51), (5.52) and the uniqueness of weak limit that @ = w. From (5.52), and
w,; — w weakly in W, we have

W = Uy. (5.55)

[ur — UTH% =

Thus it follows from (5.31
from the fact that u,; =
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Our goal is to pass to the limit in (5.27) and (5.28), as 7 — 0. From (5.50), we have

(Wrt, V) = (Wrt, V) e sy — (Wi V) e oy = (Wi, 0) 5. (5.56)

From H(B), it is clear that B is linear and continuous and thus also weakly continuous. Therefore since
ur — u weakly in W, we get Bu, — Bu weakly in W*. Thus we have

Bz, v) e sy — (B 0) e ooy - (5.57)

From (5.49) and (5.52), we have u, — u weakly in W and u,4 — u; weakly in W*. Thus by Lions—-Aubin
compactness theorem, it follows that w, — w in LP(0,T; H). On the other hand, from (5.54), we get
U, — u, in YW and, in a consequence, we find that @, — u in LP(0,T; H). Moreover (5.33) implies that
%, is bounded in L>°(0,T; V). Thus it follows from Lemma 5.11 that

Cu, — Cu in W, (5.58)
and, in particular, Cu, — Cu weakly in W*, i.e., we get
(Clr, V) sy = (CTLV) s oy - (5.59)
From (5.53) we easily obtain
7 5ﬂ”>W*xW <§va>u*xu <gﬁv>u*xu' (5.60)
Moreover (5.26) implies that F', — F weakly in W*, i.e., we have
(Frs0) o = (Fr e o - (5.61)
It remains to show that
(AW, V) ey — (AW, 0) 00 ) - (5.62)

Its enough to show that convergence (5.62) holds for a subsequence. From (5.27), it follows that

lim sup (AWr, Wr — W) e oy < Hmsup (Fr, Wy — W)y )
T—0

T—0

—lim igf(th,ET —w)y — liHLi(r)lf (Blr, Wy — W)y oy

— liminf (CTr, Wy — w)yy- .y — lim inf (EAWr —FW)y sy - (5.63)

From (5.48) and (5.26), we have lim,_o (Fr, W, — w)yy. .,y = 0. Next we observe that

(thawT - UJ)'H = (th — Wt, Wr — ’UJ)H + <w7—t,@7— - wT>W*><W
1

(Wi, wr = Wy = 5 ([0 (T) = w(D) | = - (0) = w(0)|[7)

+ (Wrt, Wy — Wr)ype sy + (Wes Wr — W) ype sy - (5.64)
Taking into account (5.49), (5.50) and the fact that the embedding {w € W |w’ € W*} C C(0,T; H)
is continuous, we claim that w, — w weakly in C(0,T; H). Thus, in particular, we have w,(0) — w(0)

weakly in H. On the other hand, by the assumptions, w,(0) = vg — vg strongly, and in consequence,

also weakly in H. Thus from the uniqueness of the weak limit, we have
w(0) = vy and w,(0) — w(0) strongly in H. (5.65)

A direct calculation shows that (wr¢, Wy — wWr )y 1y, > 0. Thus from (5.49), (5.64) and (5.65) we have
liminf, _o(ws¢, W, — w)y > 0. We recall that W, = ury and w = u; and calculate

(Blr, Wy — W)y oy = (Blr, Urg — Ug) e oy = By — By try — Ug )y )
+(Bu, Wy — W)y, oy, + (Blr — By, Wr — W)y iy, - (5.66)
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From Lemma 4.4, it follows that

(Bur — Bu, urt — ) e sy = 5 (Bur(T) —w(T)), ur (T) — w(T)) yyre oy

DN | =

— 5 B (0) = 0(0)), 1 (0) w0y > 5 Ellur (0) — w(O)]3 (5.6)

From (5.48), (5.52) and from the fact that W = w, it follows that u, — u weakly in {w € W|w; € W}.
Since the latter is continuously embedded in C(0,T; W), we have u, — u weakly in C'(0,7;W), and
in particular u,(0) — u(0) weakly in W. In a consequence, we also get u,.(0) — u(0) weakly in V. By
assumption, we have u,(0) = u — wug strongly and, in a consequence, also weakly in V. Since the weak
limit is unique, we claim that

u(0) = up and u,(0) — w(0) in V. (5.68)
Since W, — W weakly in V, U, — u, in V (see (5.54)) and B is continuous, we get
lin% (Bu,W; — w)yuyy + By — By, Wr — W)y, = 0. (5.69)

From (5.66) to (5.69), we see that liminf, .o (BUr,W; — w)yy. 1y, > 0. From (5.58) and (5.48), we get
lim, o (Clir, Wy — W)y 3y = 0. Finally, from (5.37) and Lemma 5.12, we find that for a subsequence,
still denoted by w,, we have yw, — ( in U, where ( € U. Since 7 is linear and continuous, it is also
weakly continuous. Thus from (5.48), we have 7w, — Fw weakly in Y. By the uniqueness of weak limit,
we have ( = Jw and

W, — Jw in U. (5.70)

Combining it with (5.53), we obtain lim, @7,7@7 — 7w>u* <y = 0. Summarizing, it follows from (5.63)
that limsup, o (AW, Wr — W) ye yy < 0. Combining this with (5.37) and (5.48), we can use Lemma
5.9, to obtain (5.62). Now applying (5.56), (5.57), (5.59)—(5.62), we pass to the limit in (5.27) and obtain

(wi,v)1 + (Aw + Bu+ Cu + 7€ = f,v),,..,,, =0 forall v e W. (5.71)

Now we pass to the limit in (5.28). First we recall that the multifunction M: R — 2% has nonempty,
closed and convex values. Furthermore by Proposition 5.6.10 of [12], it is also upper semicontinuous from
R furnished with the strong topology into R furnished with the weak topology (in fact, the strong and
the weak topology on R coincide). By (5.70), it follows that for a subsequence, still denoted by ., we
have ¥w,(t) — Fw(t) for a.e. t € (0,T). This, together with (5.53), allows to apply Proposition 2.8 to
(5.28) and obtain

£(t) € M((Fw)(t)) for a.e. t € (0,T). (5.72)
Taking into account (5.55), (5.65), (5.68), (5.71) and (5.72), we conclude that u is a solution of Problem
‘P, which concludes the proof. O

Finally, using Remark 4.2 we deduce that u is a weak solution of Problem P, which completes the
proof of Theorem 4.9.
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