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Abstract. This paper deals with a nonlinear system of partial differential equations modeling a simplified tumor-induced
angiogenesis taking into account only the interplay between tumor angiogenic factors and endothelial cells. Considered
model assumes a nonlinear flux at the tumor boundary and a nonlinear chemotactic response. It is proved that the choice of
some key parameters influences the long-time behavior of the system. More precisely, we show the convergence of solutions
to different semi-trivial stationary states for different range of parameters.
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1. Introduction

Angiogenesis is a physiological process involving the new vessels sprout from a pre-existing vasculature in
response to a chemical stimuli. Angiogenesis is an important ingredient of a processes like development,
growth and wound healing. However, angiogenesis is also induced by tumoral cells. In this paper, we con-
sider a model of tumor-induced angiogenesis that was proposed in [5]. Actually, in the above-mentioned
model, some factors influencing angiogenesis are neglected to keep the model simple but sufficiently inter-
esting from the analytical point of view. We refer the reader to [12] as a source of information about
the progress in mathematical modeling and biological knowledge of angiogenesis process. We focus our
attention on two key variables: the endothelial cells (ECs), denoted by u, and the tumor angiogenic fac-
tors (TAF), denoted by v. We assume that (ECs) form the blood vessels wall are induced by the (TAF),
factors that are generated by the tumor, to migrate chemotactically toward the tumor. We assume that
the (ECs) and the (TAF) fill in a bounded and connected domain 2 C R? with a regular boundary 9.
In particular, neither the existence of extracellular matrix nor the activity of metalloproteinases is con-
sidered. But, following [5], nonlinear flux of TAF on the tumor boundary is taken into account. This way
we include the fact that ECs are supposed to react chemotactically to the TAF, thus generating the large
gradient of TAF on the boundary. This, in turn, is supposed to make the tumor more dangerous. The
aim of [5] was to study the interplay between the density of ECs and TAF dependently on a parameter p
measuring the strength of the flux on the tumor boundary and the nonlinearity V measuring nonlinear
response of ECs. In [5], the qualitative features of a model were studied in a local sense. We mean by that
the local stability of steady states which were proven to exist in [5]. We complete the studies taken in [5]
by analyzing the global stability of steady states. We shall prove the asymptotic convergence of solutions
for different values of u. To be more precise, we consider the case

00 =T, UT,,

) Birkhauser
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where I' N’y = () and T'; are closed and open sets in the relative topology of 9€). We suppose that I'y is
the tumor boundary and I'y is the blood vessel boundary. Our parabolic problem reads.

up — Au = —div(V (u)Vv) + Au —u?  in Q x (0,7T),

v — Av = —v — cuv in Qx (0,7),
@:@:0 on 'y x (0,7), (1)
Q{'} on v v
%:0, %::“1-5-1; OHFQX(O,T),
u(m,O) = u(](m)v ’U({E,O) = U()(ZL') in 0,
where 0 < T < 400, A\, u € R,c >0,
VeC(R), V>0 in(0,00) withV(0)=0; (2)

and up and vy are given nonnegative and nontrivial functions. In [5, Theorem 3.1, Theorem 3.8] the exis-
tence and uniqueness of global-in-time bounded regular solutions, provided initial data are nonnegative
and V' € L>(0, +00) is shown. Moreover in [5, Section 4], the existence of two semi-trivial steady states
(A,0),A >0 and (0,6,,) is shown provided p > p; (see also [14]), where y; is the principal eigenvalue of
the boundary eigenvalue problem

—Av+wv=0 inQ,
%20 onI'y,
G = p on I's.

Furthermore, results concerning the linearized stability around the semi-trivial solutions to (1) are proven
in [5].

First models of tumor-induced angiogenesis that we are aware of are considered in [3] (see also [10]
for a more elaborated model). A reduced model proposed in [10] is studied in [7]. The local stability of
the homogeneous steady states in one-dimensional domains is shown there. In all the mentioned papers,
the boundary conditions are either zero Neumann or no flux. In [6], the stationary problem of (1) with
linear flux for v is studied. Finally, let us mention [9] where the authors study the local solvability of a
system of partial differential equations with a nonlinear boundary condition and a chemotaxis term.

The aim of this paper is to analyze the global stability for positive initial data. In particular, we show
global stability for some range of parameters (A, 1) for which even the local stability is not known.

It should be pointed out that in our investigations, we assume

lu)]|w < C, for t>0. (3)

In particular, (3) is satisfied when V' is bounded (see [5]). However, most of the results of this paper could
be extended even to more general forms of V', for example, V(u) = w or V(u) = uP,p > 1, as soon as we
know that (3) holds. By the regularity of V', we have just to apply the following estimate

V(u) < max V(s) < max V(s) =K < +oo.
s€[0,[[u]loc] $€[0,C]

Observe that the parabolic regularity asserts
[o@)]e < C

for any ¢ > 0 once we know (3) and by [5, Theorem 3.1], the solution is global and regular.

2. Preliminaries

For the reader’s convenience, we collect here some results of interpolation theory and its applications to
parabolic problems that will be used throughout the paper.
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a)

c)

Let Ey, E1 be two normed spaces embedded in a common topological Hausdorff space £, we can define
the real interpolation function, denoted by

(Eo, Er)op, 0<0<1,1<p< +o00,

(see for instance [13, Def. 22.1]). During the paper, we will use the following property of the real
interpolation functor (see [13, Lemma 25.2]):
If (Eo, E1)g,p is a Banach space then

3C > 0 such that ||z|(gy 5, < C’||:B||115;0H:1:||‘9E1 Vo € By N Ey.
In the context of fractional Sobolev spaces, this inequality reads cf. [1, (5.20), (5.21)]
lzllwnr < Cllallfyn ], (4)

for m < k6,0 € (0,1).

Let us consider a parabolic problem with a nonhomogeneous boundary condition
22+ Az = f(t) inQx(0,7),
Bz = g(t) on 092 x (0,7), (5)
z(x,0) = zo(x), in Q.

where
0z
Bz = —
N on
and
Az i= —Az + 2.

We define the space of functions
{zeW*P(Q):B2=0} ifl+1/p<s<2
Wgt =< W*P(Q) if —1+1/p<s<1+1/p,
(W52 (Q)Y if 24+1/p<s<—1+1/p.
It is known that (A, B), as being in separated divergence form (see [1, pg. 21]), is normally elliptic.

We denote by A,_; the Wéo‘d’p—realization of (A, B) (see [1, pg. 39] for the precise definition). Since
(A, B) is normally elliptic then A,_; generates an analytic semigroup [1, Theorem 8.5]. Moreover, if

(f.9) € C((0,T); W27 (Q) x W' =V/PP(50))

for some T' > 0 and 2« € (1/p,1+1/p) then for any ¢ < T', we rewrite (5) by the generalized variation
of constants formula
¢

o) = Aoz 4 [ DA (f(r) 4 AaaBig(r))dr,
0

where B¢, is the continuous extension of (B|xer(4)) "t to W22=1=1/P2(9Q). Since [0, +00) C p(—An—1)
(p is the resolvent set) then by [1, Remark 8.6 ¢)] for 1 < p < oo, there exists a constant C' > 1 such
that

elhzer < CllAacszlyze-ss. (6)
Let a,b,c € L*>(Q), the eigenvalue problem
—Az+a(x)z=Xz in Q,

0z +b(z)z=0 on Iy,
n
a—; +c(z)z=0 on I'.
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has a unique principal eigenvalue (i.e., an eigenvalue whose associated eigenfunction can be chosen
positive in ) and it will be denoted by

MEA+a N+ 0N + ).

3. Convergence to the semi-trivial solution (X, 0)

In the present section, we deal with the convergence to the semi-trivial steady state (A, 0). Throughout
this section, we assume (3). A sufficient condition guaranteeing (3) is the boundedness of V' (see [5]). We
will use the generalized variation of constants formula to estimate v, which is stated in the next lemma.

Lemma 3.1. Let v € (1,+oo),% <2a <1+ % and § € (1,2a). Let ¥ be a spectral bound of An—1, that
is, ¥ :=inf Re 0(Aq—1). Then, there exist constants 0 € (0,%) and 0 = 6(5) € (0,1) such that

—(t=7)Aa_ —0_—6(t—
e (t—) zllwen < Ct—1) "% (t T)”Z”Wg“—?”
for every z € Wé“” and every T € (0,t).
Proof. By the choice of 3, we have W£’7 = W#A7(Q). As a consequence if we apply [1, Theorem 7.2], we
get

—(t—7)Aa_ —(t—7)Aa_1.10 —(t—T)Aa_ —0
e o i T PN g R e

for some 6 € (0,1). Next, we apply (6) to the first norm on the right-hand side and [8, Theorem 1.3.4] to
deduce

‘|€_(t_T)AQ712“Wﬁ,w < C(t _ 7_)—Ge—é(t—r)ee—é(t—r)(l—é) HZHWI?"Q“U
where § € (0,). O

Lemma 3.2. Let v € (1,400),8 € (1,1 +1/y),p€[0,11) and 0 < 6 < p < ap) where a(p) is defined as
a(p) =M (-A+ LN, N —p).
Then, there exists C > 0 such that, for t > 0, the v-solution to (1) satisfies
v(z,t) < Ce™ P V(x,t) € Q x (0,+00),
o) lwe.r < CA+1%)e vl
where 8 = 0(B) € (0,1).
Proof. A solution to the problem
wy—Aw+w=0 inQx(0,Thaz),
ow
oo on Ty % (0, Ty,
g (7)
= Hw on I'y X (0, Trax),
w(z,0) = vo(x) in Q,
is a supersolution to the v-equation of (1); therefore, v(z,t) < w(x,t). Since, for sufficiently large M,w =

Me=Ptpy, with ¢ a positive eigenfunction associated with a(u), is a supersolution to (7), the pointwise
estimate in the claim of the lemma follows. For the second one, we pick

f(t) : = —cu(t)(t),
0 on I'y,
g(t) : = v(t)

onlI'y.
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Taking the W#7-norm in a generalized variation of constants formula for v and using Lemma 3.1, we
obtain

t
lo@®)llws < lle”* 4200l wa.s +/||€‘“‘T)A“(f(T) + Aa—1B59(7)) lwe.r
0

t
<C 6_6tt_9||7)0||wga*2ﬁ + /(t _ T)—Oe—é(t—T)”f(T) + Aa,1629(7)||wéa—2,wd7'
0

Next, we estimate the last term in the above inequality using the fact that
A1 BS € LW 1=Y77(9Q), W7 (Q))
and the continuous embeddings
LY(Q) — W27 LY(0Q) — W2 1=1/77(9Q).

Therefore, we get

t

o)l < O ually + Ce™ [ &5 (t =) (I + lo o) dr. (8)
0

Observe that by (3) and the first part of the Lemma, we have
1f (Tl 0) < CllvllL=(o) < Ce™7,
l9()l L~ o0) < llvllL=(a0) < Ce™T.
In view of the above bounds, (8) yields
t
lo() o < Ce=? = Juoll, + Ce™ / =07 (1 — )04
0

Next, by the choice of § and p, fooo e=P7(t — 1)1 = C' < 400 and the Lemma follows. O

Our purpose is to show that u converges to steady states. To this end, we treat separately the cases
A=0,A>0.

3.1. Case A =0
Lemma 3.3. Let 7 >0 and y € C'(7,+00) N L (1, +0),y’ € L (7, +00). Then, , hI_El ly(t)| = 0.
— 400

Proof. By the assumptions of the lemma, we observe that for any k > 0

t+k
i [ ()] + Iy () ds = )

Let us assume that . liIJZl ly(t)] # 0, then there exists a sequence {ty }nen,tn — +00, such that
— 100

ly(tn)| > C >0,
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for all n > ng. We pick 6 € (0, k] and see that by (9)
tnt0 tntk

lo(tn +0) = ly(ea)]| < lo(ta +0) vl < [ WM< [ Iy @lds< G

tn tn
Therefore, |y(s)| > C/2 for all s € [t,,t, + k|,n > ng. The last assertion contradicts the fact that
tn+k
lim / ly(s)|ds = 0.

n—-+o0o
t’!l

Next, assume that (u,v) is a global solution to (1).

Lemma 3.4. Let A =0 and t > 7 > 0, then it holds

e ] = fuo [0 o

Proof. Integrating the u-equation of (1) yields

fu= [ (5i-veg) - [

Iy Q

TFQ

So, integrating the last expression in time between 7 and ¢, we get the result. O

Remark 3.5. By Lemma 3.4, we see that for any t > T

/!ﬁsmmm

Theorem 3.6. Assume that 0 < u < py and A =0, then
i [u(t) s =0,
for any m <1 and p > 2.
Proof. On multiplying the u-equation of (1) by u and integrating in space, we obtain
d V(u)uv
= Vul> + V(u)Vv - Vu — u?) —
thu /|u|+()v u—u?) u/l—i—v

Q Ty

<(e—1) /|Vu|2—|—C /|w2 l(jv“ —/u3. (11)

Q

Therefore, we infer

T/ (1—¢) /|Vu|2 < COfolZpr.,
Q
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and after integrating in time, thanks to Lemma 3.2 we arrive at

Jutr = [u?+a-o / [1vur < e / (14 57 a3,
Q Q T Q T

In particular, we deduce that for ¢ > 7

t
//|vu|2 <c
T Q

By [5, Theorem 3.8, we find a bound [|u(?)[|¢(q) < C, therefore,

d 2 2 2 /V(u)v / 2

_ < 1,2 :

o [ 2 <€ [19uP + c@lolins + cn [ 5240 [
Q

Q Iy Q

Thanks to (10), for ¢t > 7

t

/%/uQ <C. (12)

T Q

Finally, Remark 3.5 and (12) together with Lemma 3.3 entail

Jim[u(t)] = 0.
Also thanks to [[u(t)|| o) < C for all t > 0, we obtain

Jlim ()], =0

for any p > 2. Next, we recall that by [5, Lemma 3.7] for any 24 € (k, 1), we find a bound on the Xz norm
of u, where Xg is a usual fractional space connected to a semigroup approach to parabolic equations, see
[8]. Next, due to the fact that 23 € (k, 1), we infer from the embedding X < W*? (see for instance
[8, Theorem 1.6.1]) that for all k£ < 1 and p > 2

lu@®)lwer < C.
Next, (4) entails
[u@llwme < Cllu@)§ywn lu); ="
Therefore, it holds
. — ; 1-0 _
Jim Ju@)wes < C lim a7 =0 (13)

O

Remark 3.7. Let us point out that if we pick m such that m — d/p > 0 then W"™P(Q) is embedded in
C(Q).
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3.2. Case A >0

Assume that there exists dg and tg such that

u(t) > 6 > 0

ZAMP

(14)

for t >ty > 0. Next, we examine the long-time behavior for u under the hypothesis (14). In the sequel,

we shall give sufficient conditions on V' (u) implying (14).

Theorem 3.8. Let 0 < p < p1 and assume (14) is satisfied, then there exists 0 > 0 such that

Ju(t) = lws < Ce™%,
forallt >ty and any m < 1,p > 2.

Proof. On multiplying the u-equation by u — A, we have

2dt 14w
Q

T2

Q Q
1 V|2
Q Q

2,75 /(1121))2 —/u(u—/\)Q.

2 Q

HplV (u)(u = A

Having in mind that (1 +v)? > 1, the hypothesis (14) and the Sobolev trace embedding
Wh2(Q) «— L*(09)
we get
d
< /(u — )2+ 260 /(u — 2?2 < Clloln + uCllvllwre.
Q Q

By Lemma 3.2, we can deduce

lu(t) = All3 < Ce ™

d (u—/\)2:—/|Vu|2+/V(u)VU-Vu—,u/vv(u)(u—)\)—/u(u—)\)Q
Q

(15)

(16)

for 0 < 67 < min{2dy, B}. At this point, we can argue exactly as in the end of the proof of Theorem 3.6;
namely by the bound on w in L*, we infer the bound on the LP norm of u,p > 2. Next, we use the

estimate of u in W*P k < 1,p > 2, coming from [5, Lemma 3.7, in order to conclude (15).

O

In the rest of this section, we give sufficient conditions on V implying (14). Actually, only the behavior
of V around zero matters. Roughly speaking, we require a superlinear growth of V' in the neighborhood

of zero. From now on, we assume that there exist C,0 > 0,k > 1+ d/2,7 > d/2 such that

0<V(s)<Csh [V'(s)| < Cs
for all s € (0, 9).

Remark 3.9. The condition (18) is satisfied, for example, for functions

with a > 14 d/2.

(18)
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Next, we introduce some notation that will be used in the proof of (14). Moreover, we formulate a
lemma which we need in the main part of the proof of (14). Let f(¢), g(d) be defined in a following way:

f(8) = sup VZ(s),
s€(0,9)

g(8) == sup (2(s —6)2V'(s)? 4 2V2(s)).
s€(0,6)

Lemma 3.10. Assume that (18) holds. Moreover, for some D, > 0,1 > 1,€ and C(€) are given by

_ 6 N wD
€= m, C(€> = 25727]

Then, if 6 > 0 is small enough, the following conditions are satisfied simultaneously

CﬁvzgégA—é (19)
for s € (0,9),
C(e)g(d) <1/2 (20)
and
5%
f@)D = = (21)

Proof. Thanks to (18), we have

f(6)D = sup V3(s)D < C§**D.
s€(0,6)

Hence, for n < k¢ and ¢ sufficiently small, (21) is satisfied. Next, owing to (18), we observe that

V2(s)

C(€) 5 < C(6)%,

Thus, (19) can be assured for n < ko and § small enough. Moreover, it is straightforward to see that (20)
is also satisfied for 1 < < min{ko, 1+ j}. O

Lemma 3.11. Assume that 0 < pu < py and that (18) is satisfied then (14) holds.

Proof. Let § > 0 be a fixed constant defined in (18). Given a function f, we define the negative part of
f as a nonpositive function as follows

f— :=min{f,0}.
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Our purpose is to show that |[(u—d)_(t)|/e < §/2 for every ¢ > to which implies (14). In order to obtain

the previous estimate, we multiply the u-equation by (u — §)_ and we integrate in space to obtain

d

20 (u—6)? = —/(Vu —V(uw)Vov) - V(u—9)_

Q Q
+/ (ZZ N V(“)SZ) (u— 5>—+/U(A —u)(u—6)_
Q

o0
_ _/|V(u—5)_|2+/V(u)w.V(u_a)_
Q Q

*/V(“)“liv(“*‘s)—JF/U(/\fu)(u—é)_

Ty Q
_ _/|V(u—5),|2+/V(u)vv.wu—5),
Q Qs

[ PV =0 + [u - w-o)-,
Ts Q

where
Qs :={zeQ: ulx) <o}, Ts:={rely: ulx)<d}.
Consequently,

% (u— )2 < (e—1>/|V(u—5),\2+C(e>/v2(u)|w2
Q

Q Qs

—,uf/ mV(u)(u—é), +Q/u()\—u)(u—5)

< (6*1)/|V(’UJ*(5)_‘2+C(6) sup Vz(s)/|Vv\2
%) Q

—u/ Y V(u)(u—a),+/u(A—u)(u—5),.
Q

1+wv
s

Previous inequality can be rewritten in terms of f(J) defined before Lemma 3.10 as

’1)2
Qidt/w_ 52 < (c— 1>/|v<u— 52 +C(e)f(5)/|WI2 +u’€/ T
Q Q Ty

Q

+uC(a/V(u)2(u—5)2,+/u(>\—u)(u—5),.
I )
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Thanks to the Sobolev trace embedding W12(Q) — L?(9Q) and having in mind that (v + 1)% > 1, we
arrive at

/V(u)Q(u —0)r<C /V2(u)(u —0)2 + / (2(w—0)2V'(u)?* +2V3(u)) [V(u—06)_* |,
Ty Q Q
2

- v
MG/W < Cpéeolfy.e-
T

Therefore, we obtain

i [ (9 (=) [[9w=0) P+ 0@1) [19ef + Caplin
Q Q 2
+O@)(/V%w““_ﬁg*/K”“—5ﬁv“w2+2V%wﬂvw—apﬁ)
@ Q
+ [ uA—u)(u—9)_. 22)
/

In view of the nonnegativity of u, we have
—0<(u—90)-. (23)
Owing to (23), from (22), we see that (g(d) was defined before Lemma 3.10)

o [ 0= 02 < e+ C@9) - 1) [1V0u-5)-F
Q

Q

2(u
+(C(e) f(8) + ) ||v]|Ze + /u(u — ) ()\ —u—C(¢) Vu( )5) . (24)
Q

Due to the nonpositivity of (u — d)_ and (20), we have
2
Jutu-9- (AuC(aleu)é) <0, (25)
Q

By the Hopf lemma and zero Neumann data on the boundary for u, we see that there exists ; such that
u(tp) > 1. Hence, choosing § < §; and using (19), (25) and Lemma 3.2, we infer from (24)

[(w = 8)—(B)[l5 < (2C(e) (8) + 2p)C (),
for t > tg > 0. We shall show that

I = 9)-(B)]13 < 6", (26)

for some 1 > 1. To this end notice that choosing e = C(¢) = 1/2, we are in a position to apply Lemma 3.10
with D = C(3). As a consequence, for € as it is chosen in Lemma 3.10, (19), (20), (21) and
521
2ueC(B) < >

are satisfied simultaneously. Hence, (26) is shown.
Next, we use interpolation between LP spaces, (26) and (23) to obtain

1w = 8)~ll2s0, < ll(w =) 153"l (u — &) ||
< 5(10151791 _ 51+(a71)91'
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Applying (4), we infer
1w = 8)~llwo.2re < Cll(w—=8)-|fyr20 (= 6)-ll375 < Cull(w—8)-l37

the last inequality being a consequence of the uniform bound of L* norm, see [5, Theorem 3.8], and [1,
Theorem 15.5]. Picking up 6 such that

do
9—71>0 (27)

we make sure that WW%2/% (Q) — L>*(Q). Consequently,
(= 6)_||og < Cae(=OH(a=1)01),

Next, we notice that choosing o > 1 + %, we make sure that

1< (1d§1) (1+ (a—1)6y).

Hence, choosing 6 close enough to dgﬁ, we see that (1 — 0)(1 + (o —1)61) > 1 and upon taking § small

enough, we obtain

for t > tg > 0. The Lemma is proved. O

4. Convergence to the semi-trivial solution (0, 6,,)
Throughout this Section, additionally to the boundedness of u, we assume that there exist constants
0 < ¢y < Chp and a > 1 such that

ems® <V (s) < Cys® for all s € [0, ]|u]so)- (28)

Remark 4.1. Let us observe that when V'(0) # 0 and (2) holds, then (28) is true for oo = 1. Moreover, if
V € C* for k > 1 with V¥(0) # 0 and VI(0) =0 for j < k, then (28) holds true for a = k.

In the following Theorem, we eliminate the restriction on p of Theorem 3.6. However, we require the
additional condition (28) on V.

Theorem 4.2. Let A = 0 and assume (28), then
i [fu(t) fwos =0,
for any m <1 and p > 2.

Proof. On the one hand, we multiply the u-equation of (1) by u and we integrate in the space variable

to obtain
d 2 _ _ 2 _.3) /V(U)UU
th/u —/( [Vul? + V(u)Vo - Vu —u®) — o
Q Q T2
V(u)uv
2 3
= —_ . — — —_ 2
/( [Vul? + Vv - Ve(u) — u®) — p T (29)
Q Iz
with

o(u) = ]V(s) ds.
0
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On the other hand, we multiply the v-equation of (1) by ¢(u). Integrating in space, we obtain

/VU -Vo(u) = —/ap(u)vt —I—,u/ priuv) - /v<p(u) - /cuvcp(u).
Q Q

Ty Q Q

Inserting the above equality into (29), we have

o [ = / (~1Vuf? + ) (vi = v = cun) =) s [ o) = Vi) (30)

1+wv
Q T

Next, we estimate v;. Multiplying the v—equation by v; and integrating over €2, we see that

2 V2 — Md _
/”t + 2dt/| v+ 5 th @ | W= /Cuwt’
Q

T2

where
v

O(v) := / 1j_sds.

0

Therefore, by the uniform bound of v in C(Q2), we deduce

24 o pd 2
S s <
/Ut+2dt/| vl + 2dt/ dt e(v)—M/u

Iy Q

After integrating over the interval (7,t), we find, by Lemma 3.4, that for ¢ > 7

t
/ / v? < C. (31)
Next, by (28), we obtain from (30) that

2dt /|W|2/ u)t+ /U?Jr”/%

Q Ty

_ 2 2 ch
/|Vu| +Séﬁ)%mgu]V (s)/u +/ + +1/1+v' (32)
Q Q Q

T2

//1+v_ (33)

TF2

By Lemma 3.4 and (28), we get

for t > 7. According to (33) and (31), we find upon integration of (32) over the time interval (7,t) that

fort > 71
t
//|vu|2gc.
T Q

From the last estimate, a similar argument to the one used previously yields
t

d 2
<
/dt/u C

T
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for t > 7. Thus, by Lemma 3.3
i [u(t)]2 = 0.
Finally, we can infer the result arguing as in the end of the proof of Theorem 3.6. U

Next, we prove a lemma which we will use in the proof of Theorem 4.4. As a by-product of the fol-
lowing lemma, we learn a qualitative information that v is bounded away from 0 for times large enough.
We shall obtain a lower bound on v by considering a subsolution to an elliptic problem which is also a
subsolution to a second equation in (1).

Lemma 4.3. Let A\ =0 and p > py. If the condition (28) is satisfied then there exist constants c1,t9 > 0
such that for t > tg

v(t) > ¢1. (34)
Proof. Let k € (u1, p). Since A\j(—A 4+ 1; N3N +b(x)) is increasing with respect to b (see [4, Proposition
3.3]), we have
MDA+ LNN — 1) < M(-A+ LASN — k) < Ar(—A + LAGA — ) = 0.
Therefore, there exists ¢y > 0 such that
M(—A+ NN — k) = —ceg 1e, M(—A+ 1+ cep; N3N — k) =0.
Let o1 be the positive eigenfunction with [[¢1]lcc = 1 associated with the above eigenvalue, that is, ¢1
satisfies
—Ap; + (1 +ec)pr =0 in Q,
91 _
(?n
Y1
on

on I'q,
—_ = kspl on FQ.

By Theorem 4.2, there exists ¢y > 0 such that 0 < u(t) < ¢q for all t >ty > 0. We claim that there exists
0 > 0 such that w = dp; is a subsolution to

wy —Aw+ (1 +cu)w=0 in Q x (tg, +00),

gw =0 on I'y x (o, +00),
n

w w

e _— F t .
on M1+w on I'y x (o, +00)
w(x,to) = v(x,tg) in Q.

Therefore, v(x,t) > dp1 > ¢1. It remains to prove the claim. By the strong maximum principle, v(z, ty) >
¢ > 0. Thus, there exists § > 0 such that dp1 < v(z,to). Moreover, choosing 6 > 0 such that k(1+46) < y,
we make sure that

ow w

— < p—

on 1+w
on I's X (tp,+00). Hence, the claim is shown, and the lemma follows. O

Now, we are in a position to prove the main result of this section. To this end, we make use of the
theorem by Amann and Lépez-Gdémez, see [2], stating the equivalence between positivity of principal
eigenvalue and existence of strictly positive supersolution of some elliptic problems (the previous version
of this theorem for the Dirichlet problem was shown in [11]).

Theorem 4.4. Let A\ =0, > puy and assume (28), then
im0~ ] =
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Proof. Let z(t) = v(t) — 6,,. Then, z solves the following parabolic problem

2z = Az — 2z — cuw in x(0,7),
Py on Ty x (0,T),
n

z z

B — Tr 0, T
an " Faroatey o OD
z(z,0) = vo(x) — 0, in Q.

We multiply (35) by z to obtain

O
saqp | £ = /|Vz| +u TEEN z cuvz.
Q

Q Ty Q Q
In order to estimate the right-hand side of (36) for ¢ > to, we pick v > 1 such that
v

1
1 + C1 <
where ¢ is given in (34). For each ¢ > tg, we consider the eigenvalue problem
—Aw+w = w in €,
8711) =0 on F17
n
an — (1+o()(1+6,) >
Next, we see that 6, is a strict supersolution of
—Aw+w=0 in Q,
a—w =0 on I'y,
n
= ot on T
an — (1+o(t)(1+6,) >
Indeed,
-Af,+6,=0 1inQ,
a0,
812 =0 on F17
Finally, by the choice of v (see (37)) and Lemma 4.3, we have
a0, 0, w0,

o M3, Grem)arey M

1639

Therefore, by [2, Theorem 2.4] we get A; > 0, the principal eigenvalue of (38). Next, the variational

characterization of the principal eigenvalue entails
2 2 2
JoIVoP + [o 0 — 1y Jr, aroaharen

peH (Q) fQ ©?
Thus, for all ¢ € H'(Q2), we have

A=

2
_ _ _ %
Awlfwzév1/\V<p|2+71/902—u/ :
1+v()(1+6
/ J )¢ T,

In particular, we can apply it in (36) to obtain the following inequality

d
2 22+(1—7’1)/\Vz|2+(1f’y*l+)\1’y*1)/22 < /cuvz.
%) )

Q Q
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Therefore, there exists M > 0 such that

2 —1 2 2 2

d 1 V2?2 + <M .

2dt | © =77 /| A /Z /u
Q Q Q Q

Integrating the above estimate on the time interval (7,t), we obtain for t > 7,
t

V22 + [ 22 <C. (39)
T Q

t

d 2
—_— <
/dt/z <€

T Q

In view of (39), one infers

for t > 7. Finally, the result follows by Lemma 3.3. 0
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