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Layered Patterns in Reaction–Diffusion
Models with Perona–Malik Diffusions
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Abstract. In this paper we deal with a reaction–diffusion equation in a bounded
interval of the real line with a nonlinear diffusion of Perona–Malik’s type and a
balanced bistable reaction term. Under very general assumptions, we study the
persistence of layered solutions, showing that it strongly depends on the behavior
of the reaction term close to the stable equilibria ±1, described by a parameter
θ > 1. If θ ∈ (1, 2), we prove existence of steady states oscillating (and touching)
±1, called compactons, while in the case θ = 2 we prove the presence of metastable
solutions, namely solutions with a transition layer structure which is maintained
for an exponentially long time. Finally, for θ > 2, solutions with an unstable
transition layer structure persist only for an algebraically long time.

Mathematics Subject Classification. 35B40, 35K55, 35K57.

Keywords. Perona–Malik diffusion, Compactons, Energy estimates, Asymptotic
behavior.

1. Introduction

The goal of this paper is to investigate the persistence of phase transition layer
solutions to the reaction–diffusion equation

ut = Q(ε2ux)x − F ′(u), (1.1)

where u = u(x, t) : [a, b]×(0, +∞) → R, complemented with homogeneous Neumann
boundary conditions

ux(a, t) = ux(b, t) = 0, t > 0, (1.2)

and initial datum

u(x, 0) = u0(x), x ∈ [a, b]. (1.3)

In (1.1) ε > 0 is a small parameter, Q : R → R is a Perona–Malik’s type diffusion
[21], while F : R → R is a double well potential with wells of equal depth. More
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Figure 1 In the left hand picture we depict the two prototype exam-
ples for the diffusion Q; in the right hand side there are several plots
of the potential function (1.10) for different choices of the parameter
θ.

precisely, we assume that Q ∈ C1(R) satisfies

lim
s→±∞ Q(s) = Q(0) = 0, Q(−s) = −Q(s), (1.4)

for all s ∈ R and that there exists κ > 0 such that

Q′(s) > 0, ∀ s ∈ (−κ, κ) and Q′(s) < 0, if |s| > κ. (1.5)

The prototype examples we have in mind are

Q(s) :=
s

1 + s2
and Q(s) := se−s2

, (1.6)

which satisfy assumptions (1.5) with κ = 1 and κ = 1√
2
, respectively (see the left

hand picture of Fig. 1).
Regarding the reaction term, we require that the potential F ∈ C1(R) satisfies

F (±1) = F ′(±1) = 0, F (u) > 0 ∀u �= ±1, (1.7)

and that there exist constants 0 < λ1 ≤ λ2, η > 0 and θ > 1 such that:

λ1|1 ± u|θ−2 ≤ F ′(u)
u ± 1

≤ λ2|1 ± u|θ−2, for |u ± 1| < η. (1.8)

Therefore, (1.7) ensures that F is a double well potential with wells of equal depth
in u = ±1 and (1.8) describes the behavior of F close to the minimum points. In
particular, notice that by integrating (1.8) and using (1.7), we obtain

λ1

θ
|1 ± u|θ ≤ F (u) ≤ λ2

θ
|1 ± u|θ, |u ± 1| < η. (1.9)

The simplest example of potential F satisfying (1.7)–(1.8) is

F (u) =
1
2θ

|1 − u2|θ, θ > 1, (1.10)

which is depicted in Fig. 1 for different choices of θ > 1. It is worth mentioning that
when θ = 2 in (1.10), we obtain the classical double well potential F (u) = 1

4(1−u2)2,
which, in particular, satisfies F ′′(±1) > 0; on the other hand, if θ ∈ (1, 2) the second
derivative of the potential (1.10) blows up as u → ±1, while for θ > 2 we have the
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degenerate case F ′′(±1) = 0. Finally, notice that (1.7) implies that the reaction

term f = −F ′ satisfies
∫ 1

−1

f(s) ds = 0, being the reason why we call f a balanced

bistable reaction term.
The competition between a balanced reaction term satisfying the additional

assumption F ′′(±1) > 0 and a classical linear diffusion is described by the celebrated
Allen–Cahn equation [1], which can be obtained from (1.1) by choosing Q(s) = s
and reads as

ut = ε2uxx − F ′(u). (1.11)

Such model has been extensively studied since the early works [3,4,13], and it is
well known that the solution of (1.11) subject to (1.2)–(1.3) exhibits a peculiar phe-
nomenon when the diffusion coefficient ε > 0 is very small, known in literature as
metastability : if the initial datum has a transition layer structure, that is u0 is close
to a step function taking values in {±1} and has sharp transition layers, then the
corresponding solution evolves very slowly in time and the layers move towards one
another or towards the endpoints of the interval (a, b) at an extremely low speed.
Once two layers are close enough or one of them is sufficiently close to a or b, they
disappear quickly and, after that, again the solution enters a slow motion regime.
The latter phenomenon repeats until all the transitions disappear and the solution
reaches a stable configuration, which is given by one of the two stable equilibria
u = ±1. A rigorous description of such metastable dynamics first appeared in the
seminal work [4] where, in particular, it is proved that the time needed for the an-
nihilation of the closest layers is of order exp(Al/ε), where A := min {F ′′(±1)} > 0
and l is the distance between the layers. Therefore, the dynamics strongly depends
on the parameter ε > 0 and the evolution of the solution is extremely slow when
ε → 0+. Moreover, the assumption F ′′(±1) > 0 is necessary to have metastability
and almost 25 years later than the publication of [3,4,13], in [2] the authors prove
that in the degenerate case F ′′(±1) = 0 the exponentially small speed of the layers
is replaced by an algebraic upper bound. On the other hand, the slow motion phe-
nomena described above appear only for potentials F ∈ C2(R), while in the case
of a potential of the form (1.10) with θ ∈ (1, 2) there exist stationary solutions to
(1.11)–(1.2) that attain the values ±1, with an arbitrary number of layers randomly
located inside the interval (a, b), for details see [8] or [10]. In addition, in [10] a more
general equation than (1.11) is considered: the linear diffusion uxx is replaced by
the (nonlinear) p-Laplace operator (|ux|p−2ux)x and it is shown that the aforemen-
tioned phenomena strongly rely on the interplay between the parameters p, θ > 1.
To be more precise, there exist stationary solutions with a transition layer structure
for any θ ∈ (1, p); the metastable dynamics appears in the case θ = p and, finally,
the solutions exhibit an algebraic slow motion for any θ > p > 1.

The main novelty of our work consists in considering a general function Q
satisfying (1.4)–(1.5), with the purpose of extending the aforementioned results to
the reaction–diffusion model (1.1). The choice of a function Q satisfying (1.4)–(1.5)
is inspired by [21], where the authors introduced the so-called Perona–Malik equation
(PME)
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ut = Q(ux)x, (1.12)

with Q as in (1.6), to describe noise reduction and edge detection of digitalized im-
ages. To be more precise, in [21] the authors consider the multi-dimensional version
of (1.12) in the cylinder

{
(x, t) ∈ R

3 : x ∈ Ω, t ≥ 0
}
, where Ω ⊂ R

2 is a bounded
open set, with initial datum u(x, 0) = u0(x) and homogeneous Neumann boundary
conditions on ∂Ω. The initial datum u0 represents the brightness (or the grey level)
of a picture which one wants to denoise and it is numerically shown that the evolu-
tion according to (1.12) smooths the zones where |∇u0| < κ and enhances the zones
with |∇u0| > κ, providing a sharper image than the initial one. Ever since it was
proposed by Perona and Malik in 1990, the nonlinear forward-backward heat Eq.
(1.12) has attracted the interest of the mathematical community. The main reason is
that, on the one hand, numerical experiments exhibit good stability properties and
produce the desired effect of fading out flat noise, but on the other hand from the
analytical point of view the forward-backward character of (1.12) induces a general
skepticism, partially supported by some negative results about the ill-posedness na-
ture of (1.12). This is usually referred in literature as “the Perona–Malik paradox”
[19]. Without claiming to be complete, we list some fundamental analytical results
about (1.12). In [14], the author proves that if u : R2 → R is a C1 solution of (1.12),
then there exist a, b ∈ R such that u(x, t) = ax+b, for any (x, t) ∈ R

2. It is important
to mention that such a result is a consequence of the forward-backward character of
the equation, since it is well known that it is false, in general, for forward parabolic
equation: for instance, the function u(x, t) = et sin(x) is an entire solution of the
classical heat equation. The initial boundary value problem (IBVP) associated to
(1.12) with homogeneous Neumann boundary conditions (1.2) has been investigated
in [18], where the authors prove the following results:

• If the initial datum satisfies |u′
0(x)| > κ, for some x ∈ [a, b], then (IBVP) does

not admit any C1 solution defined for every t ≥ 0.
• C1 solutions of (IBVP) are unique. This is false if one considers weaker solutions

as it is shown in [17].
• If the initial datum satisfies |u′

0(x)| < κ, for any x ∈ [a, b], then there exists a
unique global classical solution, namely a unique solution u ∈ C2((a, b)×(0, T )),
for any T > 0.

Finally, we recall that in [15] it is shown that PME admits a natural regularization
by forward-backward diffusions possessing better analytical properties than PME
itself.

Many papers have also been devoted to the study of (1.12) with the presence of
reaction and/or convection terms: for instance, we mention [12] where a Burgers type
equation with Perona–Malik diffusion is considered and [6], where the authors study
existence of wavefront solutions for a reaction–convection equation with Perona–
Malik diffusion. Regarding the reaction–diffusion model (1.1), we recall that the
corresponding multi-dimensional model is studied in [20], where it is shown that
combining the properties of an anisotropic diffusion like the Perona–Malik’s with
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those of bistable reaction terms provides a better processing tool which enables noise
filtering, contrast enhancement and edge preserving.

Up to our knowledge, the long time behavior of phase transition layer solutions
to reaction–diffusion models with a nonlinear diffusion of the form Q(ux)x has been
studied only in the case of the p-Laplacian [10] and mean curvature operators [9,11].
Both cases are rather different from (1.4)–(1.5): to highlight the differences, let us
expand the term Q(ux)x as Q′(ux)uxx and notice that the derivative of Q plays the
role of the diffusion coefficient. In the case of the p-Laplacian, Q′ is singular at s = 0
for p ∈ (1, 2) and degenerate (Q′(0) = 0) for p > 2, while in the cases studied in
[9,11] the function Q is explicitly given by

Q(s) =
s√

1 + s2
, or Q(s) =

s√
1 − s2

.

Hence, in the first case the derivative Q′ is strictly positive for any s ∈ R and since
Q′(s) → 0 as |s| → ∞, one has a degenerate diffusion coefficient for large values of
|ux|, while in the latter case Q′(s) → ±∞ as s → ±1 and, as a consequence, the
diffusion coefficient is strictly positive but singular at ±1. In the case considered
in this article, (1.4)–(1.5) imply that not only the diffusion coefficient is degenerate
at ±∞ and ±κ, but the diffusion coefficient is even strictly negative when |ux| >
κ. Thus, our work provides the first investigation of long time behavior of phase
transition layer solutions in the case of a degenerate nonlinear diffusion term Q(ux)x,
with Q that changes monotonicity; however, as we will see, it is sufficient that Q′ > 0
in a neighborhood of the origin to prove our results, see also Remark 3.2. Moreover,
we mention that in [9–11] an explicit formula for Q is considered, while here Q is not
explicit but it is a generic function satisfying (1.4)–(1.5). Actually, the interested
reader can check that even if considering specific examples as in (1.6), one cannot
obtain explicit formulas for the involved functions, so that the computations become
much more complicated; for details, see Remark 2.2.

The main contribution of this paper is to show that the well know results
about the classic model (1.11) described above can be extended to (1.1), even if
Q is a non-monotone function. Roughly speaking, the condition Q′ > 0 in (−κ, κ)
for some generic κ is enough to obtain on one side the existence of compactons,
which are stationary solutions (hence, invariant under the dynamics of (1.1)) with
a transition layer structure, in the case F satisfy (1.7)–(1.8) with θ ∈ (1, 2); on the
other side, one can prove existence of metastable patterns if θ = 2 and existence of
algebraically slowly moving structures when θ > 2. The dynamical (in)stability of
the compactons remains an interesting open problem; it is not clear whether small
perturbations of compactons generate a slow motion dynamics similar to the case
θ = 2 or the transition layer structure is maintained for all times t > 0.

1.1. Plan of the Paper

We close the Introduction with a short plan of the paper; Sect. 2 is devoted to the
stationary problem associated to (1.1). We will consider steady states both in the
whole real line and in bounded intervals, showing also that there are substantial
differences depending on the value of the power θ appearing in (1.8). Indeed, the
existence of the aforementioned compactons is a peculiarity of the case θ ∈ (1, 2)
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and it is established in Proposition 2.7. On the contrary, in the case θ ≥ 2 we
focus our attention on the existence of periodic solutions in the real line and their
restriction on a bounded interval [a, b] (see Propositions (2.8) and 2.9 respectively)
that oscillate among values ±s̄, with s̄ ≈ 1 (strictly less that one). In Sect. 3 we
prove some variational results and lower bounds on the energy associated to (1.1)
(for its definition, we refer to (3.1)) which will be crucial in order to prove the
results of Sect. 4; we here focus on the asymptotic behavior of the solutions to
(1.1)–(1.2)–(1.3), showing that if the dynamics starts from an initial datum with N
transition layers inside the interval [a, b], then such configuration will be maintained
for extremely long times. As it was previously mentioned, the time taken for the
solution to annihilate the unstable structure of the initial datum strongly depends on
the choice of the parameter θ > 1 appearing in (1.8) and we have either metastable
dynamics (exponentially slow motion) in the critical case θ = 2 or algebraic slow
motion in the degenerate case θ > 2. We underline again that in the case θ ∈ (1, 2)
solutions with N transition layers are either stationary solutions (compactons) or
close to them. Numerical simulations, which illustrate the analytical results, are
provided at the end of Sect. 4.

2. Stationary Solutions

The aim of this section is to analyze the stationary problem associated to (1.1) and
to prove the existence of some special solutions to

Q(ε2ϕ′)′ − F ′(ϕ) = 0, (2.1)

with ε > 0, Q satisfying assumptions (1.4)–(1.5) and F as in (1.7)–(1.8), both in
the whole real line and in a bounded interval complemented with homogeneous
Neumann boundary conditions (1.2). In order to prove the results of this section we
actually have to require more regularity on the diffusion flux Q, that is Q ∈ C3(R);
however, we underline that the basic examples (1.6) we have in mind satisfy such
additional assumption as well.

2.1. Standing Waves

We start by considering problem (2.1) in R, and we focus the attention on standing
waves, that can be defined as follows: an increasing standing wave Φε := Φε(x) is a
solution to (2.1) in the whole real line satisfying either{

Φε(x) = 1, x ≥ x+,

Φε(x) = −1, x ≤ x−,
Φ′

ε(x) > 0, for any x ∈ (x−, x+), (2.2)

for some x± ∈ R with x− < x+ or

lim
x→±∞ Φε(x) = ±1, Φ′

ε(x) > 0, for any x ∈ R. (2.3)

Similarly, a decreasing standing wave Ψε := Ψε(x) satisfies (2.1) and either{
Ψε(x) = −1, x ≥ x+,

Ψε(x) = 1, x ≤ x−,
Ψ′

ε(x) < 0, for any x ∈ (x−, x+),
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for some x± ∈ R with x− < x+ or

lim
x→±∞ Ψε(x) = ∓1, Ψ′

ε(x) < 0, for any x ∈ R.

It is easy to check that solutions to (2.1)–(2.3) and (2.1)–(2.3) are invariant by
translation; thus, in order to deduce a unique solution we add the further assumption
Φε(0) = 0 and we rewrite the problems (2.1)–(2.3) and (2.1)–(2.3) as

ε2Q′(ε2Φ′
ε)Φ

′′
ε − F ′(Φε) = 0,

lim
x→±∞ Φε(x) = ±1, Φε(0) = 0, Φ′

ε(x) ≥ 0, ∀x ∈ R.
(2.4)

Analogously, in the decreasing case we have

ε2Q′(ε2Ψ′
ε)Ψ

′′
ε − F ′(Ψε) = 0,

lim
x→±∞ Ψε(x) = ∓1, Ψε(0) = 0, Ψ′

ε(x) ≤ 0, ∀x ∈ R.
(2.5)

As we will see below, there is a fundamental difference whether F satisfies (1.8)
with θ ∈ (1, 2) or with θ > 2: in the first case, the standing waves touch the values
±1, namely the increasing standing waves satisfy (2.3). Conversely, if θ > 2 the
standing waves reach the values ±1 only in the limit: for instance, in the increasing
case, they satisfy (2.3). In order to prove such claim, as well as the existence of a
unique solution to (2.4) (or, alternatively, of (2.5)), we need to premise the following
technical result.

Lemma 2.1. Let Q ∈ C1(R) satisfying (1.4)–(1.5). Denote by

	 := κQ(κ) − Q̃(κ), where Q̃(s) :=
∫ s

0

Q(t) dt, (2.6)

and

Pε(s) :=
∫ s

0

ε2z Q′(ε2z) dz. (2.7)

Then, there exists a unique (strictly positive) function Jε which inverts the equation
Pε(s) = ξ in [0, κε−2]: for any s ∈ [0, κε−2] and ξ ∈ [0, 	ε−2] there holds

Pε(s) = ξ if and only if s = Jε(ξ). (2.8)

Moreover, the following expansion holds true

Jε(ξ) =

√
2

ε2Q′(0)
ξ + ε−2ρ(ε2ξ), where ρ(ξ) = o(ξ). (2.9)

Proof. In order to study the invertibility of the equation Pε(s) = ξ, we observe that

Pε(s) =
∫ s

0

ε2z Q′(ε2z) dz =
1
ε2

∫ ε2s

0

τQ′(τ) dτ

=
1
ε2

[
τ Q(τ)
∣∣∣ε

2s

0
−
∫ ε2s

0

Q(τ) dτ

]
= sQ(ε2s) − 1

ε2
Q̃(ε2s).

(2.10)

Hence, Pε is an even function satisfying P ′
ε(0) = P ′

ε(±κε−2) = 0 and

P ′
ε(s)s = ε2Q′(ε2s) s2 ≥ 0, for any s ∈ [−κε−2, κε−2],
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because of the definition (2.7) and the assumptions on Q (1.4)–(1.5). Thus, the
equation Pε(s) = ξ has exactly two solutions in [−κε−2, κε−2], provided that ξ ∈
[Pε(0), Pε(κε−2)]. Going further, one has Pε(0) = 0 while

Pε(κε−2) = κε−2Q(κ) − ε−2Q̃(κ) =
	

ε2
,

where the constant 	, defined in (2.6), is strictly positive because κ Q(κ) is indeed
greater than Q̃(κ), which represents the area underneath the function Q in the
interval [0, κ]. Hence, (2.8) holds true and it remains to prove (2.9). Using (2.10),
we deduce

Pε(s) = ε−2H(ε2s), where H(s) := sQ(s) − Q̃(s). (2.11)

Since the function H in (2.11) satisfies H(0) = H ′(0) = 0 and H ′′(0) = Q′(0) > 0,
for s ∼ 0 we have

Pε(s) = ε−2

[
Q′(0)

2
ε4s2 + o((ε2s)2)

]
,

and the latter equality gives a hint that Jε behaves like the square root of s for
s ∼ 0. To prove it, let us study the behavior of (H−1)2 close to the origin. We have

[
(H−1)2

]′
(s) = 2H−1(s)

[
H−1
]′

(s) =
2H−1(s)

H ′ (H−1(s))
,

so that
[
(H−1)2

]′
(0) = 2 lim

s→0

H−1(s)
H ′ (H−1(s))

= 2 lim
s→0

H−1(s)
H ′′(0)H−1(s) + o (H−1(s)2)

= 2 lim
s→0

1

H ′′(0) + o(H−1(s)2)
H−1(s)

=
2

H ′′(0)
=

2
Q′(0)

> 0.

Thus,

(H−1)2(s) = 0 +
2

Q′(0)
s + R(s) =⇒ H−1(s) =

√
2

Q′(0)
s + R(s),

where R(s) = O(s2). Hence, we can state that

H−1(s) =

√
2

Q′(0)
s + ρ(s), with ρ(s) = o(s).

Indeed,

lim
s→0+

ρ(s)
s

= lim
s→0+

s−1

[√
2

Q′′(0)
s + R(s) −

√
2

Q′′(0)
s

]

= lim
s→0+

s−1R(s)√
2

Q′′(0)s + R(s) +
√

2
Q′′(0)s

= lim
s→0+

s− 3
2 R(s)√

2
Q′′(0) + s−1R(s) +

√
2

Q′′(0)

= 0.
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By using (2.8)–(2.11), one obtains

Jε(ξ) = ε−2H−1(ε2ξ) =

√
2

ε2Q′(0)
ξ + ε−2ρ(ε2ξ),

that is (2.9) and the proof is complete. �
Remark 2.2. It is interesting to notice that, even if we consider the explicit examples
in (1.6), it is not possible to give an explicit formula for the function Jε in (2.8). As
we will see in the rest of the paper, not having an explicit formula for Jε considerably
complicates the proof of our results, in which the expansion (2.9) plays a crucial
role.

We have now all the tools to prove the following existence result.

Proposition 2.3. Let Q satisfy (1.4)–(1.5) and F satisfy (1.7)–(1.8). Then, there
exists ε0 > 0 such that problem (2.4) admits a unique solution Φε ∈ C2(R) for any
ε ∈ (0, ε0). Moreover we have the following alternatives:
(i) If θ ∈ (1, 2), then the profile Φε satisfies (2.3); more precisely one has

Φε(xε
1) = 1, Φε(xε

2) = −1, (2.12)

where

xε
1 = εx̄1 + o(ε), xε

2 = −εx̄2 + o(ε), (2.13)

for some x̄i > 0, for i = 1, 2 which do not depend on ε.
(ii) If θ = 2, then Φε satisfies (2.3) with the following exponential decay:

1 − Φε(x) ≤ c1e
−c2x, as x → +∞,

Φε(x) + 1 ≤ c1e
c2x, as x → −∞,

for some c1, c2 > 0.
(iii) If θ > 2, then Φε satisfies (2.3) with algebraic decay:

1 − Φε(x) ≤ d1x
−d2 , as x → +∞,

Φε(x) + 1 ≤ d1x
−d2 , as x → −∞,

for some d1, d2 > 0.

Proof. In order to prove the existence of a solution to (2.4), we multiply the ordinary
differential equation by Φ′

ε = Φ′
ε(x), deducing

ε2Q′(ε2Φ′
ε)Φ

′
εΦ

′′
ε − F ′(Φε)Φ′

ε = 0, in (−∞, +∞).

As a consequence, {
Pε(Φ′

ε) = F (Φε), in (−∞, +∞),
Φε(0) = 0,

(2.14)

where Pε is defined in (2.7). In order to solve the Cauchy problem (2.14), we apply
Lemma 2.1; hence, we need to require F (Φε) ≤ 	ε−2, namely we choose

ε ∈ (0, ε0), with ε0 =

√√√√ 	

max
Φ∈[−1,1]

F (Φ)
. (2.15)
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Condition (2.15) ensures that we can find monotone solutions to (2.14) applying the
standard method of separation of variables; in particular, we obtain a solution Φε,
satisfying Φ′

ε ∈ [0, κε−2], which is implicitly defined by
∫ Φε(x)

0

du

Jε (F (u))
= x,

where Jε is defined in (2.8). Since Jε (F (u)) = 0 if and only if F (u) = 0 (that is,
u = ±1), in order to prove the uniqueness of Φε and its behavior described in the
properties (i), (ii) and (iii) of the statement, we need to study the convergence of
the following improper integrals∫ 1

0

du

Jε (F (u))
and

∫ 0

−1

du

Jε (F (u))
. (2.16)

Substituting (2.9) in the first integral of (2.16), we end up with∫ 1

0

du

Jε (F (u))
= εx̄1 + I(ε), (2.17)

where

x̄1 :=

√
Q′(0)

2

∫ 1

0

du√
F (u)

I(ε) := −ε−1

√
Q′(0)

2

∫ 1

0

ρ(ε2F (u))(√
2

ε2Q′(0)F (u) + ε−2ρ(ε2F (u))
)√

F (u)
du.

The crucial point is that the character of the integral in (2.17) is simply given by
x̄1, since there exists ε0 > 0 such that |I(ε)| < ∞ for any ε ∈ (0, ε0). Indeed, using
the estimate |ρ(ε2F (u))| ≤ Cε2F (u), one gets

I(ε) ≤ ε−1

√
Q′(0)

2

∫ 1

0

|ρ(ε2F (u))|(√
2

ε2Q′(0)F (u) + ε−2ρ(ε2F (u))
)√

F (u)
du

≤ ε−1

√
Q′(0)

2

∫ 1

0

Cε2
√

F (u)(√
2

ε2Q′(0)F (u) + ε−2ρ(ε2F (u))
) du

≤
√

Q′(0)
2

∫ 1

0

Cε2(√
2

Q′(0) + ρ(ε2F (u))

ε
√

F (u)

) du,

and we can choose ε > 0 sufficiently small such that√
2

Q′(0)
+

ρ(ε2F (u))
ε
√

F (u)
≥
√

2
Q′(0)

− Cε
√

F (u) > 0.

Moreover, notice that x̄1 does not depend on ε, while I(ε) = o(ε). By using (1.9),
we obtain

x̄1 ∼
∫ 1

0

du

(1 − u)
θ
2
.
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Hence, x̄1 < +∞ if and only if θ < 2, and the point (i) of the thesis follows; the first
equality in (2.13) is a consequence of (2.17). Going further, points (ii)–(iii) of the
statement are a consequence of the standard separation of variables; indeed (2.14)
can be rewritten as

Φ′
ε = Jε (F (Φε)) ,

with Jε ≥ 0 satisfying

Jε(F (s)) ≈ |1 − s| θ
2 , s ≈ 1.

In particular, we have exponential decay if θ = 2 and algebraic decay if θ > 2.
The computations are completely similar if considering the second integral in

(2.16), and we thus proved the existence of a unique solution of (2.4) satisfying
properties (i), (ii) and (iii). Precisely, if θ ≥ 2 there exists a unique solution of
(2.14), while if θ ∈ (1, 2), (2.14) has infinitely many solutions, but the additional
requirement Φ′

ε(x) ≥ 0, for any x ∈ R, guarantees that there is a unique solution of
(2.4). �
Remark 2.4. We notice that the condition Φ′

ε ∈ [0, κε−2] allows also for high values
of the first derivative; to be more precise, one has

|Φ′
ε(x)| ≤ κε−2, for any x ∈ R. (2.18)

As a corollary of Proposition 2.3, we can prove existence of a unique solution
to (2.5), sharing similar properties to (i)–(ii) and (iii).

Corollary 2.5. Under the same assumptions of Proposition 2.3, there exists ε0 > 0
such that problem (2.5) admits a unique solution Ψε for any ε ∈ (0, ε0). Moreover,
if θ ∈ (1, 2), then

Ψε(−xε
1) = 1, Ψε(−xε

2) = −1,

where xε
i , i = 1, 2 are defined in (2.13). On the other hand, if θ = 2 (θ > 2) the

profile Ψε has an exponential (algebraic) decay towards the states ∓1.

Proof. Using the symmetry of Q and, in particular, the fact that Q′ is an even
function, it is a simple exercise to verify that Ψε(x) := Φε(−x), with Φε given by
Proposition 2.3, is the unique solution to (2.5). �
Remark 2.6. The existence of a unique solution Ψε to (2.5) can be proven indepen-
dently of the one of Φε: indeed, it is enough to adapt the proof of Proposition 2.3 by
inverting the equation Pε(s) = ξ in the interval [−κε−2, 0] (in this case the inverse
is −Jε, see (2.8)), and obtaining the existence of a unique solution Ψε with negative
derivative Ψ′

ε ∈ [−κε−2, 0].

The previous results are instrumental to prove the existence of a special class
of stationary solutions on a bounded interval in the case θ ∈ (1, 2), as we will see
in the next section. Indeed, in such a case the standing wave reaches ±1 for a finite
value of the x-variable and with zero derivative, so that we are able to construct
infinitely many steady states oscillating between ±1 and satisfying the boundary
conditions (1.2). On the contrary, if θ ≥ 2, all the standing waves satisfy (2.3), so
that they never satisfy the homogeneous Neumann boundary conditions and can
never solve (2.1)–(1.2) in any bounded interval.
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2.2. Compactons

We here consider the so-called compactons, which are by definition stationary so-
lutions connecting two phases on a finite interval. More explicitly, we prove the
existence of infinite solutions to the stationary problem associated to (1.1)–(1.2),
namely

Q(ε2ϕ′)′ − F ′(ϕ) = 0, ϕ′(a) = ϕ′(b) = 0, (2.19)

oscillating between −1 and +1 (touching them), provided that ε is sufficiently small.
The existence of such solutions is shown by proving that, given an arbitrary set of
real numbers in [a, b], for sufficiently small ε, there are two solutions ϕ1 and ϕ2 to
(2.19) having such numbers as zeros, satisfying

ϕ1(a) = −1 and ϕ2(a) = +1, (2.20)

and oscillating between −1 and +1 ( +1 and −1, respectively).

Proposition 2.7. Let 1 < θ < 2, N ∈ N and let h1, h2, . . . , hN be any N real numbers
such that a < h1 < h2 < · · · < hN < b. Then, for any ε ∈ (0, ε̄) with ε̄ > 0
sufficiently small, there exist two solutions ϕ1 and ϕ2 to (2.19) satisfying (2.20),
oscillating between −1 and +1 and between +1 and −1 respectively, and having
precisely N zeros at h1, h2, . . . , hN .

Proof. We start by proving the existence of the solution ϕ1 to (2.19) on the interval
[a, b] satisfying the first condition in (2.20), oscillating between −1 and +1 and
having h1, h2, . . . , hN as zeros. To this aim, we consider the function

Φ1
ε(x) := Φε(x − h1), x ∈ R,

where Φε is the increasing standing wave solution of Proposition 2.3. Then, the
function Φ1

ε has a zero at h1. Furthermore, by (2.4) and (2.12), recalling that

xε
1 = εx̄1 + o(ε) and xε

2 = −εx̄2 + o(ε),

for some x̄1, x̄2 > 0, we can conclude that Φ1
ε takes the values −1 on (−∞, h1 + xε

2]
and +1 on [h1 +xε

1, +∞); we notice that if ε is sufficiently small, then h1 +xε
2 < h1.

Let us now fix ε > 0 small enough so that h1 + xε
2 > a; the restriction of Φ1

ε to the
interval [a, h1 + xε

1], denoted with the same symbol, turns out to be equal to −1 for
every x ∈ [a, h1 + xε

2], touching +1 at h1 + xε
1. Let us introduce the notation

yε
j :=

{
xε

1 if j is odd,

−xε
2 if j is even,

for every j = 1, . . . , N , and for every i = 1, . . . , N − 1 let us define the function

Φi+1
ε (x) := Φε((−1)i(x − hi+1)), x ∈ R.

For each fixed i = 1, . . . , N − 1, the function Φi+1
ε has a zero at hi+1, and takes the

values −1 for every x ≥ hi+1 + yε
i+1 and +1 for every x ≤ hi+1 − yε

i as long as i
is odd, otherwise it takes the values −1 for every x ≤ hi+1 − yε

i and +1 for every
x ≥ hi+1+yε

i+1. Up to choosing ε possibly smaller in order to have hi+yε
i ≤ hi+1−yε

i ,
for every i = 1, . . . , N − 1 (namely 2yε

i ≤ hi+1 − hi), the restriction of the function
Φi+1

ε (x) to the interval [hi + yε
i , hi+1 + yε

i+1] (still using the same notation), takes
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the value (−1)i+1 for every x ∈ [hi + yε
i , hi+1 − yε

i ], touching (−1)i at hi+1 + yε
i+1.

Selecting ε > 0 sufficiently small so that hN + yε
N < b, we end up defining ϕ1 in the

following way

ϕ1(x) :=

⎧⎪⎨
⎪⎩

Φ1
ε(x), x ∈ [a, h1 + xε

1],
Φi+1

ε (x), x ∈ [hi + yε
i , hi+1 + yε

i+1] and i = 1, . . . , N − 1,

(−1)N−1, x ∈ [hN + yε
N , b].

By construction, the resulting map ϕ1 ∈ C2([a, b]) solves (2.19) and has exactly N
zeros at points h1, h2, . . . , hN .

Arguing as above, we can construct the compacton ϕ2 which satisfies the second
condition in (2.20) in the following way

ϕ2(x) :=

⎧⎪⎨
⎪⎩

Φ1
ε(−x), x ∈ [a, h1 − xε

2],
Φi+1

ε ((−1)i+1x), x ∈ [hi + yε
i+1, hi+1 + yε

i ], i = 1, . . . , N − 1,

(−1)N , x ∈ [hN + yε
N−1, b].

The proof is thereby complete. �

We, again, point out that since the integrals in (2.16) are finite only if θ ∈ (1, 2),
the compactons solutions constructed in Proposition 2.7 exist only in such a case.

2.3. Periodic Solutions for θ ≥ 2
As already mentioned in the previous section, when θ ≥ 2 the integrals in (2.16)
diverge, so that solutions to (2.19) cannot touch the values ±1 and compactons so-
lutions do not exist anymore. In this case, we construct a different type of stationary
solutions with a transition layer structure, which can be seen as a restriction of pe-
riodic solutions on the whole real line. The study of all periodic solutions to (2.1) is
beyond the scope of the paper and it is strictly connected to the specific form of the
potential F which, in our case, is a very generic function satisfying (1.7)–(1.8) and
may give raise to infinitely many kinds of periodic solutions in the whole real line,
see two examples in Figs. 2 and 3 below. Indeed, assumptions (1.7)–(1.8) only assure
that F is a double well potential with wells of equal depth in ±1, and describe its
behavior close to these minimum points, while give no informations of the shape of
F between them. Here, we are interested in periodic solutions oscillating between
values close to ±1 and assumptions (1.7)–(1.8) are enough to prove their existence.
Denote by

Z := {u ∈ (−1, 1) : F ′(u) = 0} and Γ := min
Z

F (u) > 0. (2.21)

As it was mentioned before, assumptions (1.7)–(1.8) give no information on the
structure of Z, that is the set of all the critical points of F inside (−1, 1), that could
be a discrete set or even an interval. Multiplying (2.1) by ϕ′, we deduce that

Pε(ϕ′) − F (ϕ) = C, in R, (2.22)

where C is an appropriate integration constant. For instance, if C = 0 we obtain the
constant solutions ±1 or the standing wave constructed in Proposition 2.3; in the
next result, we prove that the choice C ∈ (−Γ, 0) gives raise to periodic (bounded)
solutions.
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Proposition 2.8. Let ε > 0, Pε as in (2.7), F satisfying (1.7)–(1.8) with θ ≥ 2 and
C ∈ (−Γ, 0), where Γ is defined in (2.21). Denote by s̄ ∈ (0, 1) the unique number
such that −F (s̄) = C. Then there exists ε0 > 0 such that, for any ε ∈ (0, ε0),
problem (2.22) admits periodic solutions ΦTε

, oscillating between −s̄ and s̄, with
fundamental period 2Tε, where

Tε(s̄) :=
∫ s̄

−s̄

ds

Jε (F (s) − F (s̄))
, (2.23)

with Jε defined in (2.8).

Proof. Fix C ∈ (−Γ, 0) and notice that the assumption (1.7) together with definition
(2.21) imply the existence of a unique s ∈ (0, 1) such that −F (s̄) = C. Since
any periodic solution is unique up to translation we can assume, without loss of
generality, that ΦTε

(0) = −s̄. By using (2.8), from Eq. (2.22) we can infer that ΦTε

is implicitly defined as ∫ ΦTε(x)

−s̄

du

Jε (F (u) + C)
= x,

provided that F (u) + C ∈ [0, 	ε−2]), where 	 is defined in (2.6). Hence, we need to
require

max
u∈[−s̄,s̄]

F (u) + C ≤ 	ε−2,

and, since C < 0, such condition is satisfied again as soon as (2.15) holds. We now
have to verify the convergence of the improper integral∫ s̄

−s̄

ds

Jε (F (s) − F (s̄))
. (2.24)

By using (2.9) and the Taylor expansion F (s) − F (s̄) = F ′(s̄)(s − s̄) + o (|s − s̄|),
with F ′(s̄) < 0 because s̄ ∈ (0, 1), we deduce∫ s̄

0

ds

Jε (F (s) − F (s̄))
∼
∫ s̄

0

ds√
F ′(s̄)(s − s̄)

< +∞.

Similarly, one can prove that∫ 0

−s̄

ds

Jε (F (s) − F (s̄))
∼
∫ 0

−s̄

ds√
F ′(−s̄)(s + s̄)

< +∞,

and, as a consequence, the improper integral (2.24) is finite. Therefore, we have
constructed a solution ΦTε

: [0, Tε(s̄)], satisfying

ΦTε
(0) = −s̄, ΦTε

(Tε(s̄)) = s̄ and Φ′
Tε

(0) = Φ′
Tε

(Tε(s̄)) = 0.

Let us now define

ΦTε
(x) = ΦTε

(Tε(s̄) − x) , x ∈ [Tε(s̄), 2Tε(s̄)] .

It is easy to check that ΦTε
solves (2.22) in [Tε(s̄), 2Tε(s̄)] and

ΦTε
(Tε(s̄)) = −s̄, Φ′

Tε
(Tε(s̄)) = 0.

We have thus extended the solution in the interval [Tε(s̄), 2Tε(s̄)], and thus con-
structed a solution in [0, 2Tε(s̄)]; by iterating the same argument, we can extend the
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solution to the whole real line by 2Tε(s̄)−periodicity, and the proof is
complete. �

We now make use of the solutions constructed in Proposition 2.8 to construct
solutions to (2.19) having N equidistant zeroes in [a, b].

Proposition 2.9. Let ε > 0, Q satisfying (1.4)–(1.5), F satisfying (1.7)–(1.8) with
θ ≥ 2 and let us fix N ∈ N. Then, if ε ∈ (0, ε̄) with ε̄ > 0 sufficiently small,
there exists s̄ close to (and strictly less than) +1, such that problem (2.19) admits
a solution oscillating between ±s̄ and with N equidistant zeroes inside the interval
[a, b], located at

h1 =
Tε(s̄)

2
+ a and hi = hi−1 + Tε(s̄), i = 2, . . . , N, (2.25)

where Tε(s̄) is defined in (2.23).

Proof. The solution we are looking for can be constructed by shifting and modifying
properly ΦTε

, the periodic solution of Proposition 2.8. Hence, in order to construct
a solution ψ with exactly N zeroes in [a, b] such that ψ′(a) = ψ′(b) = 0, we proceed
as follows: first of all, we define ψ(x) = ΦTε

(x − a) (recall that ΦTε
(0) = −s̄). In

such a way ψ(a) = −s̄, and we also have ψ′(a) = 0. Moreover, the first zero h1

of ψ is located exactly at Tε/2 + a, while h2 = Tε + h1, h3 = Tε + h2 and so on,
leading to (2.25). Thus, in order to have b located in the middle point after the last
zero of ψ (so that, consequently, ψ′(b) = 0), we have to choose s̄ in such a way that
b = NTε(s̄) + a, if ε ∈ (0, ε̄). In other words, we have to prove that, if ε ∈ (0, ε̄), for
any N ∈ N and a, b ∈ R there exists s̄ ≈ 1 such that

Tε(s̄) =
b − a

N
.

To this purpose, by putting the expansion (2.9) in the definition (2.23), we infer

Tε(s̄) = ε

√
Q′(0)

2

∫ s̄

−s̄

ds√
F (s) − F (s̄)

+ o(ε).

Thus, we have to find s̄ ≈ 1 such that∫ s̄

−s̄

ds√
F (s) − F (s̄)

=
√

2(b − a)
ε
√

Q′(0)N
+

o(ε)
ε

. (2.26)

Since the integral on the left hand side is a monotone function of s̄ ≈ 1 [4] and it
satisfies

lim
s̄→1−

∫ s̄

−s̄

ds√
F (s) − F (s̄)

= +∞,

we can state that if ε is sufficiently small, then there exists a unique s̄ ≈ 1 such that
Tε(s̄) = (b − a)/N , and the proof is complete. �

Remark 2.10. We point out that in the case θ ∈ (1, 2) we proved existence of com-
pactons with a generic number N ∈ N of layers located at arbitrary positions
h1, h2, . . . , hN in the interval [a, b]. On the other hand, in Proposition 2.9, we proved
that, for θ ≥ 2, there exist solutions with N layers, which oscillate among the values
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Figure 2 In red we depict the level C = 0, corresponding to an
heteroclinic solution; in dark green the level C = −F (1/2), cor-
responding to the periodic solution oscillating among ±1

2 . Another
periodic solution is depicted in green (Color figure online).

±s̄, with s̄ ≈ 1 determined by the condition Tε(s̄) = (b − a)/N , but the layers
position is given by (2.25), and so it is not random. Nevertheless, such result can
be proved also when θ ∈ (1, 2), but only if ε is large enough: indeed, one has

lim
s̄→1−

∫ s̄

−s̄

ds√
F (s) − F (s̄)

< +∞ if θ < 2,

and one can easily see that the right hand side of (2.26) diverges if ε → 0+.
Finally, notice that we proved that for ε ∈ (0, ε̄) there exists a unique s̄ (de-

pending on ε) such that Tε(s̄) = (b−a)/N and, in particular, limε→0+ s̄ = 1, meaning
that the smaller ε is, the closer s̄ is to 1.

2.3.1. Particular Cases of Potential F . In order to give a hint of what can happen for
particular choices of the potential F satisfying (1.7)–(1.8), we consider two specific
examples. In the first one, F is given by (1.10) with θ ≥ 2 and, as a consequence,
the admissible levels of the energy that lead to periodic (bounded) solutions are
C ∈ (− 1

2θ , 0
)
, see Fig. 2.

On the other hand, let us consider a symmetric potential F with a local mini-
mum located in u = 0 and, as a consequence, two local maxima located in ±ū, for
some ū ∈ (0, 1), see Fig. 3, where −F is depicted; in this case, the periodic solutions
described in Proposition 2.8 appear for C ∈ (−F (0), 0) (hence with Γ = F (0) in
(2.21)), see the green line in Fig. 3. Moreover, if C = −F (0), homoclinic solutions
appear (see the blue line in Fig. 3), while for C ∈ (−F (ū), F (0)) one can construct
new periodic solutions entirely contained either in the negative or in the positive
half plane. Of course the case of a non-symmetric potential will be even more diffi-
cult (for instance, one will have several level of the energy corresponding to different
homoclinic solutions), and this study will be the object of further investigations.
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Figure 3 In blue we depicted the level of the energy corresponding
to the homoclinic solution; in dark green the level of the energy cor-
responding to the periodic solutions oscillating, respectively, among
−s̄2,−s̄1 < 0 and s̄1, s̄2 > 0 (Color figure online).

3. Variational Results

In this section we collect and prove some variational results needed in order to
show the slow motion phenomena of the solutions to (1.1)–(1.2) in the case θ ≥ 2,
whose analysis will be performed in Sect. 4. The idea is to apply the strategy firstly
developed by Bronsard and Kohn in [3], subsequently improved by Grant in [16]
and successfully used in many other models, see for instance [9–11] and references
therein.

3.1. Lyapunov Functional

We start by introducing the energy associated to (1.1)–(1.2)

Eε[u] :=
∫ b

a

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx, (3.1)

where Q̃ is defined in (2.6); we first prove that (3.1) is a Lyapunov functional for the
model (1.1)–(1.2), that is a functional whose time derivative is negative if computed
along the solutions to (1.1)–(1.2).

Lemma 3.1. Let u ∈ C([0, T ], H2(a, b)) ∩ C1([0, T ], H1(a, b)) be a solution of (1.1)–
(1.2). Let Eε be the functional defined in (3.1). Then

d

dt
Eε[u](t) = −ε−1

∫ b

a

u2
t (x, t) dx. (3.2)

and

Eε[u](0) − Eε[u](T ) = ε−1

∫ T

0

∫ b

a

ut(x, t)2 dx dt. (3.3)

Proof. (3.3) directly follows from (3.2): indeed once (3.2) is proved, an integration
with respect to time over the interval [0, T ] yields (3.3).

As for the proof of (3.2), by differentiating with respect to time the energy Eε,
we have

d

dt
Eε[u](t) =

1
ε

∫ b

a

[
Q(ε2ux)uxt + F ′(u)ut

]
dx,
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where we have used that Q̃′(ε2ux) = Q(ε2ux). Integrating by parts, exploiting the
boundary conditions (1.2) and that Q(0) = 0, we deduce

d

dt
Eε[u](t) =

1
ε

∫ b

a

[−Q(ε2ux)x + F ′(u)
]
ut dx.

From this, since u satisfies Eq. (1.1), we end up with (3.2), thus completing the
proof. �

Remark 3.2. The equality (3.3) plays a crucial role in Sect. 4, where we analyze
the slow motion of some solutions of (1.1)–(1.2). Then, in our analysis we can only
consider sufficiently regular solutions. However, it is important to notice that all
the stationary solutions constructed in Sect. 2 are such that the diffusion coefficient
Q′(ε2ux) is strictly positive (see (2.8) and (2.18)), namely the solutions are defined
in the region where (1.1) is parabolic. Similarly, all the solutions we consider in the
rest of the paper satisfy the same estimates and, as a consequence, they have the
necessary regularity to apply Lemma 3.1.

3.2. Lower Bounds

The aim of this subsection is to prove some lower bounds for the energy Eε, defined
in (3.1), associated to a function which is sufficiently close in L1-sense to a jump
function with constant values −1 and +1 (we refer the reader to Definition 3.8).
Such variational results present a different nature depending on either θ = 2 or
θ > 2; moreover, we underline that in their proof the Eq. (1.1) does not come into
play, unlike the result contained in Subsect. 3.1.

3.2.1. A Crucial Inequality. The first tool we need to prove the aforementioned
lower bounds is an inequality involving the functions Q and Jε. To better under-
stand the motivation behind such a tool, we recall the equation which identifies the
standing waves solutions, that is

Pε(Φ′
ε) = F (Φε),

which in turn, using (2.10), can be rewritten as follows

Φ′
εQ(ε2Φ′

ε) − 1
ε2

Q̃(ε2Φ′
ε) = F (Φε). (3.4)

We now observe that (2.8) implies Φ′
ε = Jε(F (Φε)), so that substituting into (3.4),

we arrive at

Q̃(ε2Φ′
ε)

ε3
+

F (Φε)
ε

=
Φ′

ε
Q(ε2Jε(F (Φε))). (3.5)

Therefore, we seek a suitable inequality such that in some sense the equality holds
along the standing wave solutions. Inspired by the previous considerations, we state
and prove the following lemma.

Lemma 3.3. Let ε, L > 0. If Q ∈ C1(R) satisfies (1.4)–(1.5) and Jε satisfies (2.8),
then

Q̃(ε2x)
ε3

+
y

ε
≥ |x|

ε
Q(ε2Jε(y)), (3.6)
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for any (x, y) ∈ [−κε−2, κε−2] × [0, 	ε−2], where κ and 	 are defined in (1.5) and
(2.6), respectively.

Proof. Since, by assumption, Q̃ is even, in order to prove (3.6) it is sufficient to
study the sign of the function

g(x, y) := Q̃(ε2x) + ε2y − ε2x Q(ε2Jε(y)),

for all x ∈ [0, κε−2] and for all y ∈ [0, 	ε−2]. For any (x, y) belonging to the inside
of such a rectangle we have

gx(x, y) = ε2 Q̃′(ε2x) − ε2 Q(ε2
εJ(y)) = 0

if and only if Q(ε2x) = Q(ε2Jε(y)). Since Q is strictly increasing in the interval
[0, κε−2], we thus have gx(x, y) = 0 if and only if x = Jε(y). Let us now evaluate gy

in such points:

gy(x, y)
∣∣∣
x=Jε(y)

= ε2 − ε2x Q′(ε2Jε(y)) ε2J ′
ε(y)
∣∣∣
x=Jε(y)

= ε2 − ε4x
Q′(ε2Jε(y))
P ′

ε (Jε(y))

∣∣∣
x=Jε(y)

= ε2 − ε2x

P ′
ε(x)

Q′(ε2x) = ε2 − ε4x

ε2x Q′(ε2x)
Q′(ε2x) = 0,

where we used (2.7) and (2.8). It follows that the only internal critical points of the
function g are given by x = Jε(y), and we have

g(x, y)
∣∣∣
x=Jε(y)

= Q̃(ε2x) + ε2Pε(x) − ε2x Q(ε2x)

= Q̃(ε2x) + ε2

[
x Q(ε2x) − 1

ε2
Q̃(ε2x)

]
− ε2x Q(ε2x) = 0.

Let us now study the function g on the boundary of the rectangle [0, κε−2]×[0, 	ε−2],
which is formed by four segments; we start with

g(0, y) = Q̃(0) + ε2y ≥ 0 for all y ∈ [0, 	ε−2],

and

f(x, 0) = Q̃(ε2x) − ε2x Q(ε2Jε(0)) = Q̃(ε2x) ≥ 0 for all x ∈ [0, κε−2],

where we used the fact that Jε(0) = 0 and Q(0) = 0. Next, for y ∈ [0, 	ε−2] we
consider the function

g1(y) := g(κε−2, y) = Q̃(κ) + ε2y − κQ(ε2Jε(y)),

and we have

g′
1(y) = ε2 − κε2Q′(ε2Jε(y))

1
P ′

ε(Jε(y))

= ε2 − κε2Q′(ε2Jε(y))
ε2Jε(y)Q′(ε2Jε(y))

= ε2 − κ

Jε(y)
.

Recalling (2.6), we observe that the function g1 is such that

g′
1(y) ≤ 0 ∀ y ∈ [0, 	ε−2] and lim

y→0
g′
1(y) = −∞.
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Moreover g1(0) = Q̃(κ) > 0 while

g1(	ε−2) = g1

(
Pε(κε−2)

)
= Q̃(κ) + ε2Pε(κε−2) − κQ(κ)

= Q̃(κ) + 	 − κQ(κ)

= Q̃(κ) + κQ(k) − Q̃(κ) − κQ(κ) = 0,

implying that g(κε−2, y) ≥ 0 for all y ∈ [0, 	ε−2]. Finally, for x ∈ [0, κε−2] we
consider

g2(x) := g(x, 	ε−2) = Q̃(ε2x) + 	 − ε2xQ(ε2Jε(	ε−2))

= Q̃(ε2x) + κQ(κ) − Q̃(κ) − ε2xQ(κ),

where in the last equality we used (2.6)–(2.8), which imply Jε(	ε−2) = κε−2. Going
further, we have

g2(0) = 	 > 0, g2(κε−2) = Q̃(κ) + κQ(κ) − Q̃(κ) − κQ(κ) = 0,

and

g′
2(x) = ε2Q̃′(ε2x) − ε2Q(k) = ε2

(
Q(ε2x) − Q(k)

) ≤ 0,

since Q is increasing and x ≤ kε−2. Hence, g(x, 	ε−2) ≥ 0 for all x ∈ [0, κε−2].
We thus proved that g is non negative on the boundary; since g = 0 at the only

internal critical points, we have that g is non negative for all (x, y) ∈ [0, κε−2] ×
[0, 	ε−2], and the proof is complete. �

The inequality (3.6) is crucial because it allows us to state that if ū is a mono-
tone function connecting the two stable points +1 and −1 and (2.15) holds true,
then the energy (3.1) satisfies

Eε[ū] ≥
∫ b

a

|ū′|
ε

Q
(
ε2Jε(F (ū))

)
dx = ε−1

∫ +1

−1

Q
(
ε2Jε(F (s))

)
ds =: cε. (3.7)

Our next goal is to show that the positive constant cε defined in (3.7) represents
the minimum energy to have a single transition between −1 and +1; having this
in mind, we fix once for all N ∈ N and a piecewise constant function v with N
transitions as follows:

v : [a, b] → {−1, +1} with N jumps located at a < h1 < h2 < · · · < hN < b

and r > 0 such that (hi − r, hi + r) ∩ (hj − r, hj + r) = ∅,

for i �= j and a ≤ h1 − r, hN + r ≤ b.

(3.8)

The aforementioned lower bounds will allow us to state that if {uε}ε>0 is a family
of functions sufficiently close to v in L1, then

Eε[uε] ≥ Ncε − Rθ,ε,

where the reminder term Rθ,ε goes to zero as ε → 0+ with a speed rate depending
on θ.
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3.2.2. Lower Bound in the Critical Case θ = 2. Let us start by proving the lower
bound in the case θ = 2, where the reminder term Rθ,ε is exponentially small as
ε → 0+.

Proposition 3.4. Assume that Q ∈ C1(R) satisfies (1.4)–(1.5) and that F ∈ C1(R)
satisfies (1.7)–(1.8) with θ = 2. Let us set

Q := max
s∈[−κ,κ]

Q′(s), (3.9)

where κ is given in (1.5). Moreover, let v be as in (3.8) and A ∈ (0, r
√

2λ1Q−1)
with λ1 > 0 (independent on ε) as in (1.8). Then, there exist ε0, C, δ > 0 (depending
only on Q,F, v and A) such that if u ∈ H1(a, b) satisfies

‖u − v‖
L1 ≤ δ, (3.10)

then for any ε ∈ (0, ε0),

Eε[u] ≥ Ncε − C exp(−A/ε), (3.11)

where Eε and cε are defined in (3.1) and (3.7), respectively.

Proof. Fix u ∈ H1(a, b) satisfying (3.10) and ε such that (2.15) holds true. Take
r̂ ∈ (0, r) so small that

A ≤ (r − r̂)
√

2Q−1λ1. (3.12)

Then, choose 0 < ρ < η (with η given by (1.8)) sufficiently small that
∫ 1−ρ

1−η

Q(ε2Jε(F (s))) ds >

∫ 1

1−ρ

Q(ε2Jε(F (s))) ds,

∫ −1+η

−1+ρ

Q(ε2Jε(F (s))) ds >

∫ −1+ρ

−1

Q(ε2Jε(F (s))) ds.

(3.13)

Let us focus our attention on hi, one of the discontinuous points of v and, to fix
ideas, let v(hi ±r) = ±1, the other case being analogous. We claim that assumption
(3.10) implies the existence of r+ and r− in (0, r̂) such that

|u(hi + r+) − 1| < ρ, and |u(hi − r−) + 1| < ρ. (3.14)

Indeed, assume by contradiction that |u − 1| ≥ ρ throughout (hi, hi + r̂); then

δ ≥ ‖u − v‖
L1 ≥
∫ hi+r̂

hi

|u − v| dx ≥ r̂ρ,

and this leads to a contradiction if we choose δ ∈ (0, r̂ρ). Similarly, one can prove
the existence of r− ∈ (0, r̂) such that |u(hi − r−) + 1| < ρ.

Now, we consider the interval (hi − r, hi + r) and claim that
∫ hi+r

hi−r

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥ cε − C

N exp(−A/ε), (3.15)
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for some C > 0 independent on ε. Observe that from (3.6), it follows that for any
a ≤ c < d ≤ b,

∫ d

c

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥ ε−1

∣∣∣∣∣
∫ u(d)

u(c)

Q(ε2Jε(F (s))) ds

∣∣∣∣∣ . (3.16)

Hence, if u(hi + r+) ≥ 1 and u(hi − r−) ≤ −1, then from (3.16) we can conclude
that

∫ hi+r+

hi−r−

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥ cε,

which implies (3.15). On the other hand, notice that in general we have
∫ hi+r

hi−r

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥
∫ hi+r

hi+r+

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx

+
∫ hi−r−

hi−r

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx

+ ε−1

∫ 1

−1

Q(ε2Jε(F (s))) ds

− ε−1

∫ u(hi−r−)

−1

Q(ε2Jε(F (s))) ds

− ε−1

∫ 1

u(hi+r+)

Q(ε2Jε(F (s))) ds

=: I1 + I2 + cε − αε − βε, (3.17)

where we again used (3.16). Let us estimate the first two terms of (3.17). Regarding
I1, assume that 1−ρ < u(hi+r+) < 1 and consider a minimizer z : [hi+r+, hi+r] →
R of I1 subject to the boundary condition z(hi + r+) = u(hi + r+); the existence
of such a minimizer can be proved following [7, Chapter 4]. If the range of z is not
contained in the interval (1 − η, 1 + η), then from (3.16), it follows that

∫ hi+r

hi+r+

[
Q̃(ε2z′)

ε3
+

F (z)
ε

]
dx > ε−1

∫ 1

u(hi+r+)

Q(ε2Jε(F (s))) ds = βε, (3.18)

by the choice of r+ and ρ, see (3.13). Suppose, on the other hand, that the range of
z is contained in the interval (1 − η, 1 + η). Then, the Euler–Lagrange equation for
z is

εQ′(ε2z′(x))z′′(x) = ε−1F ′(z(x)), x ∈ (hi + r+, hi + r),

z(hi + r+) = u(hi + r+), z′(hi + r) = 0.

Denoting by ψ(x) := (z(x) − 1)2, we have ψ′ = 2(z − 1)z′ and

ψ′′(x) = 2(z(x) − 1)z′′(x) + 2z′(x)2 ≥ 2
Qε2

(z(x) − 1)F ′(z(x)),
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where we used the fact that ε2|z′| ≤ κ (see (2.18)) and (3.9). Since |z(x) − 1| ≤ η
for any x ∈ [hi + r+, hi + r], using (1.8) with θ = 2, we obtain

ψ′′(x) ≥ 2λ1

Qε2
(z(x) − 1)2 ≥ μ2

ε2
ψ(x),

where μ = A/(r − r̂) and we used (3.12). Thus, ψ satisfies

ψ′′(x) − μ2

ε2
ψ(x) ≥ 0, x ∈ (hi + r+, hi + r),

ψ(hi + r+) = (u(hi + r+) − 1)2, ψ′(hi + r) = 0.

We compare ψ with the solution ψ̂ of

ψ̂′′(x) − μ2

ε2
ψ̂(x) = 0, x ∈ (hi + r+, hi + r),

ψ̂(hi + r+) = (u(hi + r+) − 1)2, ψ̂′(hi + r) = 0,

which can be explicitly calculated to be

ψ̂(x) =
(u(hi + r+) − 1)2

cosh
[

μ
ε (r − r+)

] cosh
[μ
ε
(x − (hi + r))

]
.

By the maximum principle, ψ(x) ≤ ψ̂(x) so, in particular,

ψ(hi + r) ≤ (u(hi + r+) − 1)2

cosh
[

μ
ε (r − r+)

] ≤ 2 exp(−A/ε)(u(hi + r+) − 1)2.

Then, we have

|z(hi + r) − 1| ≤
√

2 exp(−A/2ε)ρ. (3.19)

Thanks to the expansion

Q(s) = Q′(0)s + o(s2), (3.20)

and (1.9)–(2.9), we can choose ε > 0 small enough that∣∣Q(ε2Jε(F (s)))
∣∣ ≤ Cε2Jε(F (s)) ≤ Cε

√
F (s) ≤ Cε|1 − s|, (3.21)

for any s ∈ [z(hi + r), 1]; as a consequence, (3.19) yields

ε−1

∣∣∣∣∣
∫ 1

z(hi+r)

Q(ε2Jε(F (s))) ds

∣∣∣∣∣ ≤ C exp(−A/ε). (3.22)

From (3.16)–(3.22) it follows that, for some constant C > 0,
∫ hi+r

hi+r+

[
Q̃(ε2z′)

ε3
+

F (z)
ε

]
dx ≥ ε−1

∣∣∣∣∣
∫ 1

z(hi+r+)

Q(ε2Jε(F (s))) ds

−
∫ 1

z(hi+r)

Q(ε2Jε(F (s))) ds

∣∣∣∣∣
≥ βε − C

2N exp(−A/ε). (3.23)
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Combining (3.18) and (3.23), we get that the constrained minimizer z of the pro-
posed variational problem satisfies

∫ hi+r

hi+r+

[
Q̃(ε2z′)

ε3
+

F (z)
ε

]
dx ≥ βε − C

2N exp(−A/ε).

The restriction of u to [hi + r+, hi + r] is an admissible function, so it must satisfy
the same estimate and we have

I1 ≥ βε − C
2N exp(−A/ε). (3.24)

The term I2 on the right hand side of (3.17) is estimated similarly by analyzing
the interval [hi − r, hi − r−] and using the second condition of (3.13) to obtain the
corresponding inequality (3.18). The obtained lower bound reads:

I2 ≥ αε − C
2N exp(−A/ε). (3.25)

Finally, by substituting (3.24) and (3.25) in (3.17), we deduce (3.15). Summing up
all of these estimates for i = 1, . . . , N , namely for all transition points, we end up
with

Eε[u] ≥
N∑

i=1

∫ hi+r

hi−r

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥ Ncε − C exp(−A/ε),

and the proof is complete. �

3.2.3. Lower Bound in the Supercritical Case θ > 2. We now deal with the case
θ > 2, where we have a weaker lower bound for the energy, which is stated and
proved in the following proposition.

Proposition 3.5. Assume that Q ∈ C1(R) satisfies (1.4)–(1.5) and that F ∈ C1(R)
satisfies (1.7)–(1.8) with θ > 2. Let v as in (3.8) and define the sequence

kj :=
j∑

m=1

αm, where α :=
1
2

+
1
θ
. (3.26)

Then, for any j ∈ N there exist constants δj > 0 and C > 0 such that if u ∈ H1(a, b)
satisfies

‖u − v‖L1 ≤ δj , (3.27)

and

Eε[u] ≤ Ncε + Cεkj , (3.28)

with ε sufficiently small, then

Eε[u] ≥ Ncε − Cjε
kj+1 . (3.29)

Proof. We prove our statement by induction on j ≥ 1. Let us begin by considering
the case of only one transition N = 1 and let h1 be the only point of discontinuity
of v and assume, without loss of generality, that v = −1 on (a, h1). Also, we choose
δj small enough such that

(h1 − 2jδj , h1 + 2jδj) ⊂ (a, b).
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Our goal is to show that for any j ∈ N there exist xj ∈ (h1 − 2jδj , h1) and yj ∈
(h1, h1 + 2jδj) such that

u(xj) ≤ −1 + Cε
kj+1

θ , u(yj) ≥ 1 − Cε
kj+1

θ , (3.30)

and
∫ yj

xj

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
≥ cε − Cεkj+1 , (3.31)

where {kj}j≥1 is defined in (3.26). We start with the base case j = 1, and we show
that hypotheses (3.27) and (3.29) imply the existence of two points x1∈ (h1 − 2δj , h1)
and y1 ∈ (h1, h1 + 2δj) such that

u(x1) ≤ −1 + Cε
1
θ , u(y1) ≥ 1 − Cε

1
θ . (3.32)

Here and throughout, C represents a positive constant that is independent of ε,
whose value may change from line to line. From hypothesis (3.27), we have

∫ b

h1

|u − 1| ≤ δj , (3.33)

so that, denoting by S− := {y : u(y) ≤ 0} and by S+ := {y : u(y) > 0}, (3.33)
yields

meas(S− ∩ (h1, b)) ≤ δj and meas(S+ ∩ (h1, h1 + 2δj)) ≥ δj .

Furthermore, from (3.29) with j = 1, we obtain
∫

S+∩(h1,h1+2δj)

F (u)
ε

dx ≤ cε + Cεα,

and therefore there exists y1 ∈ S+ ∩ (h1, h1 + 2δj) such that

F (u(y1)) ≤ cε + Cεα

δj
ε.

Since F vanishes only at ±1 and u(y1) > 0 we can choose ε so small that the latter
condition implies |u(y1)−1| < η; hence, from (1.9), it follows that u(y1) ≥ 1−Cε

1
θ .

The existence of x1∈ S− ∩ (h1 − 2δj , h1) such that u(x1) ≤ −1+Cε
1
θ can be proved

similarly.
Now, let us prove that (3.32) implies (3.31) in the case j = 1, and as a trivial

consequence we obtain the statement (3.29) with j = 1 and N = 1. Indeed, by using
(3.6) and (3.32) one deduces

Eε[u] ≥
∫ y1

x1

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
≥ ε−1

∫ u(y1)

u(x1)

Q(ε2Jε(F (s))) ds

≥ cε − ε−1

∫ 1

1−Cε
1
θ

Q(ε2Jε(F (s))) ds − ε−1

∫ −1+Cε
1
θ

−1

Q(ε2Jε(F (s))) ds.
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Reasoning as in (3.21) and using (1.9), we infer∣∣∣∣
∫ 1

1−Cε
1
θ

Q(ε2Jε(F (s))) ds

∣∣∣∣ ≤ Cε

∫ 1

1−Cε
1
θ

(1 − s)
θ
2 ≤ Cε

3
2+ 1

θ ,

∣∣∣∣∣∣
∫ −1+Cε

1
θ

−1

Q(ε2Jε(F (s))) ds

∣∣∣∣∣∣ ≤ Cε

∫ −1+Cε
1
θ

−1

(s + 1)
θ
2 ≤ Cε

3
2+ 1

θ ,

and, as a trivial consequence,

Eε[u] ≥ cε − Cεα, (3.34)

where α is defined in (3.26). This concludes the proof in the case j = 1 with one
transition N = 1.

We now enter the core of the induction argument, proving that if (3.31) holds
true for for any i ∈ {1, . . . , j − 1}, j ≥ 2, then (3.30) holds true. By using (3.27) we
have

meas(S+ ∩ (yj−1, yj−1 + 2δj)) ≥ δj . (3.35)

Furthermore, by using (3.29) and (3.31) in the case j − 1, we deduce∫ b

yj−1

F (u)
ε

dx ≤ Cεkj ,

implying ∫
S+∩(yj−1,yj−1+2δj)

F (u) dx ≤ Cεkj+1. (3.36)

Finally, from (3.35) and (3.36) there exists yj ∈ S+ ∩ (yj−1, yj−1 + 2δj) such that

F (u(yj)) ≤ C

δj
εkj+1,

and, as a consequence, we have the existence of yj ∈ (yj−1, yj−1 + 2δj) as in (3.30).
The existence of xj ∈ (xj−1 − 2δj , xj−1) can be proved similarly.

Proceeding as done to obtain (3.34), one can easily check that (3.30) implies
∫ yj

xj

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥ cε − Cεα(kj+1).

Since the definition (3.26) implies α(kj + 1) = kj+1, the induction argument is
completed, as well as the proof in case N = 1.

The previous argument can be easily adapted to the case N > 1. Let v be as
in (3.8), and set a = h0, hN+1 = b. We argue as in the case N = 1 in each point of
discontinuity hi, by choosing the constant δj so that

hi + 2jδj < hi+1 − 2jδj , 0 ≤ i ≤ N,

and by assuming, without loss of generality, that v = −1 on (a, h1). Proceeding as
in (3.32), one can obtain the existence of xi

1 ∈ (hi − 2δj , hi) and yi
1 ∈ (hi, hi + 2δj)

such that
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u(xi
1) ≈ (−1)i, u(yi

1) ≈ (−1)i+1,

F (u(xi
1)) ≤ Cε, F (u(yi

1)) ≤ Cε.

On each interval (xi
1, y

i
1) we bound from below Eε as in (3.34), so that by summing

one obtains
N∑

i=1

∫ yi
1

xi
1

[
Q̃(ε2ux)

ε3
+

F (u)
ε

]
dx ≥ Ncε − Cεα,

that is (3.29) with j = 1. Arguing inductively as done in the case N = 1, we obtain
(3.29) for Eε in the general case j ≥ 2. �

3.2.4. Some Comments on the Lower Bounds. First of all, let us notice that in
the proof of Proposition 3.5, we simply took advantage of the behavior of Q in a
neighborhood of zero, and of the fact that the potential F ∈ C(R) satisfies F (u) > 0
for any u �= ±1 and (1.9) for some θ > 0. Hence, Proposition 3.5 holds also in the
case θ ∈ (0, 2]; moreover, since in such a case α > 1, the increasing sequence in
(3.26) is unbounded, and we can rewrite the estimate (3.29) as

Eε[u] ≥ Ncε − Ckεk, k ∈ N,

provided that

Eε[u] ≤ Ncε + Cεk, k ∈ N.

Nevertheless, if θ = 2, we underline that (3.11) provides a stronger lower bound,
where the error is exponentially small rather than algebraically small.

On the other hand, if θ > 2 then α ∈ (0, 1), and, consequently

lim
j→+∞

kj =
+∞∑
m=1

αm =
1

1 − α
− 1 =

θ + 2
θ − 2

:= β. (3.37)

Therefore, in the case θ > 2 one only has the lower bounds

Eε[u] ≥ Ncε − Cjε
kj , for any j ∈ N, with lim

j→+∞
kj = β.

As a direct consequence of Propositions 3.4–3.5 we have the following result,
showing that if the family {uε}ε>0 makes N transitions among +1 and −1 in an
energy efficient way (see (3.39) for the rigorous definition), then Eε[uε] converges,
as ε → 0, to the minimum energy in the case of the classical Ginzburg-Landau
functional (see [3]).

Corollary 3.6. Let v be as in (3.8) and let uε ∈ H1(a, b) be such that

lim
ε→0+

‖uε − v‖L1 = 0, (3.38)

and assume that there exists a function ν : (0, 1) → (0, 1) such that

Eε[uε] ≤ Ncε + ν(ε), with lim
ε→0+

ν(ε) = 0, (3.39)
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where cε is defined in (3.7). Then

lim
ε→0+

Eε[uε] = Nc0, with c0 := lim
ε→0+

cε =
√

Q′(0)
∫ +1

−1

√
2F (s) ds.

Proof. By Propositions 3.4–3.5 and from (3.39) we have:

Ncε − CRθ,ε ≤ Eε[uε] ≤ Ncε + ν(ε), (3.40)

where

Rθ,ε =

{
exp(−A/ε) if θ = 2

εkj if θ > 2,
(3.41)

with A appearing in Proposition 3.4 and {kj}j∈N defined in (3.26). Moreover, by
using (2.9) and (3.20), we deduce that

Q(ε2Jε(F (s))) = Q

(√
2ε2

Q′(0)
F (s) + ρ(ε2F (s))

)

= Q′(0)

[√
2ε2

Q′(0)
F (s) + ρ(ε2F (s))

]
+ o(ε),

and substituting into the definition (3.7), we end up with

lim
ε→0+

cε = ε−1

∫ 1

−1

Q(ε2Jε(F (s))) ds =
√

Q′(0)
∫ +1

−1

√
2F (s) ds.

Hence, the thesis follows by simply passing to the limit as ε → 0+ in (3.40). �
Example of a function satisfying the assumptions of Corollary 3.6 We conclude

this section by showing that there exist a family of functions satisfying assumptions
(3.38)–(3.39). First of all, we observe that it is easy to check that the compactons
ϕ1 and ϕ2 constructed in Proposition 2.7 satisfy (3.38) and Eε[ϕ1] = Eε[ϕ2] = Ncε.
However, such stationary solutions exist only in the case θ ∈ (1, 2); the idea is to use
a similar construction as the one done for compactons to obtain a function satisfying
(3.38)–(3.39) also when θ ≥ 2; we underline that in this case these profiles are not
stationary solutions.

Let us thus consider the increasing standing wave Φε, solution to (2.4), and
observe that

lim
ε→0

Φε(x) =

⎧⎪⎨
⎪⎩

−1, x < 0,

0, x = 0,

+1, x > 0.

Now, choose ε0 > 0 small enough so that the condition (2.15) holds true for any
ε ∈ (0, ε0) and fix N ∈ N transition points a < h1 < h2 < · · · < hn < b. Denoted
by

m1 := a, mj :=
hj−1 + hj

2
, j = 2, . . . , N − 1, mN := b,

the middle points, we define

uε(x) := Φε

(
(−1)j(x − hj)

)
, x ∈ [mj , mj+1], j = 1, . . . N. (3.42)



Vol. 92 (2024) Layered Patterns in Reaction–Diffusion Models 223

Notice that uε(hj) = 0, for j = 1, . . . , N and for definiteness we choose uε(a) < 0
(the case uε(a) > 0 is analogous). Let us now prove that uε satisfies (3.38)–(3.39).
It is easy to check that uε ∈ H1(a, b) and satisfies (3.38); concerning (3.39), the
definitions of Eε and uε give

Eε[uε] =
N∑

j=1

∫ mj+1

mj

[
Q̃(ε2Φ′

ε)
ε3

+
F (Φε)

ε

]
dx.

From (3.5), it follows that
∫ mj+1

mj

[
Q̃(ε2Φ′

ε)
ε3

+
F (Φε)

ε

]
dx = ε−1

∫ mj+1

mj

[
Φ′Q(ε2Jε(F (Φε)))

]
dx

= ε−1

∫ Φε(mj+1)

Φε(mj)

[
Q(ε2Jε(F (s)))

]
ds < cε,

where cε is defined in (3.7). Summing up all the terms we end up with Eε[uε] ≤ Ncε

which clearly implies (3.39).

4. Slow Motion

In this last section we investigate the long time dynamics of the solutions to (1.1)–
(1.2)–(1.3) with a special focus to their different speed rate of convergence towards
an asymptotic configuration, which heavily depends on the parameter θ appearing in
the potential F (see the assumptions (1.7) and (1.8)). Specifically, the main results
of this section are contained in Theorems 4.1 and 4.4: in the former we prove that
in the critical case θ = 2 the solutions to (1.1)–(1.2)–(1.3) exhibit a metastable
behaviour, namely, they maintain the same unstable structure of the initial datum
for a time which is exponentially long with respect to the parameter ε; in the latter,
concerning instead the supercritical case θ > 2, we prove slow motion with a speed
rate which is only algebraic with respect to ε.

Preliminary assumptions Here and in the rest of the section, we fix a function v
as in (3.8) and we assume that the initial datum in (1.3) depends on ε and satisfies

lim
ε→0+

‖uε
0 − v‖

L1 = 0. (4.1)

Moreover, we assume that there exist C, ε0 > 0 such that, for any ε ∈ (0, ε0),

Eε[uε
0] ≤ Ncε + CRθ,ε, (4.2)

where Rθ,ε is defined in (3.41), that is uε
0 satisfies the assumptions of Corollary 3.6.

We emphasize that an initial datum as the one satisfying the assumptions (4.1)–
(4.2) is far from being a stationary solution if and only if θ ≥ 2; indeed, when θ ∈
(1, 2), in Proposition 2.7 we proved the existence of a particular class of stationary
solutions (compactons), which have an arbitrary number of transition layers that are
randomly located inside the interval [a, b]. Hence, an initial datum satisfying (4.1)–
(4.2) is either a steady state or a small perturbation of it; thus, proving that the
corresponding time dependent solution maintains the same structure for long times
is either trivially true (indeed, the same structure is maintained for all t > 0) or only
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a partial result, since we do not know if such structure will be lost at some point. In
other words, in the case θ ∈ (1, 2) transition layers do not evolve in time and could
persist forever. On the contrary, if θ ≥ 2, then stationary solutions can only have
layers that are equidistant (see Proposition 2.9), so that an initial configuration as
uε

0 is in general far away from any steady state.

4.1. Exponentially Slow Motion

In this subsection we examine the persistence of layered solutions to (1.1)–(1.2)–
(1.3) when θ = 2 in the assumption (1.8) on the potential F . In particular, we prove
that in this case a metastability phenomenon occurs, showing that the solutions
perpetuate the same behavior of the initial datum for an ε-exponentially long time,
that is, at least for a time equals m eA/ε for some A > 0 and any m > 0, both
independent of ε, as stated in the following theorem.

Theorem 4.1. (exponentially slow motion when θ = 2) Assume that Q ∈ C1(R)
satisfies (1.4)–(1.5) and that F ∈ C1(R) satisfies (1.7)–(1.8) with θ = 2. Let v be as
in (3.8) and A ∈ (0, r

√
2λ1Q−1), with Q defined in (3.9) and λ1 > 0 (independent

of ε) as in (1.8). If uε is the solution of (1.1)–(1.2)–(1.3) with initial datum uε
0

satisfying (4.1) and (4.2) with Rθ,ε = exp(−A/ε), then

sup
0≤t≤m exp(A/ε)

‖uε(·, t) − v‖
L1 −−−→

ε→0
0, (4.3)

for any m > 0.

The proof of Theorem 4.1 strongly relies on the following result which provides
an estimate from above of the L2-norm of the derivative with respect to time of the
solution uε(·, t) to (1.1)–(1.2)–(1.3) under the assumptions of Theorem 4.1.

Proposition 4.2. Under the same assumptions of Theorem 4.1, there exist positive
constants ε0, C1, C2 > 0 (independent on ε) such that

∫ C1ε−1 exp(A/ε)

0

‖uε
t‖2

L2
dt ≤ C2ε exp(−A/ε), (4.4)

for all ε ∈ (0, ε0).

Proof. Let ε0 > 0 so small that for all ε ∈ (0, ε0), (4.2) holds and

‖uε
0 − v‖

L1 ≤ 1
2
δ, (4.5)

where δ is the constant of Proposition 3.4. Let T̂ > 0; we claim that if
∫ T̂

0

‖uε
t‖L1dt ≤ 1

2
δ, (4.6)

then there exists C > 0 such that

Eε[uε](T̂ ) ≥ Ncε − C exp(−A/ε). (4.7)

Indeed, inequality (4.7) follows from Proposition 3.4 if ‖uε(·, T̂ ) − v‖
L1 ≤ δ. By

using triangle inequality, (4.5) and (4.6), we obtain

‖uε(·, T̂ ) − v‖
L1 ≤ ‖uε(·, T̂ ) − uε

0‖L1 + ‖uε
0 − v‖

L1 ≤
∫ T̂

0

‖uε
t‖L1 +

1
2
δ ≤ δ.
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Substituting (4.2) and (4.7) in (3.3), one has
∫ T̂

0

‖uε
t‖2

L2
dt ≤ C2ε exp(−A/ε). (4.8)

It remains to prove that inequality (4.6) holds for T̂ ≥ C1ε
−1 exp(A/ε). If∫ +∞

0

‖uε
t‖L1dt ≤ 1

2
δ,

there is nothing to prove. Otherwise, choose T̂ such that
∫ T̂

0

‖uε
t‖L1dt =

1
2
δ.

Using Hölder’s inequality and (4.8), we infer

1
2
δ ≤ [T̂ (b − a)]1/2

(∫ T̂

0

‖uε
t‖2

L2
dt

)1/2

≤
[
T̂ (b − a)C2ε exp(−A/ε)

]1/2

,

so that there exists C1 > 0 such that

T̂ ≥ C1ε
−1 exp(A/ε),

and the proof is complete. �

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Fix m > 0. As a consequence of the triangle inequality we
have that

sup
0≤t≤m exp(A/ε)

‖uε(·, t) − v‖
L1 ≤ sup

0≤t≤m exp(A/ε)

‖uε(·, t) − uε
0‖L1 + ‖uε

0 − v‖
L1 .(4.9)

Hence, since the second term in the right-hand side of (4.9) tends to 0 by (4.1), in
order to prove (4.3), it is sufficient to show that

sup
0≤t≤m exp(A/ε)

‖uε(·, t) − uε
0‖L1 −−−→

ε→0
0. (4.10)

To this aim, we first observe that up to taking ε so small that m < C1ε
−1, we can

apply (4.4) to deduce∫ m exp(A/ε)

0

‖uε
t‖2

L2
dt ≤ C2ε exp(−A/ε). (4.11)

Moreover, for all t ∈ [0,m exp(A/ε)] we have

‖uε(·, t) − uε
0‖L1 ≤

∫ m exp(A/ε)

0

‖uε
t (·, t)‖L1 dt

≤
√

m(b − a) exp(A/2ε)

(∫ m exp(A/ε)

0

‖uε
t (·, t)‖2

L2
dt

) 1
2

≤ C
√

ε,

where we applied Hölder’s inequality and (4.11). We thus obtained (4.10) and the
proof is complete. �
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Remark 4.3. We stress that the constant Q defined in (3.9) (and appearing the
first time in the constant A of the lower bound (3.11)) plays a relevant role in the
dynamics of the solution; indeed, such lower bound is needed to prove Theorem 4.1,
and, from estimate (4.3), we can clearly see that the bigger is A (that is the smaller
is Q) the slower is the dynamics. As to give a hint on what happens even with a
small variation of Q, if we choose Q′ so that its maximum is 4 instead of 1 (as it is
for the examples (1.6) we considered) then the time taken for the solution to drift
apart from the initial datum u0 reduces from Tε to

√
Tε; we will see further details

with the numerical simulations of Sect. 4.4.

4.2. Algebraic Slow Motion

In this subsection we consider the case in which the potential F satisfies assumption
(1.8) with θ > 2 and we show that the evolution of the solutions drastically changes
with respect to the critical case θ = 2, studied in Sect. 4.1. Indeed, the exponentially
slow motion proved in Theorem 4.1 is a peculiar phenomenon of non-degenerate
potentials, while if θ > 2, then the solution maintains the same unstable structure
of the initial profile only for an algebraically long time with respect to ε, that is, at
least for a time equals lε−β, for any l > 0, with β > 0 defined in (3.37). This is a
consequence of the fact that when θ > 2, we have no longer a lower bound like the
one exhibited in Proposition 3.4 (with an exponentially small reminder), but only
a lower bound with an algebraic small reminder, see Proposition 3.5. Our second
main result is the following one.

Theorem 4.4. (algebraic slow motion when θ > 2) Assume that Q ∈ C1(R) satisfies
(1.4)–(1.5) and that F ∈ C1(R) satisfies (1.7)–(1.8) with θ > 2. Moreover, let v be
as in (3.8) and let {kj}j∈N

be as in (3.26). If uε is the solution to (1.1)–(1.2)–(1.3),
with initial profile uε

0 satisfying (4.1) and (4.2) with Rθ,ε = εkj , then

sup
0≤t≤lε−kj

‖uε(·, t) − v‖
L1 −−−→

ε→0
0, (4.12)

for any l > 0.

Proof. The proof follows the same steps of the proof of Theorem 4.1 and it is ob-
tained by using Proposition 3.5 instead of Proposition 3.4. In particular, proceeding
as in the proof of Proposition 4.2, one can prove that there exist ε0, C1, C2 > 0
(independent on ε) such that

∫ C1ε−(kj+1)

0

‖uε
t‖2

L2
dt ≤ C2ε

kj+1,

for all ε ∈ (0, ε0). Thanks to the latter estimate, we can prove (4.12) in the same
way we proved (4.3) (see (4.9) and the following discussion). �
4.3. Layer Dynamics

In this last subsection, we ultimate our investigation giving a description of the
slow motion of the transition points h1, . . . , hN . More precisely, we will incorporate
the analysis in both the critical case (that is when θ = 2) and the subcritical one
(namely θ > 2), showing that the transition layers evolve with a velocity which goes
to zero as ε → 0+, according to Theorem 4.6.
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For this, let us fix a function v as in (3.8) and define its interface I[v] as the
set

I[v] := {h1, h2, . . . , hN}.

Moreover, for any function u : [a, b] → R and for any closed subset K ⊂ R\{±1},
the interface IK [u] is defined by

IK [u] := u−1(K).

Finally, we recall the notion of Hausdorff distance between any two subsets A and
B of R denoted with d(A,B) and given by

d(A,B) := max
{

sup
α∈A

d(α,B), sup
β∈B

d(β, A)
}

,

where d(β,A) := inf{|β − α| : α ∈ A}, for every β ∈ B.
Before stating the main result of this subsection (see Theorem 4.6), we prove

the following lemma which is merely variational, meaning that it does not take into
account the Eq. (1.1) , and establishes that, if a function u ∈ H1([a, b]) is close to
v in L1 and its energy Eε[u] (defined in (3.1)) exceeds for a small quantity with
respect to ε the minimum energy to have N transitions, then the distance between
the interfaces IK [u] and IK [v] remains small.

Lemma 4.5. Assume that Q ∈ C1(R) satisfies (1.4)–(1.5), F ∈ C1(R) satisfies
(1.7)–(1.8) with θ ≥ 2 and let v be as in (3.8). Given δ1 ∈ (0, r) and a closed subset
K ⊂ R\{±1}, there exist positive constants δ̂, ε0 such that, if for all ε ∈ (0, ε0)
u ∈ H1([a, b]) satisfies

‖u − v‖
L1 < δ̂ and Eε[u] ≤ Ncε + Mε, (4.13)

for some Mε > 0 and with Eε[u] defined in (3.1), we have

d(IK [u], I[v]) < 1
2δ1. (4.14)

Proof. Fix δ1 ∈ (0, r) and choose ρ > 0 small enough that

Iρ := (−1 − ρ,−1 + ρ) ∪ (1 − ρ, 1 + ρ) ⊂ R\K,

and

inf

{
ε−1

∣∣∣∣∣
∫ ξ2

ξ1

Q
(
ε2Jε(F (s))

)
ds

∣∣∣∣∣ : ξ1 ∈ K, ξ2 ∈ Iρ

}
> 2Mε,

where

Mε := 2Nε−1 max
{∫ 1

1−ρ

Q
(
ε2Jε(F (s))

)
ds,

∫ −1+ρ

−1

Q
(
ε2Jε(F (s))

)
ds

}
.

By using the first assumption in (4.13) and by reasoning as in the proof of (3.14) in
Proposition 3.4, we can prove that, if we consider hi the discontinuous points of v,
then for each i = 1, . . . , N there exist

x−
i ∈ (hi − δ1/2, hi) and x+

i ∈ (hi, hi + δ1/2),

such that

|u(x−
i ) − v(x−

i )| < ρ and |u(x+
i ) − v(x+

i )| < ρ.
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Now suppose by contradiction that (4.14) is violated. Using (3.6), we deduce

Eε[u] ≥
N∑

i=1

∣∣∣∣∣ε−1

∫ u(x+
i )

u(x−
i )

Q
(
ε2Jε(F (s))

)
ds

∣∣∣∣∣

+ inf

{∣∣∣∣∣ε−1

∫ ξ2

ξ1

Q
(
ε2Jε(F (s))

)
ds

∣∣∣∣∣ : ξ1 ∈ K, ξ2 ∈ Iρ

}
. (4.15)

On the other hand, we have∣∣∣∣∣ε−1

∫ u(x+
i )

u(x−
i )

Q
(
ε2Jε(F (s))

)
ds

∣∣∣∣∣ ≥ ε−1

∫ 1

−1

Q
(
ε2Jε(F (s))

)
ds

− ε−1

∫ −1+ρ

−1

Q
(
ε2Jε(F (s))

)
ds

− ε−1

∫ 1

1−ρ

Q
(
ε2Jε(F (s))

)
ds

≥ cε − Mε

N
.

Substituting the latter bound in (4.15), we deduce

Eε[u] ≥ Ncε − Mε + inf

{∣∣∣∣∣ε−1

∫ ξ2

ξ1

Q
(
ε2Jε(F (s))

)
ds

∣∣∣∣∣ : ξ1 ∈ K, ξ2 ∈ Iρ

}
,

which implies, because of the choice of ρ, that

Eε[u] > Ncε + Mε,

which is a contradiction with assumption (4.13). Hence, the bound (4.14) is true
and the proof is completed. �

Finally, thanks to Theorems 4.1, 4.4 and Lemma 4.5, we can prove the main
result of the present subsection, which provides information about the slow motion of
the transition layers as ε goes to 0. In particular, we highlight that the minimum time
so that the distance between the interface of the time-dependent solution uε(·, t) and
that one of the initial datum becomes greater than a fixed quantity is exponentially
big with respect to ε in the critical case θ = 2, while only algebraically large in the
supercritical case θ > 2.

Theorem 4.6. Assume that Q ∈ C1(R) satisfies (1.4)–(1.5) and that F ∈ C1(R)
satisfies (1.7)–(1.8) with θ ≥ 2. Let uε be the solution of (1.1)–(1.2)–(1.3), with
initial datum uε

0 satisfying (4.1) and (4.2). Given δ1 ∈ (0, r) and a closed subset
K ⊂ R\{±1}, set

tε(δ1) = inf{t : d(IK [uε(·, t)], IK [uε
0]) > δ1}.

Then, there exists ε0 > 0 such that if ε ∈ (0, ε0)

tε(δ1) >

{
exp(A/ε) if θ = 2,

ε−kj if θ > 2,

where A and kj are defined as in Propositions 3.4 and 3.5, respectively.
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Proof. First of all we notice that if uε
0 satisfies (4.1) and (4.2), then there exists

ε0 > 0 so small that uε
0 automatically verifies assumption (4.13) for all ε ∈ (0, ε0).

Hence, we are in the position to apply Lemma 4.5, obtaining that for all ε ∈ (0, ε0)

d(IK [uε
0], I[v]) < 1

2δ1. (4.16)

Now, for each fixed ε ∈ (0, ε0), we consider uε(·, t) for all time t > 0 such that

t ≤
{

exp(A/ε) if θ = 2,
ε−kj if θ > 2.

(4.17)

Then, uε(·, t) satisfies the first condition in assumption (4.13) either thanks to (4.3)
if θ = 2 or by (4.12) if θ > 2. The second condition in (4.13) can be easily deduced
observing that the energy Eε[uε](t) is a non-increasing function of t. Then, we have
also that

d(IK [uε(·, t)], I[v]) < 1
2δ1, (4.18)

for all t as in (4.17). Combining (4.16) and (4.18), and using the triangle inequality,
we deduce that

d(IK [uε(·, t)], IK [uε
0]) < δ1,

for all t as in (4.17), as desired. �
Remark 4.7. We underline, according to Theorem 4.6, one must wait an extremely
long time (which is either exponentially or algebraically long, depending on wether
θ = 2 or θ > 2) to see an appreciable change in the position of the zeros of uε. Once
again, this proves a slow dynamics of the solution only because θ ≥ 2; indeed, in
such a case we are sure that an initial datum uε

0 satisfying (4.1)–(4.2) is neither a
stationary solution nor is close to it, implying that there exists a finite time t̄ such
that the solution uε(·, t̄) will drift apart from uε

0. Hence, proving that the layers of
uε(·, t) stay close to the layers of uε

0 for long times is not a trivial result.

4.4. Numerical Experiments

We conclude the paper with some numerical simulations showing the slow evolution
of the solutions to (1.1)–(1.2)–(1.3) rigorously described in the previous analysis. All
the numerical computations, done for the sole purpose of illustrating the theoretical
results, were performed using the built-in solver pdepe by Matlab c©, which is a
set of tools to solve PDEs in one space dimension. In all the examples we consider
Eq. (1.1) with Q given by one of the two explicit functions of (1.6), while F (u) =
1
2θ |1−u2|θ (see (1.10)) with different values of θ ≥ 2, depending on whether we aim
at showing exponentially or algebraic slow motion.

4.4.1. Example No. 1. We start with an example illustrating the result of Theo-
rem 4.1; indeed, in this case F (u) = 1

4(1 − u2)2 (hence we are in the critical case
θ = 2), and we choose Q(s) = s

1+s2 . In the left picture of Fig. 4 we can see the
solution maintains six transitions until t = 7 ∗ 103 and, suddenly, the closest layers
collapse; after that, one has to wait up to t = 2.9 ∗ 104 to see another appreciable
change in the solution, see the right hand picture of Fig. 4. It is worth mentioning
that the distance between the first layers which disappear (left hand picture) is
d = 0.9, while the distance of the layers disappearing in the right hand picture is
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Figure 4 In this figure we depict the solution to (1.1)–(1.2)–(1.3),
in the case Q(s) = s

1+s2 , ε = 0.1 and F (u) = 1
4(1 − u2)2. The initial

datum u0 has six layers located, respectively, at −3.4, −2, 0, 0.9, 2.2
and 3.2.
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Figure 5 In this figure we consider the same problem as in Fig. 4,
with the only difference Q(s) = αs

1+s2 , α > 0. In the left hand side
α = 1/4, so that Q = 1/4, while on the right hand side α = Q = 2.

d = 1; hence, a small variation in the distance between the layers at the initial time
t = 0 gives rise to a big change on the time taken for the solution to annihilate
them.

4.4.2. Example No. 2. In this second numerical experiment, we emphasize which is
the role of the constant

Q = max {Q′(s) : s ∈ [−κ, κ]}
in the metastable dynamics of the solutions; in particular, and as we noticed in
Remark 4.3, the constant Q affects the evolution of the solution, since it appears in
the minimum time needed for the solution to drift apart from its initial transition
layer structure (see Theorem 4.1). To be more precise, if Q = 1 as in the example
of Fig. 4, the first bump collapses at t ≈ 7190, while the second at t ≈ 3 ∗ 104; such
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Figure 6 Here, we consider the same problem as in Fig. 4 with
the discontinuous initial datum u0(x) = u∗χ(−4,−3)∪(1,4) −u∗χ(−3,1),
where u∗ = 10−2. In the left hand side we depict the formation of a
transition layer structure in relatively small times, while on the right
hand side we see the subsequent slow motion.

result has to be compared with Fig. 5, where all the data are the same as Fig. 4
except for the choice of Q. In the left hand side of Fig. 5 we choose Q such that
Q = 1/4, and we can see that the evolution becomes much slower, as the first bump
collapses at t = 1010, instead of t = 7190; on the contrary, if Q = 2 (right hand
picture), the dynamics accelerates and the first two bumps disappear respectively
at t ≈ 200 and t ≈ 470.

4.4.3. Example No. 3. In this example we show what happens if considering a dis-
continuous initial datum u0 which is a small perturbation of the unstable equilibrium
zero. In the left hand side of Fig. 6 we can see how, in extremely short times, such
configuration develops into a continuous function with two transition layers; after
that (right hand picture), we have to wait until t ≈ 1011 to see the first interface
to collapse. In particular, such numerical experiment shows that, even if the so-
lution does not satisfy the assumptions (4.1)–(4.2) at t = 0, at t = 9 we already
entered into the framework described by Theorem 4.1 and we witness the expo-
nentially slow motion of the solution. This picture is not surprising, since it seems
to confirm the well known behavior of the solution to the linear diffusion equation
ut = ε2uxx − F ′(u); indeed, in [5] the author rigorously proves that there are dif-
ferent phases in the dynamics, the first one being the generation of a metastable
layered solution, which is governed by the ODE ut = −F ′(u). We conjecture that
the same results hold true also in the nonlinear diffusion case (1.1), being Q(0) = 0.

4.4.4. Example No. 4. In this last numerical experiment, we illustrate the results
of Theorem 4.4 by choosing F as in (1.10) with θ > 2. In both the pictures of
Fig. 7 we select Q(s) = se−s2

, and either the initial datum of Fig. 4 (left picture)
or the discontinuous one of Fig. 6 (right picture), so that we can compare the two
numerical experiments. In the left hand picture, since θ = 4, the time taken to see
two bumps disappear is t ≈ 450 (hence much smaller if compared to the right hand
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Figure 7 In this figure we depict the solution to (1.1)–(1.2)–(1.3)
with Q(s) = se−s2

, ε = 0.1 and F as in (1.10) with θ = 4 (left
picture) and θ = 3 (right picture). The initial datum u0 is as in
Fig. 4 in the left picture, and as in Fig. 6 in the right picture.

side of Fig. 4, where one has to wait until t ≈ 104). Similarly, in the right side
of Fig. 7 (where θ = 3), the time employed by the first interface to disappear is
t ≈ 8 ∗ 104 � 1011, that is the time exhibited in the right hand side of Fig. 6.

Acknowledgements

The main part of this work has been carried out while the first author was a Post-doc
at the Department of Molecular Sciences and Nanosystems, Ca’ Foscari University
of Venice. The first author is partially supported by the INDAM-GNAMPA 2022
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