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Abstract. We consider translation surfaces with poles on surfaces. We shall prove
that any finite group appears as the automorphism group of some translation
surface with poles. As a direct consequence we obtain the existence of structures
achieving the maximal possible number of automorphisms allowed by their genus
and we finally extend the same results to branched projective structures.
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1. Introduction

Let Sg be a closed surface of genus g and let Mg be the moduli space of compact
Riemann surfaces homeomorphic to Sg. For a Riemann surface X, let Aut(X) denote
its group of holomorphic automorphisms. If X has genus at least 2, a classical result
by Hurwitz [17], states that its group of conformal automorphisms is a finite group
with the cardinality bounded only in terms of the genus; i.e. | Aut(X) | ≤ 84(g − 1).
Riemann surfaces which achieve this bound has been named Hurwitz surfaces and
the finite groups arising as their groups of automorphisms have been named Hurwitz
groups. Hurwitz surfaces are pretty rare as they do not appear in every genus. For
instance, there is none in genus two and the so-called Bolza surface is the only
Riemann surface with the highest possible order of the conformal automorphism
group in this genus [1]. The Hurwitz surface of lowest possible genus appears in genus
three and it is known as the Klein quartic [20]. Along the years, a lot of research
has been developed to study geometric and algebraic features of these objects [4]
and references therein for a survey. For instance, in [22], Macbeath proved that the
Hurwitz bound is attained for infinitely many g ≥ 2 and, around the same time,
Greenberg proved that every finite group can be represented as the automorphism
group of some, possibly non-compact, Riemann surface of finite type, in [11,12].

A translation surface is a Riemann surface X equipped with an additional
structure determined by an abelian differential ω ∈ Ω(X). For a given pair (X, ω),
let Aut(X, ω) denote the group of holomorphic automorphisms f such that f∗ω = ω.
For a translation surface (X, ω), we shall define Aut(X, ω) as the group of trans-
lations. It naturally follows from the definition that Aut(X, ω) ≤ Aut(X) for any
translation surface (X, ω) and it sounds natural to determine under which condi-
tions Aut(X, ω) is as large as possible in the overall group Aut(X). In their recent
work [26], Schlage-Puchta and Weitze-Schmithüsen showed that a translation sur-
face (X, ω) determined by a holomorphic differential has at most 4(g − 1) trans-
lations. They call Hurwitz translation surfaces those structures that achieve this
bound and characterise them as normal origamis, i.e. square-tiled surfaces which
arise as regular coverings of the standard torus C /Z[ i ]. In the present paper we
are mainly interested in translation surfaces with poles, that is translation surfaces
determined by a meromorphic abelian differential with poles of positive finite order,
Sect. 2 for more details. Our main result is the following

Theorem A. Every finite group appears as the group of translations of some transla-
tion surface with poles. More precisely, let X be a compact Riemann surface of genus
g ≥ 2 and let G its group of conformal automorphisms. Then there exists a mero-
morphic differential ω ∈ Ω(X) with poles of finite order such that G = Aut(X, ω).

It is immediate to observe that we cannot have a similar statement for trans-
lation surfaces without poles, that is determined by a holomorphic differential. In
fact, in [26] Schlage-Puchta and Weitze-Schmithüsen provide a dramatically sharper
upper bound for the cardinality of the group of translation. From their work, it is
not clear in principle which finite groups appear as the full group of translations
of some translation surface without poles, namely determined by a holomorphic
differential. In recent times, however, Hidalgo in [15] has proved that for a finite
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group of order n there exists a translation surface (X, ω), where ω ∈ Ω(X) is a
holomorphic differential, of genus at least � n+4

4 � ≤ g. Moreover, such a translation
surface can be assumed to be a normal origami. In the same spirit of Greenberg
in [11], Hidalgo-Morales recently proved in [16] that any countable group appears
as the group of translation of some origami on the Loch Ness monster, a surface
of infinite genus and one end, the reader can consult [24] for the classification of
infinite type surfaces. Theorem A sits somewhere in between these works as it aims
to extend Hidalgo’s result in [15] to translation surfaces arising from abelian dif-
ferentials which are meromorphic, but not holomorphic, on a Riemann surface. As
a direct consequence we obtain that the Hurwitz bound is sharp for translation
surfaces with poles.

Corollary B. Let X be a Hurwitz surface. Then there exists a meromorphic differ-
ential ω ∈ Ω(X) such that | Aut(X, ω) | = 84(g − 1).

1.1. Groups of Translations

The lack of a sharper upper bound for the cardinality of Aut(X, ω) is related to the
existence of translation structures with poles on the Riemann sphere. Since there
are no non-trivial holomorphic differentials on CP1, for a translation surface (X, ω),
the space (X, ω)/ Aut(X, ω) is a translation surface of positive genus whenever ω is
a holomorphic differential. On the other hand, since there are meromorphic differ-
entials on CP1, which always determine translation structures with poles, the space
(X, ω)/ Aut(X, ω) may very well have genus zero when ω is meromorphic. We shall
say that a translation surface (X, ω) is large if it has a large group of translations
Aut(X, ω), that means the space (X, ω)/ Aut(X, ω) is the Riemann sphere equipped
with some abelian differential ξ, necessarily with poles.

Proposition C. Let (X, ω) be a translation surface, possibly with poles, of genus g ≥
2. If the group of translations Aut(X, ω) is not large, then

| Aut(X, ω) | ≤ 4g − 4. (1.1)

1.2. Periods and Automorphisms

For a translation surface (X, ω), its period character is a representation

χ : H1(Sg,n,Z) −→ C defined as γ �−→
∫

γ

ω, (1.2)

where n ≥ 0 is the number of poles of ω on X. For a peripheral loop γ, i.e. a simple
closed loop around a puncture, the period χ(γ) is 2πi times the residue of ω at the
puncture. The problem of determining which representations appear as the period
character of some abelian, possibly meromorphic, differential has been considered
in [2,3,7,14,19].

It is natural to determine when a representation χ as in (1.2) can be realised
as the period character of some translation surface with large group of translations.
The following holds.

Proposition D. Let (X, ω) be a large translation surface. Then its period character
χω factors through a representation χξ, where ξ ∈ Ω(CP1). Conversely, given ξ ∈
Ω(CP1) and its period character χξ, consider Γ = Im( χξ ). For any H � Γ of
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finite index, there is a large translation surface (X, ω) with group of translation
Aut(X, ω) ∼= G ∼= Γ/H.

Therefore, a representation χ : H1(Sg,n,Z) −→ C can be realised as the period
of some large translation surface if it factors through the period character of some
meromorphic differential on the Riemann sphere.

1.3. Branched Projective Structures

Translations surfaces, either with or without poles, belong to a much larger family
of structures known as branched projective structures, that is geometric structures
locally modeled on the Riemann sphere with its group of conformal automorphisms
PSL(2, C), see Sect. 4.2 for a more detailed definition. Any branched projective
structure, say (X, σ), determines a well-defined underlying Riemann surface X. In
fact, any such a structure can be seen as the choice of some special covering for
a Riemann surface in the sense of Gunning [13], that is an open cover for which
transition functions are not just local biholomorphisms, but they belong to some
more restricted group of transformations of the Riemann sphere CP1. Generally, a
conformal automorphism does not need to preserve this special covering and hence
it makes sense to ask how many non-trivial conformal automorphisms do preserve
the projective structure. Let us denote with Aut(X, σ) the group of projective auto-
morphisms of (X, σ). As another immediate consequence of Theorem A we obtain
the following

Corollary E. Let X be a Hurwitz surface. Then there exists a branched projective
structure σ on X such that | Aut(X, σ) | = 84(g − 1).

This corollary extends the earlier result of the author obtained with Ruffoni
[8], in the special case of unbranched projective structures.

1.4. Isosymmetric Loci of Riemann Surfaces and Beyond

We would like to conclude this introduction with some additional and motivational
remarks. For a finite group G, our methods permit to find out a Riemann surface
X and a meromorphic differential ω such that G ∼= Aut(X, ω). A much more subtle
question, however, is to determine whether a finite group G appear as the full group
of translations of some translation surface with poles and prescribed genus g. Of
course, as a necessary condition G must appear as the group of conformal automor-
phisms of some compact Riemann surface of genus g. This raises the question of how
to single out those groups that appear as the full automorphism group of a genus g
Riemann surface. For a finite group G acting on a topological surface Sg of genus
g ≥ 2, we may define the G-isosymmetric locus inside Mg as the subspace of those
compact Riemann surfaces admitting a G-action of given ramification type. These
isosymmetric loci have been studied in literature and a complete classification is
known for low-genus surfaces, i.e. g = 2, 3, [21,23]. It is natural to introduce similar
loci inside the moduli space Hg(m1, . . . , mk; −p1, . . . ,−pn) of pairs (X, ω), where
X ∈ Mg and ω ∈ Ω(X) has k zeros of orders m1, . . . , mk and possibly n poles
of orders p1, . . . , pn. The study of geometry and topology of these loci inside the
moduli spaces of translation surfaces turns out to be a challenging question worth
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of interest. In fact, these moduli spaces are known to be complex orbifolds whose
singular points correspond to translation surfaces with non-trivial symmetries.

A similar question can be posed for branched projective structures. More pre-
cisely: When does a finite group a G appear as the full group of projective auto-
morphisms of a branched projective structure on a Riemann surface of prescribed
genus g? Even in this case we may introduce G-isosymmetric loci inside the space
B Pg(m1, . . . , mk) of branched projective structures with k singularities of order
mi ≥ 0. In particular, if mi = 0 then the moduli space comprises all unbranched
projective structures on Sg. Again, the geometry and topology of G−isosymmetric
loci is not known and it is certainly worth of interest. For instance, Francaviglia–
Ruffoni in [9] studied a certain locus of hyperelliptic branched projective structures
in the context of the classical Riemann-Hilbert problem for sl2-systems.

1.5. Organisation of the Paper

The present paper is organised as follows. In Sect. 2 we recall the necessary back-
ground about translation surfaces and their periods characters. In Sect. 3 we shall
prove Theorem A and Propositions C and D. Corollary B will follow as a direct
consequence. Finally, we shall introduce in Sect. 4 branched projective structures
on closed surfaces and we provide a proof of Corollary E.

2. Translation Surfaces with Poles

We shall begin by introducing translation surfaces with poles, their period characters
and their groups of translations.

2.1. Translation Surfaces

We have already alluded in the introduction above that translation surfaces may be
seen as special examples of branched projective structures. We begin by providing
an independent definition of translation surfaces and we shall subsequently explain
in Sect. 4.2 how these structures actually appear as members of that larger family
of structures.

Let X ∈ Mg be a compact Riemann surface. Let Ω(X) be the complex vector
space of abelian differentials on X. In the sequel it will be convenient for us to adopt
the following terminology which is completely borrowed from [25].

Definition 2.1. (Kinds of differentials) An abelian differential ω on a compact Rie-
mann surface X is said to be of the first kind if it is a holomorphic differential. A
differential ω is said to be of the second kind if it is a meromorphic differential on
X with no more than a finite set of singular points that are poles each of which
with zero residue. Finally, a differential ω is said to be of the third kind if it is an
arbitrarily meromorphic differential on X with no more than a finite set of singular
points (there are no longer restrictions on the residues).

Remark 2.2. It is worth noticing that all abelian differential of the first kind are
also differentials of the second kind and, in turns, these latter are also differentials
of the third kind. This fact can be easily seen by writing on a neighborhood of each
point the Laurent series with respect to an appropriate coordinate.
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Based on Definition 2.1 above, the complex-analytic definition of translation
surface is as follow.

Definition 2.3. (Translation surface) Let X be a compact Riemann surface in Mg.
A translation structure is the datum of an abelian differential ω ∈ Ω(X). We shall
define translation surface a pair (X, ω) where ω ∈ Ω(X). A translation surface is
said to be with poles if ω is a differential of second or third kind.

An abelian differential ω has a zero of order m at a point p if in a local co-
ordinate neighborhood (U, z) of this point ω has the form ω = f(z) dz, where f
is a holomorphic function such that f(z) = zm g(z) with holomorphic such that
g(p) 
= 0. Similarly, an abelian differential of the second or third kind has a pole of
order h at p if in a coordinate neighborhood of p the differential has the form

ω =
(a−h

zh
+ · · · +

a−1

z
+ g(z)

)
dz, (2.1)

where g(z) is a holomorphic function on U and a−1 = 0 if ω is of the second kind.
A point which is neither a zero nor a pole is called regular.

Remark 2.4. (Gauss–Bonnet condition) On a Riemann surface X ∈ Mg, let ω be
an abelian differential of any kind with k zeros of orders m1, . . . , mk and n poles of
orders h1, . . . , hn. The Gauss–Bonnet condition relates the orders of zeros and poles
as follow

k∑
i=1

mi −
n∑

j=1

hj = 2g − 2. (2.2)

2.2. Groups of Translations

We now focus on mappings between translation surfaces. Let Diff+(Sg) be the group
of orientation preserving diffeomorphisms of Sg. Let X ∈ Mg be a compact Riemann
surface and let ω1, ω2 ∈ Ω(X) be two abelian differentials. A diffeomorphism f :
(X, ω1) −→ (X, ω2) is said to be a translation if f∗ω2 = ω1. In particular, f provides
an isometry between (X, ω1) and (X, ω2); in fact a translation in local charts. In
this case, notice that the differentials ω1, ω2 are necessarily of the same kind.

Definition 2.5. Let X ∈ Mg be a compact Riemann surface and let ω ∈ Ω(X) be
an abelian differential. The group of translations of (X, ω) is defined as

Aut(X, ω) =
{
f ∈ Diff+(Sg)

∣∣ f∗ω = ω
}

. (2.3)

Let Aut(X) denote the group of conformal automorphisms of X. The following
lemma is immediate from the definition.

Lemma 2.6. Let (X, ω) be a translation surface possibly with poles. Then Aut(X, ω) <
Aut(X).

In what follows, we shall need the following

Lemma 2.7. Let (X, ω) be a translation surface, possibly with poles, and let G its
group of translations. Then (X, ω)/G is a translation surface, possibly with poles.
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Proof. We begin by observing that, since G = Aut(X, ω) ≤ Aut(X), then Y = X/G
is a Riemann surface. Let π : (X, ω) −→ (X, ω)/G be the regular covering, possibly
branched, of degree d = |G| arising from the natural action of G on (X, ω). As ω is
invariant under the action of G, at any point with trivial stabiliser it descends to
the quotient (X, ω)/G. Let q1, . . . , qn ∈ X/G be the branch values of π. Since the
covering π is regular, all the preimages of any qi have the same local degree di ≥ 2.
Let si be the cardinality of π−1(qi); notice that d = si di for all i = 1, . . . , n. For
any i, let {pi 1, . . . , pi si

} = π−1(qi). For any j = 1, . . . , si, the points pij all have
non-trivial stabiliser Gij < G, where |Gij | = di. It can be showed that a point with
non-trivial stabiliser is always a singularity for ω; it can be either a zero or a pole,
of order mij which is a multiple of di. Therefore, ω descends to a differential, say ξ,
on Y with a singularity of order mij/di ∈ Z at qi. In particular, (X, ω)/G = (Y, ξ)
is a translation surface with poles and ω = π∗ξ. �
Remark 2.8. Notice that any regular point has trivial stabiliser or, equivalently, any
point with non-trivial stabiliser is a singularity for the differential.

2.3. Period Characters

Let X ∈ Mg be a compact Riemann surface and let ω ∈ Ω(X) be an abelian dif-
ferential. Let Σω = {poles of ω} and let n = |Σω| be its cardinality. According to
Definition 2.1, we can notice that n is a finite non-negative integer. A differential ω
restricts to a holomorphic differential on X\Σω and it always determines a repre-
sentation χ : H1(Sg,n,Z) −→ C defined by integration along closed loops on Sg,n as
in (1.2). The representation χ is called the period character of ω.

A classical Theorem by Haupt, originally stated in [14] and recently rediscov-
ered by Kapovich in [19], provides necessary and sufficient conditions for a repre-
sentation to appear as the period character for an abelian differentials of the first
kind, i.e. holomorphic.

Haupt’s Theorem A representation χ : H1(Sg,Z) −→ C appears as the period char-
acter of some abelian differential of the first kind if and only if the following condi-
tions holds:

1. vol(χ) =
∑g

i=1 �
(

χ(αi) χ(βi)
)

> 0, where {α1, β1, . . . , αg, βg} is a symplectic
basis of H1(Sg,Z);

2. if Im( χ ) = Λ is a lattice in C, then vol(χ) ≥ 2 · vol
(
C/Λ

)
.

The quantity vol(χ) is called volume of χ and it does not depend on the choice
of a symplectic basis. This terminology is motivated by the fact that it coincides
with the area of the singular Euclidean metric on Sg determined by ω. Haupt’s
Theorem is specific to the holomorphic case. In fact, there are no obstructions on
realising a representation as the period character of some differential of second or
third type as recently proved in [3, Theorem A]. More precisely

Theorem. [3] Every representation χ : H1(Sg,n,Z) −→ C appears as the period
character of some abelian differential of the second or third kind where all the poles
are at the punctures.

The following straightforward observation will be a key fact in the sequel, see
Sect. 3.
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Lemma 2.9. Let X ∈ Mg be a compact Riemann surface and let ω ∈ Ω(X) be an
abelian differential of any kind. Let G = Aut(X, ω) and let π : (X, ω) −→ (X, ω)/G
be the covering projection. Then the period character χ of ω factors through π∗ in
homology.

Proof. Let (X, ω) be a translation surface, possibly with poles, and let G be its
group of translations. The group G acts on (X, ω) by translations and, according
to Lemma 2.7, the quotient space (Y, ξ) is a translation surface such that ω = π∗ξ.
Let Sing(ω) ⊂ X be the set of singularities of ω, that is zeros and poles. Notice that
Sing(ω) cannot be empty if g ≥ 2. Let n = | Sing(ω) |. The covering projection π
restricts to a regular covering map, say πred, defined as

Sg, n
∼= X\Sing(ω) −→ Y \π (Sing(ω)) ∼= Sh, m. (2.4)

This covering map induces a mapping πred
∗ in homology, that is

πred
∗ : H1(Sg, n, Z) −→ H1(Sh, m, Z). (2.5)

Since ω = π∗ξ, then ∫
γ

π∗ξ =
∫

πred∗ (γ)

ξ (2.6)

for any γ ∈ H1(Sg, n, Z) and πred
∗ (γ) ∈ H1(Sh, m, Z) and the desired conclusion

follows. �

3. Automorphism Groups of Translation Surfaces

This section is devoted to prove Theorem A, its Corollary B and Propositions C
and D. We begin with the proof of these propositions.

3.1. Large Groups of Translations

In this section we investigate the relationship between automorphisms and period
characters. Let (X, ω) be a translation surface possibly with poles.

Definition 3.1. (Large group of translations) A translation surface (X, ω) has a large
group of translations if (X, ω)/ Aut(X, ω) is a sphere equipped with a differential
ξ ∈ Ω(CP1). In this case, we shall also say that (X, ω) is a large translation surface.

It is worth mentioning that there are no non-trivial holomorphic differential
on CP1, see Remark 2.4. Therefore, it directly follows from Definition 3.1 and
Lemma 2.7 that a pair (X, ω) has a large group of translations if and only if ω
is a meromorphic differential.

Proof of Proposition C. Let (X, ω) be a translation surface of genus gX ≥ 2; where ω
is a differential of any kind. Since its group of translations Aut(X, ω) is not large, the
quotient space (Y, ξ) is a translation surface (possibly with poles) of positive genus;
gY ≥ 1. The desired result follows as a straightforward application of Riemann–
Hurwitz formula. This is the same computation developed by Schlage-Puchta and
Weitze-Schmithüsen in [26] and we include the details for the reader’s convenience.
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Let π : (X, ω) → (Y, ξ) be the covering projection of degree deg(π)
= | Aut(X, ω) |. Let q1, . . . , qk ∈ (Y, ξ) be the branch values of π. Recall that π
is a regular covering and hence for any qi all the preimages have the same local
degree di. Finally, let si be the cardinality of π−1(qi). Then

2gX − 2 = deg(π)
(
2gY − 2

)
+

k∑
i=1

si(di − 1) (3.1)

= deg(π)(2gY − 2) + k deg(π) −
k∑

i=1

si (3.2)

≥ deg(π)
(

2gY − 2 +
k

2

)
. (3.3)

In order to maximise deg(π) we need to minimise
(
2gY − 2 + k

2

)
. Observe that

since Aut(X, ω) is not large, then gY ≥ 1 and 2gY − 2 + k
2 ≥ 0. The equality

holds for gY = 1 and k = 0 but these conditions would imply gX = 1, which is a
contradiction because we are assuming gX ≥ 2. Therefore

(
2gY − 2 + k

2

) ≥ 1
2 and

hence | Aut(X, ω) | = deg(π) ≤ 4gX − 4 as desired. �
Notice that gX ≥ 2 is a necessary condition because there are genuine coverings

of a torus to itself of any degree and hence there is no longer an upper bound on
the cardinality of Aut(X, ω). This also serves to show that the largeness property
of a group is not intended in the sense of its cardinality but on how big is the Euler
characteristic of the quotient space. A group of translations is large if the Euler
characteristic of the quotient space is as large as possible, namely 2.

3.2. Period Character of Large Translation Surfaces

We aim to prove Proposition D; that is we aim to provide a characterisation of
whether a representation χ : H1(Sg,n,Z) −→ C appears as the period character of
some large translation surface. According to Proposition C, this is never the case if
n = 0, that is χ is determined by a holomorphic differential on a Riemann surface
X ∈ Mg. Let us premise the following lemma whose proof is a routine exercise.

Lemma 3.2. Let f : G −→ Γ be an epimorphism of groups. Let H � Γ be a subgroup
of finite index. Then f−1(H) < G is normal of finite index. Moreover, [f−1(H) :
G] = [H : Γ].

Proof of Proposition D. Let (X, ω) be a large translation surface and let χω :
H1(Sg,n,Z) −→ C be its period character. By Definition 3.1, the space (X, ω)/
Aut(X, ω) is a sphere equipped with an abelian differential ξ, necessarily meromor-
phic. Let π : (X, ω) −→ (CP1, ξ) denote the covering projection. Lemma 2.7 implies
ω = π∗ξ and by Lemma 2.9 the period character χω factors through π∗ in homol-
ogy, that is χω = χξ ◦ π∗. Therefore Im( χω ) � Im( χξ ) �C and the first conclusion
follows.

Let us prove the second assertion. Let ξ ∈ Ω(CP1) be a meromorphic differen-
tial and let χξ its period character. Let Γ = Im( χξ ) and let H �Γ be a subgroup of
finite index. Notice that, being H�Γ�C, both groups are abelian. Let Σξ denote the
set of poles of ξ, let m = | Σξ | be its cardinality and define So, m as the punctured
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sphere CP1\Σξ. Let us define ρξ : π1(S0, m) → C the representation obtained by pre-
composing the period character χξ with the epimorphism π1(So, m) −→ H1(So, m, Z)
and define K = ρ−1

ξ (H) � π1(So, m). By classical theory, there is a surface Sg,n,

with π1(Sg, n) = K, and a G-regular covering π : Sg,n −→ So,m, where G = N/K
and N is the normaliser of K in π1(So, m). By Lemma 3.2, since H is normal of finite
index in Γ, then K is normal of finite index in π1(So, m). Therefore, N = π1(So, m)
and π is a regular G−covering with G = π1(So, m)/K. By Lemma 3.2, the equality
[ π1(So, m) : K ] = [ Γ : H ] holds and then G ∼= Γ/H. The mapping π extends to
a branched G-covering Sg −→ S

2 and the pull-back of the natural complex struc-
ture of CP1 determines a compact Riemann surface X ∈ Mg. Finally, the abelian
differential ξ ∈ Ω(CP1) pulls-back to an abelian differential ω ∈ Ω(X) on X of the
second or third kind and, by construction, G ∼= Aut(X, ω). �

As alluded in the introduction, as a consequence of Proposition D, a represen-
tation χ : H1(Sg,n,Z) −→ C can be realised as the period of some large translation
surface if it factors as

χ : H1(Sg,n,Z) π∗−→ H1(So, m,Z) −→ C, (3.4)

where the former map is induced by a G−covering and the latter is the period
character of some abelian differential ξ ∈ Ω(CP1). For any such a differential ξ,
it is an easy matter to verify that the image Γ of its period character is a group
generated by the residues of ξ at the punctures. This condition leads to examples
of representations that do not factor as in (3.4); e.g. a representation χ such that
χ(δ) = 0 for any peripheral loop δ ∈ H1(Sg,n,Z) cannot factor as in (3.4) unless it
is the trivial one.

3.3. Realising Finite Groups as Groups of Translations

In the present subsection we aim to prove Theorem A and its Corollary B.
As already mentioned in the introduction, for a compact Riemann surface X ∈

Mg, where g ≥ 2, its group of conformal automorphisms Aut(X) is a finite group
of cardinality at most 84(g − 1). Moreover, any finite group can be realised as the
subgroup of some Aut(X), [17]. This latter fact is well-known in literature and we
include a proof here for the sake of completeness.

Proposition 3.3. Any finite group can be realised as the subgroup of Aut(X) for some
compact Riemann surface X.

Proof. Let G be a finite group generated by h1, . . . , hg, for some g ≥ 2, and let Γ
be the group defined as

Γ =
〈
a1, b1, . . . , ag, bg

∣∣ [a1, b1] · · · [ag, bg] = 1
〉
. (3.5)

Let φ : Γ −→ G be the homomorphism defined as φ(ai) = hi, φ(bi) = h−1
i . If K

denotes the kernel of φ then G ∼= Γ/K. By design, Γ is the fundamental group of
a compact Riemann surface Y of genus g. By uniformisation theorem, Y is biholo-
morphic to a quotient of the upper-half plane H by the action of a discrete group
of Möbius transformations isomorphic to Γ. If we restrict the action to K � Γ we
obtain a Riemann surface, say X = H/K. Notice that X is also compact because
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it is a finite covering of Y = H/Γ. In fact, the index [K : Γ] = | G | is finite. Recall
that every automorphism of X is induced by a biholomorphism of H normalising K.
Since K acts trivially on H/K it directly follows that Aut(X) ∼= NAut(H )( K )/K.
This latter contains Γ/K as a subgroup, hence G is isomorphic to a subgroup of
Aut(X) as desired. �
Remark 3.4. Inspired from the argument of the proof of Proposition 3.3, it would be
already possible to show the first part of Theorem A. In fact, let G be a finite group
generated by h1, . . . , hg, for some g ≥ 2. Let Γ be as in (3.5), let φ : Γ −→ G be
the homomorphism defined by φ(ai) = hi, φ(bi) = h−1

i and let K denote as above
the kernel of φ. Since Γ is defined as the fundamental group of a surface of genus g
and since K � Γ, then K is also isomorphic to the fundamental group of a closed
surface of genus h > g. By construction, the natural injection K ↪→ Γ determines a
G-covering of surfaces π : Sh −→ Sg. Let Y ∈ Mg be a compact Riemann surface
and let ξ ∈ Ω(Y ) be a meromorphic differential of the second kind (hence ξ is not
of the first kind). It is a classical result that any compact Riemann surface admits
such differentials; see also [3] for direct constructions. Let X ..= π∗Y ∈ Mh be
the pull-back Riemann surface and let ω = π∗ξ. By construction G appears as the
group of translations of (X, ω). It is worth mentioning that G does not necessarily
coincides with Aut(X) which is generally bigger than Aut(X, ω). In fact, according
to Proposition 3.3, the equality holds if and only if Γ = NAut(H )( K ). We shall
provide below a different way for realising G in such a way that G ∼= Aut(X) ∼=
Aut(X, ω) for some pair (X, ω).

In his work [11], Greenberg extended Hurwitz’s result to non-compact Riemann
surfaces. More precisely, he proved that every finite group G is isomorphic to some
Aut(X), where X is a, possibly non-compact, Riemann surface of finite type. Recall
that for a surface S, being of finite type is equivalent to having a finitely generated
fundamental group. In [12, Theorem 6’], Greenberg subsequently strengthened his
earlier result as follow:
Proposition 3.5. Let Y be a compact Riemann surface of genus g and let G be a
non-trivial finite group. Then there exists a normal covering φ : X −→ Y, whose
group of covering transformations is isomorphic to G, and it is the full group of
conformal automorphisms of X.

The gist of the idea for proving Proposition 3.5 is similar to that of Proposi-
tion 3.3. However, it depends on a delicate construction of maximal Fuchsian groups
with a given signature [12]. Once again, by relying on [12, Theorem 4], we include
here the proof of Proposition 3.5 for the sake of completeness.
Proof. Let Y be a compact Riemann of genus g. Let G be a non-trivial finite group
and choose a set of generators g1, . . . , gk such that

1. gi has order νi > 1,
2. g1 · · · · · gk = 1,
3. k > 6g − 3 (k > 6 if g ≤ 1).

This is always possible by repeating generators more than once, and choosing gk

to satisfy the second condition. According to [12, Theorem 4], there is a Fuchsian
group Γ of signature (g; ν1, . . . , νk) such that H/Γ ∼= Y. The group Γ is defined as
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Γ =

〈
a1, b1, . . . , ag, bg, e1, . . . , ek

∣∣∣ [a1, b1] · · · [ag, bg] e1 · · · ek = 1,

eν1
1 = 1, . . . , eνk

k = 1

〉
. (3.6)

The mapping defined a1 �−→ 1, bi �−→ 1 and ei �−→ xi extends to a epimorphism
φ : Γ −→ G. Let K = ker(φ). Since the elements ej and xj have the same order, the
group K is torsion-free and Γ/K ∼= G. Since [K : Γ] = | G | is a finite group, then
X = H/K is a compact Riemann surface and a finite covering of Y = H/Γ. Let
Aut(X) ∼= NAut(H)( K )/K be the group of conformal automorphisms of X. Since
K � Γ, then Aut(X) ∼= G as desired. �

Based on this result, we can prove Theorem A; that is we can show that every
finite group G appears the group of conformal automorphisms of some Riemann
surface X by showing that there always exists a meromorphic (but not holomorphic)
differential ω of the second or third kind such that Aut(X, ω) = G. The first step is
to prove the following

Proposition 3.6. Let X be a compact Riemann surface of genus g ≥ 2 and let G be
its group of conformal automorphisms. Then there exists a meromorphic differential
ω ∈ Ω(X) with poles of finite orders such that G = Aut(X, ω).

Proof. Let X be a compact Riemann surface, let G = Aut(X) its group of conformal
automorphisms and define Y = X/G. Let π : X −→ Y denote the covering projec-
tion. Let ξ be a meromorphic differential of the second kind on Y. Then π∗ξ = ω
is an abelian differential on X of the same kind of ξ. By construction we obtain
G = Aut(X, ω) as desired. �
Remark 3.7. If Y has positive genus, one may take ξ as an abelian differential of the
first kind (recall that there are no abelian differentials of the first kind in genus zero)
and the same argument works. In this case, ω = π∗ξ would be an abelian differential
of the first kind on X such that G = Aut(X, ω). As a straightforward consequence
of Riemann–Hurwitz Theorem, if Y has positive genus then | G | ≤ 4g − 4 and this
is consistent with Proposition C and [26, Theorem 1.1].

As a direct consequence of Propositions 3.5 and 3.6 we obtain the following

Corollary 3.8. Every finite group appears as the group of translations of some trans-
lation surface with poles.

Proposition 3.6 and its Corollary 3.8 imply Theorem A. Finally, we provide a
proof of Corollary B. We recall the following

Definition 3.9. A compact Riemann surface X is called Hurwitz surface if its group
of conformal automorphisms Aut(X) attains the maximal bound provided by Hur-
witz, namely | Aut(X) | = 84(g − 1).

Remark 3.10. According to [18, Chapter §5], the maximal bound of Aut(X) is at-
tained if and only if X ∼= H/K, where K �Δ(2, 3, 7) of finite index, where Δ(2, 3, 7)
denotes the smallest triangle group of hyperbolic type.

Proof of Corollary B. Let X be a Hurwitz surface. Its group of conformal automor-
phisms Aut(X) has by definition cardinality 84(g − 1), where g ≥ 2 is the genus
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of X, and X/ Aut(X) ∼= CP1. Let ξ be an abelian differential on CP1, necessarily
of second or third kind, and let ω = π∗ξ. Then (X, ω) is a translation surface with
poles and | Aut(X, ω) | = 84(g − 1) by construction. �

We may notice that the period character of ω ∈ Ω(X) is trivial whenever
ξ ∈ Ω(CP1) is a meromorphic differential of the second kind.

4. Automorphism Groups of Branched Projective Structures

We finally introduce the notion of branched projective structure on closed surfaces.
The purpose of the present subsection is to extend our previous results to this type
of structures. In fact, under certain conditions, a translation surface with poles
extends to a branched projective structure on the same topological surface. We
begin by introducing projective structures on surfaces.

4.1. Branched Projective Structures

Let Sg be a surface of genus g and negative Euler characteristic, that is 2 − 2g <
0. Let CP1 be the Riemann sphere and let PSL(2, C) be its group of conformal
automorphisms acting by Möbius transformations.

PSL(2, C) × CP1 −→ CP1,

(
a b
c d

)
, z �−→ az + b

cz + d
. (4.1)

Definition 4.1. A projective structure σ on Sg is the datum of a maximal atlas of
local CP1−charts of the form z �−→ zk+1, for some k ≥ 0, and transition functions
given by Möbius transformation on their overlapping. The structure σ is called
unbranched if k = 0 for every local chart, otherwise it is called branched. A point
p ∈ Sg will be called a branch point of order k ∈ Z

+ if any local chart at p is a
branched cover of degree k + 1, that is if it has the form z �−→ zk+1. Notice that
the order of any point does not depend on the choice of the local chart and hence
k is always well-defined.

A branched projective structure is always specified by a developing map dev :
S̃g −→ CP1, obtained by analytic continuation of local charts, and by a holonomy
representation ρ : π1(Sg) −→ PSL(2, C) such that

dev (γ · p̃) = ρ(γ) · dev (p̃) ; (4.2)

where γ ∈ π1(Sg). We refer to [5] for a nice survey about unbranched projective
structures; for more about the geometry of the spaces of these structures see [6].
Notice that for branched projective structures there is a well-defined notion of angle
induced by the underlying conformal structure. The total angle around a regular
point is 2π whereas for a branch point, say p, the total angle around it has magnitude
2k π, where k ≥ 2 is the degree of any chart at p. Finally, notice that Definition 4.1
naturally extends to branched projective structures on punctured surfaces Sg,n.

Example 4.2. For an open set Ω ⊂ CP1 preserved by a Γ < PSL(2, C) acting freely
and properly discontinuously, the quotient space Ω/Γ has a natural unbranched
projective structure in which the charts are local inverses of the covering Ω −→ Ω/Γ.
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By the classical uniformisation theory, any Riemann surface X is of the form Ω/Γ
where Ω is an open subset of CP1 and Γ is a discrete sub-group of PSL(2, C) acting
freely and properly discontinuously on Ω. This endows X with a natural unbranched
projective structure, here denoted with σX , coming from the identification X ∼= Ω/Γ.
For surfaces of genus at least two; in the case X ∼= H/Γ where H is the upper half-
plane and Γ < PSL(2,R) < PSL(2, C) is cocompact and torsion-free, the resulting
projective structure is called Fuchsian uniformisation.

Example 4.3. Let X ∈ Mg be a compact Riemann surface. Given p1, . . . , pn ∈ X
and k1, . . . , kn ∈ Z

+, in [27], Troyanov showed that there exists on Sg\{p1, . . . , pn}
a unique conformal flat Riemannian metric with constant curvature equal to 0 and
branched points of angle 2π(ki + 1) at pi if

2 − 2g +
n∑

i=1

ki = 0. (4.3)

Any structure obtained in this way provides an example of branched projective
structures. As we shall see below, translation surfaces also belong to this class of
examples.

A branched projective structure σ on a surface Sg restricts to an unbranched
structure, say σ∗, on a punctured surface Sg,n. In a nutshell, we consider a branched
projective structure σ on Sg and we eventually obtain σ∗ by removing all the branch
points. Since transition functions are holomorphic mappings, any branched projec-
tive structure determines an underlying complex structure X∗ on Sg,n obtained by
extending the maximal atlas for σ∗ to a maximal atlas of complex charts. In turns,
X∗ extends to a compact Riemann surface X. Therefore a projective structure al-
ways determines a compact Riemann surface.

Conversely, a projective structure over a complex structure X∗ on Sg,n can be
seen as a choice of a sub-atlas of unbranched charts, say σ∗, maximal in the sense
of Definition 4.1. In turns, this latter extends to a, possibly branched, projective
structure σ on Sg if the holonomy of each puncture is trivial. A maximal atlas of
complex charts generally encapsulates several, in fact uncountably many, choices
of complex projective atlases. In other words, there are infinitely many branched
projective structures with the same underlying Riemann surface X.

4.2. Translation Surfaces as Branched Projective Structures

In Sect. 2 we have introduced translation surfaces as complex-analytic objects; how-
ever they can be defined in a more geometric-flavour language as follows. The inter-
est for translation surfaces is due to the geometric and dynamical properties they
exhibit. In the present note we shall limit ourselves to the necessary notions and we
refer to the nice surveys [28,29] for more details and recent advances.

Let X ∈ Mg be a compact Riemann surface and let ω ∈ Ω(X). Let us denote
by Sing(ω) the set of singularities of ω, i.e. the set of zeros and poles (if any). Any
abelian differential ω determines an Euclidean metric on X\Sing(ω). More precisely,
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in a neighborhood of a point p ∈ X\Sing(ω) we can define a local coordinate as

z(q) =
∫ q

p

ω (4.4)

in which ω = dz and the coordinates of two overlapping neighborhoods differ by a
translation z �→ z + c for some c ∈ C. This Euclidean metric naturally extends to a
singular Euclidean metric over the set of zeros of ω. In fact, if p ∈ X is a zero for ω
of order k ≥ 1 and U is any open neighborhood of p, then there exists a local z such
that ω = zk dz. The point p is a branch point for (X, ω) because any local chart
around it is locally a simple branched k + 1 covering over C. Let Σω ⊂ X denote
the set of poles of ω ∈ Ω(X). We have showed that

Lemma 4.4. A translation surface (X, ω) always determines on X∗ = X\Σω a max-
imal atlas of local complex-valued charts of the form z �−→ zk+1, for some k ≥ 0,
and transition functions given by translations on their overlappings.

Remark 4.5. It is worth mentioning that the converse is also true. A maximal atlas
of C-valued function charts that differ by translations on their overlapping always
defines a pair (X, ω) on a surface Sg. In fact, since the change of coordinates are
holomorphic maps there is a well-defined underlying compact Riemann surface X.
The abelian differential ω is then obtained by extending the pull-backs of dz via the
local charts. In what follows we shall not need to rely on this implication.

Analytic continuation of any local chart yields a map dev : S̃g −→ C called
developing map which is equivariant with respect to a holonomy representation
ρ : π1(Sg) −→ C; where the group of translations of C identifies with C itself. Since
C is an abelian group, it is not hard to verify that the representation ρ boils down
to a representation χ : H1(Sg,Z) −→ C which coincides with the period character
of ω as defined in (1.2).

As defined, any translation surface, say (X, ω), corresponding to an abelian
differential of the first kind provides an example of branched projective structure
σ on Sg where the branch points correspond to the zeros of ω. The Gauss–Bonnet
condition, seen in Remark 2.4, forces a translation surface to have finitely many
branch points each of finite order. Moreover, their orders sum up to 2g − 2.

Remark 4.6. The Gauss–Bonnet condition however does not longer hold for branched
projective structures. In fact, it is possible to apply some surgeries to increase the
number as well as the orders of the branch points without changing the topology
of the surface, [10, Bubblings]. In particular, this surgery applied to a translation
surface turns it into a projective structure which is no longer a translation surface,
see [10, Section §12] for more details.

On the other hand, translation surfaces corresponding to abelian differentials
of the second or third kind provide examples of branched projective structures on a
punctured surface Sg,n, where n ≥ 1 is the number of poles. The key observation here
is that any translation surface with poles determined by a meromorphic differential
of the second kind on a compact Riemann surface X always extends to a branched
projective structure on Sg which is no longer a translation surface. In fact, let ω be
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an abelian differential of the second kind on X and consider a pole p ∈ X of order
h + 2 ≥ 2. Let U be an open neighborhood of p and choose an appropriate local
coordinate z such that

ω =
dz

zh+2
on U (4.5)

around p. Notice that U is biholomorphic to the punctured disk D
∗. By applying the

change of coordinate ζ = z−1, the differential ω has now a zero of order h and a local
chart ϕ : (U, ζ) −→ C is h + 1−fold covering over the puncture disk. Equivalently,
the coordinate neighborhood (U, ζ) is biholomorphic to a neighborhood of the vertex
of the Euclidean cone of angle 2(h + 1)π to which the conical singularity has been
removed. As a direct application of Riemann extension theorem, the local chart ϕ
extends over the point p with ϕ(p) = 0 ∈ D. Finally, up to change the coordinate
z = ζ−1, we obtain a chart around p modelled at ∞ ∈ CP1.

Remark 4.7. We cannot deduce the geometry around the pole from this model be-
cause the change of coordinate ζ = 1

z is not a translation and so the geometry
has been altered. However it gives a glimpse of what the geometry should be. The
mapping z �→ 1

z is an inversion and hence the geometry around a pole is that of the
exterior of a compact neighborhood of 0 in the Euclidean cone (C, | z |2h| dz |2) of
angle 2(h + 1)π.

As a consequence, for a translation surface, any maximal atlas of complex
valued charts, whose existence is ensured by Lemma 4.4, can be enlarged to a
maximal atlas of CP1-valued charts by adding charts over the poles of ω. The
resulting structure is no longer a translation surface because there are charts taking
the value ∞ ∈ CP1 and hence the associated developing map is now a holomorphic
function dev : S̃g −→ CP1 (and not C). We just showed the following

Lemma 4.8. Let X ∈ Mg be a compact Riemann surface and ω ∈ Ω(X) be an
abelian differential of the second kind. Then (X, ω) extends to a branched projective
structure σ on Sg.

We can now move to show Corollary E, which turns out to be a direct conse-
quence of Lemma 4.8 along with the results of Sect. 3.

4.3. Realising Groups as Groups of Projective Automorphisms

We are going to conclude by providing a quick proof of Corollary E based on the
discussions in Sects. 4.1 and 4.2. We now introduce the following terminology as
done in Sect. 2 and [8, Section §2]. Let σ1, σ2 be branched projective structures on
Sg and let f : σ1 −→ σ2 be a diffeomorphism. We say that f is projective if its
restrictions to local projective charts are given by elements in PSL(2, C). We say
that σ1 and σ2 are isomorphic if there exists a projective diffeomorphism between
them.

Definition 4.9. Let σ be a branched projective structure on Sg. We define the group
of projective automorphisms of σ to be

Aut(X, σ) =
{

f ∈ Diff+(Sg)
∣∣ f is projective for σ

}
, (4.6)

where X denotes the underlying Riemann surface.
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Notice that Aut(X, σ) is also a subgroup of Aut(X) and hence the former is
also subject to the Hurwitz bound 84(g − 1). Our aim here is to show that this
bound is sharp by providing examples of branched projective structures that attain
the expected maximal bound. The group Aut(X, σ) of projective automorphisms
does not need to coincide with the overall group Aut(X) and it is generally hard to
determine whether the equality

Aut(X, σ) = Aut(X) (4.7)

holds. Whenever the equality (4.7) is satisfied, we shall say that (X, σ) is a rela-
tively Hurwitz projective structure, [8, Definition 2.14]. A Hurwitz projective struc-
ture (X, σ) is a projective structure such that | Aut(X) | = | Aut(X, σ) | = 84(g−1).
For unbranched projective structures on surfaces of genus g ≥ 2, in [8] the authors
showed that the Fuchsian uniformisation of a compact Riemann surface X, see Ex-
ample 4.2, is always a relatively Hurwitz projective structure. In particular, the
Fuchsian uniformisation is the only one if and only if X is a Galois-Bely̆ı curve, the
reader may consult [18] for more details about these curves. Nevertheless, for any
compact Riemann surface X there exists a branched projective structure σ such
that the equality (4.7) holds. In fact, Proposition 3.6 and Lemma 4.8 imply the
analogue of the second statement of Theorem A for projective structures.

Proposition 4.10. For every compact Riemann surface X there exists a branched
projective structure σ such that Aut(X) = Aut(X, σ).

The following is the analogue of the first statement of Theorem A for projective
structures and it is a straightforward consequence of Corollary 3.8.

Proposition 4.11. Every finite group appears as the group of projective automor-
phisms of some branched projective structure.

Proof. This is a direct consequence of Corollary 3.8 so we adopt the same nota-
tion. For a finite group G, there exists a G-covering π : Sh −→ Sg of finite degree.
Let (Y, ξ) be a translation surface with poles where ξ is an abelian differential of
the second kind, see Definition 2.1. Extend (Y, ξ) to a branched projective struc-
ture (Y, σ) by “filling” the poles with CP1−charts. Then use π to pull-back the
branched projective structure on Sh. Let (X, π∗σ) be the resulting structure, then
G = Aut(X, π∗σ) holds by construction. �

We finally prove Corollary E which we restate here for the reader’s convenience.

Corollary 4.12. (E) Let X be a Hurwitz surface. Then there exists a branched pro-
jective structure σ on X such that | Aut(X, σ) | = 84(g − 1).

Proof of Corollary E. Let X be a Hurwitz surface of genus g ≥ 2, see Defini-
tion 3.9, and let Aut(X) be its group of conformal automorphisms. Let π : X −→
X/ Aut(X) ∼= CP1 be the covering projection. The natural projective structure on
CP1 pulls back to a branched projective structure σ on X. By construction we have
| Aut(X) | = | Aut(X, σ) | = 84(g − 1) as desired. Alternatively, let ξ be an abelian
differential of the second kind on CP1. By Corollary B, (X, ω) is a translation sur-
face with | Aut(X, ω) | = 84(g − 1). Notice that ω ∈ Ω(X) is a differential of the
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second kind. Then use Lemma 4.8 for extending (X, ω) to a branched projective
structure (X, σ). By construction | Aut(X, σ) | = 84(g − 1). �

Every Hurwitz projective structure obtained in this way enjoys particular geo-
metric features. In the first place, by construction, they all carry a singular Eu-
clidean metric away from a finite set of isolated points corresponding to those which
are modelled at ∞ ∈ CP1. Secondly, they all have trivial holonomy. This is in
fact a mere consequence of our construction. It would be interesting to determine
whether there are branched projective structures with non-trivial holonomy. For
unbranched structures, we already know from [8] that the Fuchsian uniformisation
of a Hurwitz surface is always a Hurwitz projective structure and they are known
to have non-trivial discrete holonomy. In addition, we may also wonder whether
there are Hurwitz projective structures that carry some global singular Riemannian
metric such as hyperbolic or spherical metrics. From [26], we can deduce no Hurwitz
projective structure can arise from a translation surface determined by a holomor-
phic differential as its group of translation has never more than 4g − 4 translations
(in this case there are no points modelled at ∞ ∈ CP1).

Acknowledgements

The author is indebted with Ursula Hamenstädt for her support in the last months.
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