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Abstract. In the recent years a lot of effort has been made to extend the theory
of hyperholomorphic functions from the setting of associative Clifford algebras to
non-associative Cayley-Dickson algebras, starting with the octonions.

An important question is whether there appear really essentially different
features in the treatment with Cayley-Dickson algebras that cannot be handled
in the Clifford analysis setting. Here we give one concrete example: Cayley-Dickson
algebras admit the construction of direct analogues of so-called CM-lattices, in
particular, lattices that are closed under multiplication.

Canonical examples are lattices with components from the algebraic number
fields Q[,/m71,.../my]|. Note that the multiplication of two non-integer lattice
paravectors does not give anymore a lattice paravector in the Clifford algebra. In
this paper we exploit the tools of octonionic function theory to set up an algebraic
relation between different octonionic generalized elliptic functions which give rise
to octonionic elliptic curves. We present explicit formulas for the trace of the
octonionic CM-division values.
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1. Introduction

There are a number of different possibilities to generalize complex function theory
to higher dimensions.

One classical and well-established option is to consider functions in several com-
plex variables in C™ where the classical holomorphicity concept is applied separately
to each complex variable, see, for example, [8, 15]. From the viewpoint of algebraic
geometry, the theory of several complex variables provides the natural setting to
study Abelian varieties and curves.

Another possibility is offered by Clifford analysis which considers null-solutions
to a generalized Cauchy-Riemann operator that are defined in a subset of vectors or
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paravectors and that take values in an associative Clifford algebra, see, for instance,
[3, 5, 12, 21].

In the recent years one also observes a lot of progress in extending the construc-
tions from the setting of associative Clifford algebras to non-associative Cayley-
Dickson algebras, in particular, to the framework of octonions, see, for example,
[7,9, 11, 17, 18, 19, 25].

Although one has no associativity anymore, at least in the octonionic case it
was possible to also generalize a number of classical theorems, such as the Cauchy
integral formula or the formulas for the Taylor and Laurent series representations
by following more or less the same line of argumentation as performed in Clifford
analysis. See [16, 26, 30, 31, 32, 33]. Due to the non-associativity one has to bracket
terms in a particular way together. However, apart from this, some of the results
still look very similar to the formulas derived for the Clifford algebra case, at least
at a first glance.

Therefore, an important question is whether there appear really essentially dif-
ferent features in the treatment with the more complicated non-associative Cayley-
Dickson algebras. In [18] and [19] the authors present some important structural
differences. In contrast to the Clifford analysis setting, octonionic regular functions
in the sense of the Riemann approach, called Q-regular for short, do not form a left
or right @-module anymore. If f is a left O-regular function, then it is not guaranteed
that f\ is also left Q-regular. So, there is no one-to-one correspondence between the
set of monogenic functions in R® embedded in an associative Clifford algebra Cly;
and O-regular functions.

On the one hand, the lack of this property represents an obstacle in the de-
velopment of generalizations of many other theorems to the non-associative setting.
On the other hand, there is the challenge to figure out problems that really require
a treatment with non-associative Cayley-Dickson algebras that cannot be treated in
the Clifford analysis setting.

One aim of this paper to describe one very concrete example.

Cayley-Dickson algebras Cj, offer the possibility to consider lattices 2 C Cj, that
admit non-trivial left and right ideals £ and R such that £ C Q, resp. QR C
Q. These are natural generalizations of the so-called classical CM-lattices (lattices
that remain invariant under multiplication by some non-trivial non-integer complex
numbers). These lattices play an important role in the treatment of algebraic points
of elliptic curves, cf. [22]. In particular, in Cayley-Dickson algebras one can consider
lattices which, apart from their algebraic structure of a module, are additionally
closed under multiplication. See also [1] in which some basic properties of generalized
CM-lattices in some graded RpZ™-algebras with deformations have been discussed,
in particular, for RxZ3-algebras and Clifford algebras.

In fact, one can consider CM-lattices in Clifford algebras. However, Clifford
analysis is restricted to considering functions that are only defined in the subset
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of paravectors and not for variables from the full Clifford algebra (apart from the
particular quaternionic case). Note, however, that the multiplication of two non-
integer lattice paravectors from R"*! does not give anymore a lattice paravector
from R™*!. It gives an element from the full Clifford algebra that involves bivector
parts. Therefore, a monogenic function evaluating CM-values of the form f(uw)
with non-real multiplicators p € £ and non-real lattice paravectors w € ) cannot
be defined. In the framework of Clifford analysis, the argument in the function must
again be a paravector. In [20] we introduced a two-sided kind of CM-multiplication,
considering a simultaneous multiplication by the same multiplicator from the left
and from the right to the lattice of the form f(nwn). In fact, whenever w and 7
are paravectors, then the special product of the form nwn actually again gives a
paravector. But this is not the case if one applies the multiplicator n only from one
side or if one considers on both sides of w two different multiplicators n and p. In
these cases one has no paravector anymore, in general.

This obstacle can successfully be overcome using Cayley-Dickson algebras in-
stead. In contrast to the Clifford algebra setting, in the octonions every non-zero
element is invertible.

More generally, in the context of Cayley-Dickson algebras, one can meaningfully
define functions where the arguments may stem from subsets of the full Cayley-
Dickson algebra and not only from the subset of paravectors.

Now, the function theory in Cayley-Dickson algebras also admits the construc-
tion of generalized Weierstraf elliptic functions which satisfy the regularity criterion
in the sense of the Riemann approach. Taking special care of the non-associativity,
the construction of the regular analogue of the Weierstrafl p-function can be per-
formed in exactly the same way as in Clifford analysis (cf. [21], [27]), namely by
periodizing the partial derivatives of the associated O-regular Cauchy kernel and
adding some convergence preserving terms. This possibility was already roughly
outlined in [20, 21]. Recently, a 7-fold periodic generalization of the cotangent se-
ries was explicitly written out particularly for the octonionic case in [25]. This also
underlines the current interest in this topic.

However, the treatment with Cayley-Dickson algebras provides us with a new
feature, if we consider these functions in association with a period lattice that has
a non-trivial one-sided Cayley-Dickson multiplication, since we do not have such an
algebraic structure in the Clifford analysis setting where we are restricted to define
the functions on the space of paravectors.

At least in the octonionic cases we are able to deduce explicit algebraic relations
between the different CM-division values of some prototypes of generalized elliptic
functions. The canonical examples of CM-lattices in Cayley-Dickson algebras are lat-
tices whose components stem from multi-quadratic number fields Q[\/m1, ... \/mg].
In the octonionic case the canonical examples are tri-quadratic number fields. This is
also in line with the classical complex case in which we deal with imaginary quadratic

number fields of the form Q[/—m].
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The paper is structured as follows.

In Section 2, we summarize the most important facts and notions about hyper-
complex numbers in Cayley-Dickson algebras and recall their basic properties which
are used in the sequel of this paper.

In Section 3, we look at integral domains and introduce lattices with Cayley-
Dickson multiplications. We describe them in terms of generalized integrality con-
ditions involving norms and trace expressions. We show that lattices of the form

7 + Zfi;l Ziw;, where the real components of the primitive periods stem from an
algebraic field of the form Q[/m1,... /my] and where the elements my,...,my
are all mutually distinct positive square-free integers, serve as important non-trivial
examples of lattices with Cayley-Dickson multiplication.

In Section 4, we give a short overview on which basic tools can be carried over
from Clifford analysis to the non-associative setting and explain where we meet struc-
tural obstacles. While generalizations of the Weierstrafi (-function and p-function
can even be introduced in general Cayley-Dickson algebras, a number of structural
and technical features require at least an alternative or a composition algebra. So
we turn to focus on octonions in the sequel.

The core piece of the paper is Section 4.3, where we establish algebraic rela-
tions between the values of the octonionic generalized Weierstrafl (-function at a
point and their octonionic CM-division values. In particular, we present an explicit
algebraic formula to calculate the trace of the octonionic division values of the gener-
alized octonionic regular Weierstrafl p-function. They turn out to be elements of the
number field generated by the algebraic elements of the lattice components and the
components of the Legendre-constants which still require an algebraic investigation
in the future.

An exciting topic of future research in this direction would be to ask whether
the octonionic functions can be used to do some class field theory. Do these division
values play some role in the construction of Galois field extensions of the above-
mentioned number fields?

The Jugendtraum of Kronecker addressing the classification of all abelian field
extensions of imaginary quadratic number fields Q[v/—m]| is an extension of the
famous Kronecker-Weber theorem stating that all abelian extensions of Q are con-
tained in cyclotomic extensions.

The solution of Kronecker’s Jugendtraum was the motivation for the develop-
ment of class field theory which took more than 70 years (starting from D. Hilbert’s
famous Zahlbericht [14] and continuing with P. Furtwéngler, H. Weber, T. Tagaki,
E. Artin, K. Hey, M. Zorn, M. Matchett, and many others, among them also R.
Fueter, who was a student of D. Hilbert).

It turned out that the complex division values of the associated meromor-

phic doubly periodic function %p(zz) lie in abelian Galois field extensions of
2 3

Q[v/—m], cf. [28], similarly as the division values of the exponential functions lie in
abelian extensions of Q.
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The construction of algebraic field extensions of bi-quadratic number fields was
a crucial motivation for R. Fueter to develop hypercomplex function theories. He
developed his four-fold periodic monogenic quaternionic elliptic functions exactly
for this purpose, cf. [10, 23]. The framework of Cayley-Dickson algebras now even
addresses more generally than quaternions multi-quadratic number fields containing
imaginary quadratic number fields and also biquadratic number fields considered
by R. Fueter as special subcases, among many others. However, to address multi-
quadratic extensions of Q one first needs to develop a Kummer theory. Even the case
of biquadratic extensions involves additional difficulties arising from the splitting of
primes. The question whether one can do some class field theory with octonions
hence definitely represents an exciting open research field.

Explicit formulas for the division values of generalized multiperiodic functions
that we developed in this paper might have some interest in this sense, but there are
also many fundamental open problems that need to be solved in order to be able to
give some satisfactory answers to this question.

2. Some basic properties of Cayley-Dickson algebras

We start by introducing the construction principle of Cayley-Dickson algebras. For
details, we refer the reader to, for instance, [1, 2, 16, 29] and elsewhere. They contain
all normed real division algebras, i.e., the fields of real and complex numbers R and
C, the skew field of Hamiltonian quaternions H, and the non-associative alternative
octonions O as special cases.

Following [29], one may start with a ring R that has a two-sided multiplica-
tive neutral element 1 and a non-necessarily commutative and non-necessarily as-
sociative multiplication. Furthermore, we impose that it has a “conjugation” anti-
automorphism a — @ with the properties that a +b =a+b, ab=ba, and @ = a
for all a,b € R. Then one forms pairs of numbers of the form (a,b) and (c,d) and
defines an addition and multiplication operation by

(a,b) + (¢,d) := (a + ¢, b+ d), (a,b) - (¢,d) := (ac — db,ad + cb).

The conjugation is extended by (a,b) := (@, —b).

The simplest choice is to take for the ring R the real numbers R in which we have
@ = a. The above-indicated doubling process, called Cayley-Dickson doubling, then
generates in the first step the complex number field C. It is the first Cayley-Dickson
algebra generated by the doubling process starting with R. If we continue performing
this doubling procedure, then we obtain a chain of non-necessarily commutative nor
associative algebras which are the (classical) Cayley-Dickson algebras Cp where k
denotes the step of the doubling procedure. The next Cayley-Dickson algebra Cq is
the skew field of Hamiltonian quaternions, where each element can be written in
the form z = x¢ + x1e1 + x2e2 + x3e3. Here, e? = —1fori=1,2,3, ejes = ez,
ese3 = eq, eze] = eg, and e;e; = —eje; for all distinct 4, j from {1,2,3}. This algebra
is not commutative anymore, but it is still associative. It is still an example of an
associative Clifford algebra. This is not anymore the case after having performed
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the following doubling step where we arrive at the octonions @. Octonions have the
form

z =x0+ x1€1 + 2202 + T3€3 + X464 + T5€5 + Tges + TrET

where e4 = ejey, e5 = ejes, eg = eges, and ey = eqes = (ejez)es. Like in the
quaternionic case, we have e? = —1lforalli=1,...,7 and e;e; = —eje; for all
mutually distinct 4,5 € {1,...,7}. The multiplication is visualized in the following
multiplication table:
€1 €2 €3 €4 €5 €6 €7
er| —1 e4 es —eo —e3 —ey eg
€y | —€4 -1 €6 €1 €7 —e3 —e€5
€3 | —€5 —€p -1 —er €1 €9 €4
€4 €y —e1 (rd -1 —€g €; —e€3
€5 €3 —e7 —e €g -1 —€4 €9
eg e7 es —es —ep es —1 —e;
e7 | —¢€g € —¢€4 €3 —e€9 €1 -1

As one can easily deduce with the help of this table, the octonions are not
associative anymore. Therefore, they are no Clifford algebras anymore. However,
one still has a number of nice properties, stemming from the fact that the octonions
still form an alternative composition algebra.

In particular, one has the Moufang relations, guaranteeing that

(ab)(ca) = a((bc)a)

for all a,b,c € O, which, in particular, for ¢ = 1 gives the flexibility condition
(ab)a = a(ba). Moreover, one has the important rule

(ab)b = b(ba) = a(bb) = a(bb)

for all a,b € Q.

All the first Cayley-Dickson algebras Cy, with k < 3 are division algebras.

In the next step of the Cayley-Dickson doubling we then obtain the 16-dimen-
sional sedenions. As mentioned in [16], one has eje, = —d;i + €jkmem, where d;; is
the usual Kronecker symbol and &, is the usual epsilon tensor, which is totally
antisymmetric in its indices given by the usual permutation rule for a 3-indexed
antisymmetric tensor with values from {0,1, —1}.

Up from here we have to deal with zero divisors (which in the case of sedenions
is a measure zero subset) and one even loses the alternative multiplication structure.
Artin’s theorem only guarantees the power associativity for C;, with k > 4. Therefore,

we also lose the general Moufang identities at this level.
2k—1
But an important property remains: that each element z = zg+ > zje; of a
=1

J
Cayley-Dickson algebra Cj, satisfies a quadratic equation of the form

22— 8(2)z+ N(2) =0,
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where S§(z) = z +Z = 2z is the trace and where

2k—1

N(z)=z2z2=|2*= Zx?
=0

is the norm of z, cf. [29]. Note that, in general, dimp Cj, = 2*.

The only real normed division algebras, where one has the multiplicative prop-
erty N'(zw) = N (2)N (w), are R, C, H, and Q. Up from the sedenions it can happen
that V' (zw) — N (2) - N(w) # 0, see [16].

To conclude this section, we want to mention that we can get a different chain
of algebras if we construct the doubling differently, as proposed, for instance, in [29].
In the framework of a different doubling it is possible to maintain some of the nicer
properties, such as the multiplicativity of the norm.

3. Integrality conditions and lattices with Cayley-Dickson
multiplication

In this section we introduce some number-theoretical concepts. We start with

Definition 3.1. An element z from a Cayley-Dickson algebra Cj is called rational
(resp. integral) if its trace S(z) and its norm N(z) are a rational number from Q
(or an integer from Z, respectively).

Now suppose that we deal with a set of rational or integral Cayley-Dickson
numbers, respectively. If these numbers satisfy additionally

N(a+0b), N(a-b), S(a+b), S(a-b) €Q (resp. € Z)

for all a, b, then this set of Cayley-Dickson numbers forms a ring and even an alge-
bra which, however, is not necessarily commutative nor associative. In the quater-
nionic setting, an algebra of rational (integral) quaternions that satisfy the above-
mentioned conditions is sometimes called a quaternionic rational (integral) Brandt
algebra, cf. [1, 10]. In exactly the same way one can define octonionic rational and
integral Brandt algebras.

As in the quaternionic setting, also in the octonionic setting one can easily
characterize multiplicatively invariant rational and integral Brandt algebras in the
following way:

Proposition 3.2. Two rational (resp. integral) octonions a,b € O belong to a rational
(integral) non-associative Brandt algebra if and only if 2{a,b) and 2{a,b) are ele-
ments from Q (resp. from 7Z), where (-,-) is the usual Fuclidean scalar product in
R8.

Proof. In the octonions one still has

N (ab) = (ab) - (ab) = ab(ba) = a(bb)a = N (a)N(b).
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Furthermore,

N(a+0b)=(a+b)(a+b)=aa+bb+ ab+ba=N(a)+ N(b)+2(a,b).
Next, we have
S(ab) = ab + ab = 2{a, b),
and trivially S(a + b) = S(a) + S(b). O

Remark 3.3. If the ring is additionally stable under conjugation, then the second
condition 2(a,b) € Q (resp. € Z) can be dropped.

Next we introduce the concept of generalized complex multiplication of lattices
in Cayley-Dickson algebras.

Definition 3.4 (Lattices with Cayley-Dickson multiplication).

Let Qor = Zwo + Zwy + - - - + Zwqs_; be a 2F-dimensional lattice, where all elements
wy (h=0,...2F —1) are R-linearly independent elements from Cj. Then we say that
Qyr has a left (right) Cp-multiplication if there exists an n € C;\Z such that

- Qo € Qor,  1Esp.  OQor -1 C Qi

In the case where we have nw € Qq for all n,w € Qyr we say that the lattice is
closed under multiplication. In this case, the lattice forms a non-associative ring.

In the more general case, the (non-associative) ring of left multiplicators form
a left (resp. right) ideal. Lattices with Cayley-Dickson multiplication can be con-
structed by choosing the primitive generators from a rational or integral Brandt
algebra. The most important examples are lattices whose components stem from
multiquadratic number fields. The canonical examples can be constructed as fol-
lows.

Take k mutually distinct square-free positive integers my, ..., mg.

Then take a lattice of the form

L+ Zwy + -+ Lwy, + Zwwa + - -+ + Lwp_1wp + -+ - + Z((w1 - - Wr—2)Wk—1) - Wk,
where

Wy = 1,

w1 = aly/maer,

Wi = Qg Mgef,
Wiz = 01024/ M1me;ey,

(- Jwp1) - wp o= e apy/i T TE((en ek 1) e,
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and where one chooses all the appearing components «;,...;, to be rational numbers.
An arbitrary Z linear combination of these lattice elements then has the form

Yo +yiwr + A+ wr o k(@i (0))wr
= 70 + Y1a1/mrer + - - + Yl /Tger + -
+ Yk gy/ma - mg((er - )er—1)er,

where all 7;,..;, are integers. As one easily may verify, the product of such two
elements again gives an element of the same form, for instance,

W1 * W2 = X1 (X24/M11N2€E1€9.

Note that in Cj, one has that (ejey)en = £(emej)er which, however, means that the
second structure constants are not anti-symmetric, in general. In the case where all
elements «j,...;, are integers, then one easily gets lattices being even closed under
multiplication. One can directly observe that these lattices all form rational (resp.
integral) Brandt algebras in the Cayley-Dickson algebra and that they are stable
under conjugation. The components of the primitive lattice generators are elements
from the multiquadratic number field Q[/my, ..., /my]. In the particular complex
case we are dealing with the classical CM-lattices of the form Z + Zr where 7 €
Qle1y/m1]. In the octonionic case we deal with tri-quadratic number fields. Slightly
more generally, consider eight R linearly independent octonionic lattice generators
wp (h=0,...,7) where

Wh = Qpy + Qpy/Mmiel + Qpy/Mmaes + apg/Mmses
+ apg/mimeeq + apgy/Mmimses + pgy/Mamseg
+ ap,y/mimamser, ap; € Q.

It is easy to check that any product wpw; turns out to be of the same form.

For the sake of completeness, we introduce the notation W = (wp;)n (h,l €
{0,...,2F —1}) for the matrix of the components of the lattice generators wy, rep-
resented in the basis wp = wpo + wh1e1 + wpgea + -0 + wyoe_g(e1(- - )ex—1)ex.
Furthermore, det(1/) stands for its determinant and 6, ; represents the adjoint de-
terminant, also called co-factor, associated with the element wy, ;.

4. Algebraic relations between the CM-division values of
octonionic regular elliptic functions

4.1. Cayley-Dickson regular functions and their basic properties

To make the paper self-contained, we briefly summarize the basic facts on Cayley-
Dickson regular functions in the sense of the Riemann approach and, in particular, on
octonionic regular (monogenic) functions that are needed to prove the main results
of this paper. Apart from this regularity concept there is also the concept of slice-
regularity in these algebras. See, for instance, [11] and the very recent paper [17]
which is based on a different geometric splitting. However, in this paper we restrict
ourselves to focus entirely on the following definition.
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Definition 4.1 (Cayley-Dickson regularity (cf. [7, 16])). Let U be an open subset in
the Cayley-Dickson algebra Ci. A function f : U — Cy is called left (right) Cayley-
Dickson regular if Df(z) = 0 (resp. f(2)D = 0) for all z € U, where

is the generalized Cauchy-Riemann operator in the Cayley-Dickson algebra Cy.

In the case k = 3 we get the class of octonionic monogenic functions, discussed
in [6, 13, 25, 26, 30, 31, 32, 33], which will be called O-regular functions for short in
all that follows. If k = 4, then we deal with the sedenionic monogenic functions, see
also [16]. The general case has been addressed in [7].

All left and right Cayley-Dickson regular functions are also harmonic. They

2F—1 52
satisfy S0 2L — .
=0

ox?
As important example of a function that is left and right Cayley-Dickson regular
serves the generalized Cauchy kernel function go(z) := ﬁ Precisely speaking, it is

|z

left and right regular at any point z # 0. In the octonionic case one has go(z) = F
As a direct consequence, also all partial derivatives

k_
a‘n| 2F—1

gn(2) == qo(z), mn:=(ny,...,n9k_y), |n| = Z n;
n ax?l B 855;3]6_711 ) ) ’ 1/ pt VB

are left and right Cp-regular at all points with z # 0.

Following K. Imaeda, in the algebras Cy, up from k£ > 3 one cannot set up a gen-
eral Cauchy integral formula with this kernel function anymore, because the second
structure constants are not anti-symmetric in these cases, cf. [16]. This represents a
serious obstacle. This might be a reason why so far there has not been spent that
much effort to develop a comprehensive generalized function theory in the algebras
Ci with k£ > 3.

However, in the octonionic case, one still gets a Cauchy integral formula. Never-
theless, notice that in contrast to the Clifford analysis setting, one has to be careful
with how to bracket the expressions together. From [32] and elsewhere we may recall:

Theorem 4.2 (Octonionic Cauchy-integral formula). Let U C O be open and K C U
be the closure of an open domain in @ with an orientable strongly Lipschitz boundary
OK. Let f : U — O be a left (right) O-regular function. Then, under the condition
that z € int(K) we have

f(z) = 1/qo(w —2)- (da(w)f(w)>,

ws
oK
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f) = / (f(w)do(w)> - go(w — 2),

oK

respectively,

where wg = %4 is the surface measure of the unit hypersphere in Q. Here do(w) =

. A A
> (=1)'e; dw; is the oriented octonionic surface differential form where dw;= dwy A
i=0
dwi A -+ - dwj—1 N dwiy1 -+ A\ dwry.
Following [16], even in the non-alternative cases, every function f : U — Cj
that is left (right) Cp-regular in an open neighborhood around a point a € U can
locally be expanded in a Taylor series of the form

ZV z—a)an, resp. f(z Zan z—a)

In[=0 In[=0

where ay, := gl(,‘l f(a) are hypercomplex numbers from Cj and the polynomials V;,(2)

are the generalized Fueter polynomials. This is a consequence of the power associa-
tivity that remains valid in all Cayley-Dickson algebras.
In the Cayley-Dickson algebra setting, the Fueter polynomials have the form

Vn(z)zi' > Za) Zatna) - Zatnge ) Zning, ) )))-

Here, perm(n) denotes the set of all distinguishable permutations of the sequence
(n1,m2,. .. ngk_y) and Z; := V(3 (2) := z; — x2e; for all i = 1,.. 28 —1, see [31,
Theorem C, p. 208], where the octonionic case has been treated specifically.

As in the complex and Clifford analysis setting, Cauchy’s integral formula allows
us easily to show the particular octonionic case the following.

Theorem 4.3 (Octonionic Liouville theorem). If f : O — O is left or right O-reqular
and bounded over the whole algebra O, then f must be a constant.

Proof. We describe the left O-regular case. By performing partial differentiation on
the octonionic Cauchy integral formula, one directly obtains that

aiif(z) - / (i) (w — 2) - (da(w) : f(w)).

ws
|z—w|=r

Thus, in view of |¢,(;(z —w)| < M|z —w|~® (with a real constant M) and since the

. . . . 4,.7
measure of the surface of a 8-dimensional ball of radius 7 is 75—, we have

5 119)] < sl

which tends to zero, because sup,cq{|f(2)|} is bounded. Hence, f must be constant.
U
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Note that we have used the Cauchy integral formula which is not available for
higher-dimensional Cayley-Dickson algebras. Therefore, this simple proof cannot be
extended directly to the more general algebras Ci, for k > 3.

More generally, on can also establish that even every function f: QO — O that
is harmonic and bounded over the whole algebra O is a constant. This actually can
be done by classical harmonic analysis.

In particular, for the octonionic case one may also introduce in view of the
property of being a composition algebra:

Definition 4.4 (Octonionic meromorphicity). Let U C O be an open set. Suppose
that a € U and that f : U\{a} — O is left (right) O-regular. Then the point a is
called a non-essential isolated singularity of f if there exists a non-negative integer
n such that |z —a|™| f(z)| remains bounded in a neighborhood around a. Left (right)
O-regular functions that have at most unessential singular points in a discrete subset
S C O are called left (right) O-meromorphic.

More generally, one can also extend the notion of octonionic meromorphicity to
functions which have non-essential singularities on manifolds with boundary, namely,
by defining non-essential singular sets S in the same way as W. Nef did for the
quaternionic case in [24, 10]. This is technically more complicated. For simplicity
we therefore restrict ourselves to only address octonionic functions with isolated
singularities in this paper, although a more general treatment is possible.

4.2. Basic properties of octonionic regular elliptic functions

In this subsection we briefly summarize the most basic properties of octonionic
regular elliptic functions. We start by giving its definition which is similar to that
addressing the quaternionic case in [10] and to that addressing paravector-valued
functions with values in associative Clifford algebras in [21].

Definition 4.5. Let Qg = Zwg+. . .+Zwr be an arbitrary eight-dimensional octonionic
lattice; that means that wy,...,wy; are supposed to be eight R-linearly independent
octonions. Further, let S C O be a discrete subset. A left (right) O-regular function
f: O\S — O that has atmost unessential singularities at the points of S is called a
left (right) O-regular elliptic function if it satisfies at each z € O\S that f(z +w) =
f(z) for all w € Qg and S+ w = S for all w € Qs.

Remark 4.6. A crucial difference to the Clifford analysis setting consists in the fact
that the set of left (right) O-regular elliptic functions is not a right (left) non-
associative @-module, see [19] Remark 4.4. But one still has the property that left
(right) O-regularity is inherited by partial derivation of such a function.

Like in complex and Clifford analysis (cf. [21, 27]) it is not possible to find any
non-constant {2g-periodic function that is left or right O-regular on the whole algebra
O. This is due to the fact that the topological quotient @ /g is a compact 8-torus.
However, any function that is Q-regular on the whole algebra O is, in paticular,
continuous. Hence, it is bounded on the topological quotient torus, which means
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that it is bounded on the closure of each period cell. Therefore, as a consequence of
the generalized octonionic Liouville theorem, such a function must be a constant.
The same holds under the weaker condition of being harmonic.

Therefore, a non-constant Q-regular or harmonic g-periodic function must
have singularities.

Examples. The simplest non-trivial examples of O-regular functions are given in
terms of the (g-periodization of the partial derivatives of the octonionic Cauchy
kernel function go(z). Applying the classical Eisenstein series convergence argument,
the series

Pn(z) = > [(qu)<z+w>}

weg

converges normally whenever |n| := 237':1 n; >2,since Y |w|~("F) is conver-
weNs\{0}
gent if and only if a > 1. In the limit case where n = 7(7) is a multi-index of length 1

(where nj = d;; for one particular i € {1,...,7}) the series Y | o ¢-(;) (2 +w) where
4r(i)(2) = a%iqo(z) is not convergent anymore. However, as usual, convergence can
be achieved by adding a convergence-preserving term in the way

ori)(2) = ¢rpy(2) + D (qT(i)(Z +w) = ¢r(3) (w)),
weQs\ {0}

similar to the Clifford algebra case, cf. [10, 21, 27].
In fact, in complete analogy to the Clifford analysis setting one can prove:

Proposition 4.7. The series p.(;)(2) are Qg-periodic.

Proof. To prove the periodicity, one can apply the same chain of arguments as in
the complex case. From a direct rearrangement argument it is clear that for [n| > 2
the series gy, satisfy pn(z + w) = pn(z) for all z € O\Qg and all w € Qg. So, for
any 14, the difference of p.;)(z + w) — p,(;)(2) must be a constant, say C. Let wy,
be a primitive period of Qg and consider z = —%*. Furthermore, note that ©r (i)
is an even function, because each term in the series representation is even. q,(;) is
even, because it is the partial derivative of gg, which obviously is odd. Therefore,
the difference p,(;)(z + w) — p-;)(2) becomes E ;(—* + w) — i) (= (%)) =
O (3) — 9r()(5+) = 0, thus C' = 0 and the Qg periodicity is established, since wy,
was an arbitrarily chosen primitive period. O

Remark 4.8. If we consider the subseries that arises by summing only over the
lattice points of a seven-dimensional sublattice 27 whose elements w € €07 satisfy all
S(w) =0, where S(w) = w + w means the trace as defined in Definition 3.1, then we
deal with a partial derivative of the octonionic generalized cotangent function from
[25].
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The left O-regular primitive of the fully Qs-periodic function . ;) given by

(@) =az)+ Y. (s0(z+w) —golw +ZVJ> 2)4:(5)())

weQs\{0}
provides us with the direct analogue of the Weierstrafl (-function, satisfying, like

in the Clifford case, g—é = @)+ C(2) is not Qg-periodic anymore. However, ((2) is
quasi Qg-periodic, which means that

C(z +wn) —((2) = 0,

where 7, are octonionic constants, the so-called octononic Legendre constants. In
the latter equation wy (h = 0,...,7) represent the primitive periods of Qg. The
Legendre constants are given by

because ¢ is an odd function which can readily be seen by a rearrangement of the
series.

Remark 4.9. The left O-regularity of ((z) follows from the application of the Weier-
strafl convergence theorem from [32, Theorem 11] to each particular term of the
series. Note that

azo (fﬂa xo@j) Gr(j)(w)

+ej [8895] (xj - xoej)QT(j) (W)]

N TTRRE

DIV7(j)(2)gr (@) =

The left and right O-regularity of the functions p.(; and p, with |n| > 2 is evident.

The detailed proof of convergence follows along the same lines as in the Clifford
case. Hence, we omit it. See [21] and see also [25] for the particular octonionic
cotangent series constructions treated there.

Remark 4.10. The same series constructions can also be made in the general 2%-
dimensional Cayley-Dickson algebras by inserting the functions go(z) := IZIEQk

their partial derivatives, respectively, in the series constructions. The convergence
conditions remain the same. However, notice that we do not have an analogue of
Liouville’s theorem in the more general setting due to the lack of a direct analogue
of Cauchy’s integral formula. Anyway, the Taylor expansion representation of the
Cauchy kernel function and its partial derivatives which are required in the conver-

gence proof remain valid.
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4.3. Octonionic regular elliptic functions for generalized CM-lattices and their
division values

The results presented in this subsection only address the octonionic setting, because
the proofs explicitly use the alternative property of the octonions which is lost in
the higher-dimensional Cayley-Dickson algebras Cp with k& > 3.

Before we start, we need to establish some important preparatory statements.

First we note that

[COR RCY)
((A2) - uf® Az
- m = qo(1) - (qo(z)qo()\))'

q0((A2) - p) =

Analogously, one obtains

A EEeA
CJO()\ . (z,u)) = |)\ - (ZM)|8 - |)\|8’Z'u|8

Here we used the conjugation property ab = ba.

Now we want to show the following formula.

Proposition 4.11. For each A\, u, z € O\{0} we have

(10001 ) -2 = G0l 1)

Proof. Here, we have to argue very carefully, since we do not have associativity. So,
we do it step by step. First we note that

7 iz @z 1
e <qo(zu)) - (|ZM|8> - <|M|8\z|8> PEER qu(z)’

where we exploited the alternating property u( z) = (um)(z). Here, we exploited
a special property of the octonions that cannot be extended to sedenions or the
following Cayley-Dickson algebras.
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Next we put f(z) := - (qo(z,u)) = ﬁqg(z). And now we can conclude that

<M-QO<(>\Z)'M))> A= f(Az) A

1
= WQO()\Z) A

1 Az
= A
|11]® <|AZ|8>

o ENA Z (AN
= TOTFINE ~ TaPlzFAR
11 B 1
= [P Ap ) = A

Remark 4.12. We wish to emphasize clearly that this formula holds for octonions.
Our argumentation cannot be extended beyond octonions in the next steps of the
usual Cayley-Dickson doubling, at least not by using this chain of arguments, because
we explicitly used the alternative property.

g

As a direct consequence of the fact that W is real-valued we obtain the
following important statement.

Proposition 4.13. For all A\, ;n € O\{0} the functions (u - qo (()\z) : M)) -\ and, in

particular, go(Az) - X and p - qo(zp) are left and right QO-regular at each z € O\{0}.

Remark 4.14. Note again that in contrast to the Clifford analysis setting the property
of the latter proposition is not immediate, because left (right) Q-regular functions
do not form a right (left) O-module as mentioned before. The property is true for
the particular function go but at least as far as we know it is not evident for any
arbitrary left (right) O-regular function f.

Now let particularly Qg = Z + Zw;i + -+ + Zw7 (wo = 1) be a lattice with
octonionic multiplication as defined in Section 3. Suppose that A € O\R is a non-
trivial multiplicator from a left ideal £ with £Qg C Qg and assume that u € O\R is
a non-trivial multiplicator from a right ideal R with QgR C Qs.

We look at the associated octonionic left O-regular Weierstraf3 (-function

7
() =M =aE+ Y a0z +w) = ao(w) + D Vo (2) () (@) ]
weNs\{0} j=1

If Qg is such a lattice and £ is such a left ideal, then we can find a A € L\R
such that \w € Qg for all w € Qg.

So, the function ((Az) - A is a well-defined quasi-elliptic function on the same
lattice g, since A\w € Qg for all w € 2g. Note that quasi-ellipticity means that the
function is ()g-periodic up to a constant.
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It is easy to see that it is at least harmonic when applying the Weierstrafl con-
vergence theorem to each term of the series. According to Proposition 4.13 the term

qo(Az)\ is left and right O-regular and hence harmonic. The terms V. ;) () (qT(j) (w))
are all linear and therefore in the kernel of the Laplacian. Since the Laplacian is a
scalar operator, one has

Algo(A\z +w)A] = Algo( Az + w)] .

So, since 0 = A[go(Az)A] and since O is a division algebra, one also has A[go(Az)] =
0. Since w # 0, one can find a ¢t € O such that w = At. Applying a linear shift in the
argument also leads to the fact that

Algo(Az +w)] = Afgo(Az + At)] = Algo(A(z +1))]

= A[(ao(= +t)>|)\>\8] — A[<QO(z+t)>]|)\)\|8 0,

since the differential remains invariant under the shift z + ¢.

Analogously, there are elements 1 € R\R such that wp € Qg for all w € Qg, so
that the function p - {(zp) is also a well-defined quasi-elliptic function again on the
same lattice, since also wp € g for all w € {2g. Here again, we can establish that
this function is at least harmonic.

More generally, and bearing in mind the non-associativity, the two functions

Chul2) = (- C(2) - )) - A
and
G2 = p (CO- (z) - )
are well-defined at least harmonic quasi-elliptic functions for all A € £, u € R, since
(AQg) - € Qgp € Qg
and
A (Qgp) € Mg C Qg.
These inclusions are true, because €2g is a lattice with Cayley-Dickson multiplication
(CM-property).
For the sake of clarity, the quasi-periodicity (periodicity up to a constant) fol-
lows explicitly by the calculations

Gz +w) = (1 (A +w)) - ) A
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where C(w*) and C(w*) are two constants depending on w*, which is defined by
w* := (A\w) - u, which is an element from Qg, because of the CM-property.

Note that both functions ¢} (%) and a3 (%), in general, differ from each other
as a consequence of the lack of associativity. For the sake of convenience we focus
from now on the function () ,(2) := C/{,M(z), since the other version can be treated
analogously.

The function (,u-C(()\z) ,u)) -\ is singular if and only if (Az)-p = w for a lattice
point w € Qg. This is equivalent to (\2) = wu™! <= 2z = A71 - (wp™!). Thus, the
function ¢ )1\ ,.(#) has isolated point singularities at exactly the points z = At (wph)
where w runs through Qg.

By a counting argument, we obtain that () , has exactly N’ (Ap)*-many isolated
point singularities in the fundamental periodic cell

F={z=ap+oaw + - +agwr |0<a; <1, j€{0,...,7}},

which, in particular, contains 0.
The set of all these singularities that lie in the fundamental set will be denoted
by Vi 0, in all that follows.

Remark 4.15. In the simple case where A = 2 and p = 1, this set consists ex-
actly of those points where the coordinates either have the value zero or 1/2, whose
cardinality evidently equals 28 = A/(2)%.

Now we have all pre-requisites to formulate and prove our main theorem.

Theorem 4.16. Let Qg = Z+ Zwy + - - - + Zwz, (wo := 1) be an octonionic lattice with
octonionic multiplication with the properties and notations as described previuously.
The trace of the octonionic division values of the Q-regular elliptic functions o
(i =1,...,7) can be expressed by

> )

VeV 05 \{0}

NN (w)?

det(W)

7 7 7
Z On, (“ ' (Z ”hﬂj)> A= NN (1) Z On, 7 | »
h=0 Jj=0 h=0

where Op; denotes the adjoint determinant (co-factor) associated with the lattice
component wy; and where

Vapas = {v€F o= (wp™h), we Q).

Proof. As a consequence of formula (1), we may infer that the Laurent expansion of
the function (), centered at zero has the form

Ouulz) = (MC(()\Z) : N)) A= W%(Z) + A(z),

where A is a function that is at least harmonic in some neighborhood of 0.
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Conversely, the function

Z C(z+v)

UGV%u;Qg

can be written in the form go(z) + B(z), where B(z) is also a function that is
definetely left O-regular around 0. Therefore, the difference function

f(z) = Quulz) — W Z ((z+v) (2)

is at least harmonic around 0, too. Similarly, one gets the same result if one considers
the Laurent expansion around another singular point v € V) ;..04-
The same is true for all the partial derivatives (i € {0,...,7})

0 0 1 0
8$if(2) = %Q#(z) T INGON )P Z 81:1-«2 + )

UGV)\’MQg
0 1
= — Z)— Nz + ). 3
O CA,AL( ) (N(M)N()\))3 Z pr(z)( ) (3)
’UEV)\HM;QS
The functions ;) (2 + v) are all Qg-periodic, because we proved that g;(z) is Qg
periodic.

The functions 6%1_(,\#(,2) are Qg-periodic, too, because () ,(z + w) — (ypu(2)
turned out to be constant, so the partial derivatives of this expression must be
Qg-periodic.

Consequently, each function f; := g is Qg-periodic and must be at least har-
monic on the entire algebra O, since it has no singularity inside of V) ,.04. So, in view
of Liouville’s theorem there are octonionic constants C; € O such that f;(z) = C;
for all z. Now we make the ansatz

gm(z):W > C(z+) +ZV 2)Cj + C, (4)

VEVN us0g
where C' is a further octonionic constant.

Now let wp, be a primitive period of Qg (h =0,1,...,7). Then we have
Gl + ) = (u (M +w)- u))) A

= NN Z C(z+wp+v)

Uev}\:mﬂs

+ Z VT(j)(Z + OJh)Cj +C
=1

for all h € {0,1,...,7}.
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Now the crucial aspect is that the lattice 23 has octonionic multiplication of
the form (AQg)p C Qg and A(Q2sp) C Q. Therefore, there exist integers ny,; € Z such
that

)\wh Z nh Wwij. (5)

In view of the Legendre relation that we stated in the previous subsection, we have
the additive relation

C((A2) -+ (wp) - p) = ) + Znh nj (6)

with the octonionic Legendre constants 7y, ..., 7.
Applying formula (4) we get

(M~C((A(Z+Wh)) M)) A

- W 2 et +Z )+ )0+ C.

vEV) 3828

Using the Legendre relation, the latter equation is equlvalent to

(M'C((Az)‘ﬁH‘ (Awn) -u)) A

1
- oy, 2 K]

UGV)\’M;QS
7
+ Z VT(j)(Z +wp)Cj + C.
j=1
Applying (6) to the previous equation leads to

1 C((AZ) -u) A+ (u(imw)) A
[et0am) oy

1
T V(N3 va%mg [C(z +v) + Uh} + ]Zl Vo) (2)C; + C
7
+) Vi (wn)C
=

Since the first term of the left-hand side equals the expression of the sum of the first
two terms of the right-hand side in view of (4), we obtain the relation

7
(- rsm) “:w— 2 nh+ZV
§=0

VEV s Qg
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Next, since the cardinality of V) .04 equals N (M), we have

> =NOwW*

’UGV)\,H;QS
Thus, we arrive at
7 7
(M O nhﬂ?j)) A= NOwn+ > (wh, — ejwny)C; (7)
j=0 Jj=1
7
where we put wp, = Y wp,€; for the representation of the primitive periods wy in
§=0
the coordinates of the canonical basis elements eg, eq, ..., e7.

Next, let us write O, for the adjoint determinant (co-factor) associated with
the element wp,;. Then, classical linear algebra tells us that

7
> wh, On, = 6y det(W). (8)
h=0

Note that the elements Oy, are all real numbers. Combining the formula (8) with (7),
we obtain that

7 7 7
> [On (- (X mnm) A =N OO Y nn
h=0 j=0 h=0
T T
= Op,wh; — €j Op,wh, )Cj.
23 (O, s @nie )

The underbraced expression O,wp, vanishes, because we always have ;0 = 0, since
i #£ 0.

In view of (8) the latter equation simplifies to

7 7 7
> On (1 o mnmi)) - A| = NN () D O, = Ci det(W).
j=0 h=0

h=0
Thus, for i =1,...,7 we obtain
7 7 7
S | (1 (3 magmy)) - A = NN () 3 O,
_ h=0 3=0 h=0
e det(WW) '

Now we are in position to calculate the traces of the octonionic Weierstraf3’ functions.

First of all we recall that
1

Ouul2) — WC(Z)
7

= NN Y L)+ V()G + C

VEVA, us05 \{0} j=1
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Since ( is an odd function, () , is an odd function, too. Consequently,
1
Oun(?) = o (2) = 0(2)
! (NN (1))?

around zero, because the singular parts cancel out, following from Proposition 4.11.

In view of lin% ©ri)(2) = ¢r(i)(2) =0 for all i = 1,...,7, which is clear from the

2—
series representation, because lir% 4r(i)(2 + W) — ¢-(5)(w) = 0, one even has that the
zZ—r

expression on the right-hand side is of order O(z3).
So, in particular,

lim (CA,M(Z) - WC(Z)) =0,

and since lim V7(;)(2) = 0, one has
z—0

WONG@E 2 w=-C

VEV 0 \{0}
Next,
8{)\’“ _ 1 o
dx;  NOON ()"0
2

is an even expression and of the form O(z*) around the origin. So,

. aQ\,u(Z) 1 o
limy (52— <N<A>N<u>>3w(z)> -0
On the other hand,
8()\#(2) . 1

ore WO

1 (R
= WG, 2 0T 2 g ()G

vev)\,,u,;ﬂg \{0}

Thus, with the same limit argument we obtain that

1
—_— ; = —Cj.
NN 3 Z 7 (4) (7)) i
NN (1)) Vs \ (0}
If we apply the formula for the expression of the constants C; derived above,
then we finally arrive at the desired trace formula for the octonionic CM-division
values of the associated @, (;)-function,

Z £7(4) (U)

VEVA, w505 \{0}

NN (1))?
(W)

det

7 7 7
Z O, (“ : (Z M, ;) - )‘) ~ NMN (1) Z On, Mk
h=0 j=0 h=0

for each i =1,...,7, and the theorem is proved. Il
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Remark 4.17. For the sake of completeness we want to re-emphasize that the con-
stant C' gives up to a minus sign multiplied with the third power of the quadratic
norm expressions exactly the value of the trace of the CM-division values of the
O-regular Weierstraf3 (-function:

Y. W) =-WANW)-C.

VeV ;05 \{0}

Unfortunately, unlike for the constants C;, we so far have no further information on
the algebraic nature of the constant C.

4.4. Final remark and outlook

The trace of the octonionic division values of the functions ;) is an octonion
whose real components are elements from the field that is generated by the algebraic
number field of the real components of the primitive periods wy, (canonically from a
triquadratic number field) and by the real components of the octonionic Legendre
constants 7. It would be a great goal to figure out under which conditions these are
algebraic and if one can do some class field theory with these octonionic functions.

Furthermore, it would be an essential question whether similar constructions
could be carried over to the more general framework of Cayley-Dickson algebras or
even more generally to graded deformed RpZ"-algebras that we discussed in [1]. As
explained in Section 3, the theory of CM-lattices is available for this much more
general setting. However, in the proofs and in the constructions of Section 4.3 we
applied at several places the alternative property, which is true in the octonionic
case but not anymore beyond this when proceeding with the usual Cayley-Dickson
doubling. Perhaps some of these results can be carried over to the context of the
algebra of the 2"-ons considered by D. Warren in [29], indicating another possibility
for further future research in this kind of direction.

A possible field of application consists also in understanding whether these
generalizations of elliptic functions may play a similar role in Ga-gauge theories,
analogous to the role of quaternionic regular elliptic functions playing for SU(2)-
instantons, cf. [13].

Another open problem, suggested by one of the referee’s, would be the fol-
lowing. We have constructed a family of octonionic Weierstrafl o functions @,
(¢ =1,...,7) from partial derivation of one octonionic Weierstrafl (-function. Ac-
tually, in complex analysis the Weierstraf3 (-function, in turn, can be derived from
one of the four Jacobi theta functions, namely, by p(u) = —%log O(u). So, the
Weierstrafy (-function can be constructed from that theta function as derivative and
the Weierstral p-function as its second derivative. It is an open question (even in
the quaternionic case) whether one can define a monogenic theta function for a gen-
eral lattice and if one can derive all the generalized Weierstraf3 p-functions from
partial derivation of such a monogenic theta function (or perhaps of several ones).
Note that partial derivation of a Weierstraf3 (-function in the octonionic case gives
seven linearly independent different Weierstral o ;) functions. Furthermore, if one
introduces one primitive of the Weierstra3 (-function, then this function will also
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induce seven linearly independent Weierstrafl (-functions. One among them might
be the particular one described in this paper. Each of these Weierstrafl (-functions,
in turn, induces seven Weierstraf3 p-functions by partial derivation.
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