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Abstract

We introduce the class of permawound unipotent groups, and show that they simulta-
neously satisfy certain “ubiquity” and “rigidity” properties that in combination render
them very useful in the study of general wound unipotent groups. As an illustration
of their utility, we present two applications: We prove that nonsplit smooth unipotent
groups over (infinite) fields finitely generated over F), have infinite first cohomol-
ogy; and we show that every commutative p-torsion wound unipotent group over a
field of degree of imperfection 1 is the maximal unipotent quotient of a commutative
pseudo-reductive group, thus partially answering a question of Totaro.
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1 Introduction

Unipotent groups play a fundamental role in the theory of linear algebraic groups. To
illustrate this, recall that, given a connected linear algebraic group G over a field k, the
k-uniponprpitt radical Zy x(G) of G is defined to be its maximal smooth connected
normal unipotent k-subgroup. That there exists a unique such maximal k-subgroup is
a well-known fact in the theory of linear algebraic groups; see [1, Ch.IV, §11.21]. We
say that G is k-pseudo-reductive, or just pseudo-reductive when k is clear from context,
when Zy 1(G) = 1 — that is, G contains no nontrivial smooth connected normal
unipotent subgroups over k. Then the quotient P := G /%, xG) is pseudo-reductive,
and in this manner one may write G as an extension of a pseudo-reductive group by a
smooth connected unipotent group. In [5], a classification of pseudo-reductive groups
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is given, up to the commutative case. That is, all such groups are described explicitly
(the classification is somewhat less explicit in characteristic 2 when [k : k*] > 2), up
to a commutative pseudo-reductive group. This leaves one to study unipotent groups.
Furthermore, one can say little in general about commutative pseudo-reductive groups,
and unipotent groups arise naturally in the study of such groups as well, as the quotients
of such groups by their maximal tori. (More about this later.)

Another manner in which unipotent groups arise naturally in the study of general
(even pseudo-reductive) groups is via the so-called open cell decomposition associ-
ated to a cocharacter. To define these open cells, we need to review some “dynamic
constructions”. Fix a cocharacter 8 : Gy, — G (possibly trivial). Then we define a
subfunctor Ug (8) C G by the formula

Uc(B)(R) :={g € G(R) | }iir%)ﬂ(t)gﬁ(t)_l =1}

for k-algebras R. Let us explain what we mean by this. The map (Gn)r — Gr
defined by r — B(t)gB(r)~! may or may not extend to a map cg A}e — GRg.
If it does, then it extends uniquely, since G is separated over R. Then we define
lim; o BB " 1= cp(0).

The subfunctor Ug (B) C G is represented by a split (see the next paragraph for the
definition of splitness) smooth connected unipotent k-subgroup scheme of G (which
we also denote by Ug(B)) [5, Lemma 2.1.5, Prop.2.1.10]. Let Zg(B) denote the
(scheme-theoretic) centralizer in G of 8(Gy,). Then the multiplication map

mG : Ug(B~") x Z6(B) x Us(B) > G (1.1

is an open immersion [5, Prop.2.1.8(3)]. The image of this map is called the open cell
in G associated to B, or the open cell of the pair (G, 8). For a generically chosen S,
Zc(B) = Zg(T) for a maximal k-torus T'. This open cell is a very useful tool for
studying the group G. The mysterious part of the open cell is the quotient Zg(T)/T,
which is a unipotent group.

Among unipotent groups, there is a collection of particularly simple ones: namely,
those that are split. Recall that a smooth connected unipotent group U is said to be
k-split (or just split when k is clear from the context) if it admits a k-group scheme
filtration over k

1=Uy2U; 4---4AU,=U

with Uj41/U; ~ G, for0 <i < n.

In general, for a smooth connected unipotent k-group U, there is a maximal split
unipotent k-subgroup Ugpie C U, and this subgroup is normal in U [5, Th.B.3.4].
The quotient then does not contain a copy of G,. These are the more mysterious
unipotent groups, and they have a name. As introduced by Jacques Tits [12] (of whose
work [5, App.B] is an exposition), a smooth connected unipotent k-group U is said
to be k-wound (or just wound when £ is clear from the context) if any k-morphism
A}C — U from the affine line to U is the constant morphism to a k-point of U
[5, Def.B.2.1]. This is (non-obviously) equivalent to requiring that there be no non-
constant k-homomorphism G, — U. Indeed, this property follows from woundness
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because G, >~ Al as k-schemes, and conversely, it also implies woundness by [5,
Prop. B.3.2]. Woundness is also equivalent to requiring that U not contain a k-subgroup
scheme k-isomorphic to G,, as once again follows from [5, Prop.B.3.2].

Woundness, which may be viewed as the analogue for unipotent groups of anisotrop-
icity for tori (while splitness for unipotent groups is the analogue of splitness for tori),
nevertheless behaves in the opposite manner to anisotropicity with regard to field
extensions, as we now explain. A k-torus becomes split over some finite separable
extension (equivalently, every torus over a separably closed field is split), while a
smooth connected unipotent group becomes split over a finite purely inseparable
extension (equivalently, every smooth connected unipotent group over a perfect field
is split) [5, Cor. B.2.7]. Similarly, for a finite purely inseparable extension k' /k, a k-
torus is anisotropic over k if and only if it is so over k’, while for a (not necessarily
algebraic) separable extension k” /k, a smooth connected unipotent k-group is wound
over k if and only if it is so over k” [5, Prop. B.3.2]. Because the only wound unipotent
group over a perfect field is the trivial group, woundness is only an interesting notion
over imperfect fields (and in particular is uninteresting in characteristic 0). On the
other hand, wound unipotent groups exist over every imperfect field, as the following
example shows.

Example 1.1 ([5, Ex.B.1.1]) This example is originally due to Rosenlicht [11, p.46].
Let k be an imperfect field of characteristic p,leta € k—k”, and consider the subgroup
W, of Gg = G, x G, defined by the following equation:

X+ XP +aY? =0.

One may check that the maps (X, Y) = X 4+a'/?Y, T+ (=T?,a='/P(T 4+ TP))
define mutually inverse isomorphisms between W, and G, over the purely inseparable
extension k(al/P). In particular, W, is smooth connected unipotent. We claim that it
is wound. One way to see this is to note that the projective closure W, of W,, defined
in ‘][,% by the equation

Xz~ '+ XP +ay? =0,

isregular, hence is the regular completion of the affine curve W,,. If W, were not wound,
then it would contain, hence be k-isomorphic to, G,. But the regular completion of
G, is ‘][,1, which has rational point at infinity, while the unique point of W,\ W, only
becomes rational over k(a'/?). (Another more general approach to seeing woundness
is touse [5, Lem.B.1.7,(1) = (2)].)

One may also construct non-commutative examples over every imperfect field. See
[4, Ex.2.10].

Woundness enjoys certain permanence properties. It is clearly inherited by smooth
connected subgroups, and it is also inherited by extensions: an extension of wound
unipotent groups is still wound unipotent, as follows, for example, from the formulation
in terms of non-existence of nonzero k-homomorphisms from G,. It is not, however,
inherited by quotients. In fact, every smooth connected unipotent k-group U admits
an isogeny onto a split group as follows. The group U,/ is split for some n > 0
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(because U splits over a perfect closure of k). Let UP") denote the n-fold Frobenius
twist of U over k. We have the following commutative diagram:

v — = Uyypr —— U

o 1 o]

Spec(k) — Spec(k!/P"y — Spec(k)

The vertical arrows are the structure maps defining the k-scheme structures on U
and UP") and the k'/?" -structure on Uy1/pn, the first arrow in the bottom row is that

induced by the isomorphism k!/7" S k which sends x to x?", and the second arrow is
induced by the inclusion k <> k'/P". The second square is Cartesian by definition, as
is the large outer square. Therefore, so too is the first square. This diagram shows that
the k!/P"-splitness of U «1/pn implies the k-splitness of U (") Therefore, the n-fold
Frobenius map U — U ") defines a k-isogeny from U onto a split unipotent group.
While this example involves forming the quotient by an infinitesimal subgroup, even
forming quotients by smooth connected subgroups does not preserve woundness in
general, as we shall see soon.

While woundness is not inherited in general by quotients, this paper involves the
study of groups with the property that woundness is inherited when one forms quotients
by them (or more precisely, by any of their quotients). These are the permawound
groups, to be defined shortly. First, we mention the notion of semiwound unipotent
groups. These are defined by the same condition as wound groups, and satisfy many
of the same properties, except that we do not require them to be smooth or connected.
See Appendix A and in particular Definition A.2.

The following simple definition underlies this entire paper.

Definition 1.2 Let & be a field. We say that a smooth unipotent k-group scheme U is
k-permawound, or just permawound when k is clear from context, when the following
condition holds: For every right-exact sequence of finite type k-group schemes

U—>Ei>Ga—>l,

E contains a k-subgroup scheme k-isomorphic to G;.

Stated differently, if U is a quotient group of U, then semiwound groups are stable
under the formation of quotients by U.

Example 1.3 To get a feel for the meaning of the above definition, let us return to the
group W, of Example 1.1. When p > 2, that group is not permawound. Indeed, in this
case, we may choose b € k that is not of the form x” +ay?, because [k : k7] > p > 2.
Then we consider the k-group

E:={X+aXP +YP —bZP =0} C G].

One may show that E does not contain a copy of G,. Indeed, the leading part aX? +
Y? — bZP has no nontrivial zeroes, so this follows from [5, Lem.B.1.7,(1) =— (2)].

W Birkhauser



Permawound Unipotent Groups

But one has the exact sequence
W, — E — G, — 0,

where the second map is (X, Y, Z) — Z. Thus W, does not satisfy the condition of
Definition 1.2 when p > 2.

The problem in Example 1.3 was that the leading part (usually called the principal
part) of the polynomial defining W, does not take every value in k. That is, it is
not universal. We will show later (Proposition 6.4) that a smooth group U defined
by a p-polynomial F' whose principal P part has no nontrivial zeroes is permawound
precisely when P is universal. In particular, when p = 2, W, is permawound precisely
when k has degree of imperfection 1.

Permawound groups satisfy two fundamental properties which make them
extremely useful in the study of general wound unipotent groups. The first, given
below, we call ubiquity.

Theorem 1.4 (“Ubiquity”) Let k be a field of finite degree of imperfection. Then for
any smooth commutative p-torsion semiwound unipotent k-group U, there is an exact
sequence

0—U—W-—V-—0

with W wound, commutative, p-torsion, and permawound, and V a vector group.

Theorem 1.4 is not very surprising. We saw in Example 1.3 how one may begin with
a p-polynomial F and simply add on a variable to obtain an extension of G, by the
group {F = 0} described by F. The proof of Theorem 1.4 essentially entails repeating
this process until one obtains a p-polynomial with universal principal part. The hard
part is showing that groups defined by such polynomials are indeed permawound (the
subtlety being to ensure that there are no semiwound extensions of G, by quotients of
such groups).

The utility of the ubiquity property is that many properties that one might wish
to prove about wound unipotent groups are inherited by subgroups, hence to prove
them for general wound groups — at least those that are commutative and p-torsion
— it suffices to treat the case of permawound groups. In fact, using [5, Cor.B.3.3],
if the property one wishes to establish is also inherited by extensions (as many such
properties are), then it suffices to treat the p-torsion commutative case, hence the
permawound case.

The reader may now wonder how this is helpful. Why should the study of perma-
wound groups be any easier than that of general wound unipotent groups? The answer
lies in the second fundamental property of such groups, which we call rigidity. In con-
trast to the ubiquity property, rigidity is rather surprising. To state it, we define for any
separably closed field k of finite degree of imperfection a wound unipotent k-group
¥. The definition may be given as follows, though a more thorough discussion will
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be given in Section 7. Take any p-basis Ay, ..., A, of k,let ¥ C Gé be the vanishing
locus of the following polynomial in k[X s | f € I]:

0 3 (I147) 17

fel \i=l

where the subscript 0 denotes the constant function with value 0. The rigidity property
of permawound groups is the following statement.

Theorem 1.5 (“Rigidity”) Let k be a separably closed field of finite degree of imper-
fection r, and let U be a wound permawound unipotent k-group scheme. Then U admits
a filtration 1 = Uy A Uy Q --- ] U, = U such that, for each 1 < i < m, either
Ui/Ui—1 =~V orU; JU;_| ~ Rkl/p/k(Olp).

In the above, «, over an F,-scheme S denotes as usual the base change to § of the
F,-group scheme F,[X]/(X?) with group law X - Y := X + Y, while R;1/»  denotes
Weil restriction of scalars from k!/? to k. The k-groups # and Ry, /k(ap) appearing
in Theorem 1.5 are semiwound and satisfy a property known as weak permawoundness
to be defined in Section 5. In fact, the former group is even wound and permawound.

Combining ubiquity and rigidity, one obtains for instance the following: given a
separably closed field of finite degree of imperfection, and a property of groups that
one wishes to prove for all wound unipotent k-groups, if the property is inherited by
subgroups and by extensions, then it suffices to prove it for the two groups ¥ and
Ry1/p jx (@p). In fact, permawound groups — and in particular the ubiquity and rigidity
properties — are useful even for proving properties of wound groups over fields that
may not be separably closed or of finite degree of imperfection. Indeed, the latter is
hardly a condition because essentially any property of wound groups that one wishes
to prove may be easily reduced to the finite degree of imperfection case by a simple
spreading out argument. (For instance, any unipotent group is defined over a finitely
generated field, as are maps between finite type schemes over fields.) The separably
closed condition is also not too restrictive for many applications, because one can
often pull properties down from finite separable extensions.

As a first illustration of the utility of permawound groups — in particular of their
ubiquity and rigidity properties — we give two applications to questions of independent
interest. The first concerns the cohomology of smooth unipotent groups.

Theorem 1.6 Let K be an infinite finitely generated extension field of ¥ ,, and let U
be a smooth unipotent K -group scheme that is not split. Then H (K , U) is infinite.

Note that this is a statement about unipotent groups over fields that are not sepa-
rably closed. Nevertheless, the rigidity property plays a crucial role in the proof of
Theorem 1.6.

The second application is to a question of Totaro concerning unipotent quotients
of commutative pseudo-reductive groups. As stated earlier, in [5], a classification of
pseudo-reductive groups is given, up to the commutative case. That is, all such groups
are described explicitly, up to a commutative pseudo-reductive group, and it appears
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that one can in general say little about the nature of groups of the latter type. It is
therefore of significant interest in the general theory of linear algebraic groups over
imperfect fields to study commutative pseudo-reductive groups.

Let C be a commutative pseudo-reductive k-group, and let 7 C C be its maximal
torus. Then U := C/T is a smooth connected commutative unipotent k-group. Fur-
thermore, U is necessarily wound. Indeed, because woundness and pseudo-reductivity
are insensitive to passage to separable extensions, we may assume that k is sep-
arably closed, and in that case the woundness of U follows from the fact that
Ext!(G,, Gm) = 0 [6, Ch.1II, §6, Cor.5.2]. We refer to U as the maximal unipotent
quotient of C. A natural question is which commutative wound unipotent k-groups
arise as maximal unipotent quotients of commutative pseudo-reductive k-groups.
When k = ko(a, b) is a rational function field in two variables over an arbitrary field
ko of characteristic p, Totaro constructed a commutative wound unipotent k-group U
that cannot be expressed as such a quotient [14, Ex.9.7]. In fact, one can show that
his example works over any field of degree of imperfection > 1, with the roles of a
and b played by any pair of p-independent elements of k. Nevertheless, for fields of
degree of imperfection 1, Totaro posed the following optimistic question.

Question 1.7 ([14, Question 9.11]) If k is a field of degree of imperfection 1, is every
commutative wound unipotent k-group the maximal unipotent quotient of a commuta-
tive pseudo-reductive k-group?

We will use the ubiquity and rigidity properties of permawound groups to prove
the following affirmative answer to Totaro’s question when the group in question is
p-torsion.

Theorem 1.8 Let k be a field of degree of imperfection 1. Then every commutative p-
torsion wound unipotent k-group is the maximal unipotent quotient of a commutative
pseudo-reductive k-group.

This paper may be roughly broken up into three parts. The first part, consisting of
Sections 2, 3, 4, 5 and 6, is concerned with characterizing those subgroups of vector
groups that are permawound, culminating in the characterization Theorem 6.10 of such
groups, as well as the corollary rigidity principle (Theorem 6.12). The second part of
the paper, consisting of Sections 7, 8 and 9, consists of the proof of the rigidity property
of permawound groups (Theorem 9.6). The third and final part — Sections 10 and 11
— consists of applications of permawound groups. The reader may wish to read this
part as initial motivation before the rest of the paper.

1.1 Notation and Conventions

Throughout the paper, k denotes a field, and, when p appears, it means that k has pos-
itive characteristic p. The symbols kpe,t and ks denote perfect and separable closures
of k, respectively.

For a scheme S, we regard the category of S-group schemes as a fully faithful
subcategory of the category of fppf group sheaves on S. In particular, when we say
that a sequence of S-group schemes is exact, or that a map of S-group schemes is
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surjective, et cetera, we mean that the corresponding property of fppf sheaves holds.
Furthermore, all cohomology is in the category of fppf sheaves unless stated otherwise.

2 Subgroups of Vector Groups

In this section we analyze subgroups of vector groups, the main point being a
result which yields a filtration on commutative semiwound unipotent groups such
that each of the factor groups may be described as a hypersurface in a vector
group (Proposition 2.7). We begin by recalling some basic notions pertaining to
p-polynomials. Let k be a field of characteristic p > 0. A p-polynomial is a polyno-

mial F € k[X1. ..., X,] of the form F(X1,....X,) 1= Y0 YN ci ;X! with
¢i,j € k. We remark that part of the data of the p-polynomial is the polynomial ring
in which it lies. So, for instance, we regard X| € k[X1] and X| € k[X1, X»] as
being different p-polynomials. The reason for this is that the first one describes the
trivial group {X| = 0} C Gy, while the latter describes the copy of 0 x G, of G,
sitting inside G2 The principal part of F is the p-polynomial P (X1, ..., X,) =
Ziel cinm X p”l € k[Xy,...,Xu],where I C {1, ..., n}is the set of indices such that
X; appears 1n F, and n; is the maximal j such that ¢; ; # 0. Note that we consider P
as lying in the same polynomial ring as F', regardless of how many variables actually
appear in F. We say that F is separable when it defines a smooth k-subgroup scheme
of G} —equivalently, when F has nonzero linear part. All of this is previously defined
terminology; see [5, App. B]. Now we introduce some new terminology.

Definition 2.1 We say that a p-polynomial P € k[Xy,..., X,] is monogeneous
when each variable appears in at most one term of P. That is, we may write
P=3", ¢i X; P , where we allow ¢; = 0. (Equivalently, the part involving each
variable is homogeneous, hence the name.) We say that a monogeneous p-polynomial
P is reduced when the equation P(x1, ..., x,) = 0 has no solutions in k other than
0. We say that an arbitrary p-polynomial F is reduced when its principal part is.

The first part of the following result follows from [5, Lem.B.1.7,(2)=—(3)].

Proposition2.2 Let F € k[X1, ..., X,] be a nonzero p-polynomial. Then there exist
a k-group scheme automorphism o of G} and 1 < m < n such that F o0 €
k[ Xm, ..., Xylisareduced p-polynomial. If F is monogeneous, then one may choose
o so that F o ¢ is monogeneous.

Proof 1f n = 0, then F = 0, so assume thatn > 0.If F can be transformed by an auto-
morphism of G} (respectively, an automorphism preserving monogeneity of F in the
monogeneous case) to lie in k[ X;];<; for some proper subset I C {1, ..., n}, then we
are done by induction. So assume that every automorphism of G} (resp. every automor-
phism preserving monogeneity of F') transforms F into a p-polynomial involving all
of the variables X1, ..., X,,. We may assume that F is such that Zi degXi (F) is min-
imal among all transformations of F' via automorphisms of G/ (resp. automoprhisms
preserving monogeneity). Then we claim that F is reduced.
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Indeed, let P be the principal part of F, and assume that P admits a nontrivial zero
(r1,...,rn) € k™. Let ig be such that r;, # 0 and such that

pto = degy, (F) =max{p" := deg, (F) | ri # 0}.
Let o denote the following invertible change of variables on G} :

Xi ri=20
Xl‘ = ri()Xi() i = i()

pdio —d;
Xi+r; Xl.0 else.

Then F o o is still monogeneous if F is, and has the same degree as F in X; for
all i except for i = ig, for which the degree of F o o is strictly lower. This violates
minimality, so we conclude that F' was already reduced. O

The proof of the proposition below amounts to an algorithm, akin to Gaussian
elimination, for, given a subgroup of a vector group described by a system of p-
polynomials, describing it by a new system of equations of a relatively simple form.

Proposition2.3 Let Hy, ..., H, € k[X1, ..., Xn] be p-polynomials, and let U :=
Ni{H; = 0} C G be the k-group that they define. Then there exists a k-group scheme
automorphism o of G}, and p-polynomials Fy, ..., F, € k[X1, ..., X,] such that
m <rand

(i) For1 <i <m, F; € k[X;, Xiq1, ..., Xpl = k[Xig1, ..., Xul;
(ii) If m > O, then for some 0 < j <n —m, Fy, € k[ X1 j, ..., X,] is a reduced
p-polynomial (as an element of k[ X+, ..., Xn]); and
(iii) o (U) is the k-subgroup scheme of G} described as the vanishing locus of the F;.

Proof We proceed by induction on the pair (7, r) ordered lexicographically. The cases
n = 0 and r = 0 are trivial, so assume that n, r > 0. We first treat the case r = 1.
Then U is described by a single p-polynomial H. If H vanishes, then we are reduced
to the case r = 0, so assume that H # 0. Then Proposition 2.2 implies that a change
of variables transforms H into a reduced p-polynomial F; on the last ¢ coordinates
for some t < n, so taking m = 1, F does the job.

Now consider the general case. If there is a family of p-polynomials describing U
such that none of the polynomials involve X1, then U is just the product of the first
G, factor in G} and a subgroup of Gg"l, so we are done by induction. We therefore
assume that every family of p-polynomials defining U involves X in at least one of
the equations. Let G, ..., Gy be such a family chosen so that p? := degy, (Gy) is
minimized among all p-polynomials involving X| which appear in a family of < r
p-polynomials defining U. If s < r, then we are done by induction, so assume that
s = r. For eachi > 1, one has G; = R; (mod G1) for some p-polynomial R;
such that degXl (R) < pdl [10, Lem. 6.3]. It follows from the minimality of pdl that
X1 does not appear in any of the R; for i > 1. Further, G; together with the R;
defines the same group U as the original G;. If Ry, ..., R, all vanish, then we are
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in the already-treated case r = 1. Otherwise, if the R; are not all 0, then the family
R, ..., R, € k[X2,..., X,] defines a subgroup which by induction may also be
described after a change of variables o on the last n — 1 coordinates (so that G still
involves the variable X even after the change of variables) by a family Fi, ..., F;
of p-polynomials as in the statement of the proposition (so in particular ¢ < r) in
which necessarily ¢+ > 0. Then G together with the F; yields a defining family of
p-polynomials for o (U) of the desired shape. O

We next show that vector subgroups of commutative groups with vanishing Ver-
schiebung may be split off as direct factors.

Proposition 2.4 Let k be a field of characteristic p. Then any exact sequence of com-
mutative k-group schemes with vanishing Verschiebung

0—G' -5 U—W-—0 @2.1)

splits.

Proof This follows from [6, Ch.IV, §3, Cor.6.7], because Hom(G/, G,) is a free
k[ F]-module, where F denotes the (relative) Frobenius. m]

As a consequence of Propositions 2.3 and 2.4, we will now deduce that every
subgroup of a vector group is itself the product of a vector group and a group which
may be filtered by unipotent groups described as hypersurfaces in vector groups.

Proposition 2.5 Let k be an infinite field of characteristic p > 0, and let G be a
commutative k-group scheme with vanishing Verschiebung. Then G >~V x U, where
V is a vector group, and there is a filtration 0 = Uy C Uy C --- C U, = U such
that, for each 1 <i < n, U;/U;_1 is a k-group scheme of the form {F; = 0} C G}’
for some reduced p-polynomial F; € k[X, ..., Xy, ). In particular, each U; /U;_1 is
semiwound.

Proof The assertion about the semiwoundness of the quotients U; /U;_; follows from
[5, Lem.B.1.7,(1) = (2)]. Let V_ C G be the subgroup generated by all k-
homomorphisms G, — G. By Proposition 2.4, this is a vector group such that G/V
is semiwound, and the extension

00—V —>G—G/V—0

splits, so we may assume that G = U is semiwound. By [6, Ch.1V, §3, Th.6.6], U
is a k-subgroup of a vector group G}, and by [6, Ch.IV, §3, Cor. 6.8], the quotient
G! /U is isomorphic to some G/. Since the homomorphisms G — G, are exactly
the p-polynomials in n variables, it follows that U may be described as the vanishing
locus of ¢ p-polynomials inside G};. We prove that U has a filtration of the desired
form by induction on 7, noting that + = 0 is impossible unless » = O and U = 0
because U is semiwound. So assume that U # 0 and therefore cannot be described
by 0 equations.
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Upon a change of variables, we may describe U inside G/ by a system of equations
F1, ..., Fy as in Proposition 2.3 with 0 < m < t. If m < t, then we are done
by induction, so assume that m = ¢. Then F; € k[X;y,,..., Xp] is a reduced p-
polynomial in G"~~"*!  and its vanishing locus Uf, is a semiwound k-subgroup
scheme of Gg_’_’H by [5, Lem.B.1.7,(1) = (2)]. We claim that the obvious map
U — Up, is fppf surjective with kernel described by < ¢ equations, in which case the
proof is complete by induction.

First we note that the kernel of the map U — U, is the subgroup scheme of

0,...,0) for 1 <i < t.In particular, it is defined by < ¢ equations. It only remains,
therefore, to check that the map U — U, is fppf surjective. For this, consider for each
1 <i <t the k-subgroup W; C Gl defined as the vanishing locus of F;, ..., F;,
and let W; := Up,. Then we have maps W; — W, for1 <i < t given by projection
onto the last n — i coordinates fori < ¢ — 1 and projection onto the lastn — ¢t —r 4 1
coordinates when i = ¢ — 1. We claim that each such map is fppf surjective, which
will prove the result. To see this, we simply note that the fiber of W; above a point
(Xf@it1)s -+ -5 Xn) € Wip1(R) for some k-algebra R, where

. i, i<t
i) =
f() {t—i—r, i=t

is the spectrum of the R-algebra
F,‘(X,', ey X_f'(i+1)_1, o,..., 0) + F,‘(O, ..., 0, Xf@i41)s v Xp) = 0.

This is an fppf R-algebra because F; involves the variable X; (Proposition 2.3(1)). O

Lemma 2.6 Suppose given a short exact sequence of commutative unipotent k-group
schemes
0—U—E—G]—0.

If U is semiwound with vanishing Verschiebung, then E has vanishing Verschiebung.

Proof We have the Frobenius twisted exact sequence
0—UP — EP 5 G"—0

(because (GZ)(I’) =~ GI). Because U and G/ have vanishing Verschiebung, the Ver-
schiebung of E descends to a homomorphism G" ~ EP)/UP) — U. Because U is
semiwound, this homomorphism vanishes. O

Subgroups of vector groups play a fundamental role in the theory of unipotent
groups because every unipotent group admits a filtration whose successive quotients
are subgroups of vector groups. A somewhat subtler statement says that, for U semi-
wound, we may ensure that the quotients inherit semiwoundness and thereby ensure
that there is a filtration by semiwound hypersurface groups.
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Proposition 2.7 Let k be an infinite field, and let U be a commutative semiwound
unipotent k-group. Then there is a filtration 1 = Uy C Uy C --- C Uy, = U such
that, forall 1 <i <m, U;/U;_1 ~ {F; =0} C Gy’ for some reduced p-polynomial
Fi e k[Xy,..., X, ]

i

Proof In light of Proposition 2.5, it suffices to prove the existence of a filtration 1 =
UpcU; C---CUy=Usuchthat, forall 1 <i <m, U;/U;_; is semiwound with
vanishing Verschiebung. Because U is unipotent, there is such a filtration of some
length m, possibly sans the semiwoundness condition. We then prove that U has a
filtration of the required sort by induction on m. The case m = 0 is trivial, so assume
that m > 0. Let V C U := U/U; denote its maximal split unipotent k-subgroup,
a vector group by [5, Th.B.2.5]. Let 7: U — U denote the quotient map, and let
Uj = 7~ (V) c U. By Lemma 2.6, U{ has vanishing Verschiebung. Since U /U] is
semiwound and admits a filtration of length < m by Verschiebung-trivial groups, we
are done by induction. O

3 Universal p-polynomials

In this section we introduce universal p-polynomials, which are intimately connected
to permawound groups, playing a similar role in the theory of permawound groups
to that played by reduced p-polynomials in the theory of wound unipotent groups.
(More precisely, those reduced p-polynomials with universal principal part play the
analogous role to that played by reduced p-polynomials.) Here is the key definition.

Definition3.1 Let P € k[Xy,..., X,] be a monogeneous p-polynomial. Then P
defines a group homomorphism k" — k, and we say that P is universal over k, or just
universal if k is clear from context, when this homomorphism is surjective.

Example 3.2 If k is imperfect and p" > 2, then the monogeneous p-polynomial
x?" 4ay?" (with a € k) is not universal. Indeed, if it is universal, then [k : kP"] <2.
But

n—1 n—1

ko k?" = [T k7™ 1= Ttk : 621 = [k 2 &PT"
i=0 i=0

is a positive power of p” because k is imperfect.

Recall that a set S of elements of a characteristic p field k is called a p-basis for k
if any of the following equivalent conditions hold:

€y
k = @ (l_[ )Lf()n)> kP,
f rES

where the sum runs over all maps f: S — {0, 1,..., p — 1} which vanish at all
but finitely many elements of S.

(i) The elements d A form a basis for 5211( as A runs over S.

(iii) The elements A!/? with A € S form a minimal set of generators of k'/7 /k.
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Recall also that the degree of imperfection of k is the size of any p-basis of k.
Now we introduce a piece of notation that we will use repeatedly in the sequel.

Definition 3.3 Foranintegerm > 0, we denote by I, the set of functions {1, ..., r} —
{0,1,..., p — 1}. When m = 1, we also denote this set by /.

Example 3.4 Suppose that {A], ..., A} is a p-basis for k. Let

PXylfeh=)Y (1‘[ Ajf(i)) x".

fel \i=1

Then P is reduced and universal. Indeed, this is just a reformulation of condition (i)
above in the definition of a p-basis.

The following proposition gives a numerical criterion for a reduced monogeneous
p-polynomial to be universal.

Proposition 3.5 Let k be a field of characteristic p > 0 and degree of imperfection
r < oo, andlet P € k[ X1, ..., X,] be a monogeneous p-polynomial.

(i) If P is reduced, then
n
> degy,(P) <1, 3.1

i=1

where by convention, 17°° = 1 and ¢=*° = 0 for ¢ > 1. Equality holds if and
only if P is universal.
(ii) Suppose that r < oo. If

> degy, ()" =1, (3.2)

i=1

then P is reduced if and only if it is universal.

Proof When k has infinite degree of imperfection, this just says that a reduced mono-
geneous p-polynomial can contain at most one term of degree 1 — which is clear
— and that it is universal if and only if there is a term of degree 1. Clearly, this is
sufficient for universality. For necessity, note that if no variable appears with degree
1,then P(k, ..., k) C k is contained in a finite-dimensional k”-subspace of k, hence
cannot be all of k.

Now suppose that k has degree of imperfection » < oo, and choose a p-basis
Al, ..., A, of k. Foreachm > 0, let Fy, € k[Xf | f € I,] be the monogeneous

p-polynomial
-
i=1

fely

Then F,, is reduced and universal.
Now let P € k[Yq, ..., Y,] be a monogeneous p-polynomial, let plfj = dngi (P)
for each i, and let N := max; d;. For each variable Y;, replace Y; in P by F,,, (X; 1 |
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f € Iy;),wherem; := N—d;. This yields anew p-polynomial P that is homogeneous.
Furthermore, because each F;, is reduced and universal, one has that Pis reduced,
respectively universal, if and only if P is reduced, respectively universal. Further, if
we denote the left side of (3.1) by ¢(P), then ¢ (P) = ¢(f’). Thus both parts (i) and
(ii) are reduced to the case in which P is homogeneous, say of degree p» .

(i) This says that a reduced homogeneous p-polynomial of degree p" has < p'V
terms, with equality if and only if it is universal. Both assertions follow from the
fact that

N-—1
ks kP ]‘[[k!’ P = Tk k1= . (3.3)

(i1) The only if direction follows from part (i). For the if direction, suppose that P
is not reduced. The condition (3.2) says that P contains exactly p’" terms. The
nonreducedness of P says that the coefficients of P are linearly dependent over
k" Equation (3.3) then implies that these coefficients do not span k over k” -
that is, P is not universal. O

Proposition 3.6 Let k be a field of characteristic p and degree of imperfectionr < oo,
let P € k[X1, ..., Xn] be amonogeneous p-polynomial, and let K /k be an extension
field.

(i) If K /k is separable, then P is reduced over k if and only if it is reduced over K.

(ii) If K /k is separable and K also has degree of imperfection r (for instance, if K [k
is separable algebraic), then P is universal over k if and only if it is universal
over K.

Proof Assertion (i) is [10, Lem.2.8]. For (ii), Proposition 2.2 allows us to make a
change of variables and thereby assume that P € k[ X1, ..., X,] is reduced (possibly
after replacing n by a smaller value and renaming). Then P is also reduced over K by
(i), and because k and K have the same degree of imperfection, the assertion follows
from Proposition (3.5)(i). O

4 Ext Groups and Universal p-polynomials

In this section we relate universal p-polynomials to the groups Ext! (G,, U) fori = 1,2
with U unipotent. This will play a crucial role in our characterization in Sect. 6 of those
p-polynomials defining permawound groups.

We begin with the following simple lemma.

Lemma4.1 Let F € k[Xy, ..., X,] be a reduced p-polynomial with principal part
P, and suppose given Y1, ..., Y, € k[T]not all constant. Then the leading coefficient
of F(Y1,...,Yy) € k[T] is of the form P(cy, ...,cn) # 0 for some c; € k.

Proof Letd; := degy, (F) and D := max; d;deg(Y;(T)). Then D > 0, and

deg(F(Y\(T),...Y,(T)) < D.
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If we let ¢; denote the coefficient of 7P/4 in Y;(T), then some ¢ i # 0 (because
the ¥; are not all constant), and 72 appears in F(Y((T), ..., Y,(T)) with coefficient
P(cy,...,cn) # 0, where the nonvanishing is because P is reduced. O

Let % : Shy — AbD be an additive functor from the category of sheaves on the
(big) fppf site of Spec(k) to the category of abelian groups. Then the natural k-action
on G, via A - X = AX for X € G, induces a k-vector space structure on .% (G,). In
particular, we apply this when .% := Ext! (-, 4) for 4 a sheaf.

The following result allows us to give an intrinsic characterization of those hyper-
surface groups defined by a reduced p-polynomial with universal principal part. This
will, among other things, play a crucial role in our proof of the criterion for perma-
woundness (Theorem 6.10).

Proposition4.2 Let F € k[ X1, ..., X, ] (withn > 0) be a reduced p-polynomial with
principal part P, and let U := {F = 0} C G} be the k-group scheme it defines. Then
P is universal if and only if the k-vector space Ext'(Gy, U) is finite-dimensional.

Proof The group U is defined by the exact sequence
0— U -6 LG —o.

By the effectivity of affine descent for relatively affine schemes, every element
of Ext! (Ga, U) is represented by a scheme E. Furthermore, E has vanishing
Verschiebung by Lemma 2.6. Therefore, by Proposition 2.4, i,(E) = 0 €
Ext!(G,, G}). It follows that Ext! (G,, U) may be identified with the cokernel of
the map F.: Hom(G,, G]) — Hom(G,, G,). Furthermore, identifying elements
of Hom(G,, G,) with p-polynomials f € k[T], the k-linear action is given by
A - F)T) = f(AT) for A € k.

First suppose that P is not universal, and we will show that Ext!(G,, U) is infinite-
dimensional. We are free to multiply F by a nonzero constant and thereby assume
that 1 ¢ P(k,..., k). Let pN 1= max; degXl, (F). Then we claim that the classes of
the p-polynomials 77" in Ext!(G,, U) are linearly independent over k as m varies
over the integers > N. We need to show that, for any Ay, ..., Ay € k with Ay # O,
the p-polynomial ) ;_, kf TP does not lie in F,(Hom(G,, G})). That is, we need
to show that one cannot write

ST = FOn(T). .. Ya(T)
i=N

with ¥; € k[T] p-polynomials. If one does have a solution to this equation, then
Lemma 4.1 implies that equating leading coefficients yields an equation

Plcr, ... cn) =2,

If pdi = degy, (P), then by assumption d; < N < s, so dividing by AP", one obtains
that

dn

_yfdl §—
P(ci/Al o e/A ) =1,
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in violation of the assumption that 1 ¢ P(k, ..., k). This completes the proof of the
if direction.

Conversely, suppose that P is universal, and we will prove that Ext' (G,, U) is
finite-dimensional. If £ has infinite degree of imperfection, then F € k[X] has degree
1 by Proposition 3.5, hence U = 0 and the assertion is immediate, so assume that k has
finite degree of imperfection. Let pV := max; deg x, (F). Then we claim that every
element of Ext! (G,, U) is represented by a p-polynomial of degree < p . Assuming
this, we are done because the k-linear action of A € k sends a;T? to a;AP' TP, and
[k : kP'] < oo because k has finite degree of imperfection.

To prove that every element of Ext! (G, U) is indeed the image of a p-polynomial
of degree < p", we proceed by induction on the degree, the degree < p case
being trivial. So suppose given m > N. It suffices to show that every monomial
aT?" with a € k is equivalent modulo F,(Hom(G,, G})) to a p-polynomial of
degree < pN . Because P is universal, we may choose cy,...,c, € k such that
P(cy,...,cy) = a. Then consider F(Y{(T), ..., Y,(T)), where Y;(T) := ciT”m_di.
Then the leading term of F (Y((T), ..., Y,(T))is P(cy, ..., e)TP" = aTP", sothat
aT?" — F(Y\(T), ..., Y,(T)) is a p-polynomial of degree < p”, and therefore by
induction is equivalent modulo F,(Hom(G,, G})) to a p-polynomial of degree < pN.
It follows that the same is true of aT”m, so the proof is complete. O

We will require the following technical lemma which may be thought of as a sort
of division algorithm.

Lemma4.3 Let F € k[ X1, ..., X,] be a reduced p-polynomial whose principal part
n d:
P(X1,...,X,) = Zaixl!’ ’
i=1

is universal. Let R = k[Y1,...,Y,], and let A C R denote the subgroup
F(R, ..., R). Then for every g € R with vanishing constant term, there is a unique
h € R withvanishing constant term such that g = h (mod A) and such that, for every
1 < i < n and every m-tuple s of nonnegative integers, the coefficient of(l_/?)pd" inh
liesin P(k,...,0,..., k), where the 0 is in the ith coordinate. Further, if Sy denotes
the set of ordered m-tuples s € N™ such that the monomial Y® appears with nonzero
coefficient in g, then S, C p~>°S, := U;sop~"S,.

Proof Because P is reduced and universal, every « € k may be written in the form
P(cy,...,cp) forunique ¢; € k. Let ¢: k — N denote the function which sends « to
#{i | ¢; #0}. For f € k[Yy, ..., Y], letd(f) denote the minimal positive integer d
such that f contains a monomial of degree d which violates the condition required of
h in the lemma. That is, for some 1 < i < n, f contains a monomial of degree d of
the form (?E)pd’ whose coefficient b satisfies b = P(cy, ..., cy) with ¢; # 0. If no
such monomial exists, we define d(f) := 0. Next, define ¢ (f) to be the sum over all
monomials M in f of degree d(f) of ¢(car), where ¢y is the coefficient of M in f.
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To prove the existence of 4 as in the lemma, choose 7 = g (mod A) that minimizes
(d(h), ¢ (h)), ordered lexicographically, among those polynomials= g (mod A) such
that only monomials with multidegree lying in p~°°S, appear in 4. (In particular, &
has vanishing constant term.) Then we claim that 4 has the property required by
the lemma. If not, then for some nonzero m-tuple § of nonnegative integers, and
some 1 < i < n, the coefficient b of (?E)Pdl in h satisfies b = P(ry, ..., r,) with
all r; € k and r; # 0. Choose such a monomial of degree d(h). Consider h o=
h—FQ,...,r Ys ,...,0), where all terms are 0 except for the term r,-)7§ appearing
in the ith place. Then h only modifies & by replacing the coefficientb = P(ry, ..., r,)
with b := P(r1,...,0,...,r,) (where the O is in the ith spot) and by adding terms of
multidegree lying in U;~op ™' Sy C U;=op~"S,. Note in particular that ¢ (D) < ¢ (b).
We therefore see that either d(h) < d(h) or that d(h) = d(h) but ¢(h) < ¢(h). In
either case, this violates the minimality of . We conclude that 4 does indeed satisfy
the property required by the lemma.

Finally, it remains to prove uniqueness of 4 = g (mod A) as in the lemma. For
this, suppose given &1, hy equivalent to g and which both satisfy the property required
by the lemma. By considering &1 — hy, we may assume that g = 0, so we have
h € A satisfying the requirement of the lemma and we wish to show that # = 0.
Suppose not. Because & has vanishing constant term, it follows that we may write
h = F(Gy,...,Gy,) with G; € R not all constant. Suppose that G;, is such that
pdi deg(G;) is maximized wheni = i(, and let bY* be a monomial of degree deg(G,)
appearing in G;,. Then the coefficient of (?E)Pdto appearinginh = F(Gy,...,Gp)is
P(ry, ..., ry) for some r; € k with r;; = b # 0. This violates the required condition
on A, so this contradiction shows that in fact 2 = 0, as desired. O

Lemma 4.4 For a commutative unipotent k-group scheme U over a field k, and an
affine k-scheme X, one has HZ(X, U)=0.

Proof The proofinthe case X = Spec(k)is givenin [13, Lem. 3.3]. The same argument
goes through with Spec(k) replaced by any affine k-scheme X, using the fact that
H'(X,G,) = 0 fori > 0. This last assertion follows from the fact that G, is a
quasi-coherent sheaf, hence its Zariski and fppf cohomology agree. O

Next we will relate universal p-polynomials to second Ext groups. This will require
an explicit description of such groups, which we obtain in the following lemma.

Lemma4.5 Let U be a commutative semiwound unipotent k-group scheme. Then
one has an isomorphism, functorial in U and in endomorphisms of G,, between
Ext>(G,, U) and the middle cohomology of the complex

H' (G, U) -2 H'(G2, U) -2 H'(G2 U) o H' (G2, U),

where

dy=m* — ()" — (13)*
with m, 7'[1.2: Gg — G, the addition and projection maps, and the components
fi: HY(G2,U) — H'(G2,U), and f,: H'(G2,U) — H'(G],U) of dy defined
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as follows:
fi=Id—o"
fr = (i, ma)* + 755 — (m12, 7133)* -7,

where o : G2 — G2 is the switching map (X,Y) — (Y, X), n’: G2 — G, denotes
projection onto the ith factor, m;; : Gg — Gg denotes projection onto the (i, j) factors,
and m;; : Gg — G, denotes addition of the i and j factors.

Proof The proof makes use of certain spectral sequences due to Breen. For the reader’s
convenience, we recall the properties of these sequences in Appendix B. We use the
notation of that appendix here. To begin with, we have the sequence

'E5Y = Extl(H;(A(Gy)), U) = Ext/ (A(Gy), U).

(See (B.8).) Then 'EL " and 'ES? both vanish by (B.2) with G = G, plus the fact
that U is semiwound (for the latter vanishing). It follows that Ext?(A(G,), U) ~
! E%’O = Ext?(G,, U). Thus we may replace the latter group by the former in proving
the lemma.
To compute Ext?(A(G,), U), we use the other Breen spectral sequence, which takes
the form o
Ey =H/(X;, U) = Ext™H (A(G,), U).

(See (B.7).) Because U is semiwound, Ei’o = 0, and E?’z = 0 by Lemma 4.4. It
follows that Ext2(A(G,), U) ~ E;’l. But by definition of the Breen sequence, E;’]
is exactly the middle cohomology of the sequence in the lemma. The identification of
the lemma is functorial because of the functoriality of the Breen spectral sequences.I

Lemma4.6 Let F € k[ X1, ..., X,] be a reduced p-polynomial whose principal part
P isuniversal, and let U := {F = 0} C G}. Then Ext*(Ga, U) is a finite-dimensional
k-vector space.

Proof 1f k has infinite degree of imperfection, then n = 1 and U = 0 by
Proposition 3.5, so the assertion is trivial. Assume, therefore, that k has finite degree of
imperfection. Because G, is quasi-coherent, its fppf and Zariski cohomology agree.
Thus H (T, G,) = 0 fori > 0 and T affine. We thus identify H' (7', U) with the
quotient of H (T, G,) by F(HX (T, G,), ..., H(T, G,)) for affine k-schemes 7. In
particular, we will do this with T equal to various powers of G,. We use Lemma 4.5
to identify Ext>(G,, U) with the middle cohomology group C of the sequence of that
lemma.

So suppose given a € Ext?>(G,, U), represented by a class in H! (Gfl, U), and let
this class in turn be represented via the above identification by an element g € k[ X, Y].
Modifying g by f(X +7Y) — f(X) — f(Y) for f € k[T] does not change its class in
H!. In particular, we may take f to be a suitable constant and thereby assume that g
has vanishing constant term. By Lemma 4.3, we may assume that g is such that, for
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every | <i < n and every ordered pair (s1, s2) of nonnegative integers, the coefficient
of (XSIYSZ)”di in g lies in P(k,...,0, ..., k), where the O is in the ith coordinate
(and the d; are as in Lemma 4.3). Because g represents a class in C, the polynomials

g(X,Y)—g(¥,X) eklX,Y]

sX, Y+2)+g(Y,Z)—g(X+Y,Z)—g(X,Y)€kl[X,Y, Z] “4.1

represent trivial cohomology classes in H! (Gg, U) and H! (Gg, U), respectively. On
the other hand, for every 1 < i < n and every ordered pair (s, s2) of nonnegative
integers, the coefficient of (X*! Y”)Pd" in g liesin P(k,...,0,..., k), where the O is
in the ith coordinate. It follows that the same holds for the two polynomials appearing
above (with the analogous condition in 3 variables in the case of the second polynomial
in (4.1)). Since they represent trivial cohomology classes, they lie in F (k[X, Y]") and
F(k[X,Y, Z]"), respectively. By the uniqueness assertion of Lemma 4.3, it follows
that the two polynomials in (4.1) vanish. By [9, Lem.2.8.2], g may be written in the
form

N
gX.Y)=f(X+Y) = f(X)— f(V)+ Y _ri-SXP, ¥,

i=0
for some f € k[X] and some r; € k, where S(X,Y) € F,[X, Y] is the mod p
reduction of the Witt polynomial [(X + Y)? — XP — YP]/p € Z[X, Y]. Thus, by
modifying g by d; of the element of H' (G,, U) represented by f, we obtain that our
element o € C is represented by a polynomial of the form ZlNz oli-S(X P’ yP"y with
ry # 0if N > 0. We may apply Lemma 4.3 again to conclude that « is represented
by a polynomial 2(X, Y) € k[X, Y] such that each monomial appearing with nonzero
coefficient in 4 is of the form (X9Y?~%)?" with s < M := max; d;. In particular,
every element of C is represented by a sum of monomials of degree a power of p
that is < pM. The action of A € k on the class in C of a homogeneous polynomial
H of degree p' is represented by AP" H. (Note that this k-action is identified with the
k-action on Ext2(G,, U) thanks to the functoriality aspect of Lemma 4.5.) Because
[k : k”t] < oo for all # (since k has finite degree of imperfection), it follows that C is
spanned by finitely many vectors. O

The definition of permawoundness for a group U is rather strong in that it imposes
a condition on extensions of G, by any quotient group of U, and this condition on
quotients will play an essential role in proving the fundamental fact that permawound
groups admit filtrations as in Theorem 1.5. In order to show that groups are perma-
wound, therefore, we need a mechanism for dealing with quotients. The following
lemma is that mechanism.

Lemma4.7 Let U be a commutative unipotent k-group scheme, and suppose that
0=UyCc U C---C U,y =U is such that, for each0 <i <m, Uj11/U; = {F; =
0} C Gy’ for a reduced p-polynomial F; € k[X1, ..., Xy, 1 with principal part P;.
IfExt' (Gy, U) is a finite-dimensional k-vector space, then each P; is universal and
Ext?(Gy, U) is a finite-dimensional k-vector space.
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Proof We proceed by induction on the length of the filtration. If the filtration has length
0, then the assertion is immediate. Now suppose that m > 0, and let W := U /U, 1.
Note that each group in the filtration is semiwound by [5, Lem.B.1.7,(1) = (2)]. In
particular, Hom(G,, W) = 0, so the finite-dimensionality of Ext! (Ga, U) implies the
same for Extl(Ga, U,—1)- By induction, it follows that P; is universal for 0 < i <
m — 1 and that Ext*(G,, U,,_) is finite-dimensional. We deduce that Ext!(G,, W)
is finite-dimensional, so P,,_1 is universal by Proposition 4.2. Hence Ext*(G,, W) is
finite-dimensional by Lemma 4.6, so Ext2(G,, U) is also finite-dimensional. ]

Remark 4.8 It is possible to prove the above results without making use of Breen’s
spectral sequences, by defining in an ad hoc manner the cohomology group appearing
in Lemma 4.5, replacing the group Ext! (Ga, U) with the group H'(G,, U )prim (Which
one may show to be isomorphic to Ext! (G, U) when U is semiwound), and then
showing that these groups satisfy the same formal properties as the first and second
Ext groups. We will never use this.

5 (Quasi-)weak Permawoundness

In this section, as a tool for studying permawound groups, we introduce (and prove
some basic properties of) the notion of (quasi-)weak permawoundness, which is more
restrictive than permawoundness in that it only applies to commutative groups, but
less so in that it does not require smoothness. This combination of restrictiveness and
looseness makes (quasi-)weak permawoundness a technically convenient tool.

Definition 5.1 We say that a commutative unipotent k-group scheme U is k-
(quasi-)weakly permawound, or just (quasi-)weakly permawound when k is clear from
context, when the following conditions holds. For every exact sequence of commuta-
tive k-group schemes

O —)U —E — G, — 1,

E contains a k-subgroup scheme k-isomorphic to G;.

Note that, unlike in the definition of permawoundness, we do not require U to
be smooth in the definition of (quasi-)weak permawoundness. Clearly, weak perma-
woundness implies quasi-weak permawoundness, and for smooth commutative U,
permawoundness implies weak permawoundness.

Proposition 5.2 Let k be a perfect field.

(i) Every smooth unipotent k-group scheme is permawound.
(ii) Every commutative unipotent k-group scheme is (quasi- )weakly permawound.

Proof All assertions follow from the claim that, for any extension of unipotent k-groups

1—U—FE—G, — 1,

E contains a copy of G,. To see this, consider E?ed C E. Because k is perfect, this is

a smooth unipotent k-subgroup scheme of E. It is also connected and nontrivial (the
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latter because E admits a positive-dimensional quotient). Therefore, again because
k is perfect, it is split and nontrivial, hence E admits a nontrivial split unipotent k-
subgroup. O

Proposition 5.2 tells us that permawoundness is not an interesting notion over
perfect fields.

Proposition 5.3 Every split unipotent k-group scheme U is permawound. If U is com-
mutative, then it is also (quasi-)weakly permawound.

Proof Because quotient groups of split unipotent groups are also split, the proposition
follows from the following claim. Given an exact sequence

l1—U—FE— G, — 1,
with U split, then E contains a copy of G,. Indeed, given such a sequence, E is
necessarily split unipotent and nontrivial, hence contains a copy of Gy. O

The following proposition is immediate from the definition of (weak) permawound-
ness.

Proposition 5.4 Any quotient group of a (weakly) permawound k-group scheme is also
(weakly) permawound.

(Quasi-)weak permawoundness is inherited by subgroups with semiwound quotient.

Proposition 5.5 Let U’ C U be unipotent k-group schemes with U’ central in U, and
assume that U"” := U /U’ is semiwound. Assume either that U is permawound or
that U is commutative and (quasi-)weakly permawound. Then U’ is (quasi-)weakly
permawound.

Proof Suppose given an exact sequence
00— — E— G, — 0.
Consider the following commutative diagram of exact sequences in which the top

left square is a pushout diagram (and where we use centrality of U’ C U in the
permawound case to ensure that this pushout is a k-group scheme):

(] s YU’ s E > Ga > 0
! ! I

© > YU > G > G, > 0
Ll
U// [ U//

Permawoundity, or (quasi-)weak permawoundness, of U implies that there is an inclu-
sion f: G, = G. Because U” is semiwound, g o f = 1, so f factors through an
inclusion G, <— E. O
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The following simple proposition is useful.

Proposition 5.6 Suppose given an exact sequence of commutative unipotent k-group
schemes
0—U —U—U"—0.

IfU" and U" are (quasi-)weakly permawound, then so is U.

Proof Suppose given an exact sequence of commutative k-groups

©—)W -5 E— G, — 0. (5.1)

Then E/ f(U’) sits in a similar exact sequence with U” on the left instead of U, so
by (quasi-)weak permawoundness of U”, E/ f(U’) contains a k-subgroup G >~ G,.
Letting 7: E — E/f(U’) denote the quotient map, 7~ (G) then sits in an exact
sequence analogous to (5.1) but with U’ on the left. (Quasi-)weak permawoundness
of U’ then implies that 7 ~!(G) C E contains a copy of G,. O

6 Permawound Subgroups of Vector Groups

In this section we will give a criterion characterizing those p-polynomials which define
permawound groups (Theorem 6.10) and use it to prove that permawound groups
are “ubiquitous” in a suitable sense (Theorem 6.12). We first need a criterion for
quasi-weak permawoundness (which is easier to analyze than weak permawoundness
because there is no need to deal with quotients).

Proposition 6.1 Let F € k[X1,...,X,] (n > 0) be a reduced p-polynomial with
principal part P, and let U := {F = 0} C G}. Then U is quasi-weakly permawound
if and only if P is universal.

Proof First suppose that P is not universal, and we will show that U is not quasi-
weakly permawound. We may multiply F by a nonzero constant and thereby assume
that 1 ¢ P(k,..., k). Let pd" = degXl_(F) and N := max; d;. Consider the p-
polynomial

G(T,X1,...,Xn) =T — F(X1,...,Xn) €k[X1, ..., X, T].

LetE :={G =0} C Gg“. The map E — G, which projects onto the T coordinate is
surjective with kernel U, so in order to prove that U is not quasi-weakly permawound,
it suffices to show that E is semiwound.

The principal partof G is T? Y_p (X1, ..., Xn). Weclaim that this has no nontrivial
zeroes over k — that is, G is reduced. Indeed, suppose that P = P(x1,...,x,) with
t,x; € k. If t # 0, then one may divide by t”N to obtain

—dp

1= PG/t P,
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in violation of the assumption that P does not represent 1. It follows that r = O.
Because P is reduced by assumption, it then follows that x; = 0 for all i. Thus G is
reduced, hence E is semiwound by [5, Lem.B.1.7,(1) = (2)].

Next suppose that P is universal, and we will show that U is quasi-weakly perma-
wound. Suppose given an exact sequence of commutative k-groups

0—U—E—G, —0.

We must show that E contains a copy of G,. By Lemma 2.6, E has vanishing Ver-
schiebung. Now consider the following commutative diagram of exact sequences in
which the top left square is a pushout diagram:

~
(=)

> E > G,

Lo

w > Gy > 0

F lG

a_Ga

(e
+— Qs

Q

Then W also has vanishing Verschiebung, so by Proposition 2.4, the middle row
splits. Choosing a splitting W =~ G] x G,, the map G is given by F on the G/
coordinate, and by some p-polynomial H € k[X,+1] on the G, coordinate. The
group E is therefore isomorphic to the vanishing locus of G := F(Xy,..., X,) +

H(X,4+1) € k[X1,..., Xy41]. Let Pg(X,41) = aXfL’il denote the principal part
of H. (Possibly H = 0, in which case a = 0.) Note that the principal part
P = P(X1,...,X,) + Pu(Xu41) of G is universal, because P is, and that it
has a nontrivial zero: Choosing x1, ..., x, € k such that P(xy,...,x,) = —a, the
tuple (xq, ..., x,, 1) yields a nontrivial zero of Pg. Among those non-reduced p-
polynomials R € k[X1, ..., X,+1] with universal principal part defining E, choose
one Ry such that the quantity Zl”il] degy, (Ro) is minimized, where we make the
convention that degy, (R) = 0 if X; does not appear in R. Then we claim that at least
one of the X; — say X;, — does not appear in Ry. In that case, the k-subgroup of E
defined by the condition that X; = O for all i # iy is a copy of G, sitting inside E, so
the proof will be complete.

To prove the claim, suppose for the sake of contradiction that all of the X; appear
in Ry. Let pd" = degxi (Rp). Choose a nontrivial zero (xq, ..., X,4+1) € k"1 of the
principal part Py of Ry. Let ip be such that x;, # 0, and such that d; < d;, for all i
such that x; # 0. Consider the invertible change of variables on G"*! defined by

X,’, X = 0
X; — {xigXig, I =1

dj

pio”
X +x,-Xl.0 , else.
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Then the new p-polynomial R’ obtained from Ry after making this change of variables
satisfies degy. (R") = degy, (Ro) fori # io and degxi(J (R < degxi0 (Ryp), so the sum
of the degrees in the X; is strictly smaller for R’ than for Ry. On the other hand, we
claim that the principal part P’ of R’ is universal and has a nontrivial zero over k,
which will contradict the minimality of Ry and prove the claim.

We first prove that P'(X1q,...,0,..., X,11), where the 0 is in the iy spot, is uni-
versal. Indeed, we know that P’ and Py agree when one sets X io = 0, so it suffices to
show that Py, which is universal, remains so upon throwing out X;,. To see this, let

di
aX l’; ° be the monomial in X io appearing in Py. Then one has that

dio
a(—xi)? 7 = Po(x1, ..., 0, ..., x541),

where the 0 is in the ig spot. We therefore obtain for all y € k

B & —dy di —dy 11
ay? - P(—x1(y/xi)? 0 oo 00 =X (0 /xig)? ’ )

dig=di , .
where we place a 0 in the io spot and, by convention, the term —x; (y/x;,)? O " isjust
taken to be 0 if x; = 0. In particular, the terms all make sense because iy was chosen so

di
thatd;, > d; if x; # 0. We therefore see that every element of k represented by a X l’; 0

is also represented by Py with X, thrown away. It follows that Py with X;, thrown
away is universal, hence so is P’ with X, thrown away. In particular, P’ is universal.

d
Now let bX{; be the monomial in P’ involving X;,. (Possibly b = 0.) Because P’

with X;, thrown away is universal, one has —b = P’(y1,...,0, ..., yu41) for some
v; € k, where the 0 is in the ig spot. Then (v, ..., 1, ..., y4+1), where the 1 is in the
io spot, is a nontrivial zero of P’, as required. O

A handy consequence of (weak) permawoundness is connectedness.

Proposition 6.2 Let k be an imperfect field. Then every (weakly) permawound k-group
scheme is connected.

Proof 1f U is (weakly) permawound, then so is its finite étale component group U /U°
by Proposition 5.4. It therefore suffices to show that a nontrivial finite étale unipotent
group W over an imperfect field & is not (weakly) permawound. We may filter W by its
derived series and thereby reduce to the case in which W is commutative (again using
Proposition 5.4), and we may reduce to the case in which W is p-torsion by replacing
W by its quotient [ p]W if W is not already killed by [ p]. Since permawound implies
weakly so in the commutative setting, it therefore suffices to prove that a nontrivial
finite étale commutative p-torsion group is not weakly permawound, for which it is
enough to show that it is not quasi-weakly permawound.

The group W is the zero locus of some p-polynomial F € k[X] [5, Prop.B.1.13].
We may multiply F by some element of k* and thereby assume that it is monic. Note
that pd := deg(F) > 1 because W is nontrivial. Because k is imperfect, X ! is not
universal, so W is not quasi-weakly permawound by Proposition 6.1. O
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We can also now show that there are no interesting (quasi-)weakly permawound
groups over fields of infinite degree of imperfection, and therefore also no interesting
permawound ones.

Proposition 6.3 Ler k be a field of infinite degree of imperfection. Then there is no
nontrivial semiwound unipotent k-group U that is either (quasi-)weakly permawound
or permawound.

Proof Suppose that U is permawound. Then U is smooth and connected (Proposition 6.2),
hence wound. (This appeal to connectedness is not really necessary; it is simply to put
us in the context of [5] to avoid having to reprove beyond the connected case some of
the results state there for wound unipotent groups.) Therefore, if U is nontrivial, then
it admits a nontrivial commutative wound quotient [5, Cor. B.3.3], which is also per-
mawound by Proposition 5.4 and therefore weakly permawound. It therefore suffices
to treat the (quasi-)weakly permawound assertion.

So let U be a nontrivial commutative semiwound unipotent k-group scheme. By
Proposition 2.7, U admits a filtration 0 = Uy C --- C U, = U such that each
U, /U;_1 is anontrivial group which is the vanishing locus of a reduced p-polynomial
F;, and in particular semiwound [5, Lem.B.1.7,(1) = (2)]. If U is (quasi-)weakly
permawound, then {F; = 0} is (quasi-weakly) permawound by Proposition 5.5. We
are therefore reduced to showing that the vanishing locus of a reduced p-polynomial
F, if nontrivial, is not quasi-weakly permawound. If it is, then the principal part P of
F is universal by Proposition 6.1. Proposition 3.5 then implies that F' € k[X] is of the
form a X for some a € k*, so that {FF = 0} C G, is the trivial group, in violation of
our assumption. This completes the proof. O

We may now prove a criterion for weak permawoundness.

Proposition 6.4 For eachi = 1,...,m, let F; € k[X,...,X,,] be a reduced p-
polynomial with principal part P;, and let W; = {F; = 0} C G4'. Suppose that U is
a commutative k-group scheme admitting a filtration 0 = Uy C --- C Uy, = U such
that U;/U;_1 = W; for 1 <i < m. Then U is weakly permawound if and only P; is
universal for every 1 <i < m.

Proof 1f U is weakly permawound, then so are U; and U /U; by Propositions 5.5
and 5.4. By induction, we conclude that P; is universal for 1 < i < m. Because
U; is weakly permawound, it is quasi-weakly so, hence P; is also universal by
Proposition 6.1.

Conversely, suppose that the P; are all universal. Then each Ext! (G, W;) is finite-
dimensional by Proposition 4.2, hence Ext! (Ga, U) is as well. Now suppose given
a quotient group U of U. We must show that U is quasi-weakly permawound. This
is trivial if U contains a copy of G,, so assume that U is semiwound. Let V :
ker(U — U). By Proposition 2.5, both V and U admit filtrations by hypersurface
groups defined by reduced p-polynomials, and splicing these together yields such a
filtration on U. Because Ext! (G,, U) is finite-dimensional, Lemma 4.7 ensures that
the p-polynomials in this filtration, and in particular those appearing in the filtration
on U, have universal principal part. Propositions 6.1 and 5.6 then imply that U is
quasi-weakly permawound. O
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Remark 6.5 The assumption in Proposition 6.4 that the F; be reduced is necessary.
Indeed, one may begin with a reduced p-polynomial with universal principal part, and
by a change of variables transform it into a (necessarily non-reduced) p-polynomial
with non-universal principal part. For instance, suppose that k is imperfect with finite

degree of imperfection and let A, ..., A, be a p-basis for k. Then
Fi=Xo+ ) (]_[ xﬂ”) X eklXy| fell,
fel \i=1

where O denotes the O function, is reduced with universal principal part; see
Example 3.4. But if one makes the change of variables which fixes X s forall f # 0
but sends Xo to X0+ 20X ;’-, then F is transformed into a p-polynomial with prin-

cipal part (Xo + Y 20X ?)P. This is not universal because it only takes pth power
values. '

Corollary 6.6 Let F € k[X1, ..., X,] be a reduced p-polynomial with universal prin-
cipal part, and let U := {F = 0} C G}. Then U is connected.

Proof This follows from Propositions 6.4 and 6.2. O

Proposition 6.7 Let K /k be a separable extension of fields of characteristic p and the
same finite degree of imperfection (for instance, an algebraic separable extension),
and let U be a commutative unipotent k-group scheme. Then U is weakly permawound
over k if and only if it is so over K.

Proof 1f k is perfect, then so is K so we are done by Proposition 5.2. We may therefore
assume that k is imperfect and in particular infinite. First assume that U is semiwound.
Then by Proposition 2.7, there is a filtration 0 = Uy C - - - C U,, = U such that each
W; := U;/U;_; is of the form {F; = 0} C Gj' for some reduced p-polynomial
F; € k[X1, ..., Xy, ]. The assertion therefore follows from Propositions 6.4 and 3.6.
Now consider the general case. Let U; C U be the maximal split k-subgroup, and let
Uy := U/Us. Then Uy, is k-semiwound. Further, U is k- or K -weakly permawound if
and only if Uy, is, by Propositions 5.4, 5.3, and 5.6. The proposition therefore reduces
to the semiwound case. O

Lemma 6.8 Every extension of G, by a semiwound smooth commutative unipotent
k-group U is commutative.

Proof Let E be such an extension. The group U remains semiwound over kj
(Proposition A.3), so we are free to assume that k = k. Letu € U (k). The quotient G,
of E acts on U by conjugation, so we obtain a k-scheme map G, — U, x > xux ",
Because U is semiwound, this map is constant, hence u is central in E. Since u € U (k)
was arbitrary and U (k) is dense in U (because U is smooth and k = k), it follows that
U is central in E. Therefore, the commutator map £ x E — U C E descends to a
map G, x G, — U. Once again, this map must be constant because U is semiwound.

Thus, E is commutative. O
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Proposition 6.9 A smooth commutative unipotent k-group scheme U is permawound
if and only if it is weakly permawound.

Proof The only if direction is clear. Conversely, suppose that U is weakly permawound.
Let U be aquotient group of U. We must show that any extension E of G, by U contains
a copy of G,. If U contains such a copy, then this is immediate, so assume that U is
semiwound. Then Lemma 6.8 implies that E is commutative, hence contains a copy
of G, by the weak permawoundness of U. O

We now finally obtain our criterion for permawoundness of smooth commutative
p-torsion groups.

Theorem 6.10 Let F € k[X1, ..., Xn] be a separable, reduced p-polynomial with
principal part P, and let U := {F = 0} C G}. Then U is permawound if and only if
P is universal.

Proof Combine Propositions 6.9 and 6.4. O

Theorem 6.10 provides us with a wealth of examples of permawound groups, and in
fact provides all examples of such groups that are commutative and p-torsion, thanks to
[5,Prop.B.1.13,Lem. B.1.7]. We will show that it provides us with enough examples to
obtain the all-important ubiquity property of permawoundness (Theorem 1.4). Before
doing so, we require a lemma.

Lemma6.11 Let k be a field of finite degree of imperfection, and let P €

k[X1, ..., X,] be a monogeneous reduced p-polynomial. Then there exist m > 0
and a monogeneous p-polynomial Q € k[Xn+1, ..., Xn+m] such that P + Q €
k[X1, ..., Xnym] is reduced and universal.

Proof We first prove the following claim. Suppose given a reduced monogeneous p-
polynomial P € k[Xy,..., X,], and let pN ‘= max; degXi(P). Assume that a ¢

Pk,...,k). Then F(Xy,...,X,;,Y) = P(Xy,...,X,) — aYI’N is still reduced.
Indeed, suppose that (x1,...,x,,y) € k"t is a zero of F. Let p;l = degXl_(P). If
y # 0, then one obtains

N—dp

N—d
a=P/yP o xyPT,

in violation of the assumption thata ¢ P(k, ..., k). Therefore y = 0, hence x; = 0
for all i by reducedness of P, proving the claim.

Now we prove the lemma. Let r be the degree of imperfection of k. Let pV :=
max; degy, (P) as above, and choose a reduced monogeneous p-polynomial of the
form F := P(X1,...,Xn) + O(X,+1, - - ., Xy4m) such that Q is homogeneous of
degree p™ and such that the quantity ¢(F) := Y /" degy, (F)~" is maximized.
Proposition 3.5 implies that there exists such an F. We claim that F is universal.
Indeed, if not, then there is some a € k not represented by F. Then G := F —aY? N is
still reduced and of the above form, but ¢ (G) > ¢ (F), in violation of the maximality
of F. O
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We may now prove the ubiquity of permawoundness.

Theorem 6.12 (Theorem 1.4) Let k be a field of finite degree of imperfection. Then
for any smooth commutative p-torsion semiwound unipotent k-group U, there is an
exact sequence

0—U—W-—V-—0

with W wound, commutative, p-torsion, and permawound, and V a vector group.

Proof 1f U = 0 then the assertion is trivial, so assume that U # 0. By [5, Prop.B.1.13,
Lem.B.1.7], U ~ {F = 0} C G for some nonzero reduced p-polynomial F €
k[X1, ..., X,]. Let P be the principal part of F. By Lemma 6.11, there exist m > 0
and a monogeneous p-polynomial Q € k[X,+1,..., Xn+m] such that P + Q €
k[X1, ..., Xn4m] is reduced and universal. Let W := {F + Q = 0} C G!''™.
Then W is permawound by Theorem 6.10, therefore connected by Proposition 6.2,
and it is wound by [5, Lem.B.1.7,(1) = (2)]. Furthermore, the map W — G,
X1y Xngm) = (Xu41, - - - Xygm) is surjective with kernel U. O

7 The Groups Rk‘l/p/k(ap) and ¥V

In this section we study certain unipotent groups which will play a fundamental role
in the study of permawound groups. In particular, we study the groups Ryi/p /i (etp)
and ¥ (see Definition 7.3) which appear in the rigidity Theorem 1.5.

Lemma 7.1 Let k be a separably closed field of finite degree of imperfection r. For
P e k[Xy, ..., Xpnr] areduced p-polynomial that is homogeneous of degree p", and
0% L € k[Xy, ..., Xpnr]thatis homogeneous of degree 1, consider the p-polynomial
Fp.1 := P + L. Then for any two such pairs (P1, L1), (P2, L2), there exists ¢ € k*
such that cFp, 1, is obtainable from Fp, 1, by a linear change of coordinates in the
X;.

Note that a homogeneous p-polynomial P € k[Xi,..., Xpr] of degree p"
over a field of degree of imperfection r is reduced precisely when it is universal
(Proposition 3.5).

Proof Let Ay, ..., A, € k form a p-basis for k. Because P is universal, its coefficients
form a kP"-basis of k. Any two such bases are related by an invertible k”" -linear
change of variables. It follows that any such P may be transformed by a linear change
of variables into Q := Zfeln(l_[{:l )Ll.f(l))X?n € k[Xr | f € I,]. Ittherefore suffices
to show that the Fg ;. as L varies over the nonzero linear forms ink[X s | f € I,,] are
all related by linear changes of variables as in the lemma, and one may simply show
that they are all so related to F' := Fg 1, where Lo := Xo, with O € I,, denoting the
0 function.
Solet L = del B¢ X, where the B, € k are not all 0. For each g € I,,let g € I,
denote the function
diy=1" 800
p"—g@), g #0,
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and leteg: {1,...,r} — {0, 1} denote the function
. 0, g@)=0
€ (i) = ]
1, g@) #0.

Consider the following system of equations in the Y as g varies over /,:

r r
€g() f@ ) yp"
(l_[)‘ig )Yg = By Z ( A )Yf ) (7.1)
i=1 i=1

fely

We claim that this system has a nonzero solution (Y¢) € k' Indeed, fix go such that
,Bg(/) # 0, and consider the following equation in Yy,.

r r r p"
NG 1) €go (=€ (i) o o
(1_[ A0 ) Yoo = By Z (H,\i ) ((]‘[xfo )ﬁf/,Bg(,) ) Yo .

i=1 fel, \i=1 i=1

Because the A; are p-independent, the coefficient of Y, g[; on the right side is nonzero
(because the summand with f = gg is nonzero). Because k = kg, it follows that the
above equation has a nonzero solution Y, € k. Then, as one readily checks, setting

.
. e (D) —€g (D) 4
Yo = (l_! i )68"351(’) Yo
i

for all g € I, yields a nonzero solution to the system (7.1), proving the claim.
Now fix a nonzero solution (ag 0)ger, to (7.1), and let

,
ci=y (Hkif(’)) ally,. (7.2)
fel, \i=1

Note that ¢ # 0 because the A; are p-independent. Because the A; form a p-basis, for
each g € I,;, one has unique ay € k such that

r r
> < xﬂ”) all =c [ (7.3)
fel \i=1 i=1

Note that the notation a ¢ , is consistent with the previously defined quantities a 7 o in
the case g = 0. Consider the following linear change of variables on Gl

Xy Y ar X, (14)
gel
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We claim that this is invertible. Indeed, using (7.3), one sees that it transforms Q into
cQ. That is, the p"th power of the linear change of variables (as ¢) transforms one
k" -basis for k into another, hence this change of variables is invertible. We have also
seen that it transforms Q into ¢ Q. We claim that it transforms L into cL. Assuming
this, we have obtained a linear change of variables sending Fop ;, into cFgp 1.

To obtain the claim, we first compute ag . Using the expression (7.2) for ¢, and
equating the coefficients of [ [; A? on both sides of (7.3), one obtains that

)
aog = <]_[ k?“) ag o, (1.5)

i=1

where €, and g’ are as defined previously. The new coefficient of X, after applying
the change of variables (7.4) to Vg 1, is ao,g, and (7.5) and (7.2), together with the
facts that (af o) re, is a solution to (7.1), g = g’ is an involution of I,,, and €, = €/,
imply that ag ¢ = cfg. O

Corollary 7.2 Let k be a separably closed field of finite degree of imperfection r. Then
the k-groups {P + L = 0} C Gf' are all k-isomorphic as P varies over all reduced
homogeneous p-polynomials of degree p" in k[X1, ..., X pnr], and L varies over the
nonzero homogeneous degree 1 polynomials in the same ring.

Definition 7.3 Let & be a field of finite degree of imperfection r. For any homogeneous
p-polynomials P, L € k[Xy, ..., X,r], P of degree p and L of degree 1, such that
P is universal (equivalently, reduced) and L # 0,let ¥p 1 :=={P + L =0} C G? r.
When £ is separably closed, the ¥p_; are all k-isomorphic by Corollary 7.2, and we
denote the common k-group they define by 7 /k, or just ¥ when k is clear from
context.

Note that #p_1, is smooth and connected. Indeed, one readily checks that it becomes
isomorphic to for*l over k!/P. Note also that (¥p 1 /k)x ~ ¥ /K for any separable
extension K /k that is separably closed and has the same degree of imperfection as k.
Indeed, this follows from Proposition 3.6(ii).

The other group which appears in the filtration of Theorem 1.5 is Ry1/5 /4 (). Note
that this is a totally nonsmooth group: R1/p Jk (ap)(ks) = 0.Itisuseful to write down an
equation for it. Choose a p-basis A1, ..., A, for k. Then the elements []_, )\l.f(l)/p as
f varies over I form a k-basis of kP 1t follows that Ryp Jk (G,) may be described as
G/ with coordinates X, with elements written in the form )" ., ([Ti_, 2Oy
Then Ry1/p /i (rp) is the subgroup consisting of those elements whose pth powers
vanish, so it is described the equation

3 ( ,\g‘(”) xP =o. (7.6)
1

fel \i=
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By applying a linear change of variables, this is the same as the group defined by
the equation P = 0 for any homogeneous degree p universal p-polynomial P €
k[X1, ..., Xpr]. We record this fact for later use.

Proposition 7.4 For a field k of characteristic p and finite degree of imperfection r,
one has Rkl/p/k(ap) >~ {P =0} forany P € k[X1, ..., Xpr] which is universal and
homogeneous of degree p.

More generally, we shall require the following description of the groups R 1/, Ji(@p).

Proposition 7.5 For a field k of characteristic p and finite degree of imperfection r,
r(n—1)
one has for any n > 0 that R i/ i(ep) = (Rkl/p/k(ap))

Proof Choose a p-basis Aq,..., A, of k. Then Ryi/pm Jk (G,) may be described as

A,i" with each coordinate X ¢ corresponding to the coefficient of [;_, )»;.f /7" The
equation for Ry (otp) C Ryijpn 5 (Ga) is then

Z (ﬁ )Lif(i)/p"") X0 =0,

fel, \i=1

or

r r
3 (l—[ /\fu)/p"‘) ) (l—[ )ngf(i)—g(i))/p”l) X7 =o.

gel,_1 \i=1 fel, i=1
f=g (mod p"~1)
Each summand in the internal sum above is defined over k, so that the above equation
is equivalent to the group given by the product over g € [, of the group U, C

— n—1
J=8 mod P described by the vanishing of the internal sum. But the map f

(f@ — g(i))/p”_1 is a bijection between those f € I, that are = g (mod p"‘l)
and /. Thus we find that Ry (etp) =~ U1, where U C Gi' is the group

5 ({pe) -0

hel; \i=1

By Proposition 7.4, one has U =~ Ry1/p (o). Since #1,—1 = p" "D the proposition
follows.

The equations for #p 1, and for R;1/p Jk (ap), in conjunction with Theorem 6.10 and
Proposition 6.4, imply the following result.

Proposition 7.6 Let k be a field of characteristic p of finite degree of imperfection.
Then ¥p. 1, is permawound, and Ry1,p Jk (ap) is weakly permawound.

Here is a useful property of #p 1 and Rkl/p/k(ap).
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Proposition 7.7 Let k be a field of characteristic p of finite degree of imperfection r,
and let U be either Vp 1 or Ry/p i (ap). Then for any nonzero closed k-subgroup
scheme O # H C U, the k-group U /H is a vector group.

Proof The argument given here is inspired by one given in the proof of [14, Ex.9.10].
Because U/H is commutative and p-torsion, it is a vector group if and only if it is
split. [5, Th. B.2.5]. Since this is insensitive to passing to ks, we are free to assume that
k is separably closed. Similarly, any quotient of a power of G, is still a power of G,
(because it is still commutative, p-torsion, and split unipotent). To prove the lemma for
H, therefore, it suffices to prove it for a nonzero k-subgroup of H. If ker(Fg ;) =0,
then H is finite étale and since k = kg, H contains a k-subgroup isomorphic to Z/ pZ.
Otherwise, ker(Fp i) is nonzero and is killed by Frobenius and Verschiebung, hence
is a power of « ), hence contains a copy of «;,. We may therefore assume that H >~ a,
orZ/pZ.

By definition, ¥ C Gfi , and we may consider Ry1/, (@) as lying in Gfr via the

equation (7.6). We claim that for any line L C G? ' through the origin, the intersection
U N L is a finite k-group scheme of order < p. (In fact, it is of order p.) We first note
that U N L is finite. Indeed, if not, then L C U, an impossibility as U is semiwound

by [5, Lem.B.1.7,(1) = (2)]. Now U C Gfr is defined by an equation of the form
F=0

for some F € k[ X1, ..., X ] of degree p. An invertible linear change of variables in
the X; yields an equation of the same form. After making such a change of variables,
we may assume that L is the line X = --- = X,r = 0. Then U N L is the subgroup of
G, = Spec(k[X]) defined by a (nonzero, because U N L # L) polynomial of degree
< p.Thatis, U N L is a finite group scheme of order < p, as claimed.

Now choose a line L such that H C L. For H = «, we simply choose the line
whose Lie algebra coincides with H, while for H = Z/p’Z, we choose an element
0 # x € H(k) and then choose L containing x. Then U N L D H is of order < p,
hence coincides with H. Thus we have an inclusion of k-groups

U/H=U/(UNL)— G /L ~GP'~!.

Since dim(U/H) = p" — 1 = dim(Gfr_l), this inclusion must actually be an iso-
morphism: U/H ~ Gf ~! This completes the proof of the proposition. O

Corollary 7.8 Let k be a field of characteristic p and finite degree of imperfectionr, and

let U = 7p 1 or Rpisp i (ap). Then the only quasi-weakly permawound k-subgroups
of U are0and U.

Proof 1f 0 C H C U, then U is a semiwound extension of the nontrivial k-group
U/H — which is a vector group by Proposition 7.7 — by H. The preimage in U of
any copy of G, inside U/ H then yields a semiwound extension of G, by H. O

Lemma 7.9 Let k be a field of characteristic p of finite degree of imperfection. Then
there is no nonzero k-homomorphism R 1;n Jk (ap) = Pp.L.
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Proof Due to Proposition 7.5, it suffices to treat the case n = 1. Let ¢: Rp1/p Jk (ap) —
¥p.1, be ak-homomorphism. Because #p 1, is semiwound [5, Lem.B.1.7,(1) = (2)],
Proposition 7.7 implies that ¢ is either O or injective. If ¢ is injective, then for dimension
reasons it is an isomorphism. But Ry, Jk (ap) is totally nonsmooth while Yp.L is
smooth and nontrivial, so the two groups cannot be isomorphic. Hence ¢ = 0. O

8 Preparations for Rigidity

In this section we lay the groundwork for the proof of the rigidity property Theorem 1.5
of permawound groups. The general strategy for proving rigidity is as follows. The key
is to show that for any nontrivial smooth commutative semiwound unipotent k-group
(not necessarily permawound), there is a nonzero ks-homomorphism to . We may
assume that k is finitely generated over F,, and in that case we note that (for any
P, L as in Definition 7.3) s€om(U, ¥p,1) is the automorphism functor of the trivial
extension of U by ¥p 1. In particular, one obtains an exact sequence

0 — H'(Gal(k,/k), Homy (U, #p.1)) —> Ext(U, ¥p.1) —> Exty (U, ¥p.1).

In order to show that Homy (U, ¥') # 0, therefore, it suffices to construct a nontriv-
ial extension of U by ¥p 1 over k that splits over k. In this section we prove two
fundamental ingredients that will allow us to accomplish this in Section 9. First, we
consider the exact sequence defining ¥p 1,

r P+L
0— 7%p1 — G — G, — 0,

and show that the induced map Hom(U, G? ') — Hom(U, G,) is surjective over kg
(Lemma 8.2). This will allow us to show that certain extensions of U by ¥ over k; are
trivial. Second, we will show that, over k and for suitably chosen P and L, there are
nontrivial extensions of Z/pZ by ¥p 1 that trivialize over k; (Proposition 8.7). This
will allow us to construct suitable nontrivial extensions of U by ¥p 1, over k.

We begin with the following lemma, which we will require in the proof of the first
ingredient mentioned above.

Lemma 8.1 Let k be a field with p-basis {As}scs, and let Q € k[X1, ..., X,] be a

homogeneous p-polynomial of degree p®. Then there is an invertible linear change
d

of variables L in the X; such that Q o L = Y | ¢;X l-p has the following property.

Let I be the set of finitely supported functions S — {0, ..., p® — 1}. Then for any

d
1 <j<i=<nwithcj # 0, one has C[C;I = Zfe] (ﬂseskf(”> a? withay € k

such that ag = 0.

Proof We prove by induction on m < n the existence of a change of variables such
that the f = O coefficient in the expansion of c; ijl vanishes whenever j <m, j < i,
and ¢; # 0. The m = 0 case is trivial, so assume that m > 0. We may assume by
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induction that the f = 0 term in the expansion of ¢; cj_1 vanishes when j < m, j < i,
andc¢; #0.Foreach 1 < j <i <n withc; # 0, write

-1 1s) ¢
cicy! = Z (HAs Y)a";’i’j (8.1)

fel \seS

withay; ; € k. We know thatap; ; = 0if j < m and j < i. Make the change of
variables which fixes X; for i # m, but which sends X, to X,,, — Zi>m ao.imXi,
and let Q' be the resulting homogeneous p-polynomial of degree p¢. Write Q' =

Yol biX ip d. Then we claim that the f = O term in the expansion of b,b;l vanishes
whenever j <m, j <1i,and b; # 0, which will complete the induction.

To prove the claim, we may suppose that b; # 0, as otherwise there is nothing to
prove. We first compute that

ci, i <m

b = i . (8.2)
Ci — Cmly ;1> M.

First consider the case j < m.1fi < m,thenb; = ¢; (andb; = c;), so b,-bj_1 = cicjfl

has vanishing f = 0 term in its expansion. If i > m, on the other hand, one has, using

(8.1),

_ d _ (s d
bibj = (ci — Cmag’i’m)cj = Z <1_[ )\:{(Y)> (af,i,j - af,m,jaO,i,m)p .

fel \seS

The coefficient of [ [, 20 in the above expansion is ap,i,j —ao,m,jao,i,m-and agp s j =
0 for all + > j by induction (since j < m), so this vanishes, as required.

It remains to treat the case j = m. For all m < i < n, one has, using (8.2) and
(8.1),

_ d _ d
bib,' = (ci —cmal; e = (H A m) @fim = 8£.0a0im)"" .

fel \seS
where
1, f=0
Sf’() =
07 f # O'
The coefficient of ]_[SE s A? in the above expansion vanishes, so the induction is
complete. O

The following lemma and Corollary 8.3 — which are the key properties that make
the group ¥ fundamental — will allow us to show that certain extensions split over
k.
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Lemma 8.2 Let k be a separably closed field of finite degree of imperfection r, and
let F: G — Go, F := P+ L forany P,L € k[X,....,X,] with P and L
homogeneous, P of degree p and L of degree 1, such that P is universal (equivalently,
reduced) and L # 0. Finally, let U be a commutative p-torsion semiwound smooth
unipotent k-group scheme. Then the map ¢ : Hom(U, G? r) — Hom(U, G,) induced
by F is surjective.

Proof By Lemma 7.1, it suffices to prove the lemma for a particular choice of P and
L. We choose a p-basis {1, ..., A} of k. Take

Pi=) (]‘[Aﬁ“) XD eklXy| fel]

feli \i=1

and L := —Xj. The group U is isomorphic to {G = 0} C G} for some reduced
(nonzero) p-polynomial G € k[Yy, ..., Y,,][5, Prop.B.1.13, Lem.B.1.7]. Let us first
prove the lemma under the assumption that the principal part Q of G is homogeneous,
say of degree p?. If d = 0, then reducedness of G implies that U = 0, and there is
nothing to prove, so assume that d > 0. Note that a linear change of variables in the
Y preserves the property that the degree p¢ part of G is reduced, so in particular all of
the variables still appear in it. Lemma 8.1 therefore allows us to make a linear change
of variables in the Y; and thereby assume that

0= ar/” (8.3)

where all ¢; # 0, and forall 1 < j <i < m, one has

.
(i d
ceyl=Y" ( A{“) al; ; withag j = 0. (8.4)
1

fely \i=

We first prove the following claim. For any s > 0 and any (y¢) y € Hom(U, Gk,

one has
> (1'[ A “’) yf =w (mod im(¢)). (8.5)
fely \i=1

where 0: {1,...,r} — {0,..., p® — 1} denotes the constant function with value 0.

We proceed by induction on s, the s = 0 case being trivial. Suppose that s > 0. For

gel,let
r
N—o(i s—1
Wg = Z <1_[ )Ll(f(l) g(l))/p> V’I: .

fely i=1
f=g (mod p)
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Then
> (]‘[xf(”) =PWelgel)=vo= Y (]‘[A,f(”) y!"" (mod im(¢)).
fel fels—1 \i=1

By induction, this last expression is equivalent modulo im(¢) to yp, which proves the
claim.

Every k-homomorphism U — G, is a p-polynomial in the Y}, as follows from
the anti-equivalence of categories between groups killed by Verschiebung and k[ F]-
modules [6, Ch.1V, §3, Cor.6.7], so (8.5) implies that every such homomorphism is
equivalent modulo im(¢) to a k-linear combination of the Y;. It therefore suffices to
show that every such combination lies in im(¢). Fix r € kand 1 < j < m. Write

G=0+ ) ay/
1<i<m

0<s<d

Using (8.3), one obtains an equality of homomorphisms U — G,

m
— d _ d d _ N
—cjlrp G:Zcicjl(rYi)p +r? Z cjlciSYl.p . (8.6)
= I<i<m
0<s<d
Writing each term ¢; lcls out as a sum Zfel (]_L 1 )L{(l')b)bp and using (8.5), one
obtains
Z ;e Z Fi j(rP)Y; (mod im(¢)) (8.7)
1<i<m i=1
0<s<d

for some p-polynomials F; ; € k[X] which depend only on i, j (and of course G),
but not on r. To analyze the first sum in (8.6), we combine (8.4) and (8.5) (with s = d)
to conclude that

Zc, LrvP = ry; + Y agijrYi (mod im(¢)). (8.8)
i<j

Combining (8.6), (8.7), and (8.8), we obtain that, for all | < j < m, there exist
bi,j € k and p-polynomials F; ; € k[X] (1 <i < m) such that, for all r € k, one has

m
r| Y+ D bi¥i | =D Fi DY €im(g). (8.9)
1<i<j i=1

Let B be the upper-triangular m x m matrix with entry b; ; in the (i, j) position
for i < j and with 1’s along the diagonal (in particular, B is invertible), let ¥ :=
Yy, ..., Ym)T, let F be the m x m matrix over k[X ;] with F; ; in the (i, j) position,
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andlet1:= (1,..., )T € k™. Forany 7 := (r1,...,rm)T € k™, let 77 denote the
vector obtained by raising each entry of 7 to the pth power, and let

a(F) := BF —F(FP) -1 e k™.
Add (8.9) withr =r; over j =1, ..., m to obtain
a(F) == a(F) - Y € im(e).

Consider the k-group homomorphism «: G' — G deﬁned by the formula 7 +—
a (7). Because the F term involves polynomlals in the r? i , this map has differential B
which is invertible. It is therefore an étale homomorphism, hence surjective. Because
k is separably closed and « is étale surjective, « is surjective on k-points. It follows
that Z;"zl t;Y; € im(¢) forallty, ..., t, € k, which completes the proof of the lemma
for U which we recall was assumed to be defined by a reduced G whose principal part
is homogeneous.

We now prove the general case in which the principal part Q of G may fail to be
homogeneous. For each s > O let Hy € k[Xf | f € I;] be the p-polynomial

-

o ()
fely \i=1

Then Hj is reduced, and {Hy = 0} >~ R;1/ps Jk (ap) (Proposition 7.4). For each 1 <

j < m, let pdf' = degy (G). Let N := max;d;, and foreach 1 < j < m, let

Rj € klZjq,..., Z. SN )] be the p-polynomial Hy_g4,(Z; 1, ...,Zj’pr(Nfdj)).

Cons1der the k-group W defined by the equation

R:=G(Ry,...,Ry) =0.

The map w: W — U, (Z;;)i,j + (Ry,...,Ry) is surjective with kernel
l_[d,»<N Rkl/pzv_dl- Ik (ap). Let B: U — G, be a k-homomorphism. We wish to show
that 8 lifts to a homomorphism U — G% " viathe map Hom(U, Gf r) — Hom(U, G,)
induced by F: Gf N G,. By the homogeneous case, 8 o lifts to a homomorphism

fW— G? r. Now F o fker(r) = 0, so f|ker(mr) factors through a homomorphism
ker(w) — #. The only such map is 0 by Lemma 7.9, hence f kills ker(x), and

therefore factors through a homomorphism U — G ' lifting B. O

Corollary 8.3 Let k be a separably closed field of finite degree of imperfection, and
let U be a smooth commutative p-torsion semiwound unipotent k-group. Then every
p-torsion extension of U by ¥V splits.

Proof Write ¥ as ¥p 1 for some P and L so that we have an exact sequence

0— v -5 6 ™6, —o. (8.10)
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Let E be a p-torsion extension of U by 7. Then i, E € Ext! U, Gt r) is smooth and
p-torsion, hence has vanishing Verschiebung map. It follows from Proposition 2.4
that i, (E) splits, hence E lies in the image of the connecting map Hom(U, G,) —
Ext! (U, ¥) associated to (8.10). Then Lemma 8.2 implies that E is trivial as an
extension. ]

Recall that the k-linear action on G, induces a k-linear action on Ext! (G, .%) for
any fppf abelian sheaf . over k. Our next task is to compute Ext'(G,, #p ). Let r
be the degree of imperfection of k. We have the exact sequence

0— ¥pr — 62 "6, — o, 8.11)

which induces a connecting map 8 : Hom(G,, G,) — Ext'(G,, 7p.1).

Proposition 8.4 Let k be a field of finite degree of imperfection. The above map k —
Ext!(G,, Vp.L), @ — 8(a-1d) is a k-linear isomorphism that is functorial in separable
extensions K [k of the same degree of imperfection.

Proof P remains universal over K as in the lemma thanks to Proposition 3.6, and
functoriality follows from the functoriality of the connecting map, so it only remains
to show that the map is a k-linear isomorphism. The k-linearity follows from the
definition of the k-action on Ext! (G,, ¥p.1). To prove that the map is an isomorphism,
we first check that it is injective, which is equivalent to the assertion that it is nonzero.
So it suffices to show that §(Id) # 0 — that is, the sequence (8.11) does not split. If

it did, then we would obtain an isomorphism GY ~ Vp.1 x Gy, hence a surjection

r

G — ¥p 1, in violation of the woundness of the latter group. Thus the map is
injective.

It remains to prove surjectivity. So suppose given E € Ext! (G, #p.1). Then E has
vanishing Verschiebung by Lemma 2.6, hence (referring to the exact sequence (8.11))
sodoes i, (E) € Ext! (Ga, G r), hence splits by Proposition 2.4. It follows that E lies
in the image of the connecting map Hom(G,, G,) — Ext!(G,, Yp.L),s0 E = 68(¢p)
for some ¢ € Hom(G,, Gy).

We are free to modify ¢ by F,(x) forany x € Hom(G,, G? ' ), and we claim that any
element ¢ € Hom(G,, G,) is equivalent modulo F,(Hom(G,, G% r)) to a k-multiple
of the identity. We have that ¢ € k[T] is a p-polynomial, which we may assume to
be homogeneous. We then prove the claim by induction on deg(¢), the degree 1 case
(or the case ¢ = 0) being trivial. So assume that deg(¢) = p" > 1. Because P is
universal and homogeneous of degree p, we may write ¢ = P (Y1, ..., ¥,r) for some
p-polynomials v; € k[T either vanishing or of degree p"~'. Then

¢=—L1.....Yy) (mod Fy(Hom(Gy, GE))),

and the latter homomorphism either vanishes or has degree p"~!, so we are done by

induction. O

An important step in the proof of Theorem 1.5 entails proving that the groups ¥p 1,
for suitable choice of P and L have nonvanishing cohomology when K is infinite and
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finitely generated over F,. This will allow us to construct suitable nontrivial extensions
of smooth unipotent groups by #p . We first prove the following analogous result
over fraction fields of complete regular local rings.

Proposition 8.5 Let R be a complete r-dimensional regular local ring of characteristic
p with maximal ideal w, fraction field K, and perfect residue field R /m. By the Cohen
structure theorem, we may choose a subfield k C R which maps isomorphically onto
the residue field. Choose elements M1, ..., A € R, and for each i let ¢; € k be the
unique element such that A; — c; € m. Assume that the elements A; — c; are generators

for m. Then the A; form a p-basis for K. Let P := 3 ¢, (H;=1 )»l.f(i)) X‘; and
L = —X,, ,, where cp_\ denotes the constant function with value p — 1. Assume

that H' (k, Z./ pZ) # 0. Then H (K, ¥p 1) # 0.

Proof The continuous k-algebra map k[Xi,...,X,] — R, X; — X, — ¢, is an
isomorphism. It follows that the A; — ¢; form a p-basis for k, hence — because
¢ € k = kP — so too do the A;. We identify R with k[X1,..., X,] and A; with
X; + ¢;. Order the group G := Z" lexicographically. This makes Z" into an ordered
abelian group. Consider the ring k[[TG]] of Hahn series with value group G. Recall
that this is the ring of formal power series f = ) 2€G Cg T# with ¢, € k such that the
set{g € G | cg # 0} is well-ordered. Then R C k[T 9] via X|' ... XJ" > T(€1mer),
hence K C k[T C]. For f € k[T ], we define the residue of f to be the coefficient
ole_l ... X! in the expansion of f.
Using the exact sequence

F:=P+L
0— ¥p. — 6! "=5F G, — o,

we see that the nonvanishing of HY(K, ¥p.1) is equivalent to the non-surjectivity of
the map K/ — K induced by F. To show that this map is not surjective, we compute
the residue of F((ay) ) forany (ar) r € K I More generally, we compute this residue

G . f®

for any (@) s € k[TC]". The only term in P((as)f) = 3 r¢; (]—[f=1 A )X’; =
Y per (TTici (Xi + )/ @) &f that can contribute to the residue is the f = c¢p-
term. If write ac, | = Y .. agT¥, then the residue of P((af)y) is al |, where
g-1:=(—1,...,—1) € G. Theresidue of F((ay) y) = (P + L)((ctr) r) is therefore
agfl —ag_, € k.By assumption, H! (k, Z/ pZ) # 0, so the Artin-Schreier map k — k,
x — x? —x isnot surjective. For any element 8 € k not in the image of Artin-Schreier,
the element (A1 —c1) "' ... (A, —cr)~! € K does not lie in F(K'), so we conclude
that H' (K, #p.1) # 0. o

As acorollary, we obtain the following result. Later we will prove the much stronger
Theorem 1.6.

Corollary 8.6 Let K be a field finitely generated over ¥, and let 11, ..., A, € K be

a p-basis. Also let
.
P = Z < Aif(l)> X[;
1

fel \i=
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and L = —chfl € k[Xy | f € I, where cp_1 € I is the constant function with
value p — 1. Then H (K, Yp.L) #0.

Proof Write K as the function field of a smooth integral F,-scheme X of finite type.
Shrinking X if necessary, we may assume that the dA; freely generate the sheaf Q}( JE,-
Let x € X be a closed point, and let R be the completion of Ox .. Let k C R be
the subfield mapping isomorphically onto the residue field (it is unique because the
residue field is finite), and for each i, let ¢; € k be the element such that A; — ¢; lies
in the maximal ideal m of R. Because the d); generate Q}( JF the elements A; — ¢;

generate m. Let K, := Frac(R). Proposition 8.5 implies that Hl(Kx, Yp.L) # 0.
Therefore the map Fx, = P+ L: K ; — K is not surjective, and we need to prove
the same with K, replaced by K. Let 8 € K be an element not lying in the image
of Fg_ .Because F is smooth, im(Fk, ) contains an open neighborhood of 0 € K, so
an open neighborhood of g is disjoint from im(Fk_ ). Because the map K — K has
dense image, it follows that there is an element of K not in the image of Fg_, hence
not in the image of Fk. O

Proposition 8.7 Let k be a finitely generated extension field of Fp, Ay, ..., A €k a

p-basis. Let
.
. f@ b4
fel \i=l1
and L := =X, | € k[Xy | f € I], where cy—y € I is the constant function with

value p — 1. Then the map Ext}C (Z/pZ, Vp.L) — Ext,lcs (Z/pZ, ¥p.1) is not injective.

Proof Consider the exact sequence
0 —> Z/pZ —> Gy -2 G, —> 0,

where g is the Artin-Schreier map x +— x” — x. This induces for any extension field
K of k an inclusion Extk (Ga, ¥p,1)/9* (Extk (Ga, ¥p.1)) — Extk (Z/pZ, Vp 1).
We claim that the former group is nontrivial when K = k, but vanishes when K = k;,
which will prove the proposition. Via Proposition 8.4, when K /k is separable algebraic,
we may identify Ext}( (Ga, 7p.1) K-linearly with K via ¢: o +— §(c - Id) in the
notation of Proposition 8.4. Write pp = F — I, where F is the Frobenius isogeny and /
is the identity. Then F*(8(« -1d)) = §(a F). We seek to write this in the form & (8 - Id)
for some B € K.
Write o = P((yy) rer) with yy € K. Then

oF = P((yy -1d)fer) = e, -1d  (mod (P + L),(Hom(G,, G)))).

50 8(aF) = 8(yc,_, - 1d). In the map ©} : Exty (Ga, ¥p,1) — Exty(Ga, ¥p.1), we
identify the source with K! via ¢ o P and the target with K via ¢. Then the induced
map p*: K! — K is —L — P, hence the cokernel is isomorphic to H! (K, Yp.L)-
This is nonzero when K = k by Corollary 8.6 and vanishes when K = k; because
¥p.1 is smooth. O
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9 Rigidity

In this section we apply the results of Section 8§ to prove the crucial rigidity property of
permawound groups (Theorem 9.6), and we also give a version of the rigidity property
over general, not necessarily separably closed fields of finite degree of imperfection
(Theorem 9.10).

Lemma 9.1 Let k be a field of finite degree of imperfection r. For any P, L, the map
Ext;(Ga, ¥p.1) = Ext; (Ga, ¥p,L) is injective.

Proof We have the Hochschild-Serre spectral sequence
Ey’ = H (Gal(ks /), Ext] (Ga, 7p 1)) = Ext; (Ga, V. 1).

It suffices to prove that E%’O = Ezl’1 = 0. The group E%’O vanishes because ¥p 1 is

semiwound, so Homy, (G, #p,) = 0. For E21 1, Proposition 8.4 provides a functorial
— hence Galois-equivariant — isomorphism Ext}(s (Ga, Vp.1) = k;. It follows that

H' (Gal(ks /k), Exty (Ga, 7p,1)) = 0.
O

Lemma 9.2 Let k be a field of characteristic p. Then any smooth nonsplit unipotent
k-group U admits a nontrivial smooth semiwound commutative p-torsion quotient.

Proof 1f U is not connected, then it admits a nontrivial finite étale quotient, which
admits a nontrivial finite étale commutative p-torsion quotient. If, on the other hand,
U is connected, then by [5, Th.B.3.4], there is a normal split unipotent k-subgroup
Uspiit < U such that U /Ugpyi; is wound. We may therefore assume that U is a non-
trivial wound group. Then [5, Cor.B.3.3] implies that U admits a nontrivial wound
commutative p-torsion quotient. O

We are now ready to prove the following fundamental result, which is of significant
interest in its own right and is also the key to proving Theorem 1.5.

Theorem 9.3 Let k be a separably closed field of finite degree of imperfection r > 0,
and let U be a smooth nonsplit unipotent k-group scheme. Then Hom(U, V') # 0.

Proof By Lemma 9.2, we may assume that U is semiwound, commutative, and p-
torsion. Choose a finitely generated extension field K /F), of degree of imperfection r
such that U is defined over K and k/K is separable. We may assume that k = K. By
[5, Lem.B.1.10], there is a finite étale K-group scheme E C U such that U/E is a
vector group. Replacing K by a finite separable extension, therefore, we may assume
that there exists for some m > 0, n > 0 an exact sequence of K-group schemes

0— (Z/pZy" — U L5 G — 0. ©.1)
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Choose a p-basis Ay, ..., A, of K, let P := Zfel (]_[?:1 )Ll.f(l)) X? and L =
—Xec, | € k[Xy | f € I, where cp_1 € I is the constant function with value
p — 1. Because the automorphism functor of the trivial extension of U by ¥p 1, is
Lom(U, Vp 1), one has an exact sequence

0—H'(Gal(K,/K), Homg, (U, ¥p,1)) — Exty (U, ¥p.1) —> Exty (U, ¥p.1)

9.2)
In order to show that Homg (U, ¥) = Homg, (U, ¥p,1) is nonzero, therefore, it
suffices to show that the final map above is not injective.

Using Proposition 8.7, choose a nonzero element o € Extk ((Z/pZ)™, ¥p.L) that
dies over K. The image of o under the connecting map ExﬁK((Z /PL)™, Vp.1) —
Extz(Gg‘, ¥’) then also dies over K, so by Lemma 9.1, « lifts to an element —
necessarily nonzero — f € Ext}( (U, 7p.L), and we claim that 8 dies over K, which
will complete the proof that the final map in (9.2) is not injective, hence of the theorem.

Since ag, = 0, Bk, lifts to an element y € Ext}(Y (G}, ¥p.L). The extension y
is represented by a scheme by the effectivity of fpqc descent for relatively affine
schemes. This group scheme has vanishing Verschiebung by Lemma 2.6. It follows
that the group scheme corresponding to Bk, has vanishing Verschiebung, hence is
p-torsion, so Bk, vanishes by Corollary 8.3. O

Our next task is to use Theorem 9.3 to construct a filtration on permawound groups
as in Theorem 1.5. We first require the following proposition.

Proposition 9.4 Let k be a field of characteristic p and of finite degree of imperfec-
tion, and let U be a commutative unipotent k-group scheme that is not smooth. Then
HOm(U, Rkl/p/k (dp)) # 0.

Proof LetV := (Ukperf)red, a smooth kperf-subgroup scheme of Ukpenc. Then V # Ukperf
because U is not smooth. Therefore, Uy,;/V is a nontrivial infinitesimal unipo-
tent kperf-group scheme. Such a group admits a filtration by nontrivial groups
with vanishing Frobenius and Verschiebung. By [6, Ch.IV, §3, Cor.6.7], there-
fore, Ug,.;/V admits a surjective homomorphism onto (&), We thus obtain a
nonzero kperf-homomorphism Ug,.; —> (@p)kyes- This descends to a homomorphism
Upiym — (etp)i, e for some n > 0. We therefore obtain a nonzero k-homomorphism
U — Ryypn (e p)- (The assumption that k has finite degree of imperfection is used

here to ensure that k'/?" /k is a finite extension, and hence that the Weil restriction is
(represented by) a scheme.) We are then done by Proposition 7.5. O

Before proving Theorem 1.5, we prove the analogous statement for weakly perma-
wound groups.

Theorem 9.5 Let k be a separably closed field of finite degree of imperfection r > 0,
and let U be a semiwound weakly permawound unipotent k-group scheme. Then U
admits a filtration 0 = Uy C Uy C --- C U, = U such that, for each 1 < j < m,
either U; JU;_ >~ ¥V or U; JU;_1 ~ Rivp jic(@p).
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Proof We proceed by induction on dim(U). If U = 0, then we are done, so
assume that U # 0. If U is not smooth, then Proposition 9.4 provides a nonzero
k-homomorphism U — Ri/p /k(oep). If, on the other hand, U is smooth, then
Theorem 9.3 provides a nonzero k-homomorphism U — 7. Letting W denote either
¥ or Ryi/p Jk (ap), depending on whether U is smooth or not, we therefore have a
nonzero k-homomorphism f: U — W. Proposition 5.4 implies that im( f) is weakly
permawound, hence quasi-weakly permawound, so by Corollary 7.8, f is surjec-
tive. Further, ker( f) is weakly permawound by Proposition 5.5, so we are done by
induction. O

Theorem 9.6 (Theorem 1.5) Let k be a separably closed field of finite degree of
imperfection r > 0, and let U be a wound permawound unipotent k-group scheme.
Then U admits a filtration 1 = Uy < Uy 4 --- < U, = U such that, for each
1 <i<m,eitherU;JUi_1 =~V orU;JU;_| ~ Rkl/p/k(ap).

Proof We proceed by induction on dim(U), the 0-dimensional case being trivial. So
assume that U # 1. By [5, Cor.B.3.3], there is a nontrivial smooth central (and
even p-torsion) k-subgroup U’ C U such that U /U’ is wound. Then U /U’ is perma-
wound by Proposition 5.4, and U’ is weakly permawound by Proposition 5.5, therefore
permawound by Proposition 6.9. By induction, therefore, we may assume that U is
commutative, and we are then done by Theorem 9.5. O

We now prove a version of Theorems 9.5 and 9.6 over a field that is not separably
closed. In this case U may not admit a filtration by the groups R;1/» Jk (ap) and ¥p 1.
for varying P and L. Instead, the best we can do is to obtain a filtration by Ry1/p Jk (ap)
and kg /k-forms of powers of a fixed #p . (Which P and L we choose does not
matter, thanks to Corollary 7.2.) As we will see, such powers are classified by Galois
representations of k over F,. The key fact that we require is the following.

Proposition 9.7 Let k be a field of characteristic p and of finite degree of imperfection
r > 0. Then for any P, L as in Definition 7.3, End(¥p 1) = F).

Proof We may extend scalars to kg and thereby assume that k is separably closed.
It then suffices by Corollary 7.2 to prove the proposition for a single choice of P
and L. Let us take the usual P: choose a p-basis A, ..., A, of k, and take P :=

> fer (]_[f=1 )»;.f(i)) X’;« and L := —Xo, and let F := P + L. An endomorphism
Y: ¥ — ¥ is acollection of homomorphisms G r: ¥ — G, for f € I such that

F((Gyg)fer) =0. 9.3)

By [10, Prop.6.4], each G is of the form Q y((Xg)ges) for some p-polynomial
Qf € klYy | f € I] with degy (Qf) < 1. We claim that each Q ¢ is linear. Indeed,
suppose to the contrary that this is not the case, and fix go, fo € [ such that 1 <
p? = degygo (Qf) =maxyeg degygo (Q r). The coefficient of X gsﬂ on the left side
of (9.3)is P((ay) fer) forsome ay € k, not all 0, and is in particular nonzero because
P is reduced. Since each Q s has degree < 1 in Yy, the left side of (9.3) has degree
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< p in Xg. Using the equation F = 0 on ¥ to eliminate the X(’)7 term leaves the

d+1
coefficient of X £o+ unchanged because d > 0. This then yields an equation on ¥
of p-polynomials in the X s with degree < 1 in Xy. By the uniqueness aspect of [10,
Prop. 6.4], it follows that this is an identity of polynomials (and not just of functions

d+1
on ¥). Since the coefficient of X 50 is nonzero, this is a contradiction. We conclude
that each Q¢ is linear, as claimed.
Write Qp = ) gel Cfg¥g With ¢ g € k. Substituting this into (9.3) and eliminating
the X (’)’ term using the equation F = 0 on ¥/, one obtains an equation of functions on
v

r r
Z f@) P yP P 2 : g() 14 _} :
(l_[ Ai ) [( Cfgxg) +Cf0 (XO ) <l_[ Ai ) Xg )} B ge,cogxg'
fel \i=1 0#£gel 0#£gel \i=1

94

Since both sides have degree < 1 in Xy, this is an identity of polynomials, again by

the uniqueness aspect of [10, Prop. 6.4]. Comparing coefficients of X, for g # 0, we
obtain

cog =0for g #0. 9.5)

Comparing coefficients of X g for g # 0, we obtain

3 (]_[ Aﬂ”) |:c?g —chy <]_[ ,\f(")ﬂ =0forg #0. 9.6)

fel \i=l i=1

The left side may be rearranged in the form P ((a;);c;) for some functions a; of the

¢ fg. Comparing the coefficients of [ [; )\;./ @ on both sides of the resulting expression
in (9.6), we obtain

,

cre = [TV encs.po for g # 0, 9.7)

i=1

where h(f, g) € I is the unique function satisfying 2(f, g) = f — g (mod p) and
er.g(0) == (h(f, 9)(D) + g(i) — f())/p € {0, 1}. Applying (9.7) with f = 0 and
(9.5), we obtain cgp = 0 for g # 0. Applying (9.7) again with f # g, we obtain
cfg = 0 whenever f # g. That is, c, is supported along the diagonal. Comparing
coefficients of Xq in (9.4), one obtains cgo = ¢00, 80 coo € F,. Applying (9.7) with
f = g, one obtains ¢y = cqp for all g. Call this common value ¢ € F, It follows that
Qr =cYyforall f € I,hence : ¥ — ¥ is just multiplication by some element
of F,, as desired. O

Let k£ be a field of characteristic p and finite degree of imperfection r. For any
finite-dimensional F,-vector space %', one may define % ® ¥p 1 to be the tensor
product of the constant F ,-vector space scheme % with the F ,-vector space scheme
Yp.L. When # = F’;,, then # ® ¥ = ™ canonically. In general, a non-canonical
choice of isomorphism %" > F’, yields an isomorphism %' ® ¥p 1 =~ ¥ ;. The
construction # +— # ® ¥p, 1 is covariant in % . One has the following proposition,
which is essentially a formal consequence of results we have already proven.
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Proposition 9.8 Letk be afield of characteristic p and finite degree of imperfectionr >
0, and let W' be a finite-dimensional F ,-vector space. The quasi-weakly permawound
k-subgroup schemes of W ® ¥p.1, are exactly those of the form % & Vp | for % C W

an ¥ -vector subspace.

Proof Subgroups of the given form are isomorphic to powers of #p 1, hence per-
mawound. To see that these are the only such subgroups, we proceed by induction
on dim(%#'), the O-dimensional case being trivial. So assume that 7 # 0. We
may assume that % = F’;} Let U C ”f/,ﬁ" ; be quasi-weakly permawound. If
Y= {0) "' x ¥p L x{0y* CcUforalll <i <n,thenU = ¥} > 50 assume that
there is some i such that ¥; ¢ U.

Letw': ¥p ; — “I/ﬁll denote the projection away from the ith factor. The exact
sequence

0—UNn%— U 737,

together with Proposition 5.5, shows that U N¥; is quasi-weakly permawound. Because
U N ¥ # ¥ by assumption, Corollary 7.8 implies that U N ¥ = 0. The map
U — ¥, }’f,_Ll is therefore injective. By induction, 7/ (U) = # ® ¥p., for some
F,-subspace #' C F’;)_l. Letm;: ¥p ; — ¥p,1 denote projection onto the ith factor.

The composition # @ ¥p 1. SJuZL ¥p.1 s, thanks to Proposition 9.7, induced by an
F,-linearmap f: W — F, If % C W xF,isthegraphof f,thenU = Z ®¥p ;.0

Let k be a field of characteristic p and finite degree of imperfection r, and fix
a choice of P and L as in Definition 7.3. Thanks to Proposition 9.7, we have an
isomorphism — canonical up to a universal choice of sign — between the group
Homcs (Gal(k, /k), GL,, (F)) of continuous n-dimensional Galois representations of
k over F;, and the group H!(Gal(k, /k), Auty, (7/1?!L)) of kg /k-forms of 7/15‘,L. Fix
such a choice of sign, and, for such a Galois representation p, let (¥p 1), denote the
associated form of ”//,?’ ;- The following two results are the versions of Theorems 9.5
and 9.6 over fields that are not necessarily separably closed.

Theorem 9.9 Let k be afield of characteristic p and finite degree of imperfectionr > 0.
Fix P, L as in Definition 7.3. Then for every semiwound weakly permawound k-group
scheme U, there is a filtration 0 = Uy C --- C U, = U by k-group schemes such
that, for each 1 <i < m, the k-group U;/U;_1 is isomorphic either to Rk1/p/k(ap),
or to (¥p,L)p for some irreducible continuous finite-dimensional F ,-representation
p of Gal(ks /k).

Theorem 9.10 Let k be a field of characteristic p and finite degree of imperfection
r > 0. Fix P, L as in Definition 7.3. Then for every wound permawound k-group
scheme U, there is a filtration 1 = Uy < --- < Uy, = U by k-group schemes such
that, for each 1 < i < m, the k-group U; /U;_1 is isomorphic either to Rkup/k(ap),
orto (Vp,1)p for some irreducible continuous finite-dimensional F ,-representation
p of Gal(ky /k).

Proof of Theorems 9.9and 9.10 The reduction of Theorem 9.6 to Theorem 9.5 also
works here to reduce Theorem 9.10 to Theorem 9.9, so we prove the latter. We show
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that, if U # 0, then it admits a surjection onto either R;1/» /k(a p) or (¥p 1), for some
irreducible p, and the proof then proceeds exactly as in the proof of Theorem 9.5. If
U is not smooth, then Proposition 9.4 furnishes a nonzero homomorphism f: U —
Ry1/p i (@p). Since U is weakly permawound, im( f) is quasi-weakly permawound, so
f is surjective by Corollary 7.8.

Assume, on the other hand, that U is smooth. By Theorem 9.3, there is a finite
Galois extension K /k and a nonzero K-homomorphism ¢1: Ux — (¥p L)k-
Let ¢1,...,¢9n: Ux — (¥p )k denote the Gal(K /k)-conjugates of ¢1, and
let H; := ker(¢;). Then N!_ | H; C Uk is Gal(K /k)-invariant, hence descends
uniquely to a k-subgroup H C U. Further, Hk is the kernel of the map ¢ =
]_[i ¢i: Uy — ]_[l-(”i/p,L)K. Because U is weakly permawound over k, it is so
over K by Proposition 6.7. Thus im(¢) is quasi-weakly permawound, hence it is
K -isomorphic to “i/l?f ;, for some 0 < m < n by Proposition 9.8. (We also implicitly
use Proposition 3.6 to ensure that P is still reduced and universal over K.) Therefore,
U/H is a K /k-form of ¥p"; , hence isomorphic to (¥p,1)p for some continuous m-
dimensional Galois representation over F,. Choose a nonzero irreducible quotient p
of B. Then the composition U/H — (¥p.1)g — (¥p,1L)p is surjective. O

10 Cohomology of Unipotent Groups

In this section we illustrate the utility of permawound unipotent groups by applying
them to the study of the cohomology of unipotent groups. In particular, we prove
that for a nonsplit smooth unipotent group U over an infinite field K finitely gener-
ated over F),, H!(K, U) is infinite (Theorem 1.6). The idea underlying the proof is
quite simple. We reduce to the semiwound commutative p-torsion case, and ubiquity
(Theorem 6.12) then allows us to assume that U is permawound. If U admits a surjec-
tion onto ¥p 1 with P and L as in Corollary 8.6, then [7, Lem. 2.4] reduces us to the
case U = ¥p_1. This case is then handled by using Proposition 8.5 to show that ¥p 1,
has nonvanishing H! over infinitely many completions of K, and the desired infinitude
is then easily obtained from a version of weak approximation in this setting.

In general, rigidity (Theorem 9.6) implies that U surjects onto #p 1 not over K, but
over a finite separable extension E /K. The trick is to show that the extension E/K
trivializes at infinitely many completions of K . That is, for infinitely many completions
Ky of K, the map Spec(E ®k K, ) — Spec(K,) admits a section. It then follows
that over such K, there is a surjection U — ¥p 1 and one then proceeds as above.

The key first step, therefore, is to obtain this trivialization at infinitely many places
of K. This is a geometric analogue of the fact that, for a finite extension F/K of
number fields, infinitely many primes of K split completely in F. The proof of that
fact relies upon noting that the zeta functions of the two fields both have their rightmost
pole at the same point 1. (What one really needs is that it is at the same x-coordinate.)
We will therefore proceed similarly to prove the desired local trivialization, by using
properties of the zeta functions of varieties corresponding to the function fields E and
K. We begin with the following proposition — interesting in its own right — from
which the local trivialization follows easily. In what follows, for a scheme W, W
denotes the set of closed points of W.
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Proposition 10.1 Let f: X — Y be a generically finite morphism between positive-
dimensional F ,-schemes of finite type, and let S be the set of closed points y € Y such
that f~'(y) — y admits a section. Then S is infinite.

Proof For an F,-scheme W of finite type, recall that the zeta function of W is the
meromorphic function of s defined by the Euler product

ewis) = [ (0 =lk@)h™~".

weW

If d := dim(W), then this product converges absolutely and uniformly on Re(s) >
d + € for any € > 0. Furthermore, by the celebrated Weil conjectures proved by
Dwork, Grothendieck, and Deligne, it is a rational function of T := ¢~*, and has a
simple pole at s = d when W is irreducible.

In particular, these remarks apply to X and Y, which have the same dimension —
d, say — because of the generic finiteness of f. We may shrink X and Y and thereby
assume them to be irreducible. If the set S referred to in the proposition were finite,
then one would have

e ()] = |ie(f ()

for all but finitely many x € X;. It would then follow that the Euler product expan-
sion of ¢x was absolutely and uniformly convergent on Re(s) > d/2 + €, which is
impossible as ¢x has apole at s = d. O

We may now prove the desired trivialization result.

Proposition 10.2 Let f: X — Y be a generically étale morphism between positive-
dimensional integral ¥ ,-schemes of finite type with function fields E and K,
respectively. For a closed pointy € Y, let K\ denote the fraction field of the com-
pletion Oy .y of the local ring Oy . Then the set T of y € Y such that the map
Spec(E ®k Ky) — Spec(Ky) has a section is infinite.

Proof We may shrink X and Y and thereby assume that f i 1s finite. Then let S be as
in Proposition 10.1. We will show that S C T. Fory € S, f~ (Oy ,y) 1s the spectrum
of a finite étale Oy ,y-algebra A. Because Oy ,y is complete, and therefore Henselian,
A is a finite product of local finite étale Oy ,y-algebras, and by definition of S, at least
one of these algebras has residue field isomorphic to that of Oy ,y- Because Oy Ly 18
Henselian, it follows that the map Spec(A) — Spec((’)y y) admits a section, and the
desired conclusion then follows by passing to fraction fields. O

Before proving the main result, we require a version of weak approximation.

Proposition 10.3 Let X be a nonempty integral quasi-projective k-scheme with func-
tion field K. For x € X, let Ky denote the fraction field of the completion @X,x of the
local ring Ox x. Then the image of the embedding K — erxcl K, is dense, where
the latter set is given the product topology arising from the my-adic topologies on the
K, with my the maximal ideal of Ox .
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Proof Let S C X be a finite subset, and for each x € S let @,y € K,. We must
show that there exists B € K as close as we desire to each of the o, simultaneously.
Because X is quasi-projective, any finite subset of X is contained in an affine open,
so we may assume that X = Spec(A) is affine. Because K is dense in each K, we
may assume that each o, € K. Then multiplying through by a common denominator,
we may even assume that each «, € A, because choosing 8 € A suitably close to
the o, after clearing denominators will yield the desired approximation by redividing
by the common denominator. Thus we have «, € A for x € § and we seek 8 € A
as x-adically close as we may desire to each of the «, simultaneously. But each x
corresponds to a maximal ideal I, of A. In particular, the I/, are pairwise comaximal,
hence the desired conclusion follows from the Chinese Remainder Theorem. O

We are now prepared to prove the main result of this section.

Theorem 10.4 (Theorem 1.6) Let K be an infinite finitely generated extension field of
F,, and let U be a smooth unipotent K-group scheme that is not split. Then HY(K,U)
is infinite.

Proof Combining Lemma 9.2 and [7, Lem.2.4], we may assume that U is semi-
wound, commutative, and p-torsion. By ubiquity (Theorem 6.12), we reduce to the
case in which U is permawound. Let P and L be as in Corollary 8.6. By rigidity
(Theorem 9.6), for some finite separable extension E /K, Ug admits a surjection onto
either Rg1/p () or (7p.1)E. Because the former is not smooth, there must be
a surjection onto the latter. Now write K, respectively E, as the function fields of
smooth quasi-projective F,-schemes Y, respectively X, of finite type such that the
extension E/K arises via an F,-morphism f: X — Y. Shrinking Y (hence also X)
if necessary, we may assume that the dX; freely generate the sheaf Q; JF,- It then
follows that, for each y € Y., in the notation of Proposition 8.5, the elements A; — ¢;
generate the maximal ideal of the local ring at y. Because E/K is separable, f is
generically étale, so Proposition 10.2 ensures that, for infinitely many y € Y, the
map Spec(E ®k Ky) — Spec(Ky) admits a section. In particular, there is a surjective
Ky-homomorphism Uy — (¥p )k, , so by Proposition 8.5 and [7, Lem.2.4] again,
we find that H! (Ky, U) # 0 for infinitely many y € Y.

Because U is smooth, commutative, and p-torsion, it is isomorphic to {F = 0} C
G] for some p-polynomial 0 # F € k[X1, ..., X,] [5, Prop.B.1.13]. Therefore, for
any field extension M /K, one has a natural (once one fixes an isomorphism between
U and {F = 0}) isomorphism H'(M,U) ~ M/F(M™).Let m > 0 be given. Choose
a subset S C Y of size m such that Hl(Ky, U) # 0 for all y € S. This means that,
for each y € S, one has ay € K, such that oy ¢ F(K7). For each subset T C S, let
ar € [[yeg Ky be the element that is vy, on the y factors in 7 and 0 for those y not in
T. Using Proposition 10.3, choose for each T an element 87 € K that is very close
to ar. Then we claim that the S yield distinct elements in K /F(K") ~ HY(K, U)
for distinct 7'. It will then follow that H' (K, U) has size at least 2", and since m > 0
was arbitrary, this will complete the proof of the theorem.

It only remains to check that the 87 do indeed yield distinct cohomology classes.
Given T # T',let s € S be a place where they differ — say, s € T — T’. Then
Br — By is close to oy € K. Because F is a smooth morphism, it induces an open
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map K! — Kj. It follows that every element of K close to ay lies in the same
nontrivial cohomology class as o. Therefore, 87 — Brr ¢ F(K}), so also ¢ F(K").
It follows that 87 — By~ yields a nontrivial class in H! (K, U), as desired. m]

Remark 10.5 The smoothness assumption is crucial in Theorem 10.4. Indeed, the
unipotent K-group U := RKI/])/K((XP) satisfies H! (K, U) = 0 because it is defined
by a universal monogeneous p-polynomial by Proposition 7.4. One can say more
about the cohomology of unipotent groups beyond the smooth case, but doing so here
would take us too far afield, so we postpone such a discussion for now.

11 Unipotent Quotients of Commutative Pseudo-reductive Groups

In this section we apply permawound unipotent groups to give a partial answer to
Totaro’s Question 1.7 about commutative pseudo-reductive groups over fields of
degree of imperfection 1. More precisely, we will use permawound groups to pro-
vide a remarkably simple proof of the affirmative answer to Question 1.7 in the case
in which U is p-torsion. A treatment of general U is significantly more involved, so
we postpone a discussion of this more general case for now.

We begin by identifying the group ¥  of Definition 7.3 when k has degree of
imperfection 1. The following result is [8, Ch. VI, Prop. 5.3].

Proposition 11.1 Let k be a field of degree of imperfection 1, and let A € k — kP.
Then Ryi/p i (Gm)/Gm =~ ¥p.L, where P = Zf):_ol )Lin € k[Xo,..., Xp—1] and
L:=—-X,_1.

The following theorem answers Question 1.7 in the affirmative when U is p-torsion.

Theorem 11.2 (Theorem 1.8) Let k be a field of degree of imperfection 1. Then every
commutative p-torsion wound unipotent k-group is the maximal unipotent quotient of
a commutative pseudo-reductive k-group.

Proof By [14, Lem.9.1], we may assume that k is separably closed. Note that the
conclusion of the theorem is preserved upon passage to subgroups: If U’ C U is an
inclusion of commutative wound unipotent k-groups, and U is the maximal unipo-
tent quotient of the commutative pseudo-reductive group C, then U’ is the maximal
unipotent quotient of the smooth connected commutative k-subgroup C’ := C xy U’
of C, which is pseudo-reductive because C is. Thanks to the ubiquity of permawound
unipotent groups (Theorem 6.12), therefore, in proving the theorem we may assume
that U is permawound.

We proceed by induction on dim(U), the O-dimensional case being trivial. So
assume that U # 0. By rigidity (Theorem 9.6), there is an exact sequence

0—U —U5TU—1

with U wound (and permawound by Proposition 5.4) and U " isomorphic to either
Ry1/p sk (ap) or #. By induction, we may assume that U is the maximal unipotent
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quotient of a commutative pseudo-reductive group C. If U’ ~ ¥, then U ~ U x ¥
by Corollary 8.3. Since ¥ is the maximal unipotent quotient of the pseudo-reductive
group Ryi/p i (Gm) (Proposition 11.1), it follows that U is the maximal unipotent
quotient of the commutative pseudo-reductive group C := C x Ri1/p /1 (Gm).

Suppose, on the other hand, that U’ >~ R;1/, Jk (ap). Then U is the maximal unipotent
quotient of the smooth connected commutative k-group C := C xg U (because C is
an extension of U by a torus, which also explains why it is smooth and connected),
and we claim that C is pseudo-reductive. We have an exact sequence

0—U —C-5C—0.

To see that C is pseudo-reductive, suppose that W C C is smooth connected unipotent.
We must show that W = 0. We have w (W) = 0 because C is pseudo-reductive, so
W C U’. But U’ is totally nonsmooth, so this implies that W = 0. O

Appendix A: Semiwound Groups

The notion of woundness plays a central role in the theory of smooth connected
unipotent groups (and therefore of more general algebraic groups) over imperfect
fields. It is useful to extend this notion to arbitrary unipotent groups, which we do in
this brief appendix.

Proposition A.1 Let U be a unipotent group scheme over a field k. The following are
equivalent:

(i) There is no k-group inclusion G, — U.
(ii) There is no nonzero k-group homomorphism G, — U.
(iii) Every k-morphism A,& — U is the constant map to some u € U (k).

Proof We first note a trivial but useful reformulation of condition (iii) as the condition
that the only k-morphism A}( — G with0 — 1 € G(k) is the constant map to 1. Each
of the conditions for U is equivalent to the same condition for the maximal smooth
k-subgroup scheme of U (see [5, Lem.C.4.1, Rem. C.4.2]), so we are free to assume
that U is smooth. Further, each condition for U is equivalent to the same condition for
the identity component of U. Thus we may further assume that U is connected. The
desired equivalence is then [5, Prop.B.3.2].

O

Definition A.2 We say that a unipotent group scheme U over a field k is k-semiwound,
or just semiwound when k is clear from context, when the equivalent conditions of
Proposition A.1 hold for U.

As with woundness, semiwoundness is insensitive to separable field extension.

Proposition A.3 Let K /k be a separable extension of fields, and let U be a unipotent
k-group scheme. Then U is k-semiwound if and only if Uk is K -semiwound.
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Proof The if direction is clear. For the only if direction, we first note that semiwound-
ness is insensitive to replacing a group with its maximal smooth subgroup. Since the
formation of the maximal smooth subgroup is insensitive to separable field extension
[5, Lem.C.4.1, Rem.C.4.2], we are free to assume that U is smooth. Since semi-
woundness is insensitive to replacing a group by its identity component, and since the
formation of the identity component is insensitive to arbitrary field extension, we may
also assume that U is connected. The proposition then follows from [5, Prop. B.3.2].0

Appendix B: Breen’s Spectral Sequences

In this appendix, we discuss a few spectral sequences constructed by Breen that we
utilize in the proof of Lemma 4.5. For more details, see [3, §1] and especially [2,
page 1250]. Let S be a scheme. Associated to any commutative S-group scheme G,
there is a descending complex A(G) = A(G), of fppf abelian sheaves concentrated in
nonnegative degrees such that each term of A(G) is a product of sheaves of the form
Z[G"] (the sheaf freely generated by G"). Further, A(G)o = Z[G], the canonical map
G — A(G)g induces an isomorphism

G ~ Hy(A(G)), (B.1)

and we have
Hi(A(G)) =0 H>(A(G)) = G/2G. (B.2)

We also have
A(G) = Z[G?],

A(G)2 = ZIG*1 © Z[G?],

and the differential A(G); = Z[G*] — Z[G] = A(G)p is the map induced by
m — 7112 — 71’22 : G x G — G, where m, niz : G x G — G are the multiplication
and projection maps, respectively, while the differential A(G), = Z[G®Z[G?] —
Z[G?*] = A(G); is induced on the first component by the map Id — o: G? - G2,
where o : G> — G? is the switching map (g1, g2) — (g2, 1), and on the second

component the differential is induced by the map

(T3, m o w23) + 723 — (m07712,ﬂ33) —m2: GP = G2,

where 7} : G3 — G is projection onto the ith factor, 7;; : G3 — G? is projection

onto the ith and jth factors, and m : G> — G is once again multiplication.
Breen obtains first a spectral sequence

F{ = Ext/ (A(G);, H) = Ext (A(G), H).

We have a canonical isomorphism Ext/(Z[G],-) ~ H/(G,-) of functors on fppf
abelian sheaves, since both are the derived functors of I'(G, -), thanks to Yoneda’s
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Lemma. Thus, the sequence above becomes
F]) =H/(X;, H) = Ext'*/ (A(G), H), (B.3)
where X; is some explicit disjoint union of products of copies of G, and in particular,
Xo=G X, =G? X2=G2HG3 (B.4)
with the differentials F 10 J 5 F ll’j being
m* — ()" — (3)*, (B.5)
and the differential F 11’j — F 12 J being
(1* —0*) x (70}, m o w3)* + 733 — (m o 712, 73)* — 71} (B.6)

In fact, Breen shows that we may replace the above sequence with another one that
is somewhat more convenient, involving “reduced” cohomology groups H’ (Xi, H)
defined as follows. Let Y; be the analogue of X; for the O group; that is, ¥; is a
corepresenting object for Hom(A(0);, -) (so Y¥; is a disjoint union of copies of S).
Then via the identity section S — G, we obtain maps ¥; — X;, and we define
H’ (X;, H) := ker(H/(X;, H) — H/(Y;, H)) to be the kernel of the induced map on
cohomology. Breen proved that these reduced cohomology groups provide a spectral
sequence analogous to (B.3) and with the same abutment. That is, we have a spectral
sequence
EV =H/(X;, H) = Ext"/(A(G), H). (B.7)

The second spectral sequence constructed by Breen takes the following form:

'EyY = Ext(H; (AG)), H) = Exty™ (A(G), H). B8)
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