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Abstract. In a 1983 paper, the author has established a (decategorified) Satake equiva-
lence for affine Hecke algebras. In this paper, we give new proofs for some results of that
paper, one based on the theory of J-rings and one based on the known character formula
for rational representations of a reductive group in positive, large characteristic. We also
give an extension of that formula to disconnected groups.

Introduction

0.1. Let H, be the affine Hecke algebra over C (with equal parameters ¢, a prime
power) associated to an affine Weyl group W (defined in terms of the dual G* of
an adjoint group G). Let Hy , be the Hecke algebra over C (with equal parameters
q) associated to the corresponding finite Weyl group Wy € W. Let H. th be the
vector subspace of H, consisting of elements which are eigenvectors for the left
and right multiplication by Hy 4, with eigenvalue defined by the one dimensional
representation of Hy , corresponding to the unit representation of Wj. Then H ;Ph is
an algebra for the product fx* [/ = (ZwGWo q|“")_1ff’ where f f’ is the product in
H, and || is the standard length function on Wy. Let @ be the group of translations
in W. The classical Satake isomorphism states that the algebra H, ;ph is isomorphic
to the algebra of Wy-invariants in the group algebra C[Q]. In [L83] we gave a
refinement of this isomorphism in which the basis of C[Q)] formed by the irreducible
representations of a semisimple group with Weyl group Wy and for which @ is the
lattice of roots corresponds to a basis 3 of H Sph formed by certain elements of the
basis [KL79] of Hy, suitably normalized. This shows in particular that
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(a) the structure constants of the algebra H;ph with respect to 8
are integers independent of g.

This is the starting point of “geometric Satake equivalence” (which we do not
discuss in this paper).

0.2. In this paper, we show (see 1.5) that the structure constants in 0.1(a) can be
interpreted as structure constants for a certain subring J, of the J-ring attached
to W with respect to the standard basis of J.. (We actually prove a more general
statement involving a weight function on W.) This gives a new (and simpler) proof
of 0.1(a). We also give another approach to 0.1(a) based on the character formula
for simple rational modules of a semisimple group in characteristic p > 0. At
the time when [L83] was written, this character formula was only conjectured and
providing evidence for the conjecture was one of the motivations which led the
author to [L83]. We also state an extension of that character formula to certain
disconnected groups.

0.3. The results in this paper hold with similar proofs also for extended affine
Weyl groups; to simplify notation we do not treat this slightly more general case.

Contents
1. Weighted affine Weyl groups and the ring Js.
2. Use of modular representations.
3. Folding.
4. A geometric interpretation of Py ...

1. Weighted affine Weyl groups and the ring J,

1.1. Let W be an irreducible affine Weyl group with a given set S of simple
reflections assumed to have at least two elements. Let @ be the set of all translations
in W: that is, the set of all ¢ € W such that the W-conjugacy class of ¢ is
finite. It is known that @ is a normal free abelian subgroup of finite index of
W. We write the group operation in @ as +. We fix s € S such that W is
generated by @ and by the finite subgroup Wy generated by So = S — {so}.
(Such s¢ is said to be “special”.) Let w — |w| be the length function of W. Let
Q" = {z € Q;[sz| = |z] + 1 for any s € Sp}. We have W = | | o+ WozWj. For
any x € QT we denote by M, the unique element in WozWy such that |M,]| is
maximal, or equivalently, such that |[sM,| = |M,| — 1 = |M,s| for all s € Sp.
In particular, My is the longest element in Wy. Let L : W — N be a weight
function: that is, a function such that L(ww’) = L(w) + L(w’) whenever w,w’ in
W satisty |ww’| = |w| + |w’|. We assume that L(s) > 0 for any s € S. Let v be an
indeterminate. Let H be the Q(v)-vector space with basis {T,,;w € W}. We can
regard H as an associative algebra in which T}, T,y = Ty if w,w’ in W satisfy
lww!| = |w|+|w’| and (Ty +v~EE) (T, —vE()) = 0 for s € S. Let {c,;w € W} be
the basis of H defined in [L83a] and [L03, 5.2]. (See [KL79] for the case L = ||.)
We have ¢y = . ey v 2 FEW P T, where Py ;1 € Z[v?] s zero for all but
finitely many y (see [L03, 5.4]). Let A = Z[v,v~!] and let H 4 be the A-submodule
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of H spanned by {T,,;w € W} or equivalently by {c,;w € W}. This is a subring
of H.
We set 7, = - .cw, v2(e), For z € QF, we set ¢, = (vXM0) /1p)ep, € H.

1.2. From [L03, 8.6] we see that for w € W,z € QT,y € Q" we have

CwCM, € ZueW;\us\=|u|—1 Vs€So Acu?

CMJC’U) S Zu&W;‘su‘:lul—l Vs€So ACu-

It follows that
M, CM, € ZUGW;|su|:\u|71:\us| VseSo ‘AC’U«

so that

(a) CM,CM, = ZzeQ+ Ty, 2;LCM,

where 7, .1, € A is zero for all but finitely many z, hence

(b) CzCy = ZzeQ+ Tz,y,2,LCz

L(Mo) ;. —1

where Te,y,z;L = U L Txuy,zL-

1.3. Let w € W. We write ¢, = >, cyp luTu with I, € A. From [L03, 6.6a] we see
by induction on |w| that:

(a) Ifs € S, |sw| = |w|—1, then ¢,, € (Ts+v~ L)) H 4; in other words, I, = v,
for any u € W such that |su| = |u| + 1.

Assume now that |w| = |[Myw| + | Mp|. We show

(b) For any u € W such that |Myu| = |u| + |Mp| and any e € Wy we have
lew = v,

We argue by induction on |e|. If |¢| = 0, there is nothing to prove. Assume now
that |e| > 0. We have e = se’ for some s € Sy, e’ € Wy with |e| = |¢/| + 1. By the
induction hypothesis we have lor, = v=()1,,. We have |se’u| = |¢/u|+1 (both sides
are equal to |se’| + |ul). Using (a) we have ler,, = vy, hence

Low = Loory = 0P L], — yLEOFLE) ) yLlse)y L)

This proves (b).
In the setup of (b) we have

— L(e)

Cw = Douew| Moul=| Mo +1ul lu 2Zeew, V7 TeTu
_ L(e)
- ZeGW{) v T. ZuEW;\Mgu|:|Mo|+|u\ LTy

_ . L(Mo)
= v M enn e w npul = o+ uf buTu-

It follows that
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(c) If Jw| = |Mow| + | Mo|, then ¢, € cpr, Ha.

Similarly, we have

(d) If w' € W satisfies |w'| = |w' M| + | Mp| then ¢, € Hacpy,-
Taking w' = M,, w = M, with z,y in @, we see from (c), (d) that

CM,CM, S H.ACMOCMOHA CrnrHa

(we use that cagenr, € T H4). Combining this with 1.2(a), we see that 7y, .7, in
1.2 isin 7 A.
If z € QT, then from (c), (d) we see that

o~ L (Mo)

CMDCMm = CMmCMo = WLCMm-

L(

(We use that cpr,cnr, = v M pepy )

1.4. From [L03, 13.4], for any w,w’ in W we have
TwTwl c UL(MO) Zw”GW Z[U_l]Tw//.

(In the case where L = || this is proved in [L85, §7]; the proof for general L is
entirely similar.) As in [L03, 13.5], we deduce that for any w,w’ in W we have

(a) CwCw’ = Zw”EW hw,w’,w”cw”
(finite sum) where Ay, 1w :Nw)w,’w,,;LvL(Mo) mod vE(Mo)—1 with Ny w! w:r €4

Let J be the free abelian group with basis {r,;w € W}. We define a bilinear
multiplication J x J — J by

TwTw! = Zw”EW Nw,w’,w”;LTw”,

(this is a finite sum). It is known [L03, 18.3] that this multiplication is associative
if the conditions in [L03, 18.1] are satisfied.

Let J, be the subgroup of J with basis {7/, ;x € QT }. From 1.2(b) we see that
J, is closed under the multiplication in J; thus for z,y in Q@+ we have

TM,TM, = D seq+ VM., My M.LTM.,

(this is a finite sum).

1.5. Theorem.
(a) For z,y in QT we have

CzCy = ZZEQ+ NMamMyaMz;LcZ'

(b) The subgroup R of H with Z-basis {c,;x € QT } is closed under multiplication
wn H.
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(c) The isomorphism of abelian groups R = J. given by c, + Tpr, is compatible
with the multiplication. In particular, the multiplication in J, is associative.

For z,y, z in QT we have

—L(M, ~ L(M,
M) = Fy g or = hag, gy . = 0P MO X

= (ZEEWO U2L(6))Y = (ZGEWO U72L(6))Y/

where X € Z[v™1], Y € A, Y/ = v2EM)Y ¢ A, Tt follows that

Tx,y,z;LTLV

(ZeeWO v_2L(e))_1X € Zv,v71].
Since X € Z[v™'] and Y oy, v=2e) € 1+ v~ 1 Z[v~ 1], we have

(Xeew, v 2H) 71X € Z[lv]);

but this is also in Z[v, v~ '] hence it must be in Z[v™!]. Thus (3¢, v TIX ¢
Z[v~1: that is,

(d) Teyar € L.

From the definition of ¢,,, we have

hw,w/,w” - hw,w/,w”

for any w,w’,w” in W, where™: A — A is the ring involution which takes v™ to
v~™ for any n. Using this and the fact that 7o~ (M0 is fixed by, we see that the
left-hand side of (d) is fixed by “and hence is necessarily in Z.

Taking the coefficient of v=(*o) in the two sides of the equality

—L(Mo) _ hat, v, 0.

Tx,y,z; LTLV
in which ry .1 € Z, we see that ry ... = N, a, v, - This completes the proof
of (a). Now (b), (c) are immediate consequences of (a). [

1.6. The ring R has unit element ¢y and is known to be commutative; it follows
that the ring J, has unit element 7,7, and is commutative. In the case where L = ||,
1.5(b) recovers a result in [L83]. For general L, 1.5(b) recovers a result in [K05].
But the present proof is simpler than that in these references.

1.7. In this subsection, we assume that L = ||. In this case, the ring J in [LO03,
18.3] is associative. In [L97] we have categorified J to a monoidal tensor category
with simple objects indexed by W. In particular J, is categorified to a monoidal
tensor category J,. It is known that (as a consequence of 1.5(b)) R can be also
categorified to a monoidal category S known as the “Satake category”. The ring
isomorphism R = J, in 1.5(c) gives rise to an equivalence of monoidal categories
S = J,.
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2. Use of modular representations

2.1. In this section, we assume that L = || : W — N. Let k be an algebraically
closed field of characteristic p > 0. Let G be an adjoint semisimple group over
k with a fixed pinning (involving a maximal torus T'). We assume that the Weyl
group of G is Wy, the lattice of roots of G with respect to T is @, and that
W = Wy is the affine Weyl group associated in the usual way to the dual group
G*. Then Q7 is the set of dominant weights of G. For x € QT, let V. be a Weyl
module of G over k with highest weight x; let L, be a simple rational G-module
with highest weight z.

Let p € Qr = R ® Q be half the sum of all positive roots of G.

Let #H be the set of hyperplanes Hy ,, = {z € Qr; &(x + p) = mp} for various
coroots & : Qr — R and various m € Z. (When p = 0, H consists of the
hyperplanes Hg 0.)

2.2. We now assume that p is a prime number, p > 0. Following Verma [Ve] we
identify W with the subgroup W), of the group of affine transformations of Qg
generated by the reflections in the hyperplanes in H which preserve the set H.

Let € QT be such that « ¢ J,,,, Ha,m and do(z) < p(p — h + 2) where do
is the highest coroot and h is the Coxeter number. It is known [AJS94], [KL94],
[KT95] that, as virtual T-modules, we have

(a) L, = 2:;,621,(_1)‘71)”“)38| dim(wa,wm)Vy,

where Z, is the set of all y € Q* in the same W-orbit as z; w,,w, are certain
well-defined explicit elements of Wpy; Vi, w, is a C-vector space of dimension
Py wasll (1) defined in terms of the stalks of the intersection cohomology complex
of an affine Schubert variety associated to G*.

As shown in [L17, comments to [53]], from (a) with z of the form x = pa’ 2’ €
Q@™, one can deduce that for ¢ € QT we have

(b) Par,, az,q/(1) = dim(VY)

where Vé’,/ is the y’-weight space of V,.. (Note that in our case we have automa-
tically « ¢ Uy ,,, Ha,m.) This provides a new proof of one of the main results in
[L83]. ’

2.3. In this subsection, we assume that p = 0. Let A be the subring of Q(v)
consisting of elements which have no pole for v = 1. Let Ha be the A-submodule
of H spanned by {T,,; w € W} or equivalently by {c,;w € W}. This is a subring
of H. We define a group homomorphism & from Ha to the group ring Q[W] by
Yow JwTw — >, fw(l)w; here f,, € A. This is a ring homomorphism. Recall that
for x € QT, Py a,; (1) depends only on the (W, Wy) double coset of w € W.
Hence

€(ca) = tWo) " Y pew Poary (Dw
= ﬂ(WO)_l Zm’EQ+ PMJ/,MZ;H(l) ZwEWow’WO w
= 1(Wo) ' Y wreq+ AmVE) Y vewoarws, @
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(we have used 2.2(b)). We have also
§(ca) = #(Wo) ™" Feeq dim(ViY) Xpew, ae

(®) V) o dm(VE) Ty,

Indeed,
i dim(V*") »
Zdlm(Vf) Z ae = Z / e ) aba'b
e€Q aceWo 2/ €QH,(a,b)EWo x Wo ﬁ(b € Wy b'a! =2'b )

B 3 dim (V=) 4((b, ¢) € Wy x Wy, w = cx’b_l)w

/ B — el
z’eQt , weWya' Wy ﬁ(b EWOJ)Q: _xb)

B Z dim(VZ)4((b, ¢) € Wo x Wo, ca’b™! = 2')
- (b € Wo; bzl = 2'V) v

' eQt , weWoz' Wy

= Z dim(V" Yyw = #(Wo)&(cs)

' €Qt , weWya' Wy

and the first equality in (a) is established. The second equality in (a) follows the
first by the substitution e/ = aea™!.

Now let x € QT, y € Qt. For e’ € Q, let (V, ® Vy)en be the e”-weight space of
Ve ® V. We have

= 4(W0) 2 Y e Aim(VeE) X e, € Yoo dim(Ve) Sy, €'
) = 8(Wo) 7> X eneaxg Aim(Vy) fim(Vy@') 2 () eWo x W, @€€'D

= 4(Wo) 2 Xoreq dim(Ve ® V) D (asb)eWo x Wy @€

=4(Wo) > Xerneqreqr (Va1 Vo @ V) dim(Ve") 2 (ab)eWo x W, @€"D

=1W0) ™' Xereqreqr (Ve : Va @ V) dim(VE") 3 e, a€”-

Here (V. : V; ®V})) is the multiplicity of V in V, ® V},. On the other hand, we have
g(cwcy) = ZZ€Q+ Tz,y,z;||§(cz)
= ﬁ(WO)il ZZ€Q+,€"EQ Tm,y,z;H dim(vze”) ZaEWo ae”.
Comparing with (b), we deduce
Zz€Q+ (Vtz Ve ® Vy) dim(vze ) = ZzeQ+ Ty, dim(‘/tze )
for any ¢’ € Q. Hence
ZzeQJr(Vz Ve @ V)V, = Zz€Q+ T,z Va

in the Grothendieck group of representations of G. Since (V;),cq+ is a basis of
this Grothendieck group, we see that

(c) (Va1 Va®@Vy) =r1a 2

for any z,y,z in Q. Thus, we recover one of the main results in [L83].
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3. Folding

3.1. In this section, we assume that W, S, sg, Wy, Q, Q" in 1.1 are such that W is
irreducible of simply laced type. We assume given an automorphism o of (W, S)
of order § € {2,3} preserving so.

Let 'W = {w € W;0(w) = w}. For each o-orbit O in S let sp be the longest
element in the subgroup of W generated by the elements in O. Let 'S be the subset
of 'W consisting of the elements so for various O as above. Note that ('W,’S) is
an affine Weyl group. Let L : ‘W — N be the restriction to ‘W of the usual length
function of W; this is a weight function on ‘. (These statements can be deduced
from [L14, Appendix A8, A9]).

We preserve the setup of 2.1. We assume that G is simple of simply laced
type. We fix an automorphism of G preserving the pinning of G which induces
the automorphism o of W considered above. This automorphism of G is denoted
again by 0. If z € QT and o(z) = z then o : G — G induces linear isomorphisms
Ve = Vi, Ly — L, denoted again by o (they act as identity on a highest weight
vector). We have

Vz = ®96k§ Vzﬂ,Lx = ®96k§ Lzﬂ
where ki = {# € k*;0° = 1} and V, 9, L, ¢ are the f-eigenspaces of o.

3.2. We now assume that p > 0 and that x in 2.2(a) satisfies in addition o(z) = x.
The proof of 2.2(a) is sufficiently functorial to imply that we have also

) Taer 0e0 = Zyezomy (D00, Vi, 0.) Sger; Mo

(equality in the representation ring of T'/{c(¢)t™*;¢t € T} tensored with C; here
6 — 0 is an imbedding of k} into C*). Note that o(w,;) = w, and that when
Yy € Zy, o(y) =y, we have o(wy) = w,, so that o acts naturally on V,, ., . We
now substitute

(b) tr(o, wa,wm) = Pwy,wm;L(l)

where Py, w,;z is defined in terms of ‘W and L : "W — N as in 3.1. (See 4.5, 4.6.)
We obtain

(c) Zeekg éLJL’ﬁ = ZyGZm,U(y):y(_]‘)L(wyww)P'U)y,wac;L(l) Zeek; évyﬂ'

This is an extension of the character formula 2.2(a) to certain disconnected groups.
Note that the coefficients Py, w,;(1) are computable by an algorithm in [L03, §6]
(which is somewhat more involved than that for the unweighted case in [KL79]).

3.3. Note that o acts naturally on G*. Let 'G be the simply connected group over
k isogenous to the dual group of the identity component of the o-fixed point set
on G*. By a theorem of Jantzen [Ja73|, the expression Zeekg 0V, in (c) can be
expressed in terms of the character of a Weyl module of 'G. Using this one can
deduce as in §2 the analogues of 2.3(b), 2.3(c) with (W, S, ||) replaced by ('W,’S, L).
(This recovers in our case a result in [K05].)
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3.4. Assume that (IW,S5) is of (affine) type Ay with o of order 2. In this case,
('W,’S) is of (affine) type A; and the values of L|'g are 1 and 3. In this case, the
ring J, associated to ("W,’S, L) in 1.5 is isomorphic together with its basis to the
representation ring of SLy(C) with its standard basis; see [L03, 18.5]. This shows
that the group 'G in 3.3 cannot be replaced by the corresponding adjoint group
(even though G was adjoint).

3.5. In the setup of 3.1, 3.2 with k = C, we identify Wy with the group Wy of
affine transformations of Qr generated by the reflections in the (finitely many)
hyperplanes in H and which preserve H. Let g be the Lie algebra of G. Let z € @
be such that = ¢ |J; Ha,o. Let z € Q. Then the Verma g-module V, its irreducible
quotient L, and their z-weight spaces VZ, LZ are defined. It is known that the
following equality (conjectured in [KL79]) holds:

(a) dimL; =Y o (=1)lwe=lP, (1)dim V;

vaa.';H
where Z, is the set of all y € @ in the same Wy-orbit as z; w,,w, are certain
well-defined explicit elements of W.

Now assume that x, z are fixed by . Then o : G — G induces automorphisms
of L? and of V7 denoted again by o. We have

(b) (0, L3) = 3 ez, ()= (—D ) Py i (Dta(e, V7).

This follows from the proof of (a) in the same way as 3.2(c) follows from the proof
of 2.2(a) (using 4.5).

4. A geometric interpretation of Py,

4.1. Let Wy be a (finite) Weyl group with a set Sy of simple reflections and let
o : Wy — Wy be an automorphism preserving Sy. For each og-orbit O in Sy
we denote by oo the longest element in the subgroup of W, generated by the
reflections in O. Let "Wy = {w € Wy;o(w) = w} and let 'Sy be the subset of "W,
consisting of the elements sp for various O as above. Then ‘W is a Weyl group
with set of simple reflections ’Sy. Let L : "Wy — N be the restriction to ‘W of the
standard length function of Wy; it is known that L is a weight function on W} so
that the Hecke algebra over A with its bases {T,y;w € "Wy}, {cw;w € "Wy} can
be defined as in 1.1 (in terms of ‘W, 'Sy, L instead of W, S, L). (These statements
can be deduced from [L.14, Appendix A8, A9].) This Hecke algebra specialized at
v = ,/q with ¢ a prime power is a C-algebra denoted by Ho 4L
For w € "Wy, we write

Cw = ZyE’Wo viL(w)JrL(y)P%w;LTy

where P, .1, € Z[v?].
For w € "Wy, we have

(a) TwTw, = EyE’WO UL(y)_L(w)Ry;w;LTywo
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where Ry .1, € Z[v?] is 0 unless y < w and wy is the longest element of Wy (or
"W). Note the following inductive formulas for Ry .,.1.; see [L03, 4.4]. (Here s € S.)

Ry,w;L = Rsy,sw;L if |59| < |y|a |5w| < |w|v

(b)

We have Py .1, = 0 unless y < w and P, 4,z = 1. For y,w in ‘"W we have

(C) 1}2L(w)_2L(y)py,w;L = ZZE'WO Ry,z;LPz,w;L-
See [L03, 5.3].

4.2. Let k be an algebraic closure of the finite prime field F,,. Let G be a simply
connected semisimple group over k with Weyl group (Wp,Sp) and with a fixed
pinning involving a maximal torus 7" and a Borel subgroup B containing 7. We
fix an F-rational structure on G (with Frobenius map F : G — G) compatible
with the pinning such that T is split over F,, hence B is defined over F,. We
consider an automorphism of G preserving the pinning and compatible with the
F-structure; it induces an automorphism of Wy, which we assume to be o. This
automorphism of G is denoted again by o; we have ¢ ' = F'o. Hence, if t > 1, then
F, := F'oc = oF" is the Frobenius map for a rational structure over the subfield
F,: with p’ elements of k. Let 8 be the variety of Borel subgroups of G. Note that
F; acts naturally on B and defines a Frobenius map on B. We say that By, By in
B are opposed if B; N By is a maximal torus. We define B* € B by the conditions
that BN B* =T. For By, By in B, let pos(B1, Ba) € Wy be the relative position of
By, By. For w € Wy, we set B, = {B’ € B;pos(B, B’) = w}. For y € Wy, we define
YB € B by the conditions T' C YB,YB € B,; we define Y B* € B by the conditions
T C YB*,pos(B*,YB*) = y. Let B, be the closure of B, in B. For y € W), we set
AY ={B’ € B; B’,YB* opposed}.

For any algebraic variety X of pure dimension, let IC(X) be the intersection
cohomology complex of X with coefficients in Q; (with | a prime # p). Let
H!(X) (resp. H.(X)) be the i-th cohomology (resp. i-th cohomology with compact
support) of X with coefficients in IC(X). For z € X, let H:(X) be the stalk at
of the i-th cohomology sheaf of IC(X).

The following result gives a geometric interpretation of P, .,.;. (stated without
proof in [L83a, (8.1)]) extending the already known case where o = 1 considered
in [KL80]; see also [L03, §16].

4.3. Theorem. Lety € Wy, w € "Wy be such that y < w. We have

Pywil = i oven (0, Hi 5 (By) )02

(Note that o acts naturally on H! 5(B,,).) The proof will use the following result
(analogous to [KL79, A4(a)]).

4.4. Lemma. Lety € 'Wy,z € "Wy be such that y < z. We have §((B, N AY)Ft)
= Ry»Z;L(pt)PtL(y)'

Let F be the vector space of functions Bf* — C. Then F is an Hy pt.r-module,
in which for w € ‘W and f € F, we have T,,f = f’ where for B’ € B we have
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(B = pthw)/2 > BreBFpos(B.B)=w | (B"). Applying the equality 4.1(a) to
f € F and evaluating at B we see that for z € "W, we have
Zy/elwopt(L(y )—L(Z))/QRy,7Z;L(pt)pt(L(y )_L(wo»/QZCGBFt;pos(B,C):ywaf(O)

_ p_tL(Z)/QZB”GBFt;pos(B,B”):z p_tL(wO)/QZCeBFt;pos(B”,C):wof(O)'

(a)

We now take f to be the function equal to 1 at Cy = ¥*°B and equal to 0 on
Bft — {Cy}. We obtain

#(B" € B: pos(B, B") = z,pos(B", Cy) = wq)p~ tH*)/?
LG R (),

(b)

that is
#(B. N AY)F = Ry, .. (p )p"* ).

The lemma is proved. [

4.5. We now prove the theorem. When y = w the result is obvious. We can assume
that y < w and that

(a) the result is true when y,w is replaced by z,w with z € "Wy such that y <
z < w.

Here the partial order refers to W{; it is the restriction of the partial order on Wj.
Applying the Grothendieck-Lefschetz fixed point formula for F; on the Fi-stable
open subvariety B,, N AY of B,, we obtain

tr(Fy, >, (—1)HL (B, N AY))
= ZzGWO;ySzgw ZB’E(BZQAH)Ft tr(Ft7 Zz(_l)l ’LB’(BU)))

Now the fixed point set (B, N AY)%* is empty unless o(z) = z. For such z we apply
Lemma 4.4 and we obtain

tr(Fy, 35;(=1) H (B, N AY))
=2 ewoyercw Byzsn (01D W te(F, 30, (— 1) HE (Bu)).-
By Poincaré duality on B, N AY we have
tr(Fy, >, (1) HL (B, N AY)) = pEtr (B, 3, (1) HY(B, N AY)).
Using [KL80, 4.5(a), 1.5] we have
tr(F X0, (— ) (B 0 AY) = t(F 3, (1) 5 (Bu).
so that

P (B (1) i p (Bu)
:ZZE’Wo;ygzgw Ry,z;L(pt)ptL(y)tI‘(Ft,Zi(_l)i iB(BW))
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By [KL80, 4.2] we have H} 5(B,) = 0 if i is odd, while if 7 is even the eigenvalues
of F* on Hi 5(B,,) are equal to p*/2. Tt follows that
ptL(w) Zi evenp—it/Qtr(afl7 ’H;B(Bw))
= Eze’Wo;ySZSw RyJ;L(pt)ptL(y) Zz even pit/Qtr (07 ,HiB(Bw))

Since this holds for ¢ = 1,2, we can replace p? by v? where v is an indeterminate
and we get an equality in Q;[v,v™1]:

VS, ven v (0 Hi p (Bu)
= ZzE'Wo;ySZSw RyaZ;LUQL(y) Zi even ’Uitr(U’ HiB(éw))
Using the induction hypothesis (a) we obtain
v2L(w) D vitr(o L, M1 5 (By)) — v2E® 3D
= Zze’Wo;y<z§w Ry7z;LU2L(y)Pz7w;L.
Using 4.1(c), the right-hand side of this equality is

2L D 2L
v (w)Py,w;L —v (y)Py,w;L-

i even i even 1)%1"(0’7 H;B(Bw))

Thus we have

b et Hi B) ~ Prr)

= W) -Lw) (> vitr(o, 1 g (Bw)) — Pyawir).

By the known properties of H¢, in both sides of (b) we can assume that 7 <
dim B,, — dim B, = L(w) — L(y). Moreover, we have fuL(w)*L(y)Py,w.LL € vZ[v] and
oL P € v Z[v™1]. Thus the left-hand side of (b) is in vQ;[v] while the
right-hand side of (b) is in v 1Q;[v~1]. We see that both sides of (b) are zero. The
theorem is proved. [

1 even

4.6. The proof in 4.5 is written in such a way that it remains valid in the affine
case so that it gives an analogous geometric interpretation for P, .;; with y,w
in ‘W where 'W, L are as in 3.1. In this case, B is an Iwahori subgroup and B*
is an anti-Iwahori subgroup (opposed to B) as in [KL80, §5]. The definition of
AY still makes sense; it is the set of Iwahori subgroups opposed to a certain fixed
anti-Iwahori subgroup. Now R, ...z, as defined by 4.1(a) does not make sense in
the affine case; instead, one can use the inductive definition in 4.1(b). With this
definition, the analogue of 4.1(c) remains valid; Lemma 4.4 remains valid but it is
now proved by an (easy) induction on |z|.

4.7. Erratum to [L83].
On p. 212, line —3, the definition of K should be

K'={ze (1)|WNZW,|;wz = z,2w =2 Ywe W}.
On p. 212, line —1, the definition of J! should be
J'={z e ZW, ;wz = (-1)!'Wz 2w =2 Ywe W}
On p. 212, line —9, the definition of K should be
K={z e (1/P)H;Tyx = ¢" Wz, 2T, = ¢z Ywe W}
On p. 212, line —7, the definition of J should be
J={re H;Tyx = (—l)l(w)x,xTw =¢ ™z vwe WH.
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