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Abstract. We define a set of PBW-semistandard tableaux that is in a weight-preserving
bijection with the set of monomials corresponding to integral points in the Feigin—Fourier—
Littelmann—Vinberg polytope for highest weight modules of the symplectic Lie algebra.
We then show that these tableaux parametrize bases of the multihomogeneous coordinate
rings of the complete symplectic original and PBW degenerate flag varieties. From this
construction, we provide explicit degenerate relations that generate the defining ideal
of the PBW degenerate variety with respect to the Pliicker embedding. These relations
consist of type A degenerate Pliicker relations and a set of degenerate linear relations
that we obtain from De Concini’s linear relations.

1. Introduction

Let G be a simple, simply connected algebraic group over the field C and g the
corresponding Lie algebra. Let g = n™ © h ® n~ be a Cartan decomposition and
b = nT @ b the Borel subalgebra. For a dominant, integral weight X, let V be
the corresponding simple g-module, and vy € V, a highest weight vector. For A
regular, the complete flag variety F, is defined to be the closure of the G-orbit
through a highest weight line: Fy = G[ry] < P(V)). Another realisation of this
variety is through the quotient G/B, where B is a Borel subgroup.

On the other hand, one has Vy = U(n")vy, where U(n~) is the universal
enveloping algebra of n~. There exists a degree filtration U (n™); = span{zy - - - x; :
x; € n7, 1 < s} on U(n"). This filtration in turn induces the filtration Fy =
U(n7)svy on Vy, called the PBW filtration. The associated graded space is Fo@®s>1
F,/Fs_1, which will be denoted by V§ (see [FFL1] and [FFL2]).

This graded space has a structure of g®-module where g* is a Lie algebra which
is a semi-direct sum of b and an abelian ideal (n7)*. Let G® be a Lie group
corresponding to g*. Let v§ be the image of vy in V§. The PBW degenerate flag
variety is defined to be Fy := G*[v{] — P(VY) ([FEI}).

Feigin in [FEI] studied the variety F¢ in type A when G = SL,(C) and g =
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s, (C). The Pliicker embedding of the original variety ) and the PBW degenerate
variety Fy into the product of projective spaces was considered, i.e.,

n—1 n—1
Fr= [[P(A*C?) and  Fp— [ P(AFCH).

k=1 k=1
In order to show that the variety F7¥ is a flat degeneration of the original variety FJ,
he defined the PBW-semistandard tableaux which label bases of the multihomo-
geneous coordinate rings of both varieties. Let us review what these tableaux are.
For a type A,_; dominant, integral weight X\, written as a partition A = (A\; >
A2 > -+ > A1 > 0), consider the corresponding Young diagram Y, (English
convention).

A type A PBW-semistandard tableau of shape A is the filling of Y with entries
from {1,...,n} such that the following three conditions are satisfied. First of all,
in each column, each entry less than the length of that column is at row position
equal to that entry (or in short, at its position). Secondly, every entry that is not
at its position should be greater than all entries below it in any given column. And
finally, for every entry in each column apart from the first column, there should
be a greater or equal entry in the column to the left and in the same row or in a
row below. We refer to the last condition as PBW-semistandardness.

Now consider type C, with G = SP3,(C) and g = sp,,,(C). We consider the
complete symplectic flag variety, which will be denoted by SpPF3,, and its PBW
degeneration, which will be denoted by SPFS,. We again consider the Pliicker
embedding of these varieties into the product of projective spaces:

SP]:2n s H P(Ak(c%z) and SP]:ézn — H ]P)(/\k(CQn) )
k=1 k=1

Let C[SPFy,] and C[SPFY,]| denote the multihomogeneous coordinate rings of
SpFy, and SPFj, with respect to the above embeddings. The first goal of this
paper is to define a set of PBW-semistandard tableaux for type C,, and to show
that it labels weighted bases of both C[SPF2,] and C[SPF4,]. Let A be a type C,
dominant, integral weight, written again as a partition A= (A > Ag > -+- > A, >
0). Forie{l,...,n},let i:=2n+1—1.

A symplectic (or type C) PBW-semistandard tableau of shape A is a filling of
the corresponding Young diagram Y, with entries in the set {1 < --- <n <7 <

- < 1} such that not only the conditions for the type A PBW-semistandard
tableaux are satisfied, but also the following extra condition. For every element
i € {1,...,n} in any column, if the element i exists in the same column, then the
position of 7 should be above that of i, whenever i is less than the length of the
column. We would like to note that several nice symplectic tableaux already exist,
for example those of De Concini [DEC], Hamel and King [HK], Kashiwara and
Nakashima [KN], King [KIN], and Proctor [PRO]. The main difference between
these tableaux and those defined here is the PBW-semistandardness condition (see
Subsection 3.4 for a brief comparison). We prove:

Theorem 1.1 (Theorem 5.9). The symplectic PBW-semistandard tableaux index
a basis of C[SPFS,].
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Feigin, Finkelberg and Littelmann showed in [FFIL] that SPFg is a flat degene-
ration of SPFy,. It therefore follows naturally that the symplectic PBW-semistan-
dard tableaux also label a basis for C[SPF3,] (see Proposition 4.16). In the light
of their combinatorics, we would like to discuss a correspondence between these
tableaux and certain bases of the modules V) and V§. In [FFL1] and [FFL2],
Feigin, Fourier and Littelmann defined the Feigin-Fourier-Littelmann—Vinberg
polytopes that parametrize monomial bases for highest weight original and PBW
degenerate simple modules for a Lie algebra g in types A and C respectively.
Bases arising this way are called FFLV bases. Their existence was first conjectured
by Vinberg (see [VIN]), who also proved the conjecture for sly, sp, and Go. We
prove that one has a weight-preserving bijection between the FFLV basis for the
symplectic modules V) and V§ and the symplectic PBW-semistandard tableaux
(see Theorem 3.16).

It is worth noting that Young [YNG] was the first to introduce (semi-)standard
Young tableaux to provide a basis for the irreducible polynomial representations
of the general linear group and for the irreducible representations of symmetric
groups. On the other hand, standard monomial theory was begun by Hodge [HOD],
who used Young theory to give a basis for homogeneous coordinate rings of Grass-
mann and flag varieties. The same theory has been tremendously developed thro-
ugh the work of different authors ([DEC], [LMS], [LS], [LIT], ...).

At this point, we would like to step back and discuss briefly one of the very
important tools in the proof of Theorem 5.9: namely, the degenerate relations.
Feigin in [FEI] defined the degenerate Pliicker relations and proved that they
generate the defining ideal of the PBW degenerate flag variety in type A. Since
SPF3, is point-wise contained in the type Ag,_; complete PBW degenerate flag
variety ([FFIL]), it follows that Feigin’s degenerate relations are also satisfied on
SpFg,. We denote these relations by RtL‘f]

On the other hand, De Concini [DEC] defined certain linear relations while
showing that his symplectic standard tableaux index a basis for C[SPFz,]. We
call these symplectic relations, which will be denoted by S, 1,). In his proof, he
also used Pliicker relations, which implies that these and the symplectic relations
generate the defining ideal of SPFy,, since they provide a straightening law for
C[SPF2,]. Note that Chirivi and Maffei in [CM] and in [CML] with Littelmann,
gave a general framework for these defining equations for flag varieties and other
spherical varieties. We now obtain degenerate relations from the symplectic rela-
tions, which we call symplectic degenerate relations and denote them by S?Iz,h)
(see Definition 5.3 for a full description).

We obtain a fundamental result about the defining ideal of SPFS,,, which is the
second and final goal of this paper. Let J* be the ideal generated by the relations
5&2711) and Ria] For example, for n = 2, the ideal J° is generated by the relations

1; . ya a a a a a 1; . wa a a a
Ry ar = Xi2X57 = X{5X01 + X1 1X55 Ry q) = X1 oX§ + X5 1X,
l;a L a a a a a a l;a L a a a a
R(l,é),(T) = X1,§XT + Xijxl - XLTX§7 R(Q,E),(T) = X2,§XT - XQ,TX§7
1;a L a a a a a o a a
R(1,2),(§) = X{ X5 + X27§X1, S(l,T) = Xl,T + X2,§'

We prove the following.
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Theorem 1.2 (Theorem 5.10). The ideal 3% is the prime defining ideal of the
variety SPFS, under the Plicker embedding, SPFS, — [Tr_; P(/\k(Czn).

In the framework of PBW degenerations, the root vectors of the Lie algebra n™
are each assigned degree one. It is interesting to note that one can systematically
assign different weights to these root vectors such that the associated graded space
of n™ still naturally admits a nontrivial graded Lie algebra structure. To such
a structure, one then associates an appropriate Lie group structure. Weighted
analogues of the usual PBW degenerate flag varieties arise this way.

This construction was carried out by Fang, Feigin, Fourier and Makhlin in
[FFFM] for type A. They used the combinatorics of PBW-semistandard tableaux
to show that these varieties are well behaved, in the sense that they are irreducible.
In the sequel, they constructed an explicit maximal prime cone of the tropical
flag variety coming from the system of weights assigned to the root vectors of
n~, hence obtaining yet another phenomenal connection of Lie theory to tropical
geometry. Moreover, they showed that every point in the relative interior of this
cone corresponds to the FFLV toric degeneration. Furthermore, they identified
several facets corresponding to linear degenerations ([CFFFR]).

In a forthcoming work, we will carry out similar constructions for sp,, and
hence establish connections to the tropical symplectic flag variety ([BO]). In the
same spirit, we are also extending the work of Bossinger, Lambogila, Mincheva and
Mohammadi [BLMM] on computing toric degenerations arising from tropicaliza-
tion of flag varieties to the symplectic set-up.

This paper is organised as follows. In Section 2, we recall results on the FFLV
basis for the symplectic Lie algebra. In Section 3, we define the symplectic PBW-
semistandard tableaux and establish the bijection between them and the symp-
lectic FFLV basis. We then show that these tableaux label a basis for the multiho-
mogeneous coordinate ring of SPFy, in Section 4. In Section 5, we give the
definition of the symplectic degenerate relations and use them together with the
degenerate Pliicker relations to show that the symplectic PBW-semistandard tab-
leaux label a basis for the coordinate ring of SPF3,. We also prove here that the
ideal generated by these relations is the defining ideal of SPF3,, under the Pliicker
embedding.
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2. Preliminaries: representation theory

In this section, we recall the description of the corresponding simple original
and PBW degenerate modules for the symplectic Lie algebra and the FFLV basis
as studied in [FFL2].

2.1. The symplectic Lie algebra: a brief description

All information in this subsection can be found in [FH]. Let g = sp,,,(C) = n* &
h ® n~ be a Cartan decomposition and b = n* @ b the Borel subalgebra. Let
AT denote the set of dominant integral weights of sp,,,, and let {w1,...,w@,} be
the set of fundamental weights. Let {e1,...,&,} be the standard basis for h* with
respect to the killing form. Let aq, ..., a, be the simple roots of sp,, and let ®*
denote the set of positive roots. For 1 < j < n, let j := 2n + 1 — j. The set ®7 is
the union of the following two sets of roots:

Qij =0+ Qip1 £+ oy, I<i<j<n 2.1)
Q=0+t Foptan+o-Foy, 1<i<j<n, -
where «; , = a; 7. For each o € @7, fix a nonzero element f, € nZ,, where n_

is the set of root vectors in n~ of weight —a. Henceforth, we will sometimes use
the short forms

a;=0a;5  fij = fa, and fi7=fa

"

Let W be a 2n-dimensional vector space over C and let {wy,...,wa,} be its
fixed basis. We fix a nondegenerate symplectic form (, ) defined by

(wi,w;) =1 for 1<i<n and (w;,w;)=0 forall 1<4,j<n,j#i

The symplectic group SPs,(C) can be realized as the group of automorphisms of
W leaving the form ( , ) invariant. Consider a maximal torus T C SPa,, consisting
of diagonal matrices t given as follows:

T = {t=diag(t1,t2,....t; " t7") [ t,....tn € C*},

and a Borel subgroup B C SPs,, of upper triangular matrices. With respect to this
realization, explicit formulas for root vectors of the symplectic Lie algebra sps,,
are given below

= Ei,i for 1 <i<n,
fi,j: j+1,i_Ef,m f0r1§i§j<n,
z‘,j:Ej,i"_Eij for1 <i<j<n,

where E,, , is the matrix with zeros everywhere except for the entry 1 in the p-th
row and ¢-th column.
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2.2. The Poincaré—Birkhoff-Witt (PBW) degeneration

Consider the increasing degree filtration on the universal enveloping algebra U(n~):
UnT)s =span{zy -2, :2; €n", 1 < s} (2.2)

For a dominant integral weight X = myw; + -+ + m,w@, € AT let, as usual,
V. be the corresponding simple highest weight sp,,,-module with a highest weight
vector vy. It is known that Vy = U(n")v,, therefore the filtration (2.2), induces
an increasing degree filtration Fy on Vy:

F, = U(nf)szo\.

This filtration is called the PBW filtration. Let us denote the associated graded
space by V§. One has

Vi=EPVils) =P F/Fir.

s>0 s>0

Elements of V{(s) are said to be homogeneous of PBW-degree s. The graded
space V§ has a structure of g*-module, where g® is a semi-direct sum of the Borel
subalgebra b and an abelian ideal (n~)®, which is isomorphic to n~ as a vector
space. The Lie algebra g“ is said to be the PBW degeneration of g (see [FEI]). For
the highest weight vector vy in V), we denote by v its image in V§.

2.3. The symplectic FFLV basis

Here we recall results due to Feigin, Fourier and Littelmann in [FFL2]. Our results
on the symplectic PBW-semistandard tableaux strongly rely on these results.
We first recall the notion of the symplectic Dyck path. Let J denote the set
{1,...,n,n—1,...,1} with the usual order: 1 < ---<n<n—1<---<1.

Definition 2.1. A symplectic Dyck path is a sequence d = (d(0),...,d(k)), k > 0,
of positive roots satisfying the conditions:
(i) the first root d(0) = o; for some 1 <4 < n, i.e., it is simple.
(ii) the last root is either simple or the highest root of a symplectic subalgebra,
Le., d(k) = a; or d(k) = aj for some 1 < j < n.
(iii) the elements in between satisfy the recursion rule: If d(s) = o« , with
p,q € J, then the next element in the sequence is of the form either d(s +
1) = ap g1 or d(s+1) = apt1,q; where 2+ 1 denotes the smallest element
in J which is bigger than x.

Example 2.2. For spg; the roots can be arranged in the form of a triangle as
shown below. The Dyck paths are the ones starting at a simple root and ending
at one of the edges following the directions indicated by the arrows.

ai,1 1,2 1,3 X3 a1

[ R .

@2,2 > 023 r Q3

|

@33
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Definition 2.3. Denote by D the set of all Dyck paths. For a dominant, integral
weight A = 7", m;w; € AT, the symplectic Feigin—Fourier—Littelmann—Vinberg
(FFLV) polytope P(\) C Rgzo is the polytope of the points p = (p,)a>0 € RTZLQO
such that for all d € D, the following inequalities are satisfied:

7 (2.3)

o Q
<]

Pd(o)+"'+pd(k)Smi+"'+m”’ if d(0) = oy, d(k)

In what follows, we will sometimes also use the shorthand notation p; ; = Pa;
and p, 5 = Pa, -

Example 2.4. Consider the Dyck paths in Example 2.2. Here we have A =
mitw + maws + maws, so P(\) C RQZO is the polytope defined by all points

9
p= (P1,1> P1,25P1,3:P1,2, P1,15 P2,25 P2,3: P2 3> P3,3) eERy

satisfying all inequalities arising from all Dyck paths as seen in Definition 2.3
above.

Let S(A) be the set of integral points in P(X). For a multiexponent p = (p,,)a>0,
Po € Z>0, let fP be the monomial element

fP=1] fre €S, (2.4)

acdt

where S(n~) denotes the symmetric algebra of n™.

Theorem 2.5 ([FFL2]). The elements {fPv§, p € S(A)} form a basis of V§ and
{fPvx,p € S(\)} form a basis of V (after fixing a total order for the root vectors
in each monomial fP).

In what follows, we will refer to the basis {fPvx,p € S(\)} as the symplectic
FFLV basis. For any two dominant integral weights A and p, one has a unique
injective homomorphism of modules, Vi, <= VA ® V., vipy = A @ v, We
end this section by stating an analogous result in the PBW degenerate case.

Lemma 2.6 ([FFL2]). For any two dominant, integral weights X\ and p, there
exists an injective homomorphism of modules:

a a a a a a
)\+#;>V)\®V#, I/)\Jr#’—)l/)\@l/u.

3. The symplectic FFLV basis — PBW tableaux correspondence

In this section, we define a set of PBW-semistandard tableaux that is in a one-
to-one correspondence with the symplectic FFLV basis. We explicitly construct
the corresponding maps, first for fundamental weights and then we later generalise
to any dominant, integral weight. These tableaux take entries in the set N :=
{1,...,n,7m,...,1}, with the usual order: 1 < --- < n <7 < --- < 1. Before we
proceed, we first recall a few preliminary notions on Young diagrams and tableaux.
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3.1. Young diagrams and tableaux

Given a partition A = (A > Ay > -+ > A, > 0), the corresponding Young
diagram, which we denote by Y), is a finite collection of boxes arranged in left-
justified rows. The rows and columns in Y) are numbered from top to bottom and
left to right, respectively. Therefore, to every box of Y, we assign a pair (i, j) for
1 <i<mnand1<j <\ For example, Y6 4,4,2) is the following diagram:

A Young tableau T is a filling of Y\ with numbers T; ; € " where T, ; denotes
the number put in the box labelled by the pair (i,j). We call the partition A the
shape of the tableau T. A tableau T is called a semistandard Young tableau if
the entries T; ; are such that they are strictly increasing down the columns and
weakly increasing across the rows from left to right. The tableaux we define below
are analogues of the semistandard Young tableaux.

Finally, to a dominant, integral weight A = 22:1 mgw, we assign a partition

which we label by the same symbol A. Moreover, from a given Young diagram
Y\, we can recover the weight A by associating a fundamental weight wy to each
column of length %, and then summing up. For example, the weight corresponding
to the Young diagram Y(g 4,4,2) shown above is A\ = 2w + 23 + 2w4.

3.2. The case of fundamental weights

In this subsection, we set A to be a fundamental weight, i.e., A = wy, for 1 < k < n.
To such a weight, we associate as described above, a partition

A=(1,...,1). (3.1)
k—ti

The Young diagram of such a partition is just a single-column of length k. We
have the following definition.

Definition 3.1. For a partition A given in (3.1) above, the symplectic PBW
tableau Ty is the filling of the corresponding Young diagram Y) with numbers
T, € N such that:

(i) if T; < k, then T; = 4, (in this case we say that the entry T, is at its

position),

(11) if 11 < i9 and Ti1 7é 1, then Til > Ti27 and

(iii) if there exist i,4’ with T; =i and Ty = i, then ¢’ < i, whenever i < k.
Example 3.2. For n = 3 and A = (1,1,1), all the possible symplectic PBW
tableaux are:
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Let SYP) be the set of all elements fP - vy with the product fP given as in
Equation (2.4). Recall that SYP) is the symplectic FFLV basis for the sp,,,-module
V. Also, let SYT'y denote the set of all symplectic PBW tableaux of the shape A
that is given in (3.1). We want to establish a weight-preserving bijection between
SYP) for A = wy and SYT' ). To do this, we first describe in the following definition
how to assign a symplectic PBW tableau to each element of SYP.

Definition 3.3. Let A = wy, be a fundamental weight for 1 < k& < n. Let ¢t denote
the highest weight single-column tableau, i.e., the tableau with u appearing in box
u for all 1 < u < k. To an element fP- vy, we assign an element fP -ty by applying
each operator f, ., appearing in fP to entry u of ¢\ according to the following rule:

fk<v<n
Fuw 4] = == (3.2)
ifn—1<v<1,

where n +1 =Tn.

In the following example we illustrate the above rule.

Example 3.4. Consider A = w3 and n = 3. We will describe how the fifth tableau
in the list of tableaux in Example 3.2 is obtained by the above rule. For this,
consider the element f55 /33w, in the symplectic FFLV basis for the spg-module
Vo,. One has

fozfss ta= fa3f33"

Recall the basis {€1,...,e,} for h*. Let wt(z) denote the weight of an object z
(for example, tableau, highest weight vector, etc). In the following definition, we
assign weights to the different objects we are dealing with.

Definition 3.5. Let A\ = wy be a fundamental weight. Let T be a symplectic
PBW tableau of shape A,

Nt={ie{l,....n} :i€Ty} and N™ :={j€{l,....,n} : j€ T}

The weight of T is given by
Wt(T)\) = Z E; — Z €j-
iENT JEN—
The weights of the root vectors f;; and f;; are their usual weights in the Lie
algebra n™, i.e.,
wt(fi ;) =¢ei —¢€; for 1 <i<j<n,
wt(f,z)=—e;—¢; forl1<i<j<n.

i) =
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Remark 3.6. From the above definition, it follows that for the product fP =
[Too0 &, the weight is

Wt(fp> = Z Po - Wt(f(x)'

a>0

We also have wt(fP - ty) = wt(fP) + wt(ty) and wt(ty) = wt(vy). Notice that the
weight of the element fP - vy as given here is its actual weight in the module V.

Example 3.7. For A = w3, consider the fifth tableau T in the list given in
Example 3.2. We see that wt(T)) = &1 — e2 — £3. For the element fosfaz - va, we
have

Wt(fozf33 Va) = —€2—€2—e3—¢e3+e1+ea+e3=¢1 —e3—es.

Notice that we have the equality wt(f,5f33-vx) = wt(Tx) (compare with Example
3.4).

We prove the following result.

Proposition 3.8. For A = wy, a fundamental weight, the set SYPy is in a weight-
preserving one-to-one correspondence with the set SYT y.

Proof. Define the assignment
0, ZSYP)\—)SYT)\, fp-V)\+—>fp~t)\,

where fP -ty is given according to Definition 3.3.

We will show that 0, is a well-defined map. Since the elements of the set SYP
form a basis for the sp,,-module V) for A = w; according to Theorem 2.5, it
suffices to show that for any fP-vy € SYP,, we have 61 (fP-vy) = fP-ty € SYT). Let
fPvx = fir g fioj.-va € SYPa. Let o, ., ..., a4, 4, be the roots corresponding
to the root vectors appearing in fP-vy. Now since A = wy, is a fundamental weight,
then according to Definition 2.3, all inequalities are of the form

2Ju
for 1 <1 <'s. This implies that the roots a;, j,,...,q;, ;. are not pairwise on a
common Dyck path. This in turn means that i; # - - - # i, since at least two roots
would lie on the same Dyck path otherwise. Now pairs of roots that don’t lie on
the same Dyck path are of the form

(1) apq and apt1,4—1 which impliesp <p+1and ¢ >¢—1, or
(ii) op,q and ap_1 g4+1 which implies p —1 < p and ¢+ 1 > g,

where z + 1 is an element in J = {1,...,n,n—1,...,1} that is bigger than z
while x — 1 is an element in J that is smaller than z. Since this is true for all
pairs of roots and we have 1 < iy # --- # iy < k, reordering these indices to have
1<iy <o <ig SkzimpliesTZjl > > g > k.
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Now since we have iy # --- # i, the operators f;, j,,..., fi. j, each act on a
different entry of the single-column highest weight tableau ¢, once. Let

- > - .,
foa ) =[81 - o L] =[]

then we have if > --- > i’ according to (3.2). We note that the entries of ¢, that
are not acted upon remain at their positions, so condition (i) of Definition 3.1

is satisfied. The elements 4/,...,7, are the ones that are not at their positions.

Condition (ii) is therefore satisﬁeds since we have 7} > -+ > i’. We are left with
showing that condition (iii) holds true. For an entry m in the tableau fP - ¢y
with m < k, we need to check that if 77 exists in the tableau, then its position is
above that of m. Consider f;, j, -+ fi, j. ~. Assume there exists j, € {j1,...,7s}
such that j, = m. If m € {i1,...,4s}, then we have f,, 7 - = . Hence m
will not appear in the resulting tableau. In case m ¢ {i1,...,is}, we then have
Ji,m = . But i, < m from (2.1), so 7 is above m, and we are done.
We also define the assignment

92 :SYT)\*)SYP)\, T)\+—>fp~I/>\:f1'17j1~~'f7;s7js cUx,

by associating a root vector f;, j, to an element of T’y that is not at its position for
all [ with 1 <[ < s. Let z1,...,xz, denote the entries of T, that are not at their
positions with z; > --- > x,. Let 41,...,1s denote the box numbers of the entries
Z1,...,%s respectively. Then the operator f; ;, for 1 <[ < s is obtained by the
following rule:

1 — 3.3
fil,a:l if 12,’1/‘l2n_1 ( )

fil’ml,1 if m>x > k,
fil,jz = {

We claim that 6 is a well-defined map. For this, we will show that 65(T)) =
fivgi o fisj. - va € SYPy. We have 1 > j; > .-+ > jg > k, since the elements
ri,...,Ts are not at their positions in T). We also have 1 < i1 < --- < iy < k.
Therefore, for 1 <1 < s, each root «;, j, corresponding to the root vector f;, j, lies
in some Dyck path with no two distinct roots lying in a common Dyck path. So,
the point (...,p;, ;,---) with p; ; = 1 satisfies an inequality of the form

+pll7Jl+S17

therefore f;, j, --- fi, j, - » € SYP. The claim is proved.

Now we will check that 6 003 = 6506, = id, where id denotes the identity map.
Consider 01 o 02(T>\) = Gl(fihjl s fi37js . l/)\) with fil i for 1 < l <s obtained as
in (3.3) above. Then from (3.2), we have

i __{ ifk<ji<n,
1501 -

ifn—1<j<T.
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Therefore, we have 61(f;, j, -~ fi,.j, - ¥») = Tx = 61 0 62 = id. Now consider

02001 (fiy 5, -+ fisj. -¥a) = 02(Tx) with the entries 21, ..., x5 of T obtained from
firj, for 1 <1 < s according to (3.2). Now applying 65 to T, we get

fiarr—1 i
fiz,jz :{ ot if

fiurl 1

therefore we have 02(T») = fi, j, -+ fi,,j. - Yx = b2 061 = id. We have therefore
shown that 6; 00y = 65 060, = id, which means that the maps 0, and 65 are inverse
to each other. So, we have constructed the required bijection.

We are now left with proving that the defined maps are weight-preserving. For
this, it suffices to show that the map 6; is weight-preserving, i.e., wt(61(fP-vy)) =
wt(fP - vy). Indeed we have

wt(01(fP - va)) = wi(fP - 1x) = wt(fP) + wt(ty)
= wt(fP) + wt(vy) = wt(fP - vy). O

3.3. The case of dominant integral weights

In this subsection, we extend results from the previous subsection on the case of
fundamental weights to the case of any dominant integral weight A = ZZ=1 ME T
of sp,,,. As before, we will denote by A the corresponding partition, i.e., A = (A1 >
Ag >+ >\, >0), where \; =m; + - +m, for 1 <i<n.

Definition 3.9. For a dominant integral weight A, a symplectic PBW tableau Ty
whose shape is the corresponding partition A is a filling of the corresponding Young
diagram Y, with numbers T; ; € N such that for p;, the length of the j-th column,
we have:
(1) if Ti,j S Hijy then Ti,j = ’i,

(11) if Til,j 75 il, and 79 > il, then Til.,j > Tiz,ja

(iii) if T;; =4, and 3 ¢’ such that T} ; =, then ¢/ <.

We say that a symplectic PBW tableau T is PBW-semistandard if in addition,
the following condition is satisfied:

(iv) for every j > 1 and every 4, 3 ¢ > i such that Ty ;1 > T, ;.

Example 3.10. For n = 2 and A = (2,1) (i.e., A = wy + w2), the set of all 16
symplectic PBW-semistandard tableaux is the one given below:

t1]f1]2][1]1 12\12 al1l[2]2][2]2
9 ) — ) — ) — 9 9 ) 9
2 2 2 2 2 2 2 2
tl1l[T]2][T1]2 11\1112 1211\
9 9 ol b P Rl g bl e .
2 2 2 2 2 2 2 2

The following symplectic PBW tableaux are not PBW-semistandard:
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1|2 1)1
2 2

Denote by SYST), the set of all symplectic PBW-semistandard tableaux of shape
A on the set NV as above.

We introduce a total order on the operators f; ;, f; = as follows. We say f;, ;, >
fia,j. if either 41 < iy or 41 = iz and j; < jo. For exarhple7 we have f;7 > fa2 and
fi2 > fi7. We now order our operators in the product fP =[], ., fPe according
to this total order.

In the following definition, we extend the assignment described in Definition 3.3
to the case of dominant integral weights.

1]

EE
’1\3 ]

Definition 3.11. Let A be a dominant integral weight and ¢y be a highest weight
tableau, i.e., a tableau with one’s in the first row, two’s in the second row, and
so on. We define the assignment fP - ¢, as follows. Apply the operators in the
ordered product fP starting with the smallest one. An operator f; ; acts on entry
¢ in column ¢ whenever j > pu., where c is the first column from the left where
this is true. The assignment fP - ¢y then narrows down to the assignment f; ; ~
of each operator f; ; in the product fP only once on the entry ¢ in the best choice
column ¢ of ¢y according to Rule (3.2) in Definition 3.3.

Example 3.12. For sp, and A\ = w; + wy, one has 16 integral points of the
polytope P(A). This leads to the following set of monomials:

{1, fi1, foo, fi1 foz, Fi2 foz, fi2, frifiz, fios Futs L ot Fio it [l it foss fuifigfoz,
fr2fi1fo2, fi fa2},

each of them corresponding to the symplectic PBW-semistandard tableau appear-
ing in the same position in the list of tableaux given in Example 3.10. For an
illustration of how the assignment described in Definition 3.11 works, consider the
second last monomial in the list above. Then one has:

fi2fi1foz - ; 1‘:f12fﬂ' ; 1‘=f12' 1‘—

’l\b\ [l

1
2
The resulting tableau is the second last one in the list of tableaux in Example 3.10.

Proposition 3.13. The assignment
¢: SYPy — SYSTy, [fP-vax+— fP-ty,

where fP -ty is given according to Definition 3.11, is a well-defined map.

Proof. Since the elements of the set SYP, are a basis for the sp,,-module Vy
according to Theorem 2.5, it suffices to show that for an arbitrary element fP-v) €
SYPy, we have ¢(fP-vn) = fP-tx € SYSTx. Let fP = f;, ;, - - fi, ;. be the ordered
product, with f; ;, > --- > f;, ;.. We begin ‘acting’ with the smallest operator
fi,.j, in the first column ¢; from the left for which js > ., We then proceed to
the next smallest one f;, _, ;. _,. If i5_1 < i, and js—1 > js, then f;,_, ; | also
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acts in the same column. Let f;,_, ;. , --- fi. ;. be the product of the operators
that act in the same column. The result of this product satisfies all conditions
of symplectic PBW tableaux defined on columns according to Proposition 3.8.
Now let fi,_,_ . j._._, be the next smallest operator for which ¢,_r_1 < is_j and
Js—k—1 < js—g- This operator acts in the next column ¢, to the right of the column
c1. Because of the above argument, it suffices to check that the two columns ¢y
and cg satisfy condition (iv) of Definition 3.9.

If pe, < js—x < n, we have pie, < js—p—1 < js—r < n. So under the assignment
¢, we have

fisfk;jsfk U Js—k 1 and fis—k—hjs—kfl ‘Uz Je—k—1 + L.

We have i5_p_1 < is_f and js_p—1 < js—k = Js—k—1+1 < js—r + 1. We thus have
the entry js_x + 1 in row is_; and column c¢; and the entry js_p_1 in row i5_p_1
and column ¢y, such that js_p—1 +1 < js_i + 1, which implies that condition (iv)
of Definition 3.9 is satisfied in this case. In like manner, we check the other cases
as follows.

If n—1 < js_p <1, then also pe, < js—k—1 < Js—x < 1. Here we have two
cases.

(i) If pe, < js—k—1 <mn, then we have

fis—kujs—k TUN jsfk and fis—k—lgjs—k—l TUN jsfkfl + 1.

SO; we have isfkrfl < isfk: and jsfkrfl < jsfkr = jsfkfl +1< jsfk- Hence
condition (iv) of Definition 3.9 is again satisfied following the above argument.
(ii) f n — 1 < j,_x_1 < 1, then we have

fis—kvjs—k “Ux > Jo—k  and fis—k—hjs—kfl VAP Js—k—1-

Hence we again have is_j_1 < is_ and js_x—1 < js—k. Therefore condition (iv) of
Definition 3.9 still holds true. We continue in the same way until all the operators
are applied. U

We now construct the inverse map to the map ¢ described in Proposition 3.13.
To do this, we describe in the following definition how to recover an element fP -y
from a tableaux Ty € SYST .

Definition 3.14. Given a tableaux T) € SYST}, let h denote the entry in the
box labelled by the pair (r,c¢), where r is the row number and ¢ is the column
number. Let p. denote the length of the column ¢. An element fP - vy is obtained
from T in the following way.
(a) To each entry h in T that is greater than u., apply the following assign-
ment

h h— if p. <h<
{ Hf,hl o pre < (34)

n,
h’—>fr,h lf'fl—lghgi,

where m — 1 = n.
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(b) Let A’ denote h or h — 1 as the case may be after applying the above
assignment. We put together the operators f,,_; and f,; to obtain the
product fP =T],, f*%', where p;,, indicates the multiplicity of f,. .

(¢) The weight A is obtained from the shape of the tableau T as described in
Subsection 3.1. This and step (b) above yield the element fP - vy.

We prove the following.

Proposition 3.15. The assignment
W:SYSTA%SYP)\, T)\'—>fp~V)\,

where fP- vy is obtained according to Definition 3.14 is a well defined map.

Proof. For any T € SYST), we claim that #(Ty) = fP vy € SYP,. To prove
this, we proceed as follows. Consider any two arbitrary neighbouring columns j;
and jo in Ty. Let pj, =1 and p;, = s such that 1 <s <1 <n. Let {x1,...,2;} be

elements from j; and {y1,...,ys} be elements from ja. It suffices to consider only
those elements that are not at their positions. Let {zy,,. ..,z } be elements from
j1 that are not at their positions and likewise {y,,...,¥yr,} be elements from j,

that are not at their positions with 1 <t; < -+ - <t <land1 <7 <--- <71, <s.
According to the definition of a symplectic PBW-semistandard tableau, we have
that {x¢, > > 2y} and {yr, >+ > Y, }-

We put the elements in j; and j, together and arrange them in descending
order. Let {x¢,,...,2+._,} be the first z — 1 elements that lie in column j;. Let
ftl,:r:gl RN PR ) be the corresponding monomial gotten by applying the map
05 from Proposition 3.8. Now assume the next biggest element y,._ lies in jo. Then
there must exist x;, , with .41 > r, such that x;, , > y,,.

Ifl <z, , <m then s <y, <z, <0, sowehave f;, j, = fr.,, —1 and
fisjo = ftosr @, —1 according to Equation (3.4). And the corresponding mono-
mial is fi, j, fin.jo = fro oy, 71ftz+1;a:tz+1 —1.- The roots a;-, 4, 1 and Uty e,y —1 lie
on a common symplectic Dyck path since t,11 > r. and x¢ ,, >y, = 24, , —1 2>
yr, — 1. It follows that the corresponding point

p= (07‘-'a0> prz,y1vzfl707"'707 ptz+1, 71=O7~'~u0>

Ttyt

with p,_, 4 =1and p, _1 = 1 satisfies the inequality

2+15Tt, 4 q

...+prz’yrz71+...+pt 1+§2

z24+15Tt, g —

Ifn—1<wx_,, <1, thens <y, <z ,, <1 We have two cases.

(i) If s <y, <7, then fi, j, fi,jo = fr. .y, ~1ft.11 .2, , and the corresponding
roots ay_ .y, —1and oy ., o, lie on a common symplectic Dyck path since ¢4, >
reand Ty, > Yp, = Ty, > Y, — L Also the corresponding point

p=(0,,0,pr . —1,0,-,0,P 4 50,...,0)

)
z+1
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with p,_, _;=1and Poviae,,, = 1 satisfies the inequality

el prz,yrz—l + 4 ptz+1737tz+1 + .. g 2
(it) Ifn — 1 <y, <1, then f; j fir.jo = fr.y,. froyrw,.,, and the correspond-
ing roots ar,y, and oy, g, lie on a common symplectic Dyck path since
teyr 2r;and x> Yr,. Also the corresponding point

P=(0,-,0,pr_y, 0, ,0,p,,, 4, 50,...,0)

a1’

with p,_, =1 and Pr..1, = 1 satisfies the inequality:

Itz+1

...+pr2,yrz+...+ptz+17 +§2

Itz+1

We continue in the same way until all the elements in the columns j; and js are
done. We now put together all products of the form ftl,o:Q1 KRN PR ) and all

products of the form f;, ;, fi, j, to obtain the monomial fP according to Definition
3.14. From the shape A of the tableau Ty, we recover the highest weight vector vy
as described in Subsection 3.1. Now from the above argument and from Proposition
3.8, it follows that the element fP-wvy lies in SYP,. O

We extend the definition of weights from Definition 3.5 to the case of dominant
integral weights by considering all columns in the tableaux T and ¢, and all
operators appearing in the corresponding elements fP-vy. We prove the following.

Theorem 3.16. For A =>_;_, mywy, a dominant integral weight, the symplectic
FFLV basis is in a weight-preserving one-to-one correspondence with the set SYST
of symplectic PBW-semistandard tableauz of shape A with entries in N .

Proof. For the one-to-one correspondence, it suffices to prove that for the maps
¢ and 7 constructed in Propositions 3.13 and 3.15, respectively, we have ¢ o m =
7o ¢ = id, where id is the identity map.

Let us begin with proving that ¢ o m = id. We again consider two neighbouring
columns j; and j with p;, > pj,. It suflices to consider elements that are not
at their positions as before. As before, let {z,,...,2+._,} be elements in the
column j;, and y,, the next element which is in the column to the right, js,
such that 3 =, with x;_,, >y, andt. 1 > 7. If pj, <y, <7, then we have
¢o W(T)\) = ¢(f7‘zyyrz—1ftz+l7xtz+l—l : V)\), so we have

ftz+1,wtz+1—1 s mtz+1 -1 + 1= xtz+1 and frz,yrz—l R2Nad Yr, — 1 + 1= Yr., -

Moreover, we have that f._, —1 > fi., 4, , —1 under our total order with
equality if and only if r, =¢,41 and y,, — 1 = x4_,, — 1. Therefore the operator
ftz+17wtz+1 T R and the
operator f, ., _1 acts in jp since y,, —1 > pj,. So, we have ¢ o w(Ty) = T. If
instead n — 1 < @y, <1, then y,, <y, <1, so we have two cases.

(i) I Wi, < Yr. < T, then o m(Ty) = ¢(f7‘z7y7‘z71ftz+1,13tz+1)7 so we have

z+1
_1 acts only in the left-hand column j;, since

ftz+1’xtz+1 TUN T,y and f'r'z,yrz—l CUN P Y, — 1+1 =Yr,-



SYMPLECTIC PBW DEGENERATE FLAG VARIETIES 521

Again we have that f,, ., 1> f;
operator f;

41,31, , —1 under our total order. Therefore, the

ci1sar,,, ACtS only in the left-hand column Ji, since xy_,, > pj; and the

operator f._, 1 acts in jp since y,. — 1> p;,. So again ¢ o w(Ty) = T\.
(i) f n =1 < y,, <1, then ¢ om(Tx) = d(fr. y,. frovrae ), so we have

ftz+1;‘77tz+1 2 = xtz+1 and sz7yrZ ) = yTz'

Again we have that fr_,, > fi.. 2, under our total order. Therefore, the

operator ftz+1’ztz+1 acts only in the left-hand column ji, since z;_,, > p;, and the

operator f._, actsin jo since y,. > p;,. So again ¢ o w(Ty) = Ty.

Now let us prove that mo¢ = id. Let fP = f;, ; --- fi, ;. be the ordered product.
Assume f;, , ;. .- fi,j, is the product of the operators that act in the same
column j;. Let f;,_, | j._,_, be the smallest operator for which ¢,_,_1 < 4,_) and
Js—k—1 < js—k. This operator acts in the right-hand column js. If p;, < js—r <,
then also pj, < js—r—1 < Js—r < . So, we have

™o ¢(f’b.s—k—1’js—k—lfis—kujs—k : VA) = 7T((Z’S*k*lvjS*k*l + 1)7 (ié‘*kvjsfk + 1))7

= fisfk—lajs—k—l fis—kvjs—k LY
where here the pair (¢, j) means that at position 4 of a respective column, we have

entry j. If n — 1 < js_j <1, then also pj, < js—k—1 < js—k < 1. So, we have two
cases.

(1) If pj, < js—g—1 < n, then

™o ¢(fis—k—1»js—k—1 fisflmjsfk : VA) = 7T((Z‘S—k—l’jS—k—l + 1)a (iS—kajS—k))a

= fisfkfhjsfk—lfisfkyjsfk "V
(i) If n —1 < js_ g1 <1, then

™o ¢(f7;s—k—1;js—k—1fis—ksz—k : VA) = 71-((isfkflajsfkflL (isfkajsfk))a

= fis—k—lyjs—k—lfis—k,js—k LY
So, we have 7o ¢(fP - vy) = fP - vy, which completes the proof.

Now we are left with showing that this one-to-one correspondence is weight-
preserving. For this we need to only show that the map

(,25 : SYPA — SYST)\, fp 2 Nand fp <t
is weight-preserving, i.e., that wt(¢(fP - vy)) = wt(fP - v, ). For this, we have

wt(o(fP-va)) = wt(fP - ix) = wt(fP) + wt(ty) = wt(fP) +wt(va) = wt(fP-vn). O
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3.4. A comparison with other existing tableaux

The PBW-semistandard tableaux of type A are defined as follows.

Definition 3.17 ([FEI]). A type A PBW-semistandard tableau of the shape A\ =
(A > -+ > X, > 0) on the set A is a filling of the Young diagram Y, with
numbers T; ; € N satisfying the properties

(l) if Ti,j < Hijy then Ti,j = i,
(11) if i1 <9 and Til,j 75 i1, then Til,j > Tigﬁj,
(ili) for any j > 1 and any ¢ there exists ¢’ > ¢ such that Ty ;1 > T} ;.

It follows that a symplectic PBW-semistandard tableau is a PBW-semistandard
tableau of type A which satisfies one extra condition on the columns (condition
(iii) of Definition 3.9).

Example 3.18. For g of type As, the full set of PBW-semistandard tableaux
restricted to A = @y + wa (A = (2,1)) on the set N' = {1,2,2,1} is the one given
below:

2]

2]

2 2 1 1
’ 2 2 2 2

’1\3 |

1
2

EE
’M\H

=

=

’M\H\
B
EE
B
EE

1
2

’ N | =l
’ N
’ oI =
’ [Nl ]

When we consider condition (iii) of Definition 3.9, then we have to drop the last
four tableaux from the above list. This way, we are able to recover all 16 PBW-
semistandard tableaux corresponding to A = wj + w2 for g of type Cy as seen in
Example 3.10.

As will be seen in the following section, the symplectic standard tableaux
of De Concini in [DEC] are different from the symplectic PBW-semistandard
tableaux because a different condition is imposed on the columns. Furthermore, the
symplectic semistandard tableaux of Hamel and King [HK], King [KIN], Kashiwara
and Nakashima [KN] and Proctor [PRO] yield semistandard Young tableaux when
restricted to type A,_1, i.e., if entries are taken from the set {1,...,n}. Hence they
are different from the symplectic PBW-semistandard tableaux since the restriction
of these in the same way does not yield semistandard Young tableaux. Notice
however that there exist weight-preserving bijections between all these symplectic
tableaux.

4. The complete symplectic flag variety:
symplectic relations and a basis for the coordinate ring

In this section, we describe the complete symplectic flag variety together with
its defining ideal, and we show that the symplectic PBW-semistandard tableaux
label a basis for the multihomogeneous coordinate ring.
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4.1. Flag varieties: a brief description

Let G be a simple, simply connected algebraic group over the field C with the
corresponding Lie algebra g. As before, we have a Cartan decomposition g =
nt ®hSn~. We know that V) has a structure of a G-module with highest weight
vector vy. Hence we have an action of G on the projectivization P(Vy). The flag
variety Fy is the closure of the G-orbit through the highest weight line:

Fr = Gla] = P(V)). (4.1)

Let A be any dominant integral weight of g. Assume (), o) = 0 if and only if f,,
belongs to p, the Lie algebra corresponding to P, which is a parabolic subgroup of
G. Then each projective variety F) is as well isomorphic to the quotient G/P of G
by the parabolic subgroup P leaving Cv, invariant. This is the generalized/partial
flag variety. In particular, when X is regular, the flag variety F, is isomorphic to
G/B, as projective varieties, where B is a Borel subgroup, and this is then called
the complete/full flag variety.

4.2. The complete symplectic flag variety: general description

Now we consider G = SPy,(C). Recall the 2n-dimensional vector space W over C
and the fixed basis {wy,...,wa,}. Recall also the nondegenerate symplectic form
(,) defined by

(wi,ws) =1 for 1<i<n and (w;w;)=0 forall 1<i,j<n,j+#i,

where as before, i = 2n + 1 — 4. The matrix of this symplectic form is given by

0 I,
V= <—In 0)’

where I,, is the n x n matrix with 1’s along the anti-diagonal and zeros elsewhere.
Recall that an isotropic subspace of a symplectic vector space is a subspace on
which the symplectic form identically vanishes. For W as above, all the isotropic
subspaces have dimension at most n. For 1 < k < n, the symplectic Grassmannian
SpGr(k,2n) is the quotient of SPy, by a maximal parabolic subgroup and it is
known to coincide with the variety of isotropic k-dimensional subspaces of W.
Notice that when we drop the isotropic condition, we recover the usual Grassman-
nian, which will be denoted by Gr(k, 2n).

We consider the flag variety Spa, /B, where B is a Borel subgroup. This is the
complete symplectic flag variety that we denote by SpPFs, and it coincides with
the variety whose points are the full flags

{Uyc---cU, |dimU; =k}

with Uy € SPGr(k,2n) for all 1 < k < n. This variety is also referred to as the
isotropic flag variety as in [DEC].
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4.3. A Pliicker embedding for the symplectic Grassmannian

Consider the irreducible fundamental SPa,,-module V, of highest weight wy,. Let
Vg, denote a highest weight vector in V5, . We have the standard representation
Vo, =~ C?" and the canonical embedding

Ve, = AFC?, g, = Wy A AW

Notice that unlike in the case of type A, the image of V, under the above
embedding is not the whole of AFC2". This also implies that the projectivization
P(Vg,) of Vg, does not coincide with the whole projective space IP’(/\k(CZ”).
Nonetheless, we choose an embedding of SPGr(k,2n) into the latter space as
described below. This is because we want to keep all the Pliicker coordinates in
the defining relations for easy comparison with the type A case.

Let Uy denote an element in Gr(k,2n) such that U = span(uq,...,ug), for
some U1, ..., u; € C?*. Consider the Pliicker embedding

Gr(k,2n) < ]P’(/\k(CQ"), span(uy, ..., ug) = [ug A Augl.

For a sequence J = (j1 < - < jg) C{l < -+ <n<n<- - <1} let
Xj i= (wj, A--- Aw;)* € (APC?™)* be the Pliicker coordinate labelled by J.
These Pliicker coordinates are k x k minors of the 2n x k matrix representing the
subspace Uy. The image of Gr(k, 2n) under the above embedding is identified with
the set of all Pliicker vectors in PCr )71, which are vectors whose coordinates are
the (2]:) Pliicker coordinates X;.

Now we consider the embedding of SPGr(k, 2n) into the Grassmannian Gr(k,2n),
ie.,

SPGr(k,2n) = Gr(k, 2n) < P(AFC?").

The Pliicker embedding of SPGr(k, 2n) that we are considering is the composition
of the above embeddings. It turns out that the isotropic condition on the elements
Uy, € SPGr(k, 2n) leads to linear relations among the (%) Pliicker coordinates X
on Gr(k,2n). This follows from the work of De Concini [DEC], and it implies that
these linear relations cut out the image of SPGr(k, 2n) from Gr(k, 2n) as discussed

in the following two subsections.

4.4. Reverse-admissible minors and their correspondence with
the symplectic PBW tableaux

Following [DEC], we consider now the variety V whose points over C are the m-
tuples (v1,...,v,) of vectors in W such that (v; ,v; ) =0 forall 1 <i,j <
m, where ( , ) is the symplectic form defined above. The variety V is therefore
equivalently the variety of 2n x m matrices M with coefficients in C such that
MTWM = 0, where ¥ is the matrix of the form (, ) and M” denotes the transpose
of the matrix M.

Denote by A the homogeneous coordinate ring of V. For 1 < k < m, let

(Uky v yt1ldty -y k) (4.2)
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be the k x k minor of the matrix M where (i1,...,7) are the row indices while
(j1,---,Jx) are the column indices. Therefore, we have 1 < iy,...,4; < 1 and
1 < j1,...,5k < m. For what will follow, let us recall a partial ordering <
on the subsequences of {1,...,n} of equal length k as follows. Given two such
subsequences H = {hy < --- < h} and J = {j1 < -+ < ji}, we say that H < .J
if by < j1,..., hx < ji with equality if and only if Ay = j1,..., hx = jk.

Let I;,Io C {1,...,n} be such that Iy := {x1,...,2¢} and Iy := {y1, ..., yp—t}
for some 0 < ¢t < k. Let I' := I; NIy = {y1,...,7}. Define I, = L\l =
{ay,...,a;_»} and I = I\ = {b1,...,bx—¢t—x}. The following formula provides
useful notation for minors of the form (4.2):

(IQaIl‘jla s 7jk)::<517 s agk—t—k,at—)\a e QL YA YA 771771“13 v 7jk)' (43)

We call the minor on the right-hand side of Equation (4.3), the computed minor
corresponding to (Is,Ii|j1,..., k). In other words, Iy corresponds to entries in
{1,...,n} and I3 corresponds to entries in {m,...,1}.

A minor (Ig,I1|j1,...,Jk) is called admissible if there exists a subset T C
{1,...,n\(I; UIy) with |T|=|T|and T > T.

We recall the following result.

Proposition 4.1 ([DEC]). In the ring A, the coordinate ring of the variety V,
any minor can be expressed as a linear combination of admissible minors of the
same size and involving the same columns.

To find a connection of the variety V to SPFj,, the complete symplectic flag
variety, we recall a few more results from [DEC]. The isotropic Stiefel variety Wi, »
is the open set in ¥V whose points over C are the m-tuples of vectors (vy,...,vm)
in W such that (v1,...,v,,) span an isotropic subspace of W of dimension equal
to min(n,m).

Proposition 4.2 ([DEC]). The complement of Wy, n in V has codimension > 2.

Corollary 4.3 ([DEC]). Let A’ be the ring of global polynomial functions on
Winn, then A = A, where A is the coordinate ring of V.

Also there is a natural morphism g : W,, ,, = SPF,, given by

g((Uh e ~,Un)) = {U(m) - U(Uhvz) c--C U(v1,-~7vn)}’

where Uy, . ,,) = {linear span of vy,...,v;} for some ¢ vectors vy, ...,v; in W.

Proposition 4.4 ([DEC]). The morphism g : Wy, — SPFa, is a principal B
bundle, where B is the Borel subgroup of upper triangular elements in GL(n).

Proposition 4.4 implies that we actually have SpF,, = W, ,/B. This and
Corollary 4.3 imply that C[SPF5,] is a sub-ring of A4, i.e., it is the ring of invariants
in A under the group action of B on W, ,,. Right canonical minors are those with
i’s on the i-th column i.e., minors of the form (ig,...,41]1,...,k). These are all we
need to work with in C[SPF3,] (see [DEC, Thm. 4.8]). We will therefore restrict
to these minors, in that we will write (ig,...,41) instead of (ig,...,i1|1,... k)
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and (I, Iy) instead of (I, I1]1,..., k). We will also write ‘minor’ instead of ‘right
canonical minor’ for brevity.

Now we would like to find a connection of the admissible minors to the symp-
lectic PBW tableaux. For this, we choose an equivalent but different version of
these minors, which we call reverse-admissible. In this regard, keeping the same
notation as above, we would like to give the following definition.

Definition 4.5. A k x k minor (Is, I;) is called reverse-admissible if there exists
asubset T C {1,...,n}\(I; ULy) with [T|=|'| and T < T

It turns out that Proposition 4.1 also holds for reverse-admissible minors.

Proposition 4.6. In the ring C[SPFa,], any minor can be expressed as a linear
combination of reverse-admissible minors of the same size and involving the same
columns.

To prove this proposition, we first recall Proposition 1.8 of [DEC], and a modified
version of Definition 1.4 of [DEC], which gives a total ordering on the set of right
canonical minors.

Proposition 4.7 ([DEC]). Let (I, UT, I, UT) be a fired minor of size k < n,
Then on SPFs,, the following relations hold:

(I,ul, I, ul) = > (—)"(I,ur, L ur). (4.4)

;|17 |=|T| and T’N{[;UL,UT}=&

Definition 4.8. Given two k x k minors L = (Iy,...,l;) and J = (j1,...,Jk), we
say that L J if vy, := (4 + -+ lk) < (j1 + - + jr) =: vy or v, = vy, and the
last nonzero entry of the vector L — J is positive.

We are now set to prove Proposition 4.6.

Proof of Proposition 4.6. The proof is in principle similar to the proof of [DEC,
Prop. 2.2]. We will therefore adapt the same proof here. Consider a minor (I3,13),
which is not reverse-admissible. We will show that (Is,I;) can be written as a
linear combination of minors of the same size that are smaller in the ordering <
of Definition 4.8. Clearly, we only need to consider the case I' = I N1 # &. Now
let T' = {71,...,%}. Choose 1 < hy < t minimally such that there exists a tuple
Tc{l,...,n}\ (I ULy) of length t — hy with

T< (’yh0+17 o a’yt)'
Choose Thpy+1 = {Ang+1s---, At} maximal (with respect to the partial order <)
among those T. Choose b € {ho + 1,...,t} maximally such that
(Ah0+17 ) Ab) < (’Yh(ﬁ e 575—1)7

or set b = hg if no such b exists. Now define [:= (Yhos - - - » V). Recall the subsets
of {1,...,n}; Iy = 1 \T"and I = I \T". Applying Relation (4.4) from Proposition
4.7 to I and taking F = T'\I', we find

(I, 1;) = (—1)b~ho+t > (I, UFUT, T, UFUTY), (4.5)

"INl Ul } =2
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with || = |T’|. For any I = {7, <+ < %} appearing on the right-hand side
of (4.5), the sum v defined in Definition 4.8 has the same value, which it takes for
(I2,1;). We claim now that for every such I, we have v, > v,. We will assume
the contrary that v; < ;. Now since v, C {1,...,n}\(I; UIs) and Apy1 > v (by
the maximality of b), the maximality of Tp,41 implies v, < Ap. Now suppose by
induction that v, < A, for all hg +1 < f < e < b, then 7}71 < ’y} < Afp < vf-1,
and if f —1 < hg + 1, the maximality of Tp,41 implies that 'y’f+1 < Af41, so that
if f—1 = ho we have v, < 7p,. In particular 7, < 7. for all hy < e < b. This
then implies that we have

(P)/;LO»' .. a’YZ/;7>‘b+1a . '7>‘t) < (’Yhoa e 77t)
component-wise and {7, ;- -,V Ap+1,- -+, A} C{1,...,n}\(I1 UI2), which cont-
radicts the minimality of hg. Thus we have ; >+, and this together with what has
been noted about the sum v, implies that each minor appearing on the right-hand

side of (4.5) is smaller than (I, 1;) in the ordering <, which proves the proposition.
]

Example 4.9. Consider n = 4, k = 4, Iy = {1,2} and Iy = {1,2}. Then
{1,2,3,41\{I; U I} = {3,4}. The minor (I, I;) is not reverse-admissible in the
sense of Definition 4.5. We have I' = {1, 2}, so ho = 2. With this, we get b = 2,
giving us I' = {2}, Moreover we have I = I, = @. Also F = I'\I' = {1}. So
substituting into Equation (4.5), we get

({1.2},{1,2}) = (=1)! [(Q u{1yu{3},eu {1} U{3})
+(U{l}u{d},oU{1}U {4})], (4.6)
7({1’3}’ {1’3}) - ({174}7 {174}>

Computing all the minors according to Equation (4.3), Equation (4.6) above
becomes
(2,2,1,1) = —(3,3,1,1) — (4,4,1,1).

From a k x k minor (I,1;) (which is not necessarily reverse-admissible), we
describe how to obtain a single-column length k¥ PBW tableau (which is not
necessarily symplectic). For this, we first compute the minor (I, 1;) according
to Equation (4.3). We then put every entry that is less than or equal to k at its
position in the column of length k, and every other entry should be put in such a
way that it is bigger than entries below it. For example, the single-column length 4
PBW tableaux corresponding to the 4 x 4 computed minors (2,2,1,1), (3,3,1,1),
and (4,4,1,1) are respectively the tableaux

Moreover, we can also recover a k X k minor (I2,I;) from the corresponding
single-column length £ PBW tableau. To do this, we put every element 4 for which
i belongs to our tableau in I, and all other elements that appear in the tableau
without bars are put in I;. We prove the following result.
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Proposition 4.10. The reverse-admissible kxk minors are in a weight-preserving
bijection with the single-column length k symplectic PBW tableaux.

Proof. We first show that the tableaux corresponding to the reverse-admissible
minors (Io, I1) satisfy the conditions of Definition 3.1. Conditions (i) and (ii) are
clearly always satisfied up to a reordering of the entries appearing in the computed
minor of (I, 1) as described above. It remains to verify condition (iii) of Definition
3.1, namely, we want to show that whenever we have a pair (i,i) with i < k in the
computed minor, then after reordering to satisfy (i) and (ii), the position of i is
above that of i.

Recall that if T' = Iy N I3 = {7y1,...,7x}, then we have that (I,1;) is reverse-
admissible if we can find T C {1,...,n}\(I; UIl) with T = {11,...,vx} (e,
[T = |T']), and 1 < 41,...,vx < 5. Consider the computed minor of (I3,1),
L= (b1, ey brton, Gixy ey @1, Fxs Yrs - - - V1,71). We are going to describe how
to fill in a column. We put each 7, at position v;, each «; at position ;, each
a; at position a;, and the b;’s at the remaining spots in a descending order from
top to bottom. This implies that 7, is above v; since v; < «; for all 1 < ¢ < k
and TNI; = @. Hence the resulting column is a single-column symplectic PBW
tableau.

For the other direction, assume we are given a single-column symplectic PBW
tableau. For all 7 in the tableau, put ¢ in I, and put the rest of the indices in
I;. Also, for all (iy,...,iy) for which we have (i1,...,4)) in the column, let j; be
the position of i; for all 1 < ¢ < \. The tableau being a symplectic PBW tableau
implies j; < 4; for all 1 < ¢ < A. Also, we note that j; € {1,...,n}\(I; UIy) for
all 1 <t < X and hence the set {j1,...,7x} is the minimal set with the required
properties. Hence (Io, 1) is reverse-admissible. This gives the bijection. The fact
that this bijection is weight-preserving is straight forward. [

Proposition 4.10 allows us to use the notions reverse-admissible minors and
single-column symplectic PBW tableaux interchangeably. We do this henceforth.

4.5. Defining ideal
Consider the embeddings

SpFo, < [ [ spGr(k,2n) < ] Gr(k,2n) = [[P(A*C™).  (47)

k=1 k=1 k=1

The composition of the above embeddings is the Pliicker embedding of SpPFs,, that
we are considering. Consider the polynomial ring C[X;, . ;,] generated by all the
elements X;,  ;,,d=1,...,nand1 <j; < --- <jg < 1. We want to describe
the defining (or vanishing) ideal in C[X;, . ;,] for SPF3, under the composition
of the above embeddings. We first recall how this ideal relates to that of the type
A flag variety in the following remark.

Remark 4.11. Consider g = sl3,(C) and G = SLg,(C) in the construction of

Subsection 4.1. Let 1 < d; < --- < dg < 2n — 1 be a sequence of increasing
numbers. For an sly, dominant integral weight A\ = Zii{l mewq,, we consider
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the corresponding partial flag variety, which we denote by SLF). This variety is
known to coincide with the projective variety of partial flags

{U1C"'CUs|dimUk:k},

where U, € C?" for 1 < k < s. We also consider the Pliicker embedding of this
variety.

For an algebraic variety X, let Z(X) denote its vanishing ideal. Then for any A
of the form A = > m,w,, with all my # 0, we have the inclusion Z(SLF)) C
Z(SpFay,), since SPFa, is point-wise contained in SLF) for such A.

Definition 4.12. Let L,J C {1,...,n,7m,...,1} be two sequences of length p and
g, respectively, with n > p > ¢ > 1. Suppose L = {l1,...,[,}, with [ < --- <[,
and J = {j1,...,7q} with j1 < --- < j, after rearrangement. For 1 < ¢ < ¢, we
have the Plicker relation

R, =XuX;— > XXy (4.8)

1<r;<---<r¢<p

where L” and J’ are obtained from L and J by interchanging t-tuples (I, - .,1,)
and (j1,...,7t) in L and J respectively, while keeping the order in which they
appear.

Recall the notation of Subsection 4.4. Consider a nonreverse-admissible minor
(In,1;). Now let ' =11 N 1o = {71,...,7}. Let 1 < hg <t be chosen minimally
such that there exists a tuple T C {1,...,n}\ (I1 U Iy) of length ¢t — ho with
T < (Yhot1s--+>7t). Let Tror1 = {Ang+1,- -+, Ae} be chosen such that it is maximal
(with respect to the partial order <) among those T. Let b € {hg + 1,...,t} be
chosen maximally such that (Ang+1,---5A) < (Yhgy---5Y—1), OF set b = hg if no
such b exists. Define T := (Vhs - - - ). Recall the sets L=1 \T, IL=1 \ I and
F= I‘\f‘ We have the linear relation

-—_ F/
5(12,11) T X(Iz,h) - Z (_1)‘ lX(iZUFUF’,hUFUF’)' (49)
I:T'N{I;Ul>}=& and |F/‘:|f‘

We call the linear relation S, 1,y symplectic relation.

Remark 4.13. In both (4.8) and (4.9), the following equality

X = (-1))X,

Jo(1)ssJo(d) 15--Jd
is assumed for all d = 1,...,n and 1 < j; < --- < jg < 1, where I(0) is the
inversion number of o € S,.

Let J denote the ideal of the polynomial ring C[X;, . ;,] generated by the

Pliicker relations Ri,'] and the symplectic relations S, 1,). We have the following.

Theorem 4.14 ([DEC]). The ideal J is the defining ideal of SPFa, with respect
to the Plicker embedding, SPFa, — [[,_, IP’(/\k(CQ"). It is a prime ideal.
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Proof. By Remark 4.11, we have that for any A of the form A = ZZ=1 msws, with
all mg # 0, the inclusion Z(SLFy) C Z(SPF3,) of defining ideals holds. It therefore
follows that the relations Rf ; are satisfied on SPFy,, since they are satisfied on
the type Ag,—1 partial flag variety SLF) according to [FUL, Lemma 1, p. 132].
The relations S(y, 1,y come from Equation (4.5) from the proof of Proposition 4.6,
so they are clearly satisfied.

It follows from [DEC, Thm.4.8] that the relations Rj ; and Sy, 1,) are enough
to express every nonstandard symplectic tableau as a linear combination of symp-
lectic standard tableaux in the homogeneous coordinate ring of SPFs,. That is
to say, these relations provide a straightening law for this coordinate ring. This
therefore implies that these relations generate the defining ideal of SPF5,. This
ideal is prime since SP.Fy, is irreducible. [

Example 4.15. For SpF,, the ideal J is generated by the following relations:

Ry g @1 = X12X57 — X 3% 1 + X 1X0 3,
Rém)@) = X12X5 + X, 5X1 — X 5Xo,
R 3.1 = Xi3X1 + X51X1 - X, 1Xg,
Rgm)m =Xy 9X7 + X, 71X — X, 1Xo,
Ré@,a) = Xy X7 + X5 7X — Xy 1X5,

Slj = Xl,T + Xz,é‘

4.6. A basis for the coordinate ring

Let C[SPFy,] denote the multihomogeneous coordinate ring of SPFs,. One has
the statement

(C[th---,jd]/j = C[SP]:271] = @ (C[Ssznh ~ @ VK,

AEAT AEAT

where the multiplication V3 ® V; — V3 4+, 1s induced by the injective homomor-
phism of modules: Vyy, — Vi ® V., vy, = v @ v, The isomorphism
C[SPF2,]x ~ V73 is given by the classical Borel-Weil theorem.

We want to prove that the symplectic PBW-semistandard tableaux index a
basis for the coordinate ring C[SPF2,]. Recall the set SYST) of these tableaux
of shape A = (A > -+ > A\, > 0). To an element T € SYST), we associate the
monomial

X = H X1y 00T,,5 € Va- (4.10)

We have the following.
Proposition 4.16. The elements Xt, T € SYSTy form a basis of C[SPFap]x.

In order to prove this proposition, we first prove a useful result about the PBW-
degree introduced in Section 2. This will also be important for the constructions
in Section 5.

The following is the central definition in this light.
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Definition 4.17. For any sequence J = (j1 < --- < ji) C {1,...,n,7m,...,1},
1 < k < n, the PBW-degree of J is given by the formula

deg J=#{r:j. > k}. (4.11)
The PBW-degree of the minor (Iz,I;) is the PBW-degree of its computed minor
as given in Equation (4.3). The PBW-degree of an element X is defined to be the

PBW-degree of J. The PBW-degree of an element Xt from (4.10) above is the
sum of the PBW-degrees of the elements X, ; . T, , appearing in the product.

YT Hgd

Remark 4.18. We would like to give an interpretation of the above definition of
PBW-degree in terms of the definition given in Section 2. Consider g = sly,(C)
with Cartan decomposition sly,, = n:[% ® Dsry,, gy, - Consider the irreducible
fundamental sly,-module L, of highest weight wy;,. We identify L., with AEC2n,
Recall the standard basis {wy,...,wa,} of C2". Then a basis of

/\k(c2n
is given by the elements wy := wj, A --- Awj, labelled by all sequences J = (j; <
< < jg) € {1,...,n,7m,...,1}. Here the highest weight vector v, is identified
with wi A---Awy. Recall that the PBW-degree of an element wj, A---Awj, € L, ,
is the smallest positive integer s such that there exists a polynomial p € U (n;[%)
of degree s with

PWi1 A AW = Ewy A Awg

In fact, p can be chosen as f;, j, - fi, j, for some root vectors f;, ;,, 1 <t < s.
This degree therefore corresponds to the number of indices in J that are greater
than k. The component (L, )s is spanned by the elements w; with degw; <
s. Therefore, the images of the elements w; with degw; = s give a basis of
(Lwy)s/ (L, )s—1 = LL,, the PBW degenerate module. Let w§ denote these
images and let X§ denote the dual elements.

Now we consider the irreducible fundamental sp,,-module V5, C L, ~
AEC2", Consider an arbitrary element in V., and write it as a sum of pure wedge
tensors. Then find the minimal sl5,,-component that contains all the summands.
We consider the maximal sls,-degree of each of these summands. This is the
PBW-degree induced on sp,,,. By the PBW theorem, this induced PBW-degree is
compatible with the one on sly, ([BFK]).

Remark 4.19. We can obtain the PBW-degree of (I,1;) directly from the sub-
sequences I; and I without first computing the minor. For this, we use the formula

deg(Ig,Il) = |IQ| + #{Z el :i> k} (412)
To see that the degrees given in Equations (4.11) and (4.12) agree, we only need

to consider the PBW-degree of the computed minor L of (I,1;). Indeed from
Equation (4.3), we have

degL = |Io| + ||+ #{z:a. € Li,a, >k} +#{z: 7. €T, 7. > k}
= |I\[| + |0+ #{z:i, € l1,i, >k} —#{z: v, €T,v, > k}
+#{z:v. €T,v. >k}
= |la| + #{z:i, € 11,1, >k}
= deg(Iy, Iy).
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We prove the following fundamental lemma.

Lemma 4.20. Following the notation of Definition 4.12, the PBW-degree of each
of the summands appearing in the right-hand side of

F/
X(iz1) = Z (-1 ‘X(TZUFUF',LUFUF’)v (4.13)
I:T'N{I1Ul2}=@ and |IV|=|T|

is greater than or equal to the PBW-degree of the term X, 1,) on the left-hand
side whenever (I2,11) is not reverse-admissible.

Proof. We claim that |Ip| = [Io UF UTY| for every I". Indeed one has
T, UFUTY| = [L\[UDT\TUT'| = [I,\LUT'| = |Io| — |T| + [T'| = |Io|, (4.14)
since |T'| = |T’|. Now we will show that
#{ieLUFUT s>k} >#{iel:i> k). (4.15)

But we know that #{i € I : i > k} = #{i € [, UFUT : i > k}. Therefore, proving
the Inequality (4.15) reduces to showing that #{i € I, UFUT’ :i > k} > #{i €
I, UFUT : i > k}, which in turn reduces to showing that: #{i € " : i > k} >
#{i € T : i > k}. In fact, from the proof of Proposition 4.6, we know that the
maximum element in T is Yb-

We claim that v, < k. For (I3,1;) nonreverse-admissible, recall the set T =
Tho+1. Claim: for all i < 73, i € TUI;UIs. Assume this was not true, then TU{i} <
(Yhos - - - »¥¢), which contradicts the minimality of hg. Set M = {1,...,v}. Then
by the claim, and as TN (I} UIy) = &,

Y=|M=MNT|+MnN(LUL)| <|T|+|I1UL] < ||+ Iy Uly| = k.
This together with (4.14) implies the lemma. O

We end this section by proving Proposition 4.16.
Proof of Proposition 4.16. From Theorem 3.16, we have that

#{T . T e SYST)\} = dimVA,

so it remains to show that the elements X, T € SYST) span C[SPF3,]\. Suppose
we are given an element X with T ¢ SyST,. We claim that X can be written
as a linear combination of elements X1 with T/ € SYST,.

From Propositions 4.6 and 4.10, it suffices to consider only PBW tableaux T
that are symplectic but not PBW-semistandard. Recall that the condition of PBW-
semistandardness is defined between neighbouring columns of T. It is therefore
sufficient to consider any two such columns of T that violate this condition. Let
these columns be denoted by L and J, with length of L equal to p and length of
J equal to ¢ such that p > ¢. First of all, we apply the Pliicker relation (4.8), to
express the product Xy, X; as a sum of products X )X, that is

XpXy =Y XXy
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However, after exchanging, it may happen that for one of the variables X; ) or
X i@, the corresponding L% or J@ is no longer a single-column symplectic PBW
tableau, that is to say, the corresponding minor (I, Il)(i) is not reverse-admissible
(by Proposition 4.10). In this case, we apply the symplectic relation (4.9) to replace
such a variable with a sum of variables corresponding to reverse-admissible minors.

Now from Lemma 4.20 and from the proof of Proposition 4.12 of [FEI], we see
that

deg X; ) + deg X ;) > deg Xy, + deg Xj.

Therefore, in C[SPF2,]x, any Xt with T ¢ SYST) can be written as a linear
combination of X1/ with the sum of PBW-degrees of X1+ bigger than or equal to
that of X. This implies the claim since the sum of PBW-degrees of fixed shaped
tableaux is bounded from above. [J

5. The complete symplectic PBW degenerate flag variety:
symplectic degenerate relations and a basis for the coordinate ring

In this section, we describe the complete symplectic PBW degenerate flag variety
following [FFIL]. We then prove results on a basis for the multihomogeneous
coordinate ring and the generating set of relations for the defining ideal with
respect to the Pliicker embedding.

5.1. PBW degenerate flag varieties; a brief description

Let G® be a Lie group corresponding to the PBW degenerate Lie algebra g®. Let
us briefly describe the Lie group G®. Let G, be the additive group of the field
C and let M = dimn~. The Lie group G® is a semidirect product GM x B of
the normal subgroup G and the Borel subgroup B. For any dominant, integral
weight A, there exist induced g*- and G®-module structures on V§.

The group G® therefore acts on P(V$), the projectivization of V§. The PBW
degenerate flag variety ([FEI]) is defined to be the closure of the G*-orbit through
the highest weight line, that is to say

Fy o= G "v§] = P(VY).

In particular, for A = wy, we have the case of Grassmann varieties. For g =
sl,41(C) and G = SL,,11(C) (type A,), we have Fo, ~ F2  forall k =1,...,n.
This is true because all the fundamental weights @y, are co-minuscule in type A, and
hence the radical corresponding to each wy, is abelian. So, the PBW degenerate flag
variety in type A is embedded into the product of Grassmannians ([FEIL Prop. 3.3]).

For g = sp,,(C) and G = Spy,(C), we denote by SPFy, and SPFZ the
symplectic original and PBW degenerate flag varieties. It is known that except for
the weight w,,, all the other fundamental weights of sp,, are not co-minuscule.
This implies that the radicals corresponding to the weights ws,...,w,_1 are not
abelian. So, the varieties SPF, and SPFZ,  are not isomorphic in general, except
for the case k = n.

The variety SPFZ is the symplectic PBW degenerate Grassmannian, which
we will henceforth denote by SPGr?(k,2n) to match the notation we have used
for the original symplectic Grassmannian SPGr(k,2n). For a dominant, integral
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and regular weight A, the complete symplectic PBW degenerate flag variety is the
variety
SpF3, == Spy, [V]] — P(VY).

Recall that this is the PBW degeneration of the projective variety SpFs,, from the
previous section. For the rest of the paper, we set our focus on the variety SPFs, .

5.2. The complete symplectic PBW degenerate flag variety

The material stated in this subsection is based on [FFIL]. Recall the vector space
W with the fixed basis {wiy,...,ws,}. To begin with, let us recall an important
result about the linear algebra realization of the symplectic PBW degenerate
Grassmannian SPGr®(k, 2n).

Let W = Wy © Wio @ Wy 3, where Wy, = span(wy, ..., W), Wi =
span(Wg1, ..., Wan ) and Wy 3 = span(wa,—g41, .., Way). Let pry 5 denote the
projection pry 3 : W — Wy 1 & Wy 3, that is to say

pry 5(@1, .- S Zon) = (T1, .o Ty 0,0, 0, Tkt 1y - -, Ton)-

One has the following.
Proposition 5.1 ([FFIL, Prop.4.1]). The symplectic PBW degenerate Grassman-
nian SPGr?(k,2n) is given by:

SpGr?(k,2n) = {Uy, € Gr(k,2n) | pry 3(Uy) is isotropic}.

Denote by pr;, : W — W the projections along wy, i.e.,

2n
pry (Z Cjo> = ZCjo-
j=1

i#k

The following theorem gives an embedding and a linear algebra realization of
the complete symplectic PBW degenerate flag variety SPFs,,.

Theorem 5.2 ([FFIL, Thm. 4.6]). The variety SPFS, is naturally embedded into
the product [[;_, SPGr®(k,2n) of symplectic PBW degenerate Grassmannians.
The image of this embedding is equal to the projective sub-variety formed by the
collections (Uy)j_;, Ux € SPGre(k,2n) satisfying the conditions: pry,, Uy C
Uk+1, k= 1,...,7171.

Consider therefore the embeddings

SpFy, < H SpGr(k,2n) — H Gr(k,2n) — HIP’(/\’“(CQ"). (5.1)

k=1 k=1 k=1

The Pliicker embedding of SPFj, that we consider is the composition of the
above embeddings. Our goal is to find the defining ideal of SPF§, with respect to
this embedding.
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5.3. Degenerate relations

One has two kinds of degenerate relations: the linear ones and quadratic ones.
These relations live in the polynomial ring C[Xj, ;| in variables X{, d=
1,...,nand 1 <j; <--- < jg <1

Definition 5.3. Recall the notation from Definition 4.12. The degenerate Pliicker

relations are the relations obtained from the relations RtLJ by picking up the lowest
PBW-degree terms and introducing a superscript “a” . Therefore, we have

yeeesdd?

RPY = X{X§ — > XX (5.2)
1<r; < <r<p
labelled by the numbers p, g with 1 < ¢ < p < n, by an integer ¢, 1 <t < ¢, and by
sequences L = (I1,...,1,),J = (j1,...,Jq), which are subsets of {1,...,n,7,...,1}.
The symplectic degenerate relations are the relations

a — a r <
S(Iz,h) T X(Iz,h) - Z (71)| IX(L’UFUF/?LUFUF/)’ (53)
I:T/N{I;Ul2}=& and ‘F'|:‘f|

where the terms are obtained by picking up the minimum PBW-degree terms from
the relations S(y, 1,) in (4.9) and introducing a superscript “a”.

Example 5.4. For k = n, we have S, 1,) = S(“I2 1,) Up to a superscript, since the
relations Sy, 1,) are homogeneous with respect to the PBW-degree in this case.
This is exactly because we have the isomorphism SPGr(n,2n) ~ SPGr*(n,2n).

Example 5.5. For n = 2, the degenerate relations for SPF} are:

1;a L a a a a 1;a L a a a a a a
Ry @ = X Xg + Xo5X1 B, a1 = Xi2Xg1 = XX 1+ X 1X5 3

Lia L a a a a l;a . a a a a a a
Rgy,q = KX+ Xo7Xh, Ripg) g 1= X aX0 + X5 1% = X 5X5,

1;a L a a a a . a a
Ry 5.0 = Xo2XT — X 1Xg, Sty = X1+ X5

Remark 5.6. To illustrate why the relations Sf are obtained by picking up terms of
minimal PBW-degree as in Definition 5.3, consider a subspace Uy C C® generated
by the vectors u = a1,1w1 + az,1W2 + a3 1W3 + a4, 1W4 + a5, 1Ws + ag,1We and v =
a1,2W1 +a2,2W2+a3 oW3 44 o0W4 +0a5 2Ws5+as 2We. We want to describe the criterion
for Uy to be in SPGr*(2,6). Recall the projection pry 3. Applying it to u and v we
have

pr173(u) = a1,1W1 + G2,1W2 + a5,1W5 + ag,1We,

pry3(v) = a12w1 + az 2w + as 2Ws + ag 2We-
Then pr, 3(Us) is isotropic if and only if pry 5(u)” ¥ pr; 3(v) =0, i.e.,

—a6,101,2 — 05,1022 + G2,1052 + a1,1a6,2 = 0.
This leads to the symplectic degenerate relation X7 s+ X355 =0 (or X{ 1+ X5 =
0), which is the relation S¢ — obtained by picking up the terms of minimal PBW-

(1,7)
degree from the corresponding relation S(l,T) = le + X2,§ + X3,§-
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Remark 5.7. Observe that the degenerate relations RLa] and S(I 1,y are homoge-
neous with respect to the PBW-degree. This follows directly from Definition 5.3
since the terms in RL,J and S% (o.1,) are those of minimal PBW-degrees picked from

the relations Riﬂ] and Sy, 1,), respectively.

5.4. A basis for the coordinate ring

Let C[SPFS,] denote the multihomogeneous coordinate ring of the complete symp-
lectic PBW degenerate flag variety. Then one has

C[SeFs,) = P ClseFs =~ P (VR
AEAT AEAT

where the multiplication (V§)*® (V};)* — (V3,,)" for any two dominant integral
weights A and p in the algebra on the right-hand side is induced by the embedding
of g®-modules, V§{ , — V{ ® V} (according to Lemma 2.6). Recall that this
embedding is compatible with the PBW-degree and hence the algebra @, ., +(V$)*
is PBW-graded.

The isomorphism of PBW-graded algebras

C[seFs, ]~ € (V§)*

AEAT

follows from [FFIL, Thms. 1.2, 1.4], which respectively give the flatness of the
degeneration and an analogue of the Borel-Weil theorem for the PBW degenerate
module V§.

We have the elements X7 . € (A*C?™)* (Remark 4.18). By restricting to
Ve, C AFC?" | we can consider these elements also in (Ve )™

Proposition 5.8. The degenerate relations Rf‘fl and Sgb 1) are both zero in the

coordinate ring C[SPFS,] with respect to the composition of the embeddings in
(5.1).

Proof. We know that the elements X7 € (AFC?™)* satisfy relations RY g in
C[SpFg,| with respect to (5.1) (see [FEI Lem. 4.1, Thm. 4.10]). From Theorem
4.14, we have that the elements X;,  ;, satisfy relatlons S,,1,) in C[SPFa,] with
respect to the embeddings in (4 7).

The coordinate ring C[SPFS, | is PBW-graded and SPFy, is a flat degeneration
of SPF,, (again [FFIL, Thm. 1 2]), hence the lowest PBW-degree term relations
from S, 1,) are equal to 0. By definition, these lowest term relations are the
relations 382711). g

Recall SYST), the set of all symplectic PBW-semistandard tableaux of shape
A=(A1 >+ >\, >0). Toeach T € SYST}, we associate the monomial element

A1
a a a\*
T — HXTL]' ..... Tuj-,j € (V)\) )
J=1

and call such an element the symplectic PBW-semistandard monomial. We prove
the following result.
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Theorem 5.9. The elements X7, T € SYST), form a basis of C[SPFS,]x.
Proof. From Theorem 2.5 and Theorem 3.16, we know that

dim V¢ = #{T : T € SYST,}.

It therefore remains to prove that the elements X7, T € SYST) span C[SPFY ]x.
From Proposition 5.8, we know that the elements X7 . satisfy relations Rff]
and 57, ;) in C[SPFg ]. We are going to use these relations to write an element
X% for which T is not symplectic PBW-semistandard as a linear combination of
elements X, with T" symplectic PBW-semistandard.

For this, we first follow [FEI] to define an order on the set of PBW tableaux of
shape A. Say that TM > T® if there exist 10, jo such that

T

20,70

>T and T =T8) i (> jo,i = i) or (j = o, i > io).
Since the condition of PBW-semistandardness is defined between every two
adjacent columns, we can reduce the proof to any two such columns. Supposing
we are given two such columns L and J that form a PBW tableau that is not
PBW-semistandard. We are going to use the degenerate Pliicker relations Ri% to
obtain terms corresponding to smaller PBW tableaux. In fact, let L = (I1,...,1p)
and J = (j1,...,Jq) with p > ¢. From the proof of Proposition 4.12 of [FEI|, we
have that the term
XX

a .
pN1dq
is present in the relation )
;a
(llv---vlp)v(jlv--qu)
and that all the other terms correspond to smaller PBW tableaux with respect to
the order “ > on the set of PBW tableaux.

The only thing that remains is to show that we can write a term corresponding
to a PBW-semistandard tableau that is not symplectic as a linear combination of
terms corresponding to symplectic PBW-semistandard tableaux. For this, we use
the symplectic degenerate relations. Indeed, let L’ be any nonsymplectic column
that appears as a result of the exchange process during the application of the
degenerate Pliicker relations above. Then from Lemma 4.20, the term X;, is among
the terms with minimal PBW-degree in Sis. This means that the term X7, is
present in the relation S}, since this relation is obtained by picking up terms of
minimal PBW-degree from Si,. We can therefore use the relation Sf, to replace
terms corresponding to nonsymplectic columns.

We claim that the new columns that arise in this process are smaller than L’
with respect to the order “ > 7. For this, recall the definition of the relations
Sy and S7, and the used notation. From Proposition 4.6 and Lemma 4.20, we
know that the largest element that can be removed from L' = (Ip,1;) is 7 and
that v, < k. Hence we also know that the PBW-degree goes up only when there
exists ¢ with ho <7 < b such that 7] > k among the new entries. Therefore, since
we are using relations S¢,, it suffices to consider the case 7, < k. For any given
term X{, in S apart from X{,, and for the corresponding sequence L”, let f be
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the position of 7, after rearranging the entries to form a single-column symplectic
PBW tableau.

Clearly, we need to begin comparing the entries of the columns L’ and L”
starting from position f downwards. To see this, recall that since v; < k, then
f = 7. This implies that the entry at position f in L' is different from f since
vy € {1,...,n}\ (I, ULy) with L’ = (I, I;)". Let L; denote the entry at position
f in single-column symplectic PBW tableau L’. We have L/f > f = ;. Moreover,
all entries below position f (if any), are pairwise equal in L" and L”. This implies
that L' > L”, and hence the claim is proved. O
5.5. Defining ideal
Let 3¢ C C[X}
5&2711)
Theorem 5.10. The ideal 3¢ is the defining ideal of the variety SPFS, under the

Pliicker embedding, SPFS, < [1r_, ]P’(/\k(CQ").

\....j.) be the ideal generated by the degenerate relations Ri‘g and
. The following is the main statement of this paper.

Proof. From Theorem 5.9, we see that the relations RtL‘f] and S, ;) in J* are eno-
ugh to express every monomial in Pliicker coordinates as a linear combination of
symplectic PBW-semistandard monomials (i.e., these relations provide a straigh-
tening law for C[SPFY, ]).

Following the idea of the proof of Theorem 7 in [CFFFR], this implies that the
ideal J“ is the defining ideal of SPF§, since otherwise, it would imply that the
symplectic PBW-semistandard monomials are not a basis for C[SPF,]. O

Remark 5.11. From Theorem 5.10, we can now write down the multihomogeneous
coordinate ring of SPF§, as a quotient of the polynomial ring C[X{, . | by the
ideal J°, i.e.,

1jd]

C[SpFs,] =C[X§, _;1/3°~ @ (V)"

AeAT
Corollary 5.12. The ideal 3% is a prime ideal of the polynomial ring (C[X?1

Proof. This follows directly from Theorem 5.10 and the fact that the variety SPFS,
is irreducible (see [FFIL, Cor.5.6]). O

Remark 5.13. We know from [FFIL, Thm. 1.2] that SPFg is a flat degeneration
of SPF3,. We would like to give a formulation of this result in terms of the results
of this paper. Let s be a variable. We follow [FEI] to define an algebra Q® over the
ring C[s] as a quotient of the polynomial ring C[s][X{, ], d =1,...,n by the
ideal J° generated by quadratic relations Rfi] and linear relations S, (312’11), which
are s-deformations of the relations Rf ; and S, 1,). Let Ry ; = 3, X0 X0 and
5(12711) = Zi X(Iz,h)(i), then

t;s — min; (deg L) 4+-deg J( Z deg L") 4deg J
RL,.] =S ( g & ) S g & XL(i)XJ(i),

K2

s __ o— min;(deg (12,11)(")) deg (Ig,Il)(7"> )
Sa) =8 s Xt 1)+

2
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We have Q°/(s) ~ C[SPFL ], and Q°/(s — u) ~ C[SPF>,] for u # 0. Moreover,
following Theorem 5.9, one checks that the elements Xp, T € SYSTy, A € AT,
form a C[s] basis of Q°, hence showing that Q® is free over C|[s].
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