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Abstract. We obtain a complete list of homogeneous hypercomplex structures on the
compact Lie groups. The substantial results are formulated and proved entirely in terms
of the structure theory of Lie groups and algebras.

1. Introduction

This paper is the first in a series of two (see also [DT2]), whose purpose is to give
a description of compact hypercomplex homogeneous manifolds with a transitive
action of a compact Lie group. The classification and proofs are entirely based on
the structure theory of reductive Lie groups; it turns out that in the language of
roots we get surprisingly clear answers to the natural questions.

We start with a complex manifold (M, I) with a transitive compact Lie group
of biholomorphic automorphisms and look for another invariant complex structure
J on M, such that IJ = —JI (we say shortly that J matches I). We call the
complex structure I admissible if there exists a matching J.

Our classification problem splits into two:

Problem A. In the class of compact complex homogeneous manifolds (M, T),
discern those which are admissible.

Problem B. Given an admissible complex structure I on M, describe the class
of all homogeneous hypercomplex structures on M (up to equivalence) of which I
is one of the complex structures.

In the present paper we solve the above two problems in the case when M = U
is a compact Lie group, whose Lie algebra we shall denote by u. In this case our
two problems are easily reduced to determining the hypercomplex structures on
the Lie algebra, which are integrable in the sense that the Nijenhuis tensors vanish.
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The corresponding solutions are formulated and proved in terms of a remarkable
subset, the stem of the root system of the (semisimple part of) u (see Definition
2.1). The stem combinatorics developed in Section 2 is used in the sections that
follow for the calculation of Nijenhuis tensors, which results in solving Problem A
(see Theorem 4.23 and corollaries) and Problem B (see Theorem 4.28). Theorems
4.23 and 4.28 are the main results of the paper.

A slightly more elaborate description of these results and their history follows:

It is well known ([Sam]|, [Wang]) that each compact even-dimensional Lie group
carries a homogeneous complex structure. A comprehensive description of the
regular homogeneous complex structures on reductive Lie groups (not necessarily
compact) in terms of structure theory may be found in Snow [Snow]; the relevant
facts may be found in Subsection 1.2 below.

We show that the group U carries an invariant hypercomplex structure if anf
only if

rank(u) = 2d + 4k,

where d is the number of the elements in the stem and k is a non-negative integer
(see Corollary 4.24). If u is semisimple, then d < rank(u) < 2d. In particular, a
compact simple Lie group U admits a left invariant hypercomplex structure if and
only if rank(u) = 2d and this is the case only for U = SU(2k+1), k& > 1 (see [DT1,
Subsect. 2.9] for explicit descriptions of the stems of the irreducible reduced root
systems).

We use the stem to define a class of Cayley transforms (see Subsection 2.4 and
Section 3) of the Lie algebra u. When u is “nearest to semisimple” (this is the case
2d = rank(u)), then we show that all the complex structures matching a given
admissible complex structure I are obtained by conjugation of I with the Cayley
transforms. If we perceive a hypercomplex structure on u as a representation of
SU(2) on u, which splits into real 4-dimensional irreducible components, then an
admissible complex structure on a nearest to semisimple u determines (uniquely)
the 4-dimensional subspaces and (up to rotation on a circle in SU(2)) the action
of SU(2) on each of these subspaces.

In the general case the complex structures matching a given admissible complex
structure I are determined by the Cayley transforms and a random choice of a
(2k) x (2k) complex matrix b satisfying bb = —1.2

The idea to use a highest root to construct homogeneous “quaternionic” spaces
goes back to Wolf [Wolf]. A wide class of examples of homogeneous hypercomplex
structures was given by Spindel et al. [SSTP] and Joyce [Joy|, where many ideas of
the present paper may be traced in implicit form. One of them is the stem which is
a maximal strongly orthogonal subset of the set of positive roots of a reduced root
system (see, e.g., [AK]). The stem is determined by the root system A up to the
action of the Weyl group (see Theorem 2.9). In Section 2 of this paper we study the
properties of the stem, which give us the necessary language and facts to classify
the hypercomplex structures on compact Lie groups. The stem decomposition
is used also in the second paper of this study [DT2] to obtain a complete list

2This matrix b corresponds to a complex structure anti-commuting with I restricted
to a certain real vector subspace of a Cartan subalgebra of u (see (34) and Theorem 4.28).
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of hypercomplex manifolds, on which a compact group of automorphisms acts
transitively.

We are grateful to the referees, who informed us that the set we call the stem,
was discerned and constructed earlier by Kostant and Joseph. Kostant has called it
“the cascade” — unpublished but cited and used by other authors (see [Jos], [LW],
[FHW], [Sm]), mainly in representation theory. Or rather, the stem is a special
case of “Kostant’s cascade construction”. After the publication of this paper in
arXiv as [DT1], professor Kostant published [K], where the cascade is defined and
used to study the coadjoint structure of the nilradical of a Borel subgroup of a
semisimple Lie group. There is some intersection with results in our section 2.

Less explicit results on classification of homogeneous hypercomplex manifolds,
under additional constraints on the input data in the context of differential geom-
etry have appeared in [BGP].

Remark 1.1. The hypercomplex structures appearing in the present study are not
hyperkaehler. By the definition of hyperkaehler variety (see, e.g., [GHIJ, p. 164]) it
must be simply connected, and with this stipulation, it is well known that there are
no homogeneous compact hyperkaehler varieties. Actually the simply connected
hypercomplex manifolds in our list (SU(2k + 1) and some of its factors; see also
[DT2]) cannot be even Kaehler by topological reasons (or by comparing to the list
in [Bor]). If we drop the simple connectedness condition from the definition of
hyperkaehler, then by the results in [A], the only hyperkaehler manifolds in our
list are flat tori.

Acknowledgments. This work was finished during the stay 01.07.15-30.06.15
of G. Dimitrov at the Max-Planck-Institute fiir Mathematik Bonn. G. Dimitrov
gratefully acknowledges the support and the excellent conditions at the Institute.

The authors are grateful to the referees for valuable comments and suggestions
and for pointing out the references [Jos|, [LW], [FHW], [K].

1.1. Conventions and notations

Here we fix notations and recall well-known facts, to be used throughout the paper.

We shall denote by u a compact Lie algebra. Then the complexification u® =
g = gs @ ¢ is a reductive complex Lie algebra, whose semisimple ideal is g5, and
the center is ¢ = C". We denote by 7 the conjugation of g with respect to the
real form u, so 7 is an antilinear involution of g, such that u = g7 = ug; @ c,,.
We denote by Ug and G the corresponding simply connected Lie groups, and by
U =U x C,, G = G4 x C - the corresponding reductive Lie groups (C,, is a
compact torus).

For X,Y € g, we denote by (X,Y’) an ad-invariant symmetric bilinear form such
that its restriction to the compact real form u is negative definite. We assume that
(-,-) coincides with the Killing form on the semisimple part gs;. Such a bilinear
form exists and it necessarily satisfies (c, gs) = 0.3

Let h be a T-stable Cartan subalgebra of g, then h = hs @ ¢, where b, is a Cartan
subalgebra of gs. Let H be the corresponding Cartan subgroup of G. We denote
by A the set of roots of g with respect to by extended to the entire b by zero on

3Recall that gs = [g,g] ([H, Prop. 6.6]).
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¢. For o € A we denote by h,, the element of h determined by (H, h,) = a(H) for
all H € b, and we denote*

2
(o, @)
Further, for a, 5 € A we denote
_2(8,0)

(@, )

Ho= ——ha, 8(a)=1{X €g| adH(X) = a(H)X, H € b},

C(B,a)

» sa(B)=8-C(Ba)a. (1)

The map 8 +— s4(8) is the reflection along « (see, e.g., [H, Chap. III]).

By Aut(A) we denote the group of all the elements in GL(h}) which leave the
set A C h¥ invariant and the center ¢ pointwise fixed.

The Weyl group W = W(A) is the (normal) subgroup of Aut(A), which is
generated by all reflections s,, @ € A. The Weyl group acts simply transitively on
the set of all bases II of A. For a fixed basis 1I of the root system A we denote
Autn(A) = {6 € Aut(A) | ¢(IT) = II}.

The adjoint action of the Weyl group W on b is defined for s € W by a(s(H)) =
s '(a)(H), H € h. For any v € A we have s,(H) = H—~v(H)H,, H € h. The
normalizer N C G of the Cartan subalgebra his N = N(h) = {g € G | Ad(g)(h) =
b}, N, = NNU. Let us denote by H,, the torus HNu =T x C, generated by
hNu, where T is the maximal torus in Ug corresponding to hs Nus. The following
exact sequence is a fundamental fact of structure theory (see, e.g., [H, the first
paragraph on p. 300]):

1-H,—-N, > W1 (2)

Weyl-Chevalley basis. We (may) choose elements F,, € g(«), so that the structural
constants are integers, i.e., for o, 8, + B € A:

[Eou Efa] = Hou [Eoc; Eﬁ] = Na,BEoHrBy

_ _ 3)
Naﬁ = —N,a’,f;, |Na7ﬁ| =1 — D,

where 8+ na, p<n <qis the a-series of 3 (see, e.g., [H, p. 195]).
It is convenient to extend (3) and define the symbol N, g for any couple of
functionals «, 8 € h* by

Nopg=0, if agA, or LA, or a+¢A. (4)

In the above basis for g, the contragredient involution 6 € Aut(g) is the com-
plex linear map determined by

0(E,)=—-E_,, 0(H)=—-H, a€lA, Heh. (5)
The conjugation 7 is the antilinear involution given by
T(Eo) =—FE_o 7(Hy)=—-Ha, 7((21,-..,2:) =(-Z1,...,—Z).

4Since (c,hs) = 0 and « € A vanishes on ¢ for each a € A, the elements hq lie in bs.
It follows also that g(a) C gs for o # 0 (recall that [g, g] = gs).
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where (21,...,2,) € ¢
We haveu=g" = {X € g | 7(X) = X}. As b is 7-invariant:

a(r(H)) = —a(H), a € AJH €. (6)
We now fix a basis Il = {aq,...,a;} of A, which gives us a system of positive roots
AT. We denote
= P ol g=henten, bF=pont
acA*

The Borel subalgebra b™ is a maximal solvable subalgebra of g.
For any v € A we denote

sly(2) =spanc{E,, E_,Hy} Cg, suy(2) =unsly(2).

Definition 1.1. A subalgebra a C g is called h-regular if its normalizer n(a) con-
tains a Cartan subalgebra § of g. A subalgebra a is called regular if it is h-regular
for some Cartan subalgebra b.

It is well known that if a is an h-regular subalgebra of g, then we have a decom-
position (see, e.g., [Snow, Subsect. 2.1 on p. 199]):

a=(hna)® P a(e), where ©={acAlg(a)Cal. (7)

a€d

1.2. Complex structures on a compact Lie group

Any left invariant almost complex structure on the Lie group U, determines (and
is determined by) a complex structure I : u — u.> The obvious condition for the
existence of a complex structure on u is even dimension, and this is the same as
even rank.

In the present paper we determine all the operators I : u — u, which correspond
to admissible® left invariant integrable complex structures on U and for each such I
we describe all the hypercomplex structures on U of which I is one of the complex
structures. The equivalences among the admissible complex structures are easily
seen on the universal covering group U~U,xR". Wehave U=TU /A, where A
is some central lattice in U. It is well known that equivalent complex structures
on U may project to unequivalent complex structures on U (see the table in the
end of the paper). The dependence on A is well understood in the literature (see,

g., [M, Chap. 1], or [Weil, Chap. 6]).

Let I be any complex structure on u (i.e., a linear operator whose square equals
minus identity). We extend I to g (and go on to denote the extension by I) setting
I(iX) =1iIX. Thus on g we have o7 =70 [.

5By a complex structure on the Lie algebra u we mean here a linear operator I with
I? = —1Id. The integrability condition will be imposed later.
6See the introduction for the notion admissible.
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Definition 1.2. Let I be a complex structure on u. We denote
mf={Xeg|IX=iX}={X—iIX|X €ul};
m;y ={Xeg|IX=-iX}={X+iIX | X €u} =71(m]).

In other words: mf, m} are respectively the (1,0) and (0, 1) components (with
respect to the left invariant almost complex structure I') of the complexified tangent
space to U at the unit element. It is also well known (and obvious) that

g=m; &m;. (8)
If I is a complex structure on u we define its Nijenhuis tensor:
Ni(X,)Y)=[IX,IY]-IIX,)Y]|-IX,IY] - [X,Y], X,Y eu 9)

It is often convenient to “complexify” the Nijenhuis tensor by allowing X, Y in the
above formula to vary in g = u®. We denote the complexified Nijenhuis tensor by
the same letter.

The following proposition is well known (see, e.g., [Snow]).

Proposition 1.1. The left invariant almost complex structure induced by I on U
18 a complex structure if and only if any one of the following conditions is satisfied:

a) mj is a subalgebra of g;

Definition 1.3. In this paper, a complex structure on the compact Lie algebra
u will be called integrable, if it satisfies the conditions from Proposition 1.1. Two
complex structures I, I’ on u will be called equivalent if there exists an automor-
phism £ of u such that £o I = 1" o0 €&.

Definition 1.4. We shall say that a complex structure I on a Lie algebra u is reg-
ular if m}*‘ is a regular subalgebra with respect to some 7-stable Cartan subalgebra
b of uC.

Since U is compact, we may assume that I is a regular complex structure (see
[Snow, Cor.in Subsect. 3.1 on p. 212]). Throughout the paper b will denote a
T-stable Cartan subalgebra in the normalizer of m}r.

Let A C (h)* be the root system of g with respect to . We have

Proposition 1.2. An integrable complex structure I on u determines a system of
positive roots AT, and a subspace h* =m} Nh C b, such that

mi =ht@ont, h=bT @b, whereh” =7(h") =m; Nh.
In particular dim(h*) = dim(h)/2.

Proof. From the regularity of I we have the decomposition (7).

The Cartan subalgebra b is T-invariant, whence g = m}r @ T(mf) implies h @
h~ = b, whence the last statement of the lemma.

If « € © and —a € O, then H, = [E,,E_,] € m], but 7(H,) = —H,,
whence mf N 7(m}) # {0}, which contradicts (8). Because dim(m}) = dim(g)/,
we conclude that © contains exactly one of the roots in each couple {«, —a} C A.
But m}r is also a subalgebra, so © = AT for some basis of A (see, e.g., [Bou,
Chap. VIII, Sect, 3, Prop. 7]). The lemma is proved. O
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Remark 1.2. If I is a regular complex structure on a noncompact reductive Lie
algebra go, then the subalgebra m}r may have a nontrivial Levi component (see,

e.g., [Snow]).

Throughout this paper, given an integrable complex structure I on u = g” we
shall denote the corresponding 7-invariant Cartan subalgebra b = b, the subspace
hb™ = b} with dimension m = dim(h*) = dim(h)/2, the Borel subalgebra b =
b} =bh; ®n}, etc. When (we believe that) no confusion may arise, we shall omit
the subscript I. When we have to refer to this connection between I and the
structural data, we shall say briefly that I is a b™ complex structure. In other
words, a complex structure I on u, will be called a b™-complex structure if anf
only if bT is the normalizer of m}r.

It is well known that Adu acts transitively on the set of all Borel subalgebras
of g, thus if we fix a Borel subalgebra b, then any integrable complex structure
on u is equivalent to a b™-complex structure.

Remark 1.3. Tt is well known that a compact group U may have a left invari-
ant complex structure I in such a way, that the simple factors are not complex
submanifolds. Perhaps the best known semisimple example is a Calabi—Eckman
invariant complex structure on SU(2) x SU(2) (see [CE)).

1.3. Left invariant almost hypercomplex structures

Definition 1.5. A left invariant almost hypercomplex structure on U is a couple
of complex structures I,.J : u — u, which anti-commute, i.e., I o J = —JoI. An
almost hypercomplex structure will be called a hypercomplex structure if both I, J
are integrable.

Two hypercomplex structures (I,J),(I’,J’) on u will be called equivalent if
there exists an automorphism £ of u such that oI =1"0&, £oJ = J of.

We use the same letters to denote the complexifications of the operators I, J,
so we have two linear maps I,.J : g — g, such that

IJ=-JI, I’=J°=-1, 7ol=1I0o71, ToJ=JorT. (10)

First we show

Lemma 1.3. Let I,J be complex structures onu. Then IoJ = —Jol if and only
if I(m¥) =m7.

Proof. If [ o J = —J oI, then for X € m'} we have JIX = —IJX = —iIX. If
I(m?) = m7, then for X € m} we have JIX = —iIX and IJX = iIX, hence

(Io J)‘mj = —(Jo])|m;. Since I and J commute with 7 and m} @ m; = g, we
have [oJ =—-Jol. O

Definition 1.6. Let u be a compact Lie algebra. Let I be a bt complex structure
as described in Subsection 1.2. We shall say that a complex structure J on u
matches I if J is integrable and IJ = —JI. We call I admissible if there exists
some J, which matches I.

Now we introduce more notation, which will be used throughout the paper. We
are interested in hypercomplex structures, so from this moment we assume that
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we have fized a b™ -complex structure I on u and use the notations from subsection
1.2 and Proposition 1.2. Further, we assume that J is a complex structure on u,
such that JI = —IJ, hence J(m}) =m; (Lemma 1.3).

Definition 1.7. We fix a basis Uy, ..., U, of hT, then we define V;, = 7(Uy) € h~
so that we have bases

{Ey|a€e ATYU{UL,..., Uy} of m};
{E_o|aeATIU{V,..., V) of m].

For a € A", ¢ =1,...,m we decompose the elements JE,, JU, as follows:

Z agalip+ Zé},th;

peAt t=1

Z Ns.aE-p +th,qv}

BeAt

(11)

We introduce matrices with coefficients aq g, btq, &t,05 7a,q respectively:
aeM(nxn); beM(mxm), &€ M(imxn), neM(nxm).

Proposition 1.4. Let J be a complex structure on u, such that JolI = —I o J.
In the bases of Definition 1.7 the linear operator J has the matrix

0 0 ;, tﬁ _ _
an 0 0} an—n7b=0, §&y—bb=1I,
&E b 0 0

Conwversely, for any choice of a,b,&,n as in (12), the operator given by the matriz
J commutes with T and defines a complex structure J on u, such that JoI = —IoJ.

Proof. Using Jor =70 .J and (11) we compute

JE_, = Z ag, aEﬁ—th aUt,

pBeAt
JV, = 1(JU,) ZnﬁqEﬁ+thQUt
BeAT
The equalities in (12) mean the same as J2 = —1. [

Obviously, many invariant almost hypercomplex structures on U exist if anf
only if dim(u) is divisible by 4.
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2. Stems

The basic observation of the present paper is that a certain maximal strongly
orthogonal subset of the set of positive roots of a reduced root system is crucial
to describing all of the homogeneous hypercomplex structures on the compact Lie
group and on its coset spaces. This subset of roots is present in the construction of
hypercomplex structures by Spindel et al. and Joyce, and it has been constructed
earlier by Kostant (unpublished) and by Joseph [Jos]. Kostant called it cascade
(cited by other authors—see [LW], [FHW] [Sm]).

In this section we start with a neat definition of this set and derive the prop-
erties, which we need to solve our problems. We find it helpful to refer to this
set of positive roots the “stem”. As pointed out by our referees, some of these
properties have been published (to the best of our knowledge for the first time) in
[Jos] (compare with [Jos, Sect. 2]).

Throughout this section A is a reduced root system, II is a basis of A, and AT
is the corresponding subset of positive roots.

Definition 2.1. For any v € A" we denote
+._ + +
Oy ={a € AT |y —ac AT}
A subset I' C AT will be called a stem of AT if anf only if

At =TulJ @,  disjoint union. (13)
yel’

If T is a stem of AT and v € T, we shall call 7 the branch at .

We shall prove the existence and uniqueness of a stem for a reduced root system
A with a fixed basis II (hence fixed A1). We also derive the properties of stems
needed for applications to the existence and properties of hypercomplex structures.
Next we give a list of notations related to a stem.

Definition 2.2. Let I" be a stem of AT. We denote

o= -0, o,=dUD,
+ _ + - _ + _ &+ - 14
ot =Jor, ¢ =", P=0TUD (14)
~yeTl

So we have a disjoint union At =T U ®T.

2.1. Existence and uniqueness of the stem

We start by recalling some terminology.

Definition 2.3. Let A = A; U---UAy be the decomposition of A into mutually
orthogonal, irreducible root subsystems. A root v € A; will be called long root if

lv]l > |le|| for each oo € A;, and it will be called mazimal root if v is the highest
root in A;r. Two roots «, 5 € A are strongly orthogonal if anf only if o + 8 & A.

Proposition 2.1. Let v be a maximal root and o € A. Then
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a) If a # +v we have C(a,v) = 0 if and only if v is strongly orthogonal to «,
in particular, {a,y) = 0 if and only if v is strongly orthogonal to «, where
C(a,7) is as in the first equality of (1).

b) Ifa € AT and a # 7, then 0 < C(a,v) < 1.

c¢) Let a# . Then a € ®F if anf only if C(a,v) = 1.

Proof. Claim b) is proved, e.g., in ([Bou, Chap. VI, Sect. 1.8]).

c¢) Recall that if the y-series of a is {a+n7vy, p <n < g} (it is an uninterrupted

string), then p + ¢ = —C(a, ) (see, e.g., [Bou]).

If C(a,v) = 1, then by b) we get @ € AT, and by the maximality of v it follows

that p = —1, ¢ = 0, therefore, vy — o € A™.

Conversely, if v — a € AT, then by the maximality of v we have o € At and

p < —1,4 <0. Now b) implies C(a,v) = 1.

Claim a) follows from b) and ¢). O

Proposition 2.2. Let v be a mazximal root. Let o € dﬁ, veA, v#=+y. Then
a) Ifv € ®F and a+v € A, then a +v =1.
b) Ifv €@, and a+v € A, then a+v € OF.
Proof. If o, v € @7, then by Proposition 2.1c), we have
Cla+v,7) =Cla,7) +Cv,7) =2
Now a) follows from Proposition 2.1b) and oo+ v € AT,
If o € ®F, v ¢ &, U {£7}, then Proposition 2.1c) implies:
Cla+v,y)=Cla,y) + Cv,y) =1.
If « + v € A, then again Proposition 2.1c) ensures o + v € @i. O
Proposition 2.3. Let v € AT be a mazimal root and let I be our fized basis of
A. The set <I>,JYr NII has at most two elements. Also
Pr =0 = yell <= T Nll=0.

Proof. Without loss of generality we may assume that A is irreducible and + is
the highest root.

The first equivalence claimed is just the definition of a simple root. Any root
~v € At has a representation v = 31 + 82 + - - - + Bi where all summands are simple
roots and each partial sum is a root (see, e.g., [H, Chap. X, Lemma 3.10]). The
last root in the sequence belongs to <I>2YL NII, whence the second equivalence follows.

Now we treat the case when <I>,JYr # &. We decompose

¥= na(Va, (15)
a€cll
where n4(y) € N for each « € II. By Proposition 2.1c), we have
2=C(v,y) = Z naC(a,vy) = Z N
acll a€dd NIl

So if & € ®F NI, then either ng = 2 and ®F N1II = {&}, or n¢ = 1, and there is
exactly one element n € <I>:Y*‘ NI withn#¢ O

We shall need the following simple, but important, lemma:
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Lemma 2.4. Let v be a mazimal root in AT and let us denote A=A \ (&4 U
{’Ya _’7}>7 then
a) A is a reduced root system, Il =1NA is a basis of A with a subset of
positive roots AT = AT\ (@Fuf{y}) = ANAT.
b) Ifa,ﬂe& and a+ B € A, then a+ B € A.
¢) For any o € At we have ®F = {f e At |[a—Bec At} ={Bec At |a—f e
At}
Proof. a) and b) follow from the fact (see Proposition 2.1) that A = {a € A |
<Oé, ’Y> = 0} _
c¢) From a) and b) it follows that AT consists of exactly those roots in AT,
which are in the linear span of IL. If « € A+, 8 € AT, and a — B e AT, then by
a =B+ (a—p) it follows that 3, (o — ) lie in the linear span of II as well, hence
B, (a—B)e At O

The construction of a stem is contained in the following:

Proposition 2.5. There exists a sequence A = A1 D Ay D -+ D Ay of closed
root subsystems® with bases 11, = II N Ay, corresponding sets of positive roots
Az = A" N Ay, and mazimal roots vy, of Ag, k=1,...,d, such that we have
disjoint unions:

AT =0 U{nlUuAy, .., AL =0 U{ya1}UAf,

(16)
A:{ = @j/_d U {’yd}.

The set T'={v1,...,7a} is a stem of AT.

Proof. The construction goes by induction, taking at each step a maximal root
v, € A} and defining A1 =t = {a € Ay | (@, %) = 0}. The point is to prove
that for each k =1,...,d we have

@jk:{aEA*'|7k—a€A+}:{a€A;|’yk—aeA;:}. (17)

The induction step is based on Lemma 2.4c). See the proof of [DT1, Prop. 2.9] for
the details. ]

Remark 2.1. As pointed out by our referees the idea for the construction in Propo-
sition 2.5 can be seen in [Jos], [LW] and it is first given by Kostant.

We get some improvements of Propositions 2.1, 2.2, and Lemma 2.4.

Corollary 2.6. Let {yi, Ay, }¢_, be as in Proposition 2.5. Then:

a) Ifa,f € @ and a+ € A, then a+ = .

b) Ifac®f, B€Apy1 and a+ B €A, thena+ € & .

Tk’

c) Ifa,B € A and a+ B €A, then o+ B € Ag.

"We thank the editor of the journal who pointed out the argument in the last sentence;
our original proof of ¢) was longer.
8 A root subsystem A C A is closed if the property in Lemma 2.4b) holds.
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Proof. ¢) We apply induction using Lemma 2.4b).
a) We apply Proposition 2.2a) to A} using (17) and c).
b) Now we apply (17) and Proposition 2.2b) to A} . O

Corollary 2.7. If v €' and o € ®F, then a(H,) = C(a,v) = 1.

Proof. We apply Proposition 2.1c) recalling that v = ~; is a maximal root in a
root subsystem Ay and (17). O

Corollary 2.8. The stem I' is a mazimal strongly orthogonal subset of AT .

Proof. Let v,,74 € I', p < g, then by construction v, € Apy1 C VPL and -y, is
maximal in A;‘, whence Proposition 2.1 a) imply strong orthogonality. From the
definition of stem (formula (13)) it follows that no root may be strongly orthogonal
toall yeT. O

Now we can prove the following:

Theorem 2.9 (Existence and uniqueness). Let A be a reduced root system, let
II be a basis, and let AT be the corresponding set of positive Toots. There exists
exactly one stem of AT.

Proof. Let T = {71,...,74} be the stem of AT constructed in Proposition 2.5.
Now we prove uniqueness.

Let IV be any stem of AT. We have to prove that I' = I"V. It is sufficient to
prove I' C T,

By maximality 1 4« is not a root for any o € A™ , s0 1 & @ for any v € I,
and because of (13) we have v, € V.

Now assume that for some k < d we have {7y1,...,7:} C I'. Assume that
Yi+1 & I'. Since I is a stem, there is an element § € I”, such that v,41 € ®F.
Now 6 & {71,...,7} (since I is a stem and v, ¢ ®F U---U®? ). Furthermore,
6 ¢ ®F U---UdT because I is a stem. Therefore 6,vx41 € Af ; and § — 441 €
AT,

By Corollary 2.6, b) it follows that § — yx11 & (PAJZ for all + < k; we have also
0 — Vg1 # v; for i < k (since +; is a maximal root in A;), hence § — yx41 € AZ_H.
This is impossible by Corollary 2.6, ¢) and since 7,41 is a maximal root in AZ_—H'
Soy1el’. O

Example 1. The root system A = @, is irreducible, and fixing A™ we determine
a highest root ~;, while Ay = 2; &2 &2y, so we have I' = {v1,7y2,73,74}, where
the last three roots are all maximal in As and may come in any order.

From the construction in Proposition 2.5 we obtain a natural ordering of the
stem I' - there is a sequence A; D Ay D --- D Ay, which gives the indexation
I'={v1,...,74}. The ordering is substantially partial. As Example 1 shows, each
time when Ay is not irreducible we have to choose v;+1 among the maximal roots
of A:. We shall give now the formal definition. First we have

Proposition 2.10. Let A be a reduced root system, let 11 be a basis, and let AT
be the set of positive roots. Let I' be the stem of AT.
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For each v € T, there exists a unique irreducible closed subsystem of roots
©, C A, such that the set IL, =I1N O, is a basis of ©, and vy is the highest root
for this basis.

The root subsystems {©., C A} er satisfy the following properties:

a) The set of positive roots of the basis IL, is ©F = ©, N AT and
+_ + +y + -
O ={a€eAT[y-—a€cAT}={acO] |y-aecO]}

b) The stem of ©F is the subset ©, NT.
c) If 6 € ©,NT, then ©5 C O,.

Proof. We look at the construction in Proposition 2.5. If v = 7 in the construction
there, then v is a maximal root in the reduced closed root subsystem Ay, which
means that «y is the highest root of exactly one irreducible component of Ay, which
we denote by ©,. Since IIN Ay, is a basis of Ay, it follows that II, =1IN O, is a
basis of ©.,. If we decompose v = > c;; na (), then obviously the basis II, of
O, is IIy = {a € IT | na(7y) # 0}. Now the uniqueness of ©, follows from the fact
that it is a closed subsystem.

The verification of the properties a), b) and ¢) is easy by using Proposition 2.5
and its proof. O

Definition 2.4. Let A be a reduced root system, II be a basis and AT be the set
of positive roots. Let I' be the stem of AT and v, € I'. We shall write v < §, if
0 € ©, (see Proposition 2.10).

In the following text, each time when we use indexation of I' we shall assume that
it is compatible with the partial order <, that is, when we write I' = {v1,..., 74},
we assume that

<7 =k <j. (18)

The order in I' is important in the following useful corollary:

Corollary 2.11. Let T' = {y1,...,74} C A" be the stem of A*. Then for i =
1,...,d and o € ®F we have

1<p<i=axy A, (19)
at+7 gD, a—v=sy,(a) € P (20)
i<p§dandﬂ€Apanda+[3€A:>onrﬂG(I),Jyri. (21)

Proof. All statements are direct consequences of the construction in Proposition
2.5 and the properties in Corollary 2.6. O

Remark 2.2. Let A be irreducible, let II be our fixed basis and let v € Aut(A)
be a diagram automorphism. So v(A™) = A" and if " is the stem of AT, then
obviously v(I') is also a stem. By uniqueness (see Theorem 2.9) we have v(I") =T
Also, because v is an automorphism and v(A*) = A*, we have v(®1) = <I>;L(ﬂ/).

Moreover, if 7 is the highest root, then v(vy) = 7.
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Remark 2.8. A stem I is a strongly orthogonal subset of AT with mazimal number
of elements, that is, the number of elements of any strongly orthogonal subset
O C A is less than or equal to the number of elements of I'. This fact is easy to
prove and also easy to check comparing the list of stems of irreducible root systems
with the list of maximal strongly orthogonal subsets of irreducible root systems in
[AK]. We shall not use it in this paper.

It makes sense to notice that the converse is not true in general. For example,
when A = 2(,,, there are many different maximal strongly orthogonal subsets of
AT, one of them is the stem. Each of the others is the stem for some other choice
of Weyl chamber.

On the other hand, if A = €, then the stem is the set of all long roots in A™. It
is the unique strongly orthogonal subset of AT with maximal number of elements.
In this case the same set I is the stem of A™ for n! different choices of the positive
Weyl chamber. However, the stem I" and the partial order < in it (see Definition
2.4) determine AT completely. The same holds in general.

Theorem 2.12. Let A be a reduced root system, let AT be a system of positive
roots, let T' be the stem of AY and let < be the order in T' (Definition 2.4). Then
the couple (T, <) determines A™. Hence the Weyl group acts simply transitively
on the set of couples (I', <).

Proof. Let v1,...,74 be any indexation of I' compatible with <. The theorem
follows if we show that:

At={aeA|C(a,m1)=...=C(a,%-1)=0, C(a,yx)>0 for some ke{l,...,d}}.

Indeed, if @ € T the above follows from strong orthogonality. If a € ® by (13)
there is exactly one k € {1,...,d}, such that either a € ® or —a € ®. By
(19) and Proposition 2.1 ¢) (applied to A;) we see that for 1 < j < k we have
C(a,7;) = 0. Then using (20) we see that o € ;7 C A if anf only if C(a, v;) > 0.
0

The stem decomposition (14) determines a useful involution p on A" such that
o+ p(a) = v for a € @F. Tt is defined as follows:

o} ifael
a) = ’ 22
ua) {—87(04)27—04 ifac®f, yeTl. (22)

2.2. The stem subalgebra

We fix notation for the Lie algebra entities which correspond to the root system
combinatorics of the preceding subsection. So now u is a compact Lie algebra,
g = u® is a reductive Lie algebra, h is a 7-invariant Cartan subalgebra, A is the
root system of g w. r. to b, Il is a basis of A. So we have a fixed AT, corresponding
Borel subalgebra b, etc. (see Subsection 1.1). By I' = {v1,...,7v4} we always
denote the stem of A™.
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Definition 2.5. Let I" be the stem of At. We denote

VI =spanc{E, [a € ®T}, VYV, =V @V, V=V, Nu

+ + - u

VE=PVE V=Vtev, VW=Vnu
yel’

f=@Psl(2), 7 =spanc{Esy[v€T}, fu=fny
yel

°=m{H€h|7(H)=O}7 0s=0Nbs, o0,=0Nu
el

We shall call the subalgebra f defined above the stem subalgebra. The corresponding
subgroup of G, will be denoted by F and will be called the stem subgroup.

If I' = {}L,, in order to simplify notation we write sometimes
Hy=H,,, E,=E,, sup(2) =su(2), Vy =V,,, etc

In the language of reductive Lie algebras, the stem decomposition (13) gives a
decomposition of n™ into two-step nilpotent subalgebras.

Definition 2.6. Let v € I'. We denote heis., = g(v) ® Vj. We shall call heis,, the
~-component of n.

Proposition 2.13. Let v € I'. Then beis,, is a Heisenberg algebra. We have a
decomposition

nt = heis, @ P bheis,,.
Proof. By Corollary 2.6a), all brackets in heis., vanish except
[Eos Epyo)] = Nou(a) Ey-
The direct sum (of vector spaces) follows readily from (13). O
Proposition 2.14. Let y €T, a € ®F, f=v—a. Then
[Ny.—al =1, Ny_oN,_pg=—-L

Proof. Formula (20) implies that oo+ v ¢ A, hence we have p = 0 in formula (3),
whence the first equality.
The second equality follows from the first equality, the fact that ||a| = ||s, ()|
= ||8] (see Corollary 2.7), and the formula
Na,p Ng,—y N_y,a

(v, - (o, a) N (B,8)" “OHYER ati=, =)

which follows from [H, Lem. 5.1, p.171]. O

Now we return to the stem subalgebra. Because I' is strongly orthogonal, we
have a decomposition f, = su1(2)®---® suq(2) into commuting subalgebras. We
introduce convenient bases for f,.

V2(a+B,048)
Vi{a)(8,8)

90ur constants N, p are the N, g given there multiplied by
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Definition 2.7. For v € I" we choose a p, € C, |p,| = 1. We denote p = {p |
v €T} and

W, = %Hw Xy(p) = %(PWE"/ —rE-),
Yy(p) = X5 (ipy) = 5(py By + Py E—);
o = spang{W, [ v € '}, 1(p) = spang{X,(p) | v €'},
n(p) = spang{Y;(p) [ y € I'};
Wr=>Y W, Xr=)Y X, Yo=Y, Ei=) FEi
yel’ ~yel ~yel ~yel
slr(2,C) = spanc{Wr, Xr,Yr}, sup(2) = spang{Wp, Xr, Yr}.

The simple subalgebra sir(2,C) C g is generated by the semisimple element
Hr = —2iWr € b and the nilpotent elements Fr, F_r.

Remark 2.4. We have done our computations and theorems in the presence of p
(see also Remark 2.6). In the formulas of this section we shall sometimes write
X, instead of X,(p) or ¢ instead of r(p), etc. We hope that no confusion for the
reader comes from this. In any case we remark that the subalgebras sl (2,C) and
hence the subalgebras su(2) = sl,(2,C) Nu do not depend on p.

Obviously, for any p, with |p,| = 1, the elements W.,, X, (p), Y (p) span su-(2)
C fu. By strong orthogonality of I' we have three T-invariant Cartan subalgebras
of g (the direct sums are orthogonal):

hr=wC@®o, hrg=1"d0, h;=9"o0. (24)

Corollary 2.11 in Lie algebra language is the following:

Proposition 2.15. If v € I', then the subspace V, is a representation of the stem
subalgebra f under ad. We denote it by r~ : f — sl(V,). We denote by the same
letter the corresponding representation . : fu, — su(Vy).

a) If v,6 € I' | then the restriction of v to sls(2) may be nontrivial only i
¥
v = d. Moreover,
b) If v # 8, then VI and V; are invariant under the ad representation o
¥ v
sls(2).
c) The action of sl (2) on V., decomposes into 2-dimensional irreducible com-
v gl P
ponents: spanc{Eq, E;_(a)}, a € ®F.

Proof. See Corollary 2.11. O

We shall need several formulas, describing the action of one-parameter sub-
groups of the stem subgroup F:

Remark 2.5. We have 7(X,) = X, for v € T', hence exp(tadX,) preserves u.
Strong orthogonality of I" implies that if v,d € I, then

exp(tadX,) o exp(sadXs) = exp(sad X;) o exp(tadX,).
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Proposition 2.16. LetyeI', teR and H €. Then

exp(tad X, )(W,) = cos(t)W, —sin(¢)Y,,
exp(tadX,,)(Y,) = sin(¢t)W, + cos(t)Y,
exp(tadX,)(H) = H + iy(H)(sin(t)Yy + (1 — cos(t))W,,).

Proof. The three formulas follow by induction from the following: adX,(H) =
iv(H)Y,, adX,(W,)=-Y,, adX,(Yy)=W,. O

v
Corollary 2.17. Let v € I'. Then

exp(tadX,)(E,) = E, —ip5((cos(t) — 1)Y, + sin(t)W,,).

Proof. Follows from exp(tad X, )(X,) = X, and the formula for Y, in Proposition
2.16. O

Proposition 2.18. Let y €', a € ®F. Then
exp(tad X, )(Eq) = cos(t/2) Eq + Ny —apy sin(t/2)Es_(q)-

Proof. By induction, using Proposition 2.14, for n > 0 we have

(=nH"__ n =
(ad X)) (Ea) = Sgg P Ne,—+ Bay (o) (adX5)* (Ea) = “5g0 Ea

whence the proposition follows by summation of the series. [

2.3. The opposition involution
Definition 2.8. Let I' = {v;}&_, be the stem of A*. For v € ' we denote

¢y = ¢4lp] = exp(rad X, (p)) € Ad(g).

For simplicity we write ¢, = ¢, [p] for k =1,...,d and define

¢ = dlp] = ¢p1 00 ¢q = exp(rad Xr(p)).

Remark 2.6. Tt is well known (see, e.g., Tits [T]), that if v € A, p € C\ {0} and
we define X, = (pE, — %E_,Y), then the inner automorphism exp(radX,) is an
extension of s, (the reflection along H., in h) to an automorphism of g. We have
(X, (p)) = X, (5~), whence X, (p) € u <= |o] = L.

The reflections {s | v € I'} generate an abelian subgroup Wr C W, which is
isomorphic to Zs X -+ x Zs (d factors).

If we stay in the root system A, the point of this subsection is the fact that for
any choice of AT, hence of I, the product s, o---o0s,, is the opposition element
in the Weyl group of A. However, for our purposes we need to make an explicit
choice of a representative of the coset s, © --- 0 s,, in the exact sequence (2).

We recall that we denote by the same letter an automorphism ¢ € N(h) C
Aut(g), its action on b as an element of the Weyl group, and the conjugate action
on h* given by ¥ (a)(H) = a(p~*(H)). In particular, from the third formula of
Proposition 2.16 and the last remark, we see that for each v we have ¢ [p] € N, (h).
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Proposition 2.19. The automorphism ¢ represents the “opposition involution”
in the Weyl group, that is, ¢(AT) = A~. The opposition involution equals the
product s, 0 -0 5y,.

Proof. From Corollary 2.17 with t = 7 it follows that ¢ (E,) = —ﬁ%E,nY and from
Proposition 2.18 we obtain

O (Ea) =Py Ny—aBy (a)y 1 €T, acdt, (25)

hence ¢~ (a(7)) = 8(—7), ¢y (V) = V. The properties of I' from Corollaries 2.11
and 2.8 imply ¢,(V5) = Vi, ¢,(Es) = Es, 5,(®f) = ®F, 5,(6) = & for v # 4.
It follows that ¢(n) =n~, s,, 0+ 0s,,(AT) = A~. The proposition is proved.
0

1

Proposition 2.20. We have
o={Heh|¢p(H)=H}; w-={Hech|¢(H)=—-H}.

Proof. From the third formula in Proposition 2.16 and strong orthogonality of I'
(v(Hs) = 0 if v # 0) it follows that

¢(H)=H-Y y(H)H, Heh. (26)
yel’

Recalling the definitions of o (in Definition 2.5) and of 1 (in Definition 2.7) we see
that (26) implies the proposition. O

Definition 2.9. Let 6 be the contragredience automorphism of g with respect to
h(see (5)), and let ¢ € W be the opposition automorphism of g with respect to
(see Definition 2.8). We denote

*=0o¢=c¢pob e Aut(h).

We denote by the same symbol the adjoint involution x € Aut(h*).

It is well known that x € Autr(A) and that in a reduced irreducible A the
involution * is nontrivial only when A =2(,,n > 1,A = Do, 11,0 > 1, A = €. We
show now (improving Proposition 2.3) how * determines the number of elements
of the stem:

Proposition 2.21. Let v €T'. Then

a) %y =7, x(®y)T = &F, (@ NII) = oF NII;
b) we have a trichotomy:
i) y €Il and @ = @;
ii) @j‘ N1II has exactly one element;
iii) (I)-v‘_ NII has exactly two elements.

c) [fa,ﬂeéfy“ﬂﬂ and « # 3, then xa = 3.
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Proof. To check a) see the proof of Proposition 2.19 (after (25)).

The trichotomy b) is Proposition 2.3 in the case when « is a maximal root
of AT. To prove it for any v € I' we apply Proposition 2.3 to the closed root
subsystem ©,, (see Proposition 2.10).

In ¢) we will use the order from Definition 2.4 (see also (18)). Let I' =
{71,..-,74} and let v =~ € F,‘Iﬁﬂﬂ: {a, B}, a # .

Any ¢ € A decomposes as follows:

¢= 3 mOA (27)

A€Il

Obviously n,(a) = 1. In order to prove xa« = f it is sufficient to prove that
ne(*a) =0 (by a). We proceed to do this.

By (19) the reflection s,, leaves ®; pointwise fixed for j = 1,...,k—1, therefore
K= =5y, 00 05y (@) = =5y, 005y, ().

Denote ¢ = s, (a) € . Then ny(¢) = na(a) — na(vi) = 0, since na (1) =1
(see the proof of Proposition 2.3).

The proposition will be proved if we show that for any ( € ®; and j > k we
have n4(¢) = na(s,¢). The last equation follows obviously from the fact that for
j > k we have ny(y;) = 0. Indeed, by definition (see Proposition 2.5) of ; as
maximal root of A; we know that ny(v;) # 0 only for A € IIN A, (see (27)). By
the definition of stem, we have o & A;. O

From Proposition 2.21 and the definition of stem we get

Corollary 2.22. If1I is a basis of A and T is the stem, then
#(I) = #(I1/{id, *}).

In particular, %rank(g) < #(T') < rank(g) for any semisimple g.
Example 2. If A =2, then d = [(n+1)/2]; if A = &,, then d = n.

Corollary 2.23. Denote I = {y €T | X NI = {ay, By}, ay # By} Then
It =spanfa, — B, |y €T} #(()=—¢ (el

Proof. Obviously the set {ay — ;7 € f} is linearly independent.

For any v € I' and § € T by Proposition 2.21 we have +(8) = & and *(a,) = By
hence, since * is isometry, (o, d) = (8,,0). Therefore (ay, — 3,,d) = 0.

By Proposition 2.3 it follows that #(I') + #(I') = #(II) and the first formula

follows. The rest follows from x(ay) = 8,,7 €T |

2.4. The Cayley transform

We define an automorphism which is a square root of the opposition involution ¢
from the previous subsection; we use all notation introduced there.



744 G. DIMITROV, V. TSANOV
Definition 2.10. For p=1,...,d we denote X, = X, (p) and

™
¢p = ¢plp] = exp (gapr(p)) € Ad(g).
We call the following automorphism
c=c[p]=cio0cy0...0cy =exp (gapr(p))

the Cayley transform (with respect to the parameter p).

Remark 2.7. By Remark 2.5 we conclude that for p = 1,...,d we have c, o7 =
T o ¢y, so all ¢, and ¢ are automorphisms of u. Also from Remark 2.5, it follows
that for 4,7 = 1,...,d we have ¢; o c; = c¢; o c;, whence the definition of the
automorphism ¢ does not depend on the order of the factors; and that is why we
may define it as an exponent of one element, namely, (7/2)ad Xr.

For each k = 1,...,d we have ¢} = ¢y, (see Definition 2.8), whence c? = ¢, i.e.,
c is a square root of the opposition involution.

We shall need an explicit description of the action of ¢ on § @ o (Definition 2.5).
Proposition 2.24. Ify €T, then
c(Xy) =Xy, cYy)=W,, c(W,)=-Y,.
Proof. We use strong orthogonality of I" and Proposition 2.16. [
Proposition 2.25. We have
o={Heh|c(H)=H}. (28)

Proof. From the third formula in Proposition 2.16 and strong orthogonality of T’
(v(Ws) = 0 if v # 0) we compute for any H € bh:

d
¢H(H) = H 41y v (H)(W;£Y).

These formulas and Proposition 2.24 imply (28). O
Remark 2.8. We may define

cy = exp (gade> , Cp = €exp (gade> .

Writing for the sake of symmetry c, for the Cayley transform defined at the be-
ginning of this subsection, we have (Proposition 2.24):

Co (W) =1, ¢ (x) =15 ¢ (r) =1, ce(h) =105 cy(h) =1, cy(10) =1

The elements cf and c% represent the opposition involution with respect to the
Cartan subalgebra hr; also c¢2 and cﬁ represent the opposition involution with
respect to the Cartan subalgebra 1© @ o, etc.

In order to prove the statement in this remark, there is no need for new com-
putations. Actually we know that putting ip in the place of p we change X to Y,
and Y, goes to —X,, in all formulas of this section. The corresponding statements

about ¢y, are easy to check.
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3. Existence of a hypercomplex structure

Now we use the root combinatorics of the stem to find sufficient conditions for
admissibility of a b™ complex structure on u. We present our candidate for a
match to I.

Definition 3.1. Let I be a b+ complex structure on u. We denote
J=I.=coloc !
where c is the Cayley transform defined in Definition 2.10.

By definition, J is equivalent to I, so J is an integrable ¢(b™) complex structure

on u. We obviously have m} = ¢(m}). Proposition 2.24 and formula (28) imply

by = c(h;) = 9y° @ 0. The notations o, §, etc., are explained in Definition 2.5.
Recall also that d = #(T").
In this section we give a necessary and sufficient condition for IJ = —J1I.

Remark 3.1. By the definition of ®F we see that dim(V") is even, whence dim(V,)
is divisible by 4, whence dimc (V) is divisible by 4. So dimg(V*) is divisible by 4.

From the decomposition u = V* & f,, & 0, we see that dim(u) is divisible by 4
if and only if 3d 4+ dim(o,,) is divisible by 4. So in the following we shall always
assume (sometimes implicitly) that dim(o,) = d+2p, where p is some even integer.

From Proposition 2.15 (or Corollary 2.11) it follows that V), is c-stable (see also
Proposiiton 2.18).

3.1. The structure J on V

First we are going to prove that J(Vj) = V., whence IJ = —JI holds on V

without any further conditions. The notations X, Y, etc., are explained in
Definition 2.7. We begin with

Proposition 3.1. IfV € V,, then IV = 2adW, (V).
Proof. If a € @j, then by Corollary 2.7 we have
2W,, E,] =ia(Hy)Ey = iC(o,v)Eq = iE,,
2W,,E_,] = —ia(H,)E_o = —iE_,.

The proposition is proved. [

We use Proposition 3.1 to make the next step:
Proposition 3.2. IfV € V,, then JV = —2adY, (V) = —¢,[ip](V).
Proof. If a € <I>,JYF, then using Propositions 3.1 we have

JE, = clc ' E, = 2c[W,,c ' E,] = 2[cW,,, E,].
By Proposition 2.24 and formula (25) (using Y, (p) = X, (ip)) we get
JEo = —[2Y,, Eo] = Py Ny —aEs (a) = — o4 [ip](Ea)- (29)

Further JE_, = 7(JTE_,) = 7([-2Y,, —E,]) = [-2Y,, E_,], whence the propo-
sition follows. O

From (29) (recall that s,(a) = a —v € @ for a € @) it follows:
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Corollary 3.3. For each v € T we have J(V}) =V .
At the end, from Corollary 3.3 (as in Lemma 1.3) we obtain
Corollary 3.4. For each V €V we have IJV = —JIV.

Remark 3.2. In particular, we have proved that for each V' € V., we have
adW,adY, (V) = —adY,adW,(V'), whence
adW,adY, (V) = 1[adW,,adY,](V) = Lad[W,,Y,](V) = —1ad X, (V).
Denoting as usual K = I.J, for each V' € V, we have
KV =1JV =2adX,(V) = ¢,(V). (30)
3.2. The complex structure J on f P o

As explained in Subsection 1.2 we have some freedom in defining a b™ complex
structure I on the Cartan subalgebra . While /X, =Y/, is fixed by the convention
that IX =iX (/X = —iX)onn™ (n7), we have substantial freedom choosing
the elements IW,, € b,. At the end, it turns out that the necessary and sufficient
condition for admissibility of I is a condition on I(w).

Definition 3.2. Let I be a bt complex structure on u. For each v € I' we denote:
Zy=1IW,, j=13r=1I(w)=spang{Z, |y €T} Ch,.
We call the subalgebra ¢ = ¢; = f, + 35 the extended stem subalgebra.
First we compute the operator J = I on to.
Proposition 3.5. For each v € I' we have JW, = —X,,.
Proof. By Proposition 2.24 we compute JX, =colo c’le =cY,=W,. O

Proposition 3.6. Let I be a b™ complex structure on u and let J = I.. The
following three conditions are equivalent:

a) 3 Co.t0
b) For each v € I' we have JZ, =Y.
c) For X € §, +3 we have [JX = —JIX.

Proof. a) = b). By (28) and Proposition 2.24 we have
JZ,=coloc 'Z, =colZ,=—-cW,=Y,.
b) = ¢) We use the definition of I and Proposition 3.5. to compute
IJW, =-I1X,=-Y,=-JZ, =—-JIW,;
1JZy =1V, = -X, = JW, = —JIZ,;
X, =W, = Z, = —JY, = —JIX,;
1y, =-12, =W, =JX, =-JIY,.
¢) = a). From Propositions 3.5 and 2.24 we get
Zy=IW,=1JX,=-JIX, =—-JY, =c(IW,) =c(Z,).
So by (28) we have Z, €0. O

We collect the above results in the following:

19Recall that by definition o = Nyerter(y).
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Corollary 3.7. Let I be a b complex structure on u and let J = I.. Then 3 Co
if and only if

IX =Y, IW, =2, JX,=W,, JZ, =Y, veTl.

Proof. The first three formulas obviously follow from the definition of I, Z, and
J = I (see Propositions 3.5). The last formula above was proved in Proposition
3.6 to be equivalent to 3 C o. O

We also have obviously:

Corollary 3.8. If3 C o, then the extended stem subalgebra ¢ = §,, & 3 is invariant
under I, J.

We are now ready to prove:
Proposition 3.9. If I(w) = o,, then J = I, matches I.

Proof. In any case J is integrable, because it is equivalent to I.
We have g = V @ f @ 0 and under our assumption we have f @ o = ¢©. From
Corollaries 3.3 and 3.7 respectively we get

JV) =V, J(e) =e.

Now from Corollaries 3.4 and 3.6 we have I.J = —JI, on both direct summands.
The theorem is proved. O

Remark 3.3. Tt is easy to see that the condition I(w) = o, is equivalent to 2d =
rank(u) and I(w) C o,, which implies that dim(u) is divisible by 4 (see Remark
3.1). When 2d = rank(g), any complex structure I on b, with I(tv) = o, extends
in an obvious way to a bT complex structure on u. Thus by Proposition 3.9, if
U is a compact Lie group such that 2d = rank(u), then U carries a left invariant
hypercomplex structure.

In order to state the sufficient condition in the general case we need some more
notation.

Definition 3.3. Let I' be the stem of AT and let 3 C 0. We denote

Py =W, —iZ,, Q,=W,+iZ,=7P,, ~yeT;
p=ma3° ovt=vnh", v =0Nbh7, v, =D}
iT=0nb", jT=0nb", j=it®j7, ju=jiNu

Proposition 3.10. Let I(tw) C o. Then
a) I(J) =1, I(Ju) = ju-
b) If H €j, then I.H =1H.
Proof. f H€j,then H=A+B, Acjt, Bej . Thus IH =iA—iB €j. For
the second equality, note that u is also invariant under I. So a) is proved.
Because j C o, for H € j (28) implies c"'H = H, then by a) of this proposition
we have Ic™'H = IH € j and again by (28) we have cIH = I H. Thus, item b) is
proved. O
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Proposition 3.11. Let I(t) C 0. Then
v" =spanc{P, |y €T}, v~ =spanc{Q, |y €T}
We have
hb=v@i hT=v"@®i", b =0 @i, ou=3Dju. (31)

In particular, rank(g) = 2d + 2p, where p is some even nonnegative integer and
dimg(u) = 2p .

Proof. The condition I(w) C o implies v4(P;) = idx,;, so P1,..., Py is a basis of
ot C hT. On the other hand, j* = {H € b | y1(H) = --- = v(H) = 0}, thus
hbT = v @ j*. In the same way h~ =0~ Pj.

Now, in order to prove hh = v @ j, we have to show only that v Nj = {0}. Let
X € vNj. We may decompose X = X+ 4+ X~, where Xt € 07, X~ c v=. We
have I(j) = j (Proposition 3.10a)), hence I(X) = iX* —iX~ €j. The inclusions
XT+ X~ €j,iXT —iX~ €jimply X+ €j, X~ €j, therefore XT € jT NnoT,
X~ €j No~. Now from v+ Nj*T =0~ Nj~ = {0} we obtain X+ =X~ =0.

Now the last statement is clear (recall Remark 3.1). O

We have the following important

Remark 3.4. Note that, when 3 C o, the extended stem subalgebra ¢ (see Definition
3.2) is closed under the action of I, I.. The corresponding subgroup E,, may not be
a closed subgroup of U. If E,, is a closed subgroup, which is an arithmetic condition
on the Z, (vacuously fulfilled when!! rank(u) = 2d), then E, is a hypercomplex
submanifold of U.

Obviously also ¢© = {7 @ §~ @ v is always a subalgebra of g invariant under the
action of I, J ( the complexified extended stem subalgebra ).

The subspace n™ @ n~ @ v is also invariant under the action of I, J, but is not
obliged to be a subalgebra. An example is g = sl(3,C) @ ¢ where ¢ = C*. Then
I' = {~}, we may take IW, € ¢, so v = spanc{P,,Q~} does not contain b

Theorem 3.12. Let u be a compact Lie algebra, whose dimension is divisible by
4, and let I be a b™ complex structure onu. If 3 = (1) C oy, then I is admissible.

Proof. From Proposition 3.11 we have a decomposition (of real vector spaces)
u=V*®f,®3Pj, and (recall also that m}' =hTdn")

mf =nt @t @ (32)

Let S,...,S, be a basis of j*. Define T}, = 7(Sk), k=1,...,p, then T1,..., T,
is a basis of j7. Let b be any p x p complex matrix such that bb = —1. Then we
may define a complex structure B on j, by

p /4
BS] = Zbk’ka’ BE :Zbk,jska ]: la"'vp' (33)
k=1 k=1

Hwe say in this case that u is nearest to semisimple.
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The pair (I, B) is a quaternionic structure on the vector space j,, since B(jT) =
j~ (see also Proposition 3.10). We may decompose the j = j;g @ jp into the i and
—i eigenspaces of B, respectively.

Now we may define a matching complex structure J on u:

IX = I.X #XeV'df, s,
BX if X €),.
By Corollary 3.4 and Proposition 3.6 we have I.J + JI = 0. To show that J is
integrable we note that J is a regular complex structure with respect to the Cartan
subalgebra n® @ o (see (28)). Indeed, from the definition of J and Corollary 3.7
we have
mb =jf @ spanc{Z, —iY, | v € T} @ spanc{X, —iW, |y € T} dc(VT).
On the other hand, from Proposition 2.24 and (28) one computes i = c(i5),
c(Ey) =p,(Xy —iW,), c(Z, +iW,) = Z, — iY,,, therefore,
mj = c(if @ spanc{Z, +iW, |y €T} &n*) =c (i vt on®),
W(hifl; is a subalgebra and the integrability of J follows. Certainly n(m;) = b; =
c(by). O

Remark 3.5. In the classical description of quaternions we have a third complex
structure K = IJ. In order to get it we should have used another Cayley transform
(see Remark 2.8):

cy = exp (gade) , K= —c‘,IcU’1 on V" @ e,

(34)

and define K = IB on j. Obviously K is regular with respect to the Cartan
subalgebra, 1€ @ o.

If we perceive a hypercomplex structure on U as a representation of SU(2) on u,
which splits into real 4-dimensionnal irreducible components, then the hypercom-
plex structures constructed in this section do not depend on p on each component.

4. The hypercomplex structures

In this section we prove that up to equivalence, the hypercomplex structures
described in the preceding section (see Theorem 3.12 and formula (34) in its proof)
are all the hypercomplex structures on u. Furthermore, we obtain a more precise
description of the matching Cayley structure I, than we achieved in Section 3.

So we assume that I is any admissible b™ complex structure on u and J is any
integrable complex structure on u matching I.

In this section we use freely the conventions and notations of sections 1.2 and
1.3. In particular, we use the direct decompositions

g=mfom; =ntebhton" @b =P gla). (35)
aEA
When a is a direct summand in one of these decompositions and we write pr, : g —
a we always mean projection along the complementary component in the above
formula. Obviously the basis of Definition 1.7 is well adapted to such practices.

We work with the “complexified” Nijenhuis tensor, i.e., we extend N(X,Y) to

g by complex linearity.
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4.1. The Nijenhuis tensor

Recall that that m¥ are subalgebras and that J(m}) = m;, J(m;) = m;. The
coefficients aqg, 7,4, €tc., are introduced in Definition 1.7.

Proposition 4.1. Let o, € A*, ¢g=1,...,m. Then
as.0(0+ B)(Ug) = prycs) (D malBvs Eal). (36)
veAt

Proof. We decompose the element JN;(U,, E,) € g in the basis of Definition 1.7
using formula (12). Our purpose is to compute the coefficient of E_g. From the
integrability of J we have

0=JNy(Uy, Eo) = J[JUy, JEL] — J[Uy, Eo) + [Uy, JEG] + [JUy, Ey]
=A-a(U,) Z agali_p — Z ag,aB(Uq)E—p + Z NglE—v, Eal,

BeAt BeAt veAt

where A = J[JU,, JE,] — a(Uy)pry (JEs) + a(pry(JUy))Es € bF. For § € A*
the coefficient of E_3 must vanish, whence the proposition. O

Corollary 4.2. Ifa,f € AT, a+ B & A, then anp = ago = 0.

Proof. By the assumption, the right-hand side in formula (36) is 0. On the other
hand, the functional o+ (3 is real at hr and nonzero, so by (6) we may choose such
a q that (a+ B)(Uy) #0. O

Corollary 4.3. If v is a maximal root, then JE, € h~.
Proof. By Corollary 4.2, for all v € AT we have a, , =0. O
Further, (36) obviously implies
Corollary 4.4. Let o, € AT andg=1,...,m. Ify=a+ B €A, then

ag.0Y(Uqg) = =Ny, —allyq-
Corollary 4.5. If o, 8,v € At and v = o+ S8, then Ny _qaa,3 = Ny _3as,q-

Proof. Under the condition N, _g # 0 # N, _o, we choose a ¢ so that v(U,) # 0
and apply twice the formula in Corollary 4.4. [J

Corollary 4.6. For any «, 8 € AT we have app =0 <= agqo = 0.
Proof. If a+ 8 ¢ AT then we use Corollary 4.2, otherwise, Corollary 4.5. [

Before going on with the Nijenhuis tensor we introduce some convenient nota-
tion. Assume that v € AT is such that JE, € h. We denote

V,=JE, eb~, U,=JE_,=—7(JE,)=—-7(V,)€ph", (37)

From the above definition and «a(7(H)) = —a(H) we get

7<V7> = V(Uv)- (38)

Now we may compute
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Proposition 4.7. Let I be an admissible complex structure and let J match I.
Let v € A be such that JE, € . Then

(U =1, ~(IH,)=0; (39)
JEy = %V(Vw) (Hy+ilH,), JE_,= %’V(Uv) (Hy —ilH,). (40)
Proof. Integrability gives
Ny(Ey, E_y) = V3, U] = [Ey, E_y] = J[V,, E_5] = J[E,, U]
—H, +~(V,)U, +~v(U,)V, = 0.

For the present computation we denote a = (U,). Now we apply I on the last
expression to get the second equation of the following system:

H,=aU,+adV,, IH,=iaU, —iadV,. (41)
First, we use (41) to compute
0= Ny(H,,IH,) = —[aE, +aE_,iaE, — iab_,]
— [Hy,IH,] - J[H,,iaE, — iak_,] + J[aE, + ak
= 2i(|a|* - 1)H, — iy(IH,)IH,.

o THS)

Because H.,, I H, are linearly independent'?, integrability implies (39). Now using
(39) we solve the system (41) to get (40). O

Remark 4.1. At first glance formula (40) contains something like a vicious circle —
we determine V,, = JE, using a circle parameter y(V,) on the right-hand side.
As we shall prove further JE, € b if anf only if v € T" (see Theorem 4.12).
Actually, formulas (40) are the same as
JE, =V, =-iv(V5)Qy, JE_,=U, =—iv(Uy)P;. (42)

(See Definition 3.3 for Py, Q.). The important point here is that, due to Theorem
4.12, any matching complex structure J sends the stem nilpotent E., € §* to Q, €
hT multiplied by a complex number of norm 1; thus we recover the parameters
p~ from Section 2. We use this further to identify the Cayley transform which
produces J —see Definition 4.1 and further.

Proposition 4.8. Let a, 3,7 € AT, JE, €. Then
ag,a(B + a)(Uy) = pryp)([Ea, E-4]).
Proof. By the integrability of J we have
0= N(E_,,Ey) = [Uy, JEs] — [E—y, Eo] — J[Uy, Eao] — J|E—y, JE]

= [Ea, E_4] - Z BUy)ap.aE-—p — a(Uy) Z ap,allp+ A,
pBeA+ BEAT

where A € b™. The statement of the proposition comes from equating to zero the
coefficient of E/_g in the last expression. O

120therwise, Hy € ht or H, € ™, which contradicts hi ﬂT(bi) = {0}.
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Corollary 4.9. Let o, 8,y € A", a+ =7, JE, €h. Then

aga = Ny —av(V;) # 0.

Proof. This follows trivially from Proposition 4.8 by (39) and the fact that N, _,
#0. 0O

Lemma 4.10. Let o, p € Aty e, JE, €b. If a+ 8 #, then

Z au,ﬁaa,,u(u)N'y,fu =0,

vedt

where p is the involution of AT defined in (22).

Proof. In the follwing computation we keep explicit only terms with a component
in n~ . We have

0= N(E’YaE,B) = [V’Ya ‘]E,B] - J[V’WEB] - J[E’Ya JE,B] + A

_ Z aa,g(B+a)(Vy)E_q —J[Ev,pr,J (JEg) + Z aygE_ }

acAt veAt+
== 2 aapB+a)V3)Ea = ) avsJEy E- ]+ B
aeAt veA+t

Now from Corollary 4.6 and J(E,) € b it follows that a, g = 0, hence the sum
> vea+ wpJ[Ey, E_)] reduces to 3, a4\ (4 v.pd [Ey, E_y], and by the defini-
tion of ®F the n~-component is Zueqﬁ ay gJ[Ey, E_,]. Therefore we reduce the
equation 0 = N(E,, Eg) to the following:

0=-— Z (aa,ﬂ( +B) Z N —uau,ﬂaay(u)>E—a+C

acAt y€@+

We conclude that for each (3, «,~y as assumed, we have

Qg ﬁ(a+ﬁ) Z N ,—vQy,Blo n(v) =

VE‘I’+
When 3+ a # -, Proposition 4.8 gives'? a4 g(a+ 3)(V;) = 0, whence the lemma.
O

4.2. The coefficients of a
We recall that I is the stem of AT and that u is involution of A defined in (22).

Proposition 4.11. Lety €T, J(E,) € b and o € T, 5 € AT, Then aqz # 0"
if and only if o+ 5 =17.

3 Because (a+ B)(V5) = (@ + A)(U5).
14by Corollary 4.6 this is the same as ag o # 0.
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Proof. If g € <I>;r, then from Corollary 2.6a), we know that o + § € A if anf only
if a + 8 =1, so Corollaries 4.2 and 4.9 give

o #0 <= a+f=7, o pfecdl. (43)

Let 8 ¢ ®F. If B+a ¢ A*, then a, 5 = 0 by Corollary 4.2. So we have to treat
just the case v # 4+ a € AT as in Lemma 4.10. Now if a,v, u(v) =y —v € @7,
then by (43) aq .y # 0 if and only if v = a. Thus, the equality from Lemma 4.10
reduces to aq,gNy,—o = 0. We have a € <I>,JYF, hence N, _, # 0, whence aq, g = 0.
The proposition is proved. [

Now we can prove

Theorem 4.12. Let I be an admissible b™ complex structure on u and let J match
1. Then

(a) If y €T, then J(Ey) € h™.
(b) Ifa € dt, B € AT, then an 3 # 0 if and only if B = p(a).

Proof. LetT' = {v1,...,7a} be the stem of A*. We know that 7; is a maximal root,
so by Corollary 4.3 we have JE.,, € b. Since J(m]) =m}, we have JE,, € h~.
Now by Proposition 4.11 we conclude that for any a € @jl, B € AT we have

ap#0 <= a+ =7 = [=pa).
Now we assume that for some k < d we have J(E,,) €bh, i=1,....k and
a 0 = tu... + +
ap 70 &= B=pla), acd® U---UDT K BeAT. (44)

If o € ®F U---U®F then by the definition of the stem 4,41 # (), hence by

the 1nductlon as&umptlon (44) and Corollary 4.6 we have a,, ,, o = Ga,,, = 0.

Ifa€®f U--UeH UT, then by Corollary 2.11 we have a + 41 € A,
whence by Corollary 4.2 we conclude Gy iqya = Qoyypyy = 0

Thus for each a € AT we have a.,,, .o = Ga,,,, = 0, which means

JE,. ., €. (45)

Now let o € ®F, .

If 8 = p(a) then Corollary 4.9 and (45) give a4, g # 0.

If 3 € AT and B # u(a), we apply Proposition 4.11 so

aa,5%0<:>a+6:7k+1 <:>6:,LL(04), Oée(piyrkJrlaBEAJra

which combined with the assumption (44) gives

k+1
o #0 <= pla) =B, ancb Be At

Our induction is complete, and the theorem is proved. [
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Corollary 4.13. The matriz a is antisymmetric.

Proof. From Theorem 4.12 we know that as g # 0 if anf only if @ € &1 and
B = (). The result follows from Proposition 2.14 and Corollary 4.5. O

Corollary 4.14. J(f©) C h~.
Proof. Follows directly from Theorem 4.12 a). O
Corollary 4.15. If rank(u) < 2d, then U carries no hypercomplex structure.

Proof. The claim follows from Corollary 4.14, the fact that J is bijective, and
2dim(h~) =rank(g). O

From here on, we assume (often implicitly) that rank(g) > 2d.

Corollary 4.16. A semisimple compact Lie group U carries a hypercomplex struc-
ture if and only if

USU@2d; +1) x -+ x SU2d, +1), di,...,dn € N.

Proof. The only simple group with rank(g) = 2d is SL(2n + 1,C); for the other
simple groups we have rank(g) < 2d (this follows, e.g., from Corollary 2.22). On
the other hand, existence of a hypercomplex structure for our U follows from
Remark 3.3. (]

Now we are ready to determine the complex structure J on V (see Definition
2.5).

Proposition 4.17. Let I be an admissible b complex structure and let J match
I. Ifyel,ac®f, then

JEQ = N.Y’_Q’Y(V.Y)Esw(a). (46)
Proof. We denote 8 = p(a) = —s, (). From Theorem 4.12 we have
JEy=agoB s+ H,  Heb .

In the following computation we keep explicit only terms which have nontrivial
projection to b.

Ny(Ey, Ea) = [Vy,ap.0E_p + H| = J[Ey, a0 E_p + H] — J[Vy, Eq]
=v(H)V, — N, _pagoaJEy —a(V,)JE, + A
=(H)Vy = (Ny,-pag.a + a(V5))H + B,

where A,B € n~. Now we use ago = N, _o7(V4) (see Corollary 4.9) and
N, _oN, _3 = —1 (Proposition 2.14) to get

AV(H)V;, + B(Vy)H = 0. (47)

We apply v to this equation and obtain v(H)(y + 8)(V,) = 0. By Proposition 4.7
and 3 € ®F we have

B(Vy) =~v(V;) (5 + imaginary number) # 0.

Thus (v + B8)(V4) # 0, whence v(H) = 0. Now by (47) and B(V,) # 0 we get
H = 0. The Proposition follows. (]

Formula (46) obviously implies:
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Corollary 4.18. Let I be an admissible b™ complex structure and let Jy, Jo be two
complex structures matching I. If 1 E, = JoE,, for eachy € I, then J1Ey = JoE,
for each a € A.

Given an admissible b* complex structure I, Proposition 4.17 determines the
action of a matching J on the invariant'® subspace V. The result is so clean that
it gives us a more precise description of the matching Cayley structure I, than we

achieved in Subsection 3.

4.3. The action of J on the extended stem subalgebra

In Section 3 we used a conjugate I, of a b complex structure I (see Definition 3.1)
to obtain a matching complex structure under the condition I(w) C o,. We show
here that I(t) C o, is also a necessary condition for the admissibility of I. We
show also that for any admissible complex structure I on u and any J matching I
we have J = I, on ¢ ® V" (see Definitions 3.2, 2.5) for a certain value of the torus
parameter p, namely:

Definition 4.1. Let v € I'. We denote:
py =1(JE_;), p={py[ve€T}

The first equality in formula (39) gives |py| = 1 whence we may use all the
entities from Definition 2.7.
In particular, for any v € T' from (40) we get:

JE, =V, =p5(Wy +iZ,), JE_, =U, = —p, (W, —iZ,). (48)

Proposition 4.19. Let I be an admissible b complex structure and let J match
I. Then I(w) C oy and for any v € T' we have

IX,=Y,, IW,=Z%Z; JX,=W, JZ,=Y,. (49)

Proof. The first and second equality in (49) come from the definition of a b*
complex structure I. The third and fourth equality come by solving the system
(48) for W, Z.,. It remains to show I(w) C oy, i.e., we must show that y(IHs) = 0
for any v,6 € T.

From Proposition 4.7 and Theorem 4.12 it follows that v(IH,) = 0 for any
vyel.

Let 7,9 be non-equal elements of I'. Using Theorem 4.12 and the strong or-
thogonality of I" we compute JN;(E,, Es) to get:

0= [JEy, Es| + [Ey, JE;| = 6(V) Es — (V) By,

hence v(JE;) = §(JE,) = 0. Now by (48) and the strong orthogonality of I" we
have 0 = y(JEs) = ps(v(Ws) +1v(Zs)) = ipsy(Zs). The Proposition is proved.
U

Thus we see that 3 C o0, is a necessary condition for admissibility of I. Due
to this fact, the coincidence of the formulas in Proposition 4.19 and Corollary 3.7
means that if J is any complex structure matching I, then J = I on the extended
stem subalgebra ¢ = f, ® 3 (with p as in Definition 4.1: see also Remark 2.6).
Combining Corollary 4.18 with Proposition 4.19 we get:

150One point of Proposition 4.17 is proving the J invariance of V.
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Corollary 4.20. Let I be an admissible b™ complex structure and let J match I.
Then each of the subspaces e, V" is J-stable. Moreover, for each X € ¢ ® V* we
have JX = clc X, where the Cayley transform c = c[p] is as in Definition 2.10
and p, = iy(JE_y) for each v € T.

We have another useful consequence of I(w) C o:
Corollary 4.21. If I is admissible and T = {1, ...,va}, then v;(Py) = v;(Qx) =
id,.

Formula (48) and Proposition 3.11 give
Proposition 4.22. Let J match I, then J(f*)=v", J(f)=0v".

If we add Theorem 3.12 to Proposition 4.19 we obtain our solution of Problem A:

Theorem 4.23. Let u be a compact Lie algebra and let I be a b+ complex structure
onu. LetT be the stem of AT. Then I is admissible if and only if dim(u) is divisible
by 4 and for each 7,8 € T' we have v(IWs) = 0.

We have chosen to express the necessary and sufficient condition for admissi-
bility of I in the most classical terms, only using the notion of stem. Recalling
Remark 3.1 we get:

Corollary 4.24. A compact Lie group U carries a left-invariant hypercomplex
structure if and only if rank(u) = 2d 4 4k, where d is the number of elements in
the stem I' and k is a nonnegative integer.

4.4. The classification

Now we proceed to Problem B, that is, we assume that I is an admissible bT
complex structure on u and describe all complex structures J matching 1.

We already described the matching complex structures on the extended stem
subalgebra f,, @ 3 and on V. We showed also (Corollary 4.20) that any matching
complex structure coincides on f,, @3 @V with the structure I (see Definition 3.1)
for some p.

So we go on to determine the remaining coefficients of the matrix of J (see
Definition 1.7). We already showed that 3 C o0,, so we can use Propositions 3.11,
3.10 (see Definition 3.3 for the notations). Thus, we have decompositions:

m; =vt it aft eVt 50

dim(v") = dim(f*) = d, dim(i") = p, (50)

where p is a nonnegative even integer and rank(g) = 2d + 2p.

In the first place we have the vectors P, = W, —iZ,, @, = W, +iZ,, which
are a basis for the subspaces b+, b~ respectively.

Equality (48) and Proposition 4.17 describe completely the complex structures
matching I on the component of g which is complementary to j = j* @j~ with
respect to the decomposition (50).

In the nearest to semi-simple case, i.e., when 2d = rank(g), we have j = 0 and
then equality (48) and Proposition 4.17 describe completely the complex structures
matching I; more precisely:
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Theorem 4.25. Let 2d = rank(g) and let I be an admissible b™ complez structure.
Then there is exactly one (up to choice of p = {p, | v € T'}) matching complex
structure J. Forv el and a € @:Y" the operator J is given by

J(E,Y) = WQ’Y; J(Ea) = iﬁryN'y,—aEy(a)-

This theorem improves the constructive Proposition 3.9 in particular.

We give several equivalent forms of the admissibility condition, when 2d =
rank(g). In Subsection 2.3 we introduced and studied a representative of the
opposition involution ¢ = exp(rad Xr).

Corollary 4.26. Let 2d = rank(g), let I be a b complex structure on u. Then I
1s admissible if and only if any of the following three equivalent conditions holds

a) ¢p(m;)=m;.

b) 6(b7) = b

c) pol=—T04¢.
Proof. In any case ¢(nt) =n~, so a) is equivalent to b).

The proof of ¢) < b) imitates the proof of Proposition 1.3.

Now assume that I is admissible. Then for any W € v we have IW € o,
whence by Corollary 2.20, ¢(W — iIW) = —W — iIW = —7(W — iIW) whence
the condition b) holds.

Conversely let condition ¢) hold. Then for W € w we have ¢(IW) = —I¢p(W) =
IW and by Proposition 2.20 we have I(tv) C o, whence I is admissible. O

When 2d < rank(g) and I is an admissible b™ complex structure we have to
determine the action of a matching complex structure J on the subspace j =
iT @i~ C o (see Definition 3.3).

Proposition 4.27. If rank(u) = 2d + 2p,p € 2N, then J(GT) =i~

Proof. Let Sy,...,S, be a basis of j*; then T, = 7(Sy), k = 1,...,p is a basis
of j=. Then by Proposition 3.11 {P, | v € T} U{S1,...,S,} is a basis of hT and
{Qy |y eT}uU{Th,...,T,} is a basis of h~. Slightly changing notation for the
elements of the matrix J (see (12), Proposition 1.4), for any ¢ = 1,...,p we have

st,qQa+thth+ > npFop (51)

ser BeA+

From the integrability for ¢ =1,...,p, v € I' we have(in this computation we use
Corollary 4.21 and j C o):

0= N;(S4 V) |:Zb6qQ6+thth+ > 154E-5,E ]

éer BeA+
TS0 [zbéqczﬁzmﬁ 5 B V|
ser BeEA+

—by,q V(@) E Z 8.l E-p, Ey] — Z 18,48 (Vy)JE_p.

peA+t BeAT
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From Proposition 4.17 and formula (42) for § € ®1 we have

JE g = _T(JEﬁ) = N%—ﬁ'Y(V'y)E'Y—ﬂv 5(V'y) = —i"Y(V'y)B(QW)§

therefore we have (recall that |y(V,)| = 1)

0= —iby,q By + Z n,qNy,—5(1 +18(Q5)) Ey—p
Bedd

— > np([E-p, By + B(Vy)JE_p).
peat\oF

From Proposition 4.17 it follows that

Z Npa([E—p, E5] + B(V,)JE_g) € b + Z g(a).

peA+\ot a€A\®T
Now from (52) it follows that for any 8 € ®F we have

N8,gN~,—(1 +18(Q~)) = —1N, —gnp,4(Q4) = 0,

where a = u(8) = v — . But for a € &1 we have a(Q,) # 0 (see the end of the
proof of Proposition 4.17), whence for 8 € ®*, ¢ =1,...,p we have

16,4 = 0- (53)

Suppressing all terms containing 754, 8 € @1, equation (52) reduces to (recall
that 6(V,) =0 for v, € I, v # §):

0= _ibw,qu - Zn&,q([Eﬂia Ev] + 6(V7)JE*5)
6er
= —iby By = 1y,q(Hy +7(V5)Uy).

By (40) and I(H,) € o it follows that H, + v(V4)U, # 0 and we see that for
yel', qg=1,...,p we have

Ny,q = by, =0. (54)

Thus we conclude (see (51), (53),(54)) that for any ¢ = 1,...,p,
P
J(Sq) = bigTh. (55)
k=1

The proposition is proved. (I

We present our solution of Problem B from the introduction.
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Theorem 4.28. Let u be a compact Lie algebra with rank(u) = 2d + 2p, where d
is the number of roots in the stem T' of AT and p is a nonnegative even integer.
Let I be an admissible b -complex structure on u. Let Si,...,S, be a basis of i,
and Ty, = 7(Sk), k = 1,...,p. Then all the complex structures matching I are
determined by the following formulas (here v € I' and o € ®.,):

J(Ey) = 07Qv; J(Ea) =10, Ny —aBy(a), J Zbquk’ (56)

where {p,}yer is any family of numbers on the unit circle and b is any p x p
complex matriz satisfying bb = —1.

Proof. The first equality is in (48). The second is in Proposition 4.17. The third
follows from Proposition 4.27. In the proof of Theorem 3.12 we show that all the
complex structures defined by these formulas are integrable. O

4.5. Equivalences

From the explicit result in Theorem 4.23 we may obtain the parameter spaces of
equivalence classes of admissible complex structures on a compact Lie group with
respect to:

Definition 4.2. For any Lie group G we shall call two left invariant complex
structures I and I’ on G equivalent if there exists an analytic automorphism
of the group G, which is a biholomorphic transformation between the complex
manifolds (G, I) and (G, I’). We denote by Pg the set of all equivalence classes
of admissible left invariant complex structures on G.

The table below gives for a nearest to simple compact Lie group U'6 the pa-
rameter space Py for U as well as the space Pg for the covering simply connected

group U,
U Pu Pg
SU(2d + 1) S2\GL4(R) the same
SU(2d) x T! (S x GL1(Z2))\GL4(R) Z replaced by R
. m—2
Spll;ii”;qx_’:rl (S2 X GLy—2(Z))\GLy,—1(R) | Z replaced by R
Eg x T? , (S2 x GL2(Z))\GL4(R) Z replaced by R
Spintia) T Gy (2)\GLa (R)/5: o
Spin(8) x T* GL4(Z)\GL4(R)/S3 {1}
Spin(2d + 1) x T? GL4(Z)\GLg4(R) {1}
Sp(d) x T? GL4(Z)\GL4(R) {1}
Eg x T° GLg(7)\GLs(R) {1}
E7 x T’ GL7(Z)\GL7(R) {1}
Fy x T* GL4(Z)\GL4(R) {1}
G x T2 GL3(Z)\GL2(R) {1}

6y = U, x T2d-rank(u3), where Ug is any simple, simply connected, compact Lie
group.
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where we use the following notations:
To save space we write, e.g., GL,(R) instead of GL(n,R).
By Si we denote the symmetric group of k elements.
For any d > 1 and 0 < p < d we define action

(S x GL,(Z)) x GLy4(R) — GL4(R),

(+1,4), B) — [Id—p 0

0 A}B; ((—LA),B)H[_Id_p O]B.

0 A

The set of orbits in GL4(R) with respect to this action we denote by (So x
GL,(Z))\GL4(R). In the case p = 0 we discard the factor GL,(Z) in this defi-
nition and obtain So\GLg(R) and in the case p = d we discard the factor Sy and
obtain GL4(Z)\GL4(R).

By GLg2,(Z)\GL2,(R)/S2 we denote the set of orbits in GLg,(R) obtained
with the action of GLgy(Z) on GLg,(R) by left multiplication of the matrices in
GLy,(R) with the matrices in GL9,(Z) and the action of Sy by permutation of
g-th and 2¢-th columns of the matrices in GLg4(R).

By GL4(Z)\GL4(R)/S3 we denote the set of orbits in GL4(R) obtained with
the action of GL4(Z) on GL4(R) by left multiplication and the action of S3 by
permutation of the second, third, and fourth columns of the matrices in GL4(R).

We omit here the proof of this result (the table), but give hints for the two most
extreme cases (the first and the eighth raw of the table). The proof uses Theorem
4.23, the list of stems in [DT1, Subsect. 2.9], and the list of outer automorphisms
of simple Lie algebras. We have already accounted for the inner automorphisms
by fixing the Cartan and Borel subalgebras in the conditions of Theorem 4.23.

Example 3. Let U = Sp(d) xT. The universal covering group is U 2 Sp(d) x R%.
Now T is the set of long roots in A™T.

Up to equivalence, there is ezactly one left invariant admissible complex struc-
ture on the (noncompact) universal cover group U. Indeed, all bases Z1,...,Zy4
of 0, are equivalent under the action of the tangent maps to the automorphisms
in Aut(R?) = GL(d,R).'7

The parameter space of equivalence classes of admissible complex structures on
Sp(d) x T¢ is GL4(Z)\GLg(R).'8

Example 4. Let I and I’ be two admissible b™-complex structures on su(2d+1).
Then I is equivalent to I’ if and only if either I = I' or IH, = —I'H, for each
~v € I'. The only non-trivial equivalence comes from the Lie algebra automorphism
corresponding to the Dynkin diagram symmetry.

The parameter space of equivalence classes of admissible complex structures on
SU(2d + 1) is So\GL(d, R).

Theorem 4.28 gives the corresponding hypercomplex structures.

"By Aut(G) we denote the group of analytic automorphisms of G.
18Recall that Aut(T?) is isomorphic to GL4(Z).
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