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Abstract. In this paper, we study Liouville-type theorems for fractional
Hardy—Hénon elliptic systems with weights. Because the weights are sin-
gular at zero, we firstly prove that classical solutions for systems in
RM\{0} are also distributional solutions in RY. Then we study the equiv-
alence between the fractional Hardy—Hénon system and a proper integral
system, and we obtain new Liouville-type theorems for supersolutions
and solutions by the method of integral estimates and scaling spheres
respectively.
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1. Introduction

In recent years, the fractional Laplacian operator as a nonlocal operator has
been widely used to model diverse physical phenomena, such as anomalous
diffusion and quasi-geostrophic flows, turbulence and water waves, molecular
dynamics and relativistic quantum mechanics of stars [8,9,37]. Moreover, they
also appear in mathematical finance [2,15], elasticity problems [34], obstacle
problems [3,4], phase transition [1] and crystal dislocation [18,38].

The aim of this paper is to investigate the fractional Hardy—Hénon system

(—A)*ru = |z|%P, xRN, (1.1)
(—A)2y = |z|Pud, xRV, ‘

where (—A)% (i = 1,2) is the fractional Laplacian operator. Throughout this
paper, we always suppose s1,s2 € (0,1), a,b € R, p,g > 0 and N > 2. The
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fractional Laplacian operator (—A)®, 0 < s < 1 is defined as

(~8yute) = V) [ D ay, (12)

where C(N, s) > 0 is a normalization constant that is often omitted for conve-
nience. The integral in (1.2) is interpreted in the Cauchy principal value sense,
that is, as the limit as ¢ — 0 of the same integral taken in R\ B.(z), i.e.,
the complementary of the ball of center z and radius €. This operator is well
defined in Lo, N Cloc, where

5= ‘RN R: 7|u(x)| .
Lo {u — /RN1—|—|JU|N+25<OO

The system (1.1) is a natural generalization of the fractional Hardy—
Hénon equation
(—A)u = |z|%u?, xRN, (1.3)
where s € (0,1), a € R, p > 0.
As for Liouville-type theorems of (1.3), in the local case s = 1, the
equation (1.3) is the famous Hardy—Hénon equation

— Au = |z|"uw?, zeRN, (1.4)
Define the Hardy—Sobolev exponent
N+2+2a
SV N =3,

ps(a) = {—l—oo_, N=2

When a < —2, Dupaigne et al. [21] proved that Eq. (1.4) has no positive
solutions in C?(RN\{0}) N C(RY). As for the case a > —2, Phan and Souplet
proposed in [29] the following conjecture:

Conjecture 1.1. Let N > 2 and a > —2. Then Eq. (1.4) has no positive solu-
tions if 0 < p < pg(a).

In [29], authors proved this conjecture for bounded solutions. Moreover,
in [25], Li and Zhang solved this conjecture for N = 3 and Guo and Wan [20]
completely solved this conjecture for N > 3.

In the nonlocal case 0 < s < 1, authors in [19] established some Liouville-
type theorems for positive solutions when a > 0 and Jffvfzas <p< %
via the method of moving planes in integral forms. In [5], authors proved a
nonexistence result for positive solutions in the optimal range of the nonlin-
earity, that is, when a > —2sand 1 < p < M , and additionally assume
a > —N/2if N < 4s. Furthermore, they used reductlon argument to prove that
a bubble solution, which is a fast decay positive radially symmetric solution,
existswhenp:%,%§s<1,a>00r0<8<%,0<a< 281@;_51)

Returning to the system (1.1), when s; = s3 = 1, (1.1) becomes famous
Hénon—Lane-Emden elliptic system

—Au = |z|%P, x€RN,
{ —Av = [z|’u?, xRN (1.5)
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Define critical Sobolev hyperbola (see [7,10])

N+a N+b
4+ ——F=N
p+1 q+1

and call the pair (p,q) subcritical if JZL“ + ];[Tﬂb > N — 2. In [6], authors
proved that the system (1.5) has positive radially symmetric solutions if and
only if the pair (p,q) is above or on the critical Sobolev hyperbola, which
implies the following well-known Hénon—Lane-Emden conjecture is valid if all

positive solutions of (1.5) are radially symmetric:

Conjecture 1.2. Suppose that (p,q) is subcritical, then system (1.5) has no
positive classical solutions.

When a = b = 0, this is celebrated Lane-Emden conjecture which has
been extensively studied and solved for N < 4 in [27,30,31,33,36]. It still
remains open for N > 5. Recently, Li and Zhang [25] proved the Hénon-Lane—
Emden conjecture for N = 3.

When s1,s2 € (0,1), there are very few results about Liouville-type theo-
rems for (1.1). In [19], Dou and Zhou proved that when s; = s5 =: s, a,b > 0,
]f,vffs <p< %7 ]f,vjébs <q< %, the system (1.1) has no non-
trivial nonnegative solutions. In [26], authors used moving plane method to
provethatwhen31252:s,a,b20,1<p<%,1<q< %,
the system (1.1) has no nontrivial nonnegative solutions. In [28], authors used
scaling sphere method to prove Liouville theorems for the system (1.3) with

s1 = sy = s. They proved that when a,b > —2s and 0 < p < %,
0<g< %, the system (1.3) has no nontrivial nonnegative solutions.

Moreover, they also prove Liouville theorems for higher-order Hénon-Hardy
systems, i.e., s is a positive integer. However, since this is out of the scope of
our paper, we refer interested readers to that paper.

In this paper, we study Liouville-type theorems of system (1.1) in a more
general setting. That is, we assume that a, b might be negative and s1, sy does
not necessarily equal, which are not considered in the references mentioned
above. We stress that when a,b < 0, the weights |z|® and |z|” in (1.1) are
singular at zero which makes the problem more difficult. Specifically, the reg-
ularity of w and v at the origin is not clear which makes the techniques used
in the references mentioned above invalid. In order to overcome this difficulty,
we firstly need to choose an appropriate function space to give definitions of
classical (super-)solutions.

Definition 1.3. Suppose s1,s2 € (0,1), a,b € R, p,qg > 0. We call (u,v) is
a positive classical (super-)solution of system (1.1), if u € Las, N C(RY) N
CELRN\{0}), v € Lag, N CRN) N CLHRN\{0}) with u,v > 0 in RN\{0}
and (u,v) satisfies the system

(2) = |z[*0?, = e RM\{0},

(—A)*u(>
{(—A)Szv(z) = |zPu?, x e RN\{0}, (1.6)
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In other words, solutions which blow up at zero are not in our considera-
tion. And it can be easily seen from definition that positive classical solutions
of system (1.1) are also positive classical super-solutions. So, our first main
result is concerned with Liouville-type theorems for super-solutions.

Theorem 1.4. Suppose that a,b > —N, p,q > 0, a < —2s7 or b < —2s4, then
system (1.1) has no positive classical super-solutions.

Now we only need consider the case a > —2s; and b > —2s5. In this case,
if pq # 1, we define
_ 2(s1 +ps2) ta+pb 2(s2 +¢s1) +b+qa
; pg—1 pg—1 '
Note that if pg # 1 and (u, v) is a solution of system (1.1), then (R*u(Rz),

RPv(Rx)) is also a solution of system (1.1) for any R > 0, this scaling invari-
ance property is very crucial to our proof.

, B= (1.7)

Theorem 1.5. Suppose that a > —2s; and b > —2s9, p > 1 and ¢ > 1, a >
N — 251 or 8 > N — 2sy. Then system (1.1) has no positive classical super-
solutions.

Moreover, if we assume stronger in Theorem 1.5 that s; = so, p = ¢
and a = b, we find that if u is a positive classical super-solution of Eq. (1.3),
then (u,v) with u = v is a positive classical super-solution of system (1.1). As
a result, we have the following Liouville-type theorem for super-solutions to
Eq. (1.3), which is also a new result.

Corollary 1.6. Suppose that a > —2s, p>1, a > N —2s. Then Eq. (1.3) has
no positive classical super-solutions.

Our next result is a Liouville-type theorem for classical solutions of sys-
tem (1.1).

Theorem 1.7. Assume that N > 2, s1,s5 € (0,1), a > —2s1, b > —2s9,

N+2s14+2a N+2s5+2b N+2s1+2a N+2s2+2b
0 < p < N —2s2 and 0 < q < N—2s1 7 (p’q) 7& ( N—2s2 ?» N-—2s1 )

Suppose (u,v) s a pair of nonnegative classical solution to system (1.1), then
(u,v) = (0,0) in RV.

Now we sketch ideas of proofs of main theorems. We argue by con-
tradiction and assume that system (1.1) have nonnegative classical (super-
)solutions. As mentioned before, in order to overcome the difficulties arising
from singular weights of system (1.1), we firstly prove that nonnegative classi-
cal (super-)solutions for system (1.1) are also distributional (super-)solutions
(see Lemma 2.1). Then we can prove the equivalence between the system
(1.1) and a proper integral system (see Lemma 2.2 for super-solutions and
Lemma 3.1 for solutions). Thus, we can directly obtain Theorem 1.4. To prove
Theorem 1.5, we utilize the scaling invariance of system (1.1) to establish inte-
gral estimates of nonlinearities in a ball (see Lemma 2.3). We emphasize here
that, because (—A)?® is a nonlocal operator, we need choose very suitable test
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functions when estimating integrals. This appears strikingly different from clas-
sical Laplace operator and also becomes more difficult. As for Theorem 1.7, we
use scaling spheres method for integral systems to derive better lower bounds
for u and v(see Theorem 3.3) and use them to get contradiction. The method of
scaling spheres, developed in [16], comes from the method of moving spheres.
The method of moving spheres was firstly used by Chen and Li [12] and then
developed in [14,32] and references therein. The method of scaling spheres is
essentially a frozen variant of the method of moving spheres. It makes use of
the integral representation formula of solutions and the “Bootstrap” technique
to derive lower bound estimates of solutions at infinity. This method has been
widely used to deal with varieties of problems such as Liouville-type theorem
and classification of solutions to many equations or systems. For instance, in
[11], authors use this method to establish Liouville-type theorems, integral
representation formula and classification results for nonnegative solutions to
fractional higher-order equations with general nonlinearities. For more appli-
cations, we refer interested readers to Le [22-24], Dai et al. [17], Peng [28] and
references therein.

Throughout this paper, C,Cy,Cs... denotes positive constant indepen-
dent of (u,v) which may be different from line to line. Br(z) is the open
ball with radius R and center xg, supp f denotes the support of a Lebesgue
measurable function f. F[f] denotes the Fourier transform of f.

The rest of this paper is organized as follows. In Sect. 2, we establish the
equivalence between the system (1.1) and a proper integral system and prove
Theorem 1.4 and Theorem 1.5 by integral estimates. Section 3 is devoted to
prove Theorem 1.7 by combining the equivalence between the system (1.1) and
an integral system with scaling spheres method.

2. Non-existence results for super-solutions

Lemma 2.1. Let a,b > —N and (u,v) is a positive classical super-solution of
system (1.1), then it is also a super-solution in the sense of distribution, i.e.,
for any o € C=(RYN) with ¢ >0,

/RN(—A)SW@ = /RN w(—A)*1p > /RN 2|77, 2.1)
/}RN(—A)SQUW = /]RN v(—=A)%p > /RN |2 [Pudep (2.2)

Proof. We only prove (2.1), since the proof of (2.2) is similar. Firstly, we claim
that, for any ¢ € C2(RN\{0}) with ¢ > 0 and u € Las, N CLL(RN\{0}) N
C(RN),

L= [ u-arez [ e 23)

In fact, we only need to show the first equality holds in (2.3). Take any arbitrary
open set g compactly contained in RV\{0}, there exists a sequence {uy} C
C2°(RY) uniformly bounded in Ct*(RN\{0}), converging uniformly to u in
Qo and also converging to u in the norm of Lo, . By the uniform bound on the
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CYlnorm of wy, in €, it can be shown that the integrals converge uniformly
in Qo,
u(z) — u(y)

—A)? ————22d

(—A)°u, — e |z — y[NF2s
But (—A)*up — (—A)*u in the topology of C°(RM) the dual of C2°(RY).
By the uniqueness of the limits, limg oo (—A)%u;p = (—A)%u. Since Qq is
arbitrary, this holds for any = € RV\{0}. By Parseval’s theorem and Fourier
definition of the fractional Laplacian [13, p. 3], we have

/ (=A)°up = lim (=A) ukp
RN k—-+o00 RN

= Jm [ FA)yw)F

- kll»r—&r-loo Flux] (|€1*°Fegl)

= I F 28?71
Jmf el []]

- 1 —A)
k*llﬁl}oo RN Uk( ) SD

— [ ut-aye. (2.4)
RN

which concludes (2.3).
Now, take ¢ € C°(RY) with ¢ >0, 7€ C*RN),0<n<1,and n=1
in By, n =0in BS. Let n; = 1 —n(jz) and ¢; = ¢n;. Then ¢; € C=(RNV\{0}),

[ carue = [ ueaype = [t (2.5)
RN RN RN
Firstly, we intend to prove
lim (—A)sluqu:/ (=A)*ug. (2.6)
)0 JRN RN

It is simply followed by Beppo—Levi monotone convergence theorem by ob-
serving that the sequence ¢;(z) /" ¢(z).
Next, we prove

By calculation,
(=A% ¢ = (=A)" (om; )( )
/ 773¢ N-?éi)( )dy
/ — o(x)n;(y) + o(x)n;(y) — o(y)n;(y) ”
|z — y[NT2s:
= @) =A@+ [ %%}jﬁg«"&ﬁﬂy)) »
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=: Il +IQ (28)

For z € RV\{0}, we choose R < |z|, then

(-8l = [,

n;\x) —ni\y n\x) —ni\y
[ ey, ) ),
Br(z) |z — | RN\Bgr(z) |z —yl
=: 111 + 112 (29)
For j sufficiently large and € RN¥\{0}, n; = 1 in Bg(z), so
1-1
I :/ . _dy=0. 2.10
H Br(z) |T — y|VH2s (2.10)
As for 112,
1) = n;(y) 2 (RN
o —gtan | S g =g € L' (RV\Bg(z)), (2.11)

Combining with the fact lim;_o 7;(z) = 1 in RV¥\{0} and the Lebesgue dom-
inated convergence theorem, we have

Jim (=A)(2) =0, we R™\{0}, (2.12)

which implies that I; — 0 a.e. x € RY as j — +oo. Similar to the discussion
above, we have Iy — (—A)*1¢ a.e. v € RY as j — +oo. Thus, (—A)*1¢; —
(—A)*1¢ ae. x € RY as j — +o0.

For R sufficiently large,

/ W(=A)*  — u(—A)"1
Br(0)

< / (=) — u(—A)* |
Br(0)

<HlullzrBropl(=8)"d; = (=4)" ¢l
—0, as j— oo. (2.13)

For x € Br(0)¢, recall that u € Lo, ,

u/ (¢nj)(x)—(¢nj)(y)dy‘
-

|z —y| N+

[u(=2)" ¢;] =

u/ (én;)(2) — (91)(y) ,
supp ¢

|3§‘—y‘N+251 y’

C

supp ¢ |(E - y|N+251

< ch'ﬂ e LY(RM\Bg(0)). (2.14)

< u|

By Legesgue dominated convergence theorem,

/ u(—=A)%1g; — u(—A)rp, as j— oo. (2.15)
RN\ Bg(0) RN\BR(0)
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By (2.13) and (2.15), we can conclude (2.7). Finally, by a > —N, we can
conclude that

[ lalare; = afuro
R

<[ el = falre
supp ¢

< |||m|aHL1(supp ¢)va¢j - UP¢HL°°

—0, as j— +oo. (2.16)
That is,
lim |z|*"vP¢; = / || 0P . (2.17)
J— JRN RN
Combining (2.5)—(2.7) with (2.17), we can conclude (2.1). O

Lemma 2.2. Assume a,b > —N, u € Los, and v € Lo, are lower semi-
continuous. Suppose that (u,v) is a positive classical super-solution of system
(1.1), then

y|*vP (y ylPul(y
u(x) > C/RN |x|_|y|N(—gs1dy’ v(z) > C’/RN m|_|yN(_gs2dy, T € RN\{O}.
(2.18)

For writing convenience, we will choose C' = 1 in the following use of
system (2.18) since it only depends on N, s1, s3 and thus does not affect our
proof.

Proof of Lemma 2.2. Let
up(z) = [ Gr(z,y)ly|"v"dy, (2.19)
Br
where Gr(x,y) is the Green’s function on the ball Br(0) taking the form of

tR

CN75 SR ps—1
Gg(z,y) = PR /0 DL do, (2.20)

2
with sp = % and tp = (1 — |%’2> (1 — |%|2> It is easy to see that

(=A)*rug(z) = |z|*vP, x € Br(0),
{uR(I) 0, ¢ By(0), (2.21)
in the sense of distribution. Let
wr(z) = u(z) — ur(z).
e (~A) wp(e) > 0,2 € Br(0)
—A)'wg(x) >0,z € ,
{ wn(x) > 0, © ¢ Ba(0). (2.22)

in the sense of distribution. By the maximum principle [35, Proposition 2.17],
we have
wr(z) >0, xz¢€ Bg(0). (2.23)
As R— o0, sg — 0, tg — 1,
i3:4

SR bs—l S] bs—l
———db ———db=2C.
/0 (1+b)N2 _>/0 (1+b)N/2
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From
C(N,s)

Gr(z,y) = G(z,y) = [z —yN-2s1

— OQ,

and

ayp
unle) = C.s) [ I gy R o

we can get the first inequality of (2.18) and the second inequality is followed
by the same argument as above. 0

Proof of Theorem 1.4. Suppose that (u,v) is a positive super-solution, by

Lemma 2.2, u and v satisfy (2.18). When p,q > 0 and a < —2s; or b < —2s9,
b a . .

) > f ~ |a:|y"q\N 2gldy = oo or v(z) > fRN lx'yjyl%dy = oo, which is a

contradlctlon O

In the following, we establish an integral estimate lemma which plays a
key role in the proof of Theorem 1.5. Notice that the scaling invariance of (1.1)
stated before Theorem 1.5 is very important to the following lemma.

Lemma 2.3. Suppose that a > —2s1 and b > —2s5, p,q > 1 and (u,v) is a
positive super-solution of system (1.1). Then there exists a positive constant
C = C(p,q,a,b,N,s) such that when max{a,b} < 0,or max{a,b} > 0 and
S§1 = 82 =1 S,

/ |z|"vP < CRN 2517 / |zPu? < CRN 25278, (2.24)
Br Br
when max{a,b} >0 and s1 # s2,

/ |z|"vP < CRN 2517 / |zPud < CRN=2278_ (2.25)
Br\Br Br\Br

Proof. We first prove the case of R = 1.

Case (1). max{a,b} > 0 and s1 = s2 = s.

Without loss of generality, we assume a = max{a,b} > 0. Choose ¢ > 0
is the eigenfunction corresponding to the first eigenvalue of the equation

(7A)SSD - >‘|$|a907 in By,
{ o =0, in RN\ By. (2.26)

On the one hand, by Lemma 2.1 and Hoélder inequality,

/ e lPutp < / (—~A)*vg = / o(—AYG =\ / 2|0
B2 BQ Bz B2
1/p 1-1/p
<[ elws) ([ lelv)
Bz BZ
1/p
<C (/ |;v|“vpg5> . (2.27)
B2

On the other hand, in the similar way, we have
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[ alrves [ caru= [ uare=n [ jalup
B2 Bz B2 BZ
1/q 1-1/q
<C </ |x|bqu5> (/ |x|(ab/q)(q/q1)¢)
o Bz B2
1/q
<C </ |x|buQ¢> : (2.28)
By

By (2.27) and (2.28), we have

/ lzPuip < C, |lz|Pp < C. (2.29)
Bs B
Furthermore,
/ ||t < C’/ |z|*vPp < C’/ |z|*vPp < C, (2.30)
B1 B1 B
and
/ |z|Pud < C/ |lz[Pulp < C/ lz[Puip < C. (2.31)
B4 B1 By

Case (2). max{a, b} <0.
Choose m € N sufficiently large and n € C°(Bg) with 0 < 7 < 1 and
n=11in By. By Lemma 2.1 and convexity of n — 0™, we have

/IWWW/S/&Ame:/uGM%WSC ™,
BQ Bz Bz BZ

/ |lz|butn™ < / (=A)*2on™ = / v(=A)%p™ < C/ o™l (2.32)
Bz Bg B2 BZ
By Holder inequality and (2.32), we have

/ |x|a,up,,7m S C/ ’LLT]m71
BQ BZ

and

1/p
/B sc|avp77m> . (2.34)
2
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Combining (2.33) with (2.34), we obtain

1—L 1—
(/ Il‘l“v”nm> <c, (/ |x|bu%7m) <c,  (235)
Bz B2

which implies

/ |x\“vp§/ |x|*vPn™ < C, / |x|buq§/ |z|Pudn™ < C.  (2.36)
B1 B Bi B

Case (3). max{a,b} > 0 and s1 # 9.

Here, we choose m € N sufficiently large and n € C2°(Bs\B
0<n<landn=1in B;\B; and repeat the argument in case (2).

Since ga = B+ 2s2+b, pf = a+2s1 +a and (R*u(Rx), RPv(Rz)) is also
a super-solution, replacing u and v by R®u(Rx) and R°v(Rx) in the above
inequality respectively and changing variables yield

) with

1
4

[ atur—mye [ (rra(Re) < ORY 20,
BR(\Bg) Bl(\B%)

/ || %P = RNfzslfa/ |z|¢ (Rﬁv(R:z:))p < ORN 2517«
BR(\Bg) 31(\3%)
(2.37)
OJ

Proof of Theorem 1.5. Suppose that (u,v) is a positive super-solution and a >
N — 2s;. By Lemma 2.3, we can get two kinds of integral estimates (2.24) or

(2.25).
In the case of (2.24), recalling that o > N — 2sq,

lim |z[“vP = 0.
R—o0 Br

It follows that v = 0 and u = 0, which is a contradiction.
In the case of (2.25), by (2.18), we have, for |z| > 1

|y|*
w{z) 2 /|y|<1 |z — y[N =2 v (y)dy
=2

C
a,,p
FRE /|y< ly|*v* (y)dy

1
2
—_ C
- || N =251 :

(2.38)
Furthermore, again by (2.18),

buq
o)z [

RN [T —

b,,a
2/ ly] UN(E/g dy
B|T|(I) |"I‘._y| 52

2
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zcnxP”*N?/ 2P ly|7@ My
B

%(w)
= O|a|b~ 9NV =2s1)+282, (2.39)
Then,

/ |z|*vPda 2/ |x|a‘x|pb*pQ(N7251)+2p82dx
R<|z|<2R R<|z|<2R

> CRWe—D@=N+251) |, 10 as R foo, (2.40)
which contradicts with (2.25). O

3. Non-existence result for solutions

In this section, we only need consider the case of a > —2s1,b > —2s5 and
p,q > 0.

Lemma 3.1. Assume that u € Log,, v € Lo, is lower semi-continuous. Sup-
pose that (u,v) is a non-negative classical solution of system (1.1). Then

ay,p buq
o= [, e o= [P e eRN\O)
(3.1)
Remark 3.2. Assume that v € CJH(RN\{0}) N C(RY) N Ly, with u > 0 and
(—=A)*u > 0 in RV\{0}, then maximum principle implies that v = 0 in R or
u > 0 in R¥\{0}. By Lemma 3.1, we can get that u(0) > 0 in RY if u > 0 in
RM\{0}. As a result, u > 0 in RY or u =0 in RV.

Proof. With minor changes of the proof of Lemma 2.2, we can get that there
exist constants C7,Cy > 0 such that

u(z) = C +/ Mdy, z € RM\{0}

By |7 —y|N 2

v(z) = Cy +/R |y‘buidy, x € RM\{0}. (3.2)

v o -y

Next, we will show C; = 0. If not, we assume that C; > 0, by (3.2), u > C;
and

b
P Kl _
1200 [ iy = o
which is a contradiction. Similarly, we can show that Cy = 0. O

3.1. Scaling Sphere Methods
We consider the following integral system
ay,p
{u = fRN |I|Zi‘y|1vf(%)sl dy,

lyl® w9 (y) dy.

(3.3)
U= Lyt
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Suppose that u,v > 0 satisfy the system (3.3) but u,v is not identically
zero. From Remark 3.2, we can see that (u,v) is actually a positive solution
in RY. Moreover, we can show that (u,v) satisfy the following lower bound:

u(zx) > ¢

Indeed, since u,v > 0 satisfy the system (3.3), we have

u(z) > C

C a
2 HNi,Qsl/ |y|“vP (y)dy
z lyl

<3
C
= o (3.5)
for all |z| > 1. Similarly, we also have
v(z) > o= for all |z| > 1. (3.6)

Next, we will apply the scaling spheres method for integral systems to
show the following lower bound estimates for a positive solution (u,v) which
contradict with the integral system (3.3).

Theorem 3.3. Assume that N > 2, s;,s2 € (0,1), a > —2s1, b > —2so,

N42s142 N+255+2b N+2s1+2a N+2s5+2b
0 <p< MFEE2 and 0 < g < M2 (pq) # (AR, M),
Suppose that (u,v) is a pair of nonnegative solution to system (3.3), then it

satisfies the following lower bound estimates: for |x| > 1, if pg < 1,
(a+2s1) + p(b+ 2s2)

u(z) > Cy, lz|™, V ky <

)

1—pgq
b+ 2 2
v(@) > O fafr, ¥, < QT 282 T alat20) (3.7)
1—pgq
Ifpg > 1,
u(z) > Cxlz|®, v(z) > Cklz|®, V k< +oo. (3.8)

Proof. Given any A > 0, define the Kelvin transform of u, v centered at 0 by

= (2) () w0 (3) (). e

For z € RM\{0}, define

Wiy (z) = ur(z) —u(x), wiu(z):=vr(z)—0v(z). (3.10)
We will first show that, for A > 0 sufficiently small,
way >0, wr, >0, Vae By(0)\{0}. (3.11)
Step 1. Start dilating the sphere from near A = 0

Define

By, = {o € ByO\{0Hwru <0}, By, = {x € By(0)\{0}w, < 0},
(3.12)
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We will show that, for A > 0 sufficiently small,
By .,=B,,= 0. (3.13)

Since u,v € C(RY) is a positive solution to integral system (3.3), we get

ly|*vP (y) ly|* AN\
u(z) = / Z—dy + —— | =] vidy,
By (0) [T —y[N 72 B (0) ‘Iylx A V2 Jy A

By *my’
ly[Pu?(y) ly|® A\
v($)=/ e dy + —— (5| uidy,
B0y |z —y|N =252 Bx(0) ‘% _ﬁy’N N A
Y
(3.14)

where 7, := N + 251 + 2a — p(N — 283), 75 := N + 285 + 2b — q¢(N — 2s1). uy
and vy satisfy the integral system for x € RV\{0}

ol (AN
Z‘ fRN = y‘N 1\ Tyl U)\dyy

Tb (3.15)
x fRN o= yIN 755 (ﬁ) U?\dy

It follows that

ly|® ly|* A\
urte)= | SRy —— 0 R )
B (0) ‘\%Ix W s By (0) [T —y[N 725\ Jyl A

ol
|y‘b |y|b )\ Tb
vx(x)Z/ —5 u(y)+ v | ) el (y)dy.
BA(0) |1yl _ A N =282 By (0) [T —y[N 7252 \ |yl A
X ylY
(3.16)

By (3.14) and (3.16), we can derive that, for z € B, ,

0> wyu(z) = ur(z) —ulx)

:/ yl* ly|*
B(0) ‘13— |N 251 ‘M ‘N72sl
Y \y|y
A\
() #o-vw)a
|y

- / wl* [yl
= . |.’17 _ y|N—251 ‘ ly| A\ N—2s1

Av

max{v? " (y), vﬁ_l(y)}wx,u (y)dy

yl - -
Z/B_ |$_|y||N_231maX{”Up ), o8 ()b (y)dy. (3.17)
A,v

In the third line of (3.17), we have used the fact that if y € By, then

max{vf ! (y), vi_l (y)} =" (y)
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if p > 1 and max{v?~1(y), v} (y)} = v§ ' (y) if p < 1. Similarly, for = € By

0> wx(x) = valz) —v(2)

>/ I lyl°
e, \ e —yNTE gy YT

Au

b
> /B |5||N_2g2 max{u?" ! (y),ud " (y) }wx,.(y)dy. (3.18)

A_.u
By Hardy-Littlewood—Sobolev inequality, (3.17) and (3.18), we have, for any
max{iNi\gsl , 7]\,1\7252} <r < +4oo,

—1 -1
lxallzray ) < Clllzl® max{er="(y), e} <y>}wA,UHL$”(B;v)

< a p—1 B
< Clfaf max(v? ™ )k M, g5, ool
(3.19)
q—1 q—1
Junsllgrcss.,) < Clel* maax{ur = o), uf <y>}wx,u||L$52(B;u)
b q—1
< Ol mac{ur™ (). 8~ M, 25 Poralaegs,
(3.20)
Since (3.4) implies that
inf ux(xz) > C and inf ua(z) > C (3.21)
z€Bx,.(0)\{0} 2€Bx . (0)\{0}
for any A < 1, and so
sup wi™H(z) < C and sup W z) < C (3.22)
z€Bx,.(0)\{0} 2€Bx,»(0)\{0}
whenever p <1, ¢g<1and A <1.
It follows from (3.19) and (3.20) that,
ollprg= 3 < Clll2l° -1
ool < Cllal o= ) v WM,
a p—1
X [[l]® max{o? ™ (), X W] - Joollor s -

(3.23)
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Since a, b > —2s, there exists ¢y > 0 small enough such that

Olf|” max{u?™" (y), u{ " (y)}

L2$2 (B)\ u)
1
a p—1 < Z
el macor @ WU, <5 (624)
for all 0 < A < ¢y. Thus,
||w)"u||LT(B;, ) = ||w)\,v||Lr(B;U) = O, (325)

which implies that By, = By, =0 for all 0 < A < €.
Step 2. Dilate the sphere S until X = +oo to derive lower bound estimates on

(u,v)
Based on Step 1, now we dilate the sphere S outward as long as (3.11) holds.
Let
Ao :=sup{A > 0w, >0 and w,,>0 in B,(0)\{0}, VO < p <A}
(3.26)

In the following, we will prove that A\g = 4oc0. If not, Ay < 400, we first prove
that

Wrgw >0 and wy,, >0 (3.27)
for all x € By,(0)\{0}. Indeed, if we assume that wy, , = wx,,, = 0, we have,
for any x € B),(0)\{0},

0 = wayu(@) = ur, (@) - u(2)

i o | () )
= — - - — ] —1)v(y)dy >0,
/BM e e U DD U Rt ly|

B |y|y‘
(3.28)

0= wr, o (&) = 03, (&) — v(x)

= TG
= —— — — 1 —=1)u(y)dy > 0.
/BAO o —y[N=202 )y T ly|

AT my‘
(3.29)

So, there exists a xg € Bjy,\{0} such that wy, (o) > 0 or wx,.(xo) >
0. Assume that wy,(zo) > 0, by the second equality of (3.29), we have
Wxy,0(To) > 0. By continuity, there exists § > 0, a constant l,,l, > 0 such

that
Bs(x0) C B, (0)\{0}, wxyu >0, >0 and wy,» >1, >0 (3.30)

From (3.30) and the system (3.14) and (3.16), we have, for any x € By, (0)\{0},

Wxo,u(T) = un (2) — u(z)

_ / lyl* ly|*
Bay (0) |£L‘ _ y|N7251 |y| N—2s,

X |y|y’
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X ((ﬁ)T o8 (y) — vp(y)) dy

- / ] [yl
el BAO(O) |l' _ y|N7251 |y| N—2s1

2T Tl y’
min{v?~! (), o5 " (1) hwag .o (y)dy

>/ yl* lyl"
= JBs(wo) | [T —yN T2 1yl N=2s

Xt |y|y‘

min{v? ! (y), Uigl (y) Jwre o (y)dy
>0 (3.31)

wko,”( ) = U)\o

_ S lyl°
B 0 |(E—y|N 259 |y| N—2s5
)\0() )\0 yly
ly* lyl®
B o | |z —ylN-25 Lyl N=2s2
Xo() )\0 |y|y

min{u®™ (y), uf, " () Fwr.u(y)dy

> lyl®
Bé @) \ [T =yIN 722, N2ez

2oL |y|y’

min{u?!( qu Y)} wagu(y)dy
> 0, (3.32)

which verify (3.27).

Next, we will show that there exists € > 0 small enough such that wy , >
0 and wy, > 0 in Bx(0)\{0} for all A € [, Ao + €]. Once this is proved, we
can obtain a contradiction with (3.26).

By (3.31) and (3.32), there exists a 0 < ) < Ao small enough and I, 1, >
0, such that, for any = € B, (0)\{0},

(3.33)
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We fix 0 < 79 < 22 small enough, such that

C|||z|* max{v?~ !, v
|H | { }”Lzsl (AAO-F"O 2T(J)

x |[|2]* max{ut™! uf | (3.34)

1

Lzs? (Axg+rg.2rg) 2
where the constant C' is the same as in (3.23) and Ax,4r,2r, is defined as

A>\0+T0,2T0 = {Z‘ € B>\0+To(0)||x| > Ao — TO}' (335)

By (3.17) and (3.18), we can also deduce that for any A € [Ag, Ao + 0] and
max{%zsl, %282} <r< oo,

Jonallrog, ) < Cllel max(er™ o8 H e onaluegss

b qfl
lwrollpr sz ) < Cllel? max{us=", }HW(B, sl sy (336
Furthermore,

HwA,unm;u)scnwmaxw-l B

L251 (Bx,)
b qfl
el mase(ut= ol
a 1 ,p—
o ollr s < Cllef max(o? L =)
b -1
e mesx{ur™ Y gy nallngag o (53)
From (3.30) and (3.33), we can deduce that
My 1= inf Wxgw(z) >0, and m,:= inf Wxg,w(x) > 0.
meB)\o—T()(O)\{O} IeB%o—To(O)\{O}
(3.38)

Since u and v are uniformly continuous on arbitrary K C R¥, for example,
K = By, (0), we claim that, there exists a 0 < g1 < rg small enough, satisfying
that for any A € [Ag, Ao + €1,

my

wyu(x) > % >0 and wy,(z) > >0, € Bx,_r(0)\{0}. (3.39)

In order to prove this, we observe that (3.38) is equivalent to

2Vt u(w) = AN () 2 ma Y, el 2

2N (2) = A TP 0(2?0) = myp Ay, (3.40)

where the reflection of x about the sphere 9B, (0) is defined by 2 := fmlﬁ for

any A > 0. Since u,v are uniformly continuous on Byy,(0), by (3.40), there
exists a 0 < €1 < 7 small enough such that for any A € [A\g, Ao + 1],
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2

N—2s; _ \N-—2s; Ay > Mu\N—-25, >
oY) — AN ) 2 A a2
m 2
|| V=22 () — AN 2529 (2h) > AN ] > (3.41)
2 Ao — 10
which verify (3.39). By (3.41), we can see that for any A € [Ag, Ao + €1],
B/\iu - A>\0+T0,2T0 and B;,U C A)\0+r0’2r0. (342)
Therefore, by (3.34) and (3.37),
||w)\,u| Lr(By,) — ||w)\,v| L(By,) = 0, (3.43)
which means for A € [Ao, Ao +e1], By, = By, = 0. That is,
wxy >0 and wy, >0 € Byp\{0}, (3.44)

which contradicts with (3.26). Now, there holds for any 0 < A < 400 and

lz| > A,
ANV a2y
> R R
““)—(MJ u<MP>’

o(z) > (Q)N (ﬁjﬁ) . (3.45)

For |z| > 1, choose A := /||, then for any 0 < A\ < +o00 and |z| > A,

@2 —emru ()
ulzr Nz Y\ )
T\l

o(z) > ﬁv ( < > . (3.46)

|z| ||

There exists a Cp > 0 such that for |z| > 1,

1
) = (i u(o) ) o = —
|z|=1 |,7;| 2 |,7;| 2
) 1 Co
’U(l‘) > (mln ’U(J,‘)) N_2s5 - N—2s5 ° (347)
|z|=1 ‘x| 2 ‘x| 2

Now, we use the bootstrap iteration argument to improve the lower bound
estimate (3.47). Let po., = 2521 and oo := Y5222, by (3.47) and (3.16),
for |z| > 1,

( )>/ L d
u(z) > — —dy
2lz|<|y|<dlz| [T — YN 7251 [y|Prov—a

Co 1
Z | |N—2s1/ | |puo,rady
x 2| |<|y|<4]x| 1Y

4|z|
_ Co / pN—1=ppo,vt+aq,
- N—2s1

|z 2

Gy

2 |z|PHo.v—(at+2s1)”

||

(3.48)



15 Page 20 of 24 K. Li, M. Yu, and Z. Zhang NoDEA

1
o) = [ T
ozl <[yl <ala| 1T — Y|V 22 |y[aro.u—b

Co / 1
> ey
|[N7252 fojpi<iyl<afal Y1200

4| x|
_ Co erlfquo,qubdr
- N—2s2

|| 2

Gy

>t
- ‘x|q,uo,u—(b+252)

Bl
; (3.49)

Let pt1,4 := ppto,v—(a+251), f1,0 1= qpho,u—(b+2s2). Because 0 < p < %2%5;2“

and 0 < ¢ < %ﬁ;zb, we have p1, < foy and p1, < pow. So, we have
obtained a better lower bound estimate
Cq Cy
U and wv(x) > , Vx| >1. 3.50
( )— |$|H1,u ( )— |x|lt1,v ‘ |— ( )

For £k =0,1,2,..., define
Pkl i= Plko — (@4 2s1) and  pgs10 = g — (b+ 2s2). (3.51)

Repeating the iteration process above, we can obtain

Ck

|x|ﬂk,u

u(z) =

VY| > 1. (3.52)

Moreover,
Uk+2,u = DQiky — D(b+ 282) — (a + 2s1),
H+2,0 = Pk, — q(a + 251) — (b+ 2s2). (3.53)
For pg < 1, as k — o0,
(a+2s1) +p(b+ s2)

)

H2ku —

pg—1
b+ 2
P AR (A1 (3:54)
pq—1
and for pg > 1, we have g, — —00 and jior, — —00 as k — +4o00. This
finishes the proof of Theorem 3.3. 0

Proof of Theorem 1.7. Assume that system (1.1) has a pair of nonnegative

solution (u,v), for 0 < p < NE2sH2a angq 0 < ¢ < NE2s2420 () ) L

N—2s5 N—2s1
(N E{séjf‘l, N ;(,27322;21’), the lower bound estimates in Theorem 3.3 contradicts

with the following integrability of (u,v)

v ()
~/]RN e 47 = w(0) < +oo,

q
/RN Wl\tf(i)ﬂ)dx = u(0) < +oc. (3.55)

Therefore, we must have (u,v) = (0,0) in RV. O
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