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Abstract. Multiplicity results are proved for solutions both with posi-
tive and negative energy, as well as nonexistence results, of a generalized
quasilinear Schrodinger potential free equation in the entire RY involving
a nonlinearity which combines a power-type term at a critical level with a
subcritical term, both with weights. The equation has been derived from
models of several physical phenomena such as superfluid film in plasma
physics as well as the self-channelling of a high-power ultra-short laser
in matter. Proof techniques, also in the symmetric setting, are based on
variational tools, including concentration compactness principles, to over-
come lack of compactness, and the use of a change of variable in order to
deal with a well defined functional.
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1. Introduction

In this paper, we are interested in multiplicity results for nontrivial weak so-
lutions, both with negative and positive energy of the following generalized
quasilinear Schrodinger equation involving a critical term

— Apu — %AP(|u|a)|u|°‘72u = AV (2)|ul*"%u + K (x)|u|*? "2 in RY, (1.1)

where A,,u = div(|Du|™"2Du) is the m-Laplacian of u, a > 1, 3,A > 0,
1<p< N, p*=Np/(N — p) is the critical Sobolev’s exponent, the exponent
k is such that o < k < ap* and the weights are nontrivial and satisfy

*

<VelL(RY RN o 1.2
0<Ver®)no®), r- ST, (1.2

K € L®(RY)nCRY). (1.3)
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In particular, we emphasize that the weight K can change sign.

Actually, in the last section of the paper, we deal also with the singular
case, given by 0 < a < 1, and, in particular, thanks to a technique used to
attach the case @ > 1, we succeed in extending some previous results proved
in [6]. Our multiplicity results are a first contribution in the study of critical
generalized quasilinear Schrodinger equations involving p-Laplacian and gen-
eral o > 1. To the best of our knowledge, they are new even in the Laplacian
case.

Solutions of problems of type (1.1) are related to the existence of standing
wave solutions for Schrodinger equations of the form

0 = =D + W () — (|9 ) — wlol*)d (10*)0, (1.4)

where ¢ : R x RN — C, W is a given potential, k € R and ¢, o real functions
of mainly pure power form. By using the well known energy methods, the
semilinear subcase k = 0 of (1.4) was studied deeply in [20], see also and the
references therein.

Equation (1.4), according to different types of g, has been derived from
models of several physical phenomena. For instance, when o(s) = s, then
(1.4) is interpreted as the superfluid film equation in plasma physics, while
if o(s) = (14 s)'/2, Eq. (1.4) models the self-channelling of a high-power
ultra short laser in matter. We refer to [25], for applications, in the theory
of Heisenberg ferromagnets and magnons and to [7], where models for binary
mixtures of ultracold quantum gases are treated.

It is worth pointing out that there are many difficulties in treating this
class of generalized critical quasilinear Schrédinger equations (1.1) in RV, such
as lack of compactness, the presence of the term A, (|u|®)|u|* 2u which pre-
vents us from working directly in a classical working space, to manage weights
and finally to deal with an “apparently” supercritical term K (z)|u|*?" ~2u. In
light of this, challenging tasks, tricky to be managed, appear.

Actually, when o > 1, the exponent ap* plays the role of the critical
exponent, differently from the case 0 < a < 1 in which p* behaves like the
critical exponent, as it appears in the critical equation (7.1) below. In partic-
ular, Sect. 2 is aimed to justify the appearance of the new critical exponent
ap® in terms of the compactness of a suitable embedding and of the nonexis-
tence of solutions beyond ap*. In the spirit of Theorem 2.11 in [2], where the
semilinear version (p = 2) of (1.1) is investigated. We refer also to [18,19,35].

In addition, the choice of the parameter « gives rise to a different nature
of the equation under consideration since for o > 1, the term A, (|u|®)|u|* 2u,
p > 1, is degenerate at u = 0, while for 0 < o < 1 it becomes singular when
u = 0.

In literature, critical Schrédinger equations in RY are mainly studied
in their physical relevance, corresponding to the situation p = 2 and when
a potential term is involved, starting from the pioneering paper by Brezis
and Niremberg [12]. We refer also to [13] for existence results for semilin-
ear elliptic equations with singular potential. The degenerate case, o > 1, is
mostly studied when o = 2, see [33], where existence results can be deduced
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by applying the Mountain Pass Theorem in the superlinear subcritical case
4(= ap) < k < 2-2* of (1.1). As for equations where the reaction combines
the multiple effects generated by a singular term and a critical term even with
nonhomogeneous operators and in bounded domains, we refer to the recent
works [23,29].

For existence results in the critical semilinear case when o > 1 in (1.1)
very few is known in the entire interval @ < k < ap*. Nonlinearities only sub-
critical are studied in [1] when 2* < k < 2*a. Among subcritical problems, we
also mention [22], where multiplicity results for Schrédinger equations when
p = 2 are proved. In the critical case, see also [18,32] where a general nonlinear-
ity is included. Furthermore, for o = 2, concerning concentrating behavior of
solutions, we quote [14] where a new phenomenon occurs passing from critical
to supercritical nonlinearities in terms of the limit equation.

Passing to the general quasilinear case, 1 < p < N, with a > 1, it
seems that there are no multiplicity results for quasilinear critical Schrédinger
problems on RY when a potential term is not involved in the equation and
the growth rate of the subcritical term is less than ap. Motivated by this
observation and with the sake of completing the picture started in [6], where
the singular case 0 < < 1 in (1.1) is treated, in this paper we investigate the
case @ < k < p in the following theorem, where F) stands for the standard
energy functional associated to Eq. (1.1), see Sect. 2.

Theorem 1. Assume N > 3,1 < a < k < p. Let V, K satisfying (1.2) and
(1.3), respectively. Then,

(i) For any X > 0, there exists 5* > 0 such that for any 0 < 8 < (3*, then
Eq. (1.1) has infinitely many nontrivial solutions (u,), C DYP(RY) such
that Ex(u,) <0 and |Juy|| — 0 as n — oo.

(ii) For any 8 > 0, there exists \* > 0 such that for any 0 < X\ < \*, then
Eq. (1.1) has infinitely many nontrivial solutions (uy,)n, C DVP(RN) such
that Ex(un) < 0 and ||u,] — 0 as n — oo.

The proof of the above multiplicity result relies on the concentration
compactness principle, the truncation of the energy functional and the theory
of Krasnosel’skii genus. In particular, we cannot manage directly the energy
functional E) associated with (1) since it might be not well defined, but we
need to perform a suitable change of variables, in the spirit of [17], to achieve a
nice functional. This causes some further obstacles in recovering in some sense
compactness beyond p*, since, as noted above, ap* > p*. While the behaviour
of the norm of the solutions follows from the application of the symmetric
Mountain Pass Theorem, see [3,21,34].

Moreover, we also need to restrict the entire sublinear interval a < k < ap
to @ < k < p due to the shape of the transformed energy functional which
yields tricky estimates, cfr. Remark 3. As far as we know, in [36] there is an
attempt to cover the entire interval @ < & < ap when K = 1, by using an
inequality which seems difficult to be verified.

In the second part of our paper, we study (1.1) in a symmetric setting re-
lated to a subgroup T of O(N), the group of orthogonal linear transformations
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in RV. Here,

IT|:= inf |T,,
z€RN, z#£0
where |T,| the cardinality of a T-orbit T, := {7z|r € T} with |T| := 1 (so

that [To| = 1).

We make use of T-symmetric functions f : Q — RY ie. f(rz) = f(z) for
all 7 € T and z € Q, with  open T-symmetric subset of RV (i.e. if x € €2, then
T € Q for all T € T'). For example, even functions are T-symmetric functions
with T' = {id, —id}, thus |T| = 2, and radially symmetric functions are T-
symmetric functions with 7" = O(N), thus |T| = co. Then, we denote with
D3P (RN) the subspace of D?(RN) consisting of all T-symmetric functions,
cfr. Sect. 2.

A pioneering paper about critical symmetric problems in the entire RV
is [9] by Bianchi, Chabrowskii and Szulkin, where existence and multiplicity
results are obtained for p = 2 under appropriate assumptions on the single
weight involved and on the group 7', no subcritical terms are included. In this
context, we mention also [16] where the symmetry of solutions is shown by
applying the improved “moving plane” method.

Differently from Theorem 1, where no assumptions on the sign for the
weight K are required, in the next result, nonnegativity for the weight K
is needed. Furthermore, we consider solutions with positive energy, with no
additional restrictions on «,p, k, indeed the range for « and k is the largest
possible.

Theorem 2. Assume N > 3, 1 < a < k < ap*. Let V, K be T-symmetric
functions satisfying (1.2), (1.3), with K nonnegative (nontrivial) in RN . If

K(0)=K(c0)=0 and |T|= o0, (1.5)
where K (00) = limsup,|_.o K(x). Then, for all \,3 >0 Eq. (1.1) possesses

infinitely many solutions (up), C D;Jp(RN) with positive energy such that
Ey(u,) — 00 as n — 0.

The main ingredient used in the proof of Theorem 2 is the Fountain
Theorem, which requires the Palais Smale property for the functional at any
positive level. This is in force by virtue of the crucial assumption (1.5).

The paper is structured as follows. The description of the functional set-
ting, the reformulation of the problem by a suitable change of variable and
motivations on the critical exponent ap* are contained in Sect. 2. Section 3
encloses compactness properties thanks to which we overcome the lack of com-
pactness, while in Sect. 4 we perform a deep analysis on the possible behaviours
of the energy functional and of its truncated version, this latter introduced to
restore the boundedness from below. The proof of Theorem 1 is disclosed in
Sect. 5, whereas in Sect. 6 we deal with solutions with positive energy and
we develop the proof Theorem 2 in the symmetric setting described before.
Finally, Sect. 7, by using some ideas given in Sect. 3, is devoted to extending
Theorem 1.1 in [6], relative to the singular case 0 < o < 1, covering the entire
interval 1 < k < ap.
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2. Preliminaries

In this section, we introduce the main notations and we present preliminary re-
sults useful for the proof of the main theorems of the paper, given in Sects. 5, 6.
Let DVP(RY) be the closure of C§°(RY) with respect to the norm |u|| p1.»
= ||Dul|,, where || - ||, is the L? norm in RY. In particular, we can define the
reflexive Banach space DP(RV) = {u € L?" (RY) : Du € LP(RN)}.
The Euler Lagrange functional associated with Eq. (1.1) is the following

1 "
Ex(u) = E/RN g(u)?| DulPda — %/RN Viultda — a%* /RN KJul™ de,(2.1)

for u € DVP(RY), where

aP 1/p
g(t) = [1 + 2|15|P<°Y—1>} , teR. (2.2)

Due to the appearance of the coercive term g, indeed g(t) — oo as |[t| — oo,
when a > 1, the functional E\ may be not well defined in D'P(RY), so we
cannot apply variational methods or nonsmooth critical point theory to deal
directly with (2.1). For example, from [31], if we consider u,(x) = |z|~(N—P)/2,
x € B1\{0} then u, € DYP(RY) but g(u.)?|Duc|P ¢ L*(RY) for any o > 2.
To overcome this difficulty, we make a change of variables developed in [17],
following an idea in [25], precisely

v=_Gu) = /Oug(z)dz. (2.3)

In particular, the function ¢ defined in (2.2) is an even function in R, g(0) = 1,
g is increasing in R™ and decreasing in R™. For any o > 0 and t € R, we have

It]
a—1 . «
Gl < [ (14 g ) dy = 111+ 5l (2.9

Thus, G is well defined and continuous in R. Moreover, G is a strictly increasing
function being g > 1, G(0) = 0 and limyy_,oc G(t) = c0. So, we can define G~*

an invertible, odd and C! function such that G=!(s) > 0 for any s > 0. Thanks
to the change of variables described above, the energy functional E) can be
written by the following functional

! P —i (v x—— v)|eP" x,
FA(’U)::;(/RN‘DM dx k/RNV\G (v)|*d /K|G Lw)|*P dz, (2.5)

for v € DM (RM). The proof of the regularity of Fy takes the following steps,
starting with the properties of g and G. Especially, the following lemma holds.

Lemma 1. Let o > 1. Then, it holds

(a) lim,_ &) "Gl 1 thus lim, o [E 1" = 0;
s)

sl [s]
(b) limg_ % = 2V/P thus lim,_, o G ‘Sll(

|G=1(s)| < |s|, for every s € R;
0< ggggt <a-—1, for every t € R;
[GH(s) < [GTH(s)g(G™(s))| < als], for every s € R;

=0;
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(f) Take p > 0. Then the following hold for every t € R.

If o > « then £ ol <M<p 1.

If1<p<athenp—a<w<p 1.
(g) |G~L(s)|* < 2P Ls|, for every s € R;
(h) |G7L(s)|* > |G~L(1)|¥|s|, for every s € R such that |s| > 1;
(i) |G7H(s)|*HG7(s)) < C with C > 0.

Proof. Since G~! is odd, we only consider the case s > 0. Property (a) is

trivial by Hospital’s rule, being t = G~1(s) so that G’(t) = g(t) with g(0) = 1.
Also (b) follows immediately again from Hospital’s rule since
“ et t 1
lim —— =« lim — =27, lim —— = lim —— =0,
t=oo G(t)  t=oe g(t) t=o0 G(t) oo g(t)
where we have used also that
g(t) ~ ~ 2 o 1 ast— oo (2.6)

21/p
Condition (c) follows since g(t) > 1 for all t > 0, thus G(¢ fo 2)dz >t for
every t > 0. To prove (d), since g is increasing in R™ and positive, we have

/ pyp(a—1)
g(t)t:(a—l)-L<a—l,
g(t)

2 + aptpla—1)
being « > 1. To get (e), multiply (d) by g(¢) > 0 and integrate so that

(a—1)G / {[g( —g(2)}dz=g(t)t — G(t), t>0.

In turn, inequality (e) follows taking s = G(t). For the proof of (f), it is enough
to multiply (d) by —1/g¢(¢) and then add (p — 1)/g(¢) so that

p-a _(p-1)glt) —tg(t) ~p-1
g(t) g*() ~og(t)’
yielding (f) depending on the case. In order to prove (g) and (h) take
G )\ _ G () Has — g(G—H ()G (s)]
( s ) - s29(G~1(s))
from (e). Consequently, |G~1(s)|*/s is strictly increasing and by (b) its limit at
infinity is 2'/7, thus (g) follows immediately. In addition, we get |G~'(s)|* >

|G=1(1)|*s for s > 1 and (h) holds by virtue of symmetry. Finally, (i) follows
from G~1(0) = 0 and (2.6). a

0<

>0, for s>0

Remark 1. Note that, by definition, we have

gyl — 1o G (9)9(GT(s))
(G (s)9(G™(s)] =1+ 9(G—1(s))

thanks to Lemma 1-(d). Moreover, for any v € DVP(RY)

G~ (v)g' (G~ (v))
9(G=1(v))

€ (1,a) (2.7)

DG (0)g(G~*(v))] = |1+ Du
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so, by using (2.7), we obtain
|Du| < [D[GTH(v)g(G™H (v)]] < a|Do. (2.8)

In addition, since g > 1, then we have |[DG~1(v)| = |Dv|/g(G~*(v)) < |Dv|.
Thus, for any v € DVP(RY) we have G~1(v)g(G~1(v)),G~(v) € DVP(RN).
On the other hand, if we take v € D*?(RY), by using the definition of g in
(2.2), we have

DG @) = o? |G ()" VDG )" = a”|a ()P

P
LG (w) Pl (2.9)
=2—2 |Du|? < 2|Dul?,
L+ |G (v)plemt)

so that for any v € DYP(RY) also |G~1(v)|* € D¥?(RY).

In what follows we make use of the next crucial lemma, for its proof we
refer to Lemma 2.2 in [6] where we consider |G~1(-)|* in place of G71(+) and,
by Remark 1, |G~ 1(v)|* € DVP(RY) for every v € DVP(RY).

Lemma 2. Assume v, — v in DYP(RY), then |G71(v,)|* — |G71(v)|* in
DYP(RY).

Actually, as described in the Introduction, Eq. (1.1) is critical since the
corresponding critical exponent in the nonlinearity is ap*, as soon as a > 1.
For the Laplacian case p = 2, we refer to [2] where a detailed discussion in this
direction is conducted, see also [18,35]. In order to justify this assumption, we
first prove nonexistence beyond ap*, and then we recover continuity and local
compactness until ap*.

In the following theorem, by the celebrated variational identity by Pucci
and Serrin [30], we immediately get that for k& > ap* nonexistence follows at
all, generalizing the result in [26] where the authors studied the case p = a = 2
provided nonexistence of solutions in H'(RY) with |Du|?|u|?> € L*(RY).

Theorem 3. Fquation (1.1) does not admit any solutions if the following hold
k>ap*, x-DV(z)<0, x-DK(z)<O0 (2.10)

Proof. By using the following Pucci and Serrin variational identity [30], in RY

B . Oudhy ., 0a
0— /RN {]:(ac, w, Du)divh + hiFu, (€, u, Du) {8%‘ Ay u@xi Fpi(z,u, Du)
—a {%fpl (z,u, Du) + uFu(z, u, D“)} }dx’
for
F(z,u, Du) = lg(u)p|Du|” - éV($)|u|k - iK(fﬂ)Wrw*
5 Wy P k Oép* ’
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we get

1 A .
0= / { {g(u)ﬂDu” ~ Ayt — B puper } divh
ry (LD k ap*

AOV. B OK o, » _5 Ou Ou Oh;
) a _ DulP v
hl( k ox; a1 ap* Ox; oz, U ) 9(u)*| Dyl Ox; Ox; Ox;

- u(?aci oz ag(u)?~ | Dul? [g(u) + ug' (u)]
a[ AV |ul* + K [u]*P"] }dac.

Choosing h(z) = x and a(x) = N/ap* we arrive to

0:/ {[Ng(w”lDulp—MVlul’“ ﬁNK\ V”’}
RN P k?

AV B OK e 5 Ou Ou
_AYr _ I8 et DulP~
k8x1|u| ap* 8x1|u| g(u)*| Dyl 3 3
N AN N
— ——g(u)’" [ Dul? [g(u) + ug'(u)] + =<V |ul* + ﬁ — Klu |“”}
ap ap ap*
namely
N-—p , 4 (1 1 ) k}
a—1)g(u) —ug' (u w)P | DulP — AN| — — Viul® »dx
L AE Sl =190 - ug' gt 1u o Vi

= /}RN{2|u|kx~DV(a:) + aip*\um* x~DK(x)}dx, (2.11)

which yields to a contradiction when (2.10) holds since the left hand side of
(2.11) is positive being k > ap*, A > 0 and thanks also to Lemma 1-(d), while
the right hand side of (2.11) is non positive. O

Moreover, in what follows we will prove the compactness of the inverse
map of G defined in (2.3) in some sense until ap*, taking into account similar
results in [19,25].

Theorem 4. The map |G~ : DVP(RN) — LY(RY) is continuous forp < q <
p* and |G7* : DYP(RN) — LI (RY) is compact for p < q < p*. Moreover,
it holds the following

G v, (2)) — G Hw(x)) a.e. x € RV, (2.12)

Proof. Take v € DVP(R™) and, by using (2.9) and Sobolev’s inequality, we
have

167 @) lap = NG @) < S~/7[DIG ()]*) [/
< (2/8)Y*7| Du]|¥/°, (2.13)

where S is Sobolev’s constant, i.e. S = inf {||Dull - [Jul|,* : v € D**(RV)\{0}}.
So that (2.13) imply

NG @) = G (W)]15,- < ClDv]lp, (2.14)
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so that we get continuity for ¢ = p*. To prove continuity for ¢ < p*, consider

z,y > 1 with 1 < = < ¢ and use Hélder’s inequality with exponents y and
/

y >1

6 Wloa = [ (1670 (67 @) a

<\/. (|G_1(v)|°‘)(q_m)y/dx o N(|G—1(,U)|a)a:ydx 1/ ey
. R

Now choose y = p*/x > 1, y' = p*/(p* — x) so that we get

</]RN (G—l(v”a)p*dx) ©/aqp*

<ol NG @)l

< O|[Dulgi=»/4 - | Dulj3/*¢ = C|| Do]/*,

1/aq

)(p —x)/aqp”

where we have used Lemma 1-(g), (2.14) and the continuity of embedding
DYP(RN) s L[la=op"/("=2)(RN) since ¢ < p*. In turn [[|G™ (v)|*]|, <
Cll Dol

To prove the compactness of the map |G~ : DVP(RYN) — L1 (RYN) for
p < g < p*, we start from a bounded sequence (v, ), in D*?(RY), so that up
to subsequences v, — v in D?(RY) then, by Lemma 2 we have |G~ (v,,)|* —
|G~1(v)|* in DYP(RY) and by the compactness of the embedding of D':?(RY)
in L{ (RY) for any 1 < s < p* we have

loc
G~ ()| — |G (v)|* in L¥(w), wcCRY, 1<s<p'. (215)
Finally, from (2.15), by using an increasing sequence of compact sets whose

union is RV and a diagonal argument, we get (2.12). O

In order to prove the regularity of I\, we need to analyze the regularity
of

J@):/ VIG- () Fde and H() = [ K|G-1(0)|*" dz
RN RN

Lemma 3. If V € L" (RY) and 1 < o < k < ap*, then J(v) is weakly
continuous on DYP(RN). Moreover, J is continuously differentiable and J' :

DYP(RN) — [DVP(RN)), for all ¢ € DVP(RY), is given by
oV G )26 ()
T =k [ Ve

Proof. For any v € DVP(RY), by Theorem 4, then |G~ (v)|* € LP" (RV), so
that by Holder inequality with exponents r = ap*/(ap* — k) and 1’ = ap*/k
we have

Y. (2.16)

IVIGT ()"l < VG @) 16, (2.17)
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This implies that J is well defined. Let (v,), € D*?(RY) such that v, — v
in DY?(RYN), thus, (v,), is bounded in DY?(RY) and, by Theorem 4, also
(G~ (vn))n is bounded in Lo (RY) and (|G~ (v,)[*), in LoP"/*(RN).

Since V € L"(RY), by (2.12) and (2.17), the latter applied with v,, in-
stead of v, we get the weakly continuity of J, thanks to Lebesgue convergence
Theorem, that is

J(vy) = /]RN V|G (vp)|Fdx — /]RN V|G (v)|[*dx = J(v). (2.18)

In order to prove the Fréchet differentiability, that is J € C, it is enough
to show that J is Gateaux differentiable and has a continuous Gateaux deriv-
ative on DVP(RY). First, consider v,¢ € DVP(RY) and 0 < [t| < 1, so that

J+tp) = J() _ [ |G v+ )" — |G (v)

|k
. 2.1
. x ; dx (2.19)

Using the mean value theorem, there exists § € (0,1) such that
G (v +ty)|* — |G (v)]*]
It
= KG (0 + 1) (G w0+ 150))' |9 (2.20)

< clo -+ tap] <=2 < e (ol | + [

with ¢ > 0, where we have used, for the first inequality, the following condition

G (s)[FH(G (9))
—a <c (2.21)

which holds for on bounded sets in Rf by using Lemma 1-(g), (i) . While,
the last inequality in (2.20) follows from the elementary formula (a + b)" <
C(a"+70"), a,b,r >0 and C > 0.

Now, by applying Holder’s inequality twice with exponents r, ap* /(k—a),
p* and r, ap*/k, we get

/R V(o] ) do < VL . (el + el )
The right hand side of the above inequality is finite thanks to the suitable
summabilities of the functions Vv, v. Thus, by letting ¢ — 0 in (2.19) us-
ing (2.20), from the Lebesgue dominated convergence theorem, J is Gateaux
differentiable.

Before proving the continuity of the Gateaux derivative, we claim that
the functional J'(v) is well defined for every v € DVP(RY), that is J'(v) €
[DYP(RN)]. Indeed, as in Lemma 2.5 in [19], consider 1, — 0 in DVP(RY) so
that, by (2.18), we get

/ V|G~ () |Fde — 0, asn — oo (2.22)
RN
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Now, by using that g > 1, (2.4) and Lemma 1-(i) we have

VIGT () [F1GT (v) nda

RN

<Cif | VIGTH(v)[fde o VIG™ ()| dz "
(Loveers) (L, )
e [ vewr) ([ vietwre)”

where we used Holder’s inequality and the fact that o < k. Now, applying
(2.22), we get

VIGT ()" 'G7 (v0) Ypdr — 0 as n — oo
RN

obtaining the continuity of J’ and, consequently, the claim.

Now, to get (Fréchet) differentiability we check that the Gateaux deriv-
ative J' : DYP(RY) — [DYP(RY)]’ defined in (2.16) is continuous. To reach
the claim, consider v,, — v in D*?(R), so that there exists U € L? (RV) such
that |v,| < U(z) a.e. in RY. Now, define W (v) = V|G~ (v)[*2G~ 1 (v) (G~ (v))’
hence, by (2.21) and Young’s inequality with exponents a(p* — 1)/(ap* — k)
and a(p* —1)/(k — a), we get for ¢ > 0

W (0n) = W ()| < e(|W (0a)| P+ [W ()| 7))
< C(|V|p*/(p -1 (p™=1)
+|V
(V" + [oal”
+ o) < (V" +UP" +|wP") € LYRY).

In turn, Lebesgue dominated convergence Theorem gives ||W (vy,) — W (v) || (=)
— 0 as n — oo. Consequently, by Hélder’s inequality, for ¢» € DVP(RY), we
have

(k— a)/Oé(P**l))

(T (vn) = J'(v)) ¥

<k . (W (on) = W()|[¢|de < E[[W (vn) = W ()l ey ¢l

« — 0,

as n — oo. Namely, J € C. 0

Lemma 4. If K € L¥(RY) N C(RY), then H is continuously differentiable
in DYP(RN) and its derivative H' : DVP(RYN) — [DVP(RM)], for all v, €
DYP(RN), is given by

G (W) 261 (v)
H'(v)y = ap* K|

) o G
Proof. The proof relies on the one of Lemma 3 but with some adjustments.

First, note that here there are no conditions on the exponent k. Trivially, the
functional is well defined and weakly continuous on D*?(R"). In order to prove

Ydz.
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the Gateaux differentiability of H, we use again the Mean Value Theorem but,
instead of (2.20), we have

16~ (v + )7 — |G~ (v)[*”"
1
= ap" |G (v + 161) 7 (G (v + 169))| [
< G (v + )0Vl < o+ tow]” ] < e (lol Tl + )

where we have used Lemma 1-(g), (i) and the elementary formula (a 4+ b)" <
C(a" +b"), a,b,r > 0 and C > 0. Concerning the well definition of H on
[DVPRY)), we get

K|G7Y(0)|*? G~ () Ynda
RN

< Ol/ K|G71(U)|ap*71G71(U)/G71(¢n)dx
RN

+02/ K|GH (@)1 716 0) |G ()| " da
RN

3 1-1/ap® § 1/ap™
caf [ jeteera) (] )

+CQ/ G )| IG T ()| da
RN

1-1/ap® 1/ap™
1 ap* . -1 ap™
caf [ jerra) (] e )
1-1/p” 1/p*
e o) (oo

where, for the integral near C'; we use that g > 1 and Holder’s inequality with
exponents ap® and ap*/(ap* — 1), while for the integral with Cy we use in
Lemma 1-(i) and Holder’s inequality with exponents p* and p*/(p* —1)._
Finally, the continuity of the Gateaux derivative follows by defining W in-
stead of W as W (v) = |G~ (v)|*?" ~2G~'(v)(G~*(v))" and from the following
W ()| < |G ()" < Jo]?”
where Lemma 1-(g), (i) is used. O
Now, if we consider v,, — v in DVP(RY), then by Lemma 2, also |G~ (v,,)|*
— |G7Y(v)|* in DYP(RY). Since the first term of F\ is a norm with ex-
ponent p > 1, and thanks to Lemmas 3 and 4 with 1 < a < k, then
we get F\ € CL(DYP(RYN)), and F} : DYP(RY) — (DLP(RN))Y) for all
v, € DVP(RY), is given by
G )" 26 (v)
F{ (v ¢=/ Dvp_QDsz/de—)\/ V‘
A= fL P SN (EI0)
a1 ap*—QG—l
o[ gleterTetw
RN 9(G=1(v))

Ydx
(2.23)




NoDEA Generalized quasilinear Schrédinger equations in RY Page 13 of 31 8

We say that v € DVP(RY) is a (weak) solution of Eq. (1.1) if
F{(v)y =0 for all » € DVP(RY),

Clearly, (weak) solutions of (1.1) are exactly critical points of the Euler-
Lagrange functional F), or equivalently F, associated with (1.1). Moreover,
every critical point of F\ correspond to a solution of the following equation

G )G () G~ (0)[*"" G (v)
9(G=H(v)) 9(G=1(v)) '

As a consequence, Theorems 7 and 2, whose statements are given in the In-
troduction in terms of u satisfying (1.1), can be stated in terms of v = G(u)
solutions of (2.24).

A key role in the proof of our results is the concentration compactness
principles by Lions. For a detailed discussion on them, we refer to [4,5]. In
particular, we are interested in the second concentration compactness prin-
ciple, which regards a possible concentration only at finite points and where
two different types (since we are in unbounded domains) of convergences are

— Ay =\V + K (2.24)

considered: the tight convergence of measures, whose symbol is —, and the
“weak” convergence, denoted with —. Precisely,

Lemma 5. (Lemma L1, [24]) Assume Q C RY a domain, 1 < p < N. Let
(tn)n be a bounded sequence in DVP(Q) converging weakly to some u and such
that |Duy|Pdz — p and either |u,|P de — v if Q is bounded or |u,|P” = v
if Q is unbounded, where u, v are bounded nonnegative measures on §2. Then
there exists some at most countable set J such that

v=|ulP +Zyj5zj, > |Du|p+z,uj51j, v; >0, uj >0
JjeJ jed

with Sl/f/p* < u; and Zuf/p* < 00, where (x;);cy are distinct points in S,
JjeJ
0, is the Dirac-mass of mass 1 concentrated at x € €.

Since the tight convergence excludes a possible concentration at infinity,
by using the lemma above, in order to get compactness, it remains only to
show that concentration around points, described by v;, cannot occur. How-
ever, the proof of tightness by definition as well as using the first concentration
compactness principle leads to rather cumbersome and tricky calculations. To
overcome these difficulties, Chabrowskii presented a version at infinity of the
second principle, cfr. Proposition 2 in [15], see also Bianchi et al. [9] for the
Laplacian case. In this principle Chabrowskii manages to enclose the concen-
tration at infinity in the parameter v, in according to the v;s in Lemma 5 so
that the non concentration at infinity occurs if one proves that v, = 0. Later
Ben-Naoum et al. in [8] obtain a version for the p-Laplacian, here reported for
completeness.
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Proposition 1. (Proposition 3.3, [8]) Let (uy,), be a bounded sequence in D*P
(RN) and define

l—00  n—00 R—o0 pooo

Voo = lim hmsup/ \un|p*dm, loo = lim limsup/ | Du,, |Pdex.
R |z|>R |z|>R

Then, the quantities Voo and jiso exist and satisfy

limsup/ |un|p*dx:/ dv + v, limsup/ |Dun|pdx:/ dp + pioo,
n— 00 RN RN n—oo RN RN

with SUELP" < toos Where v and p are as in (i) and (ii) in Lemma 5 and such

that (ii1) holds.

Another key tool in proving the multiplicity result of solutions with pos-
itive energy, namely Theorem 2, is the Fountain Theorem. However, before
its statement, we briefly report the setting needed. For some well-known basic
definitions of actions, invariant functions, we refer to [5].

(A1) The compact group G acts isometrically on the space M = GajeN M;,
which is a Banach space, where the spaces M; are G-invariant and there
exists a finite dimensional space W such that, for every j € N, M; ~ W
and the action of G on W is admissible.

From the decomposition of the Banach space M in (A1), we define Y,
and Z,, as follows

Y, =

P+

M;, Zp =P M, (2.25)
j=m

(e}

j:
and set By, :={u € Yy, : |[ul| < pm}ys N = {u € Z,, ¢ ||u]| =} where pp, >
rm > 0.

Now we are ready to state the Fountain Theorem.

Theorem 5. (Theorem 3.6, [37]) Under assumption (A1). Let o € C*(M,R)
be an invariant functional. If, for every m € N, there exists py, > 1y > 0 such
that

(A2) am = maxyey,, |u)=p, P(v) <0,

(A3) by, = infyez,, fulj=r,, $(u) — 00, m — o0,

(A4) ¢ satisfies the (PS). condition for every ¢ > 0,

where Yy, and Z,, as in (2.25). Then ¢ has an unbounded sequence of critical
values.

Remark 2. In our setting, as done in [5], we set G = Z/2, M = Dy"(RN)
so that, since D;’p (RY) is a separable Banach space, there is a linearly in-
dependent sequence (e;); such that the decomposition in (A1) holds with
M; = X; := span{e;}. Note that X, are trivially G-invariant and isomorphic
to R. Thus, condition (A1) is satisfied with W = R.

Finally, a crucial ingredient when a symmetric setting is involved is the
following principle of symmetric criticality due to Palais, cfr. [27,28], which
states that any critical point of F)\ restricted on D%,Jp (RN), is a critical point
of the same functional on DYP(RY). For further details, we refer to [5].
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Lemma 6. Let v € DpP(RN). If F(v)y = 0 for all ¢ € DRP(RN), then
Fy\(v)y =0 for all p € DVP(RY).

3. On Palais Smale sequences

We start this section by giving the definition of (PS). sequence.

Definition 1. Let Y be a Banach space and E : Y — R be a differentiable
functional. A sequence (uy,), C Y is called a (PS), sequence for E if E(uy) — ¢
and E'(ux) — 0 as k — oo. Moreover, we say that E satisfies the (PS).
condition if every (PS). sequence for F has a converging subsequence in Y.

As standard, we need to deal with bounded (PS). sequences for the func-
tional F in (2.5). In addition, a useful inequality holds only if o < k < ap is
proved in the next lemma.

Lemma 7. Assume a < k < ap* and the further condition K > 0 in RN if

ap < k < ap*. Let (1.2) and (1.3) be verified and consider (v,), C DVP(RY)

a (PS). sequence for Fy for all c € R. Then (v,), is bounded in D*P(RY).
In particular, if a« < k < ap and ¢ < 0, it holds

* k) 2 k/ap a/(ap—k)
Do, oo/ er=k) o = plop” —k) (2 Vv 3.1
1Denll, < , e —(3) (31)
where S is Sobolev’s constant.
Proof. We follow Lemma 4 in [4]. Let (v,), € DVP(RY) be a (PS). se-
quence of Fy for all ¢ € R that is, using Definition 1, F)(v,) = ¢ + o(1),
Fi(v,)y = o(1)|[¢]| as n — oo, for every 1 € DMP(RY). Now take ¢ =

G Hvn)g(G7(vy)) as a test function, since ¢y € DVP(RY) thanks to Re-
mark 1, and using |D[G7(v,)g(G71(v,))]| < a|Dv,| by (2.8), we have

oIl = Fi(va)(¥) < o Dun}

B B . (3.2)
_ 1 k _ 1 ap
)\/]RN VIG™ (v,)| dx Q/RN K|G™ (v,)|*?P dx

Now we disjoint the proof in two cases.
Case aw < k < ap: using (3.2), thanks to Lemma 1-(c), (e), (2.13) and
Holder’s inequalities with exponents r and r’ we get

c+o(1) + o(1)|[[Dvyllp = Fx(vn) — OZLP*F)/\(Un)(G_l(Un)g(G_l(Un)))

11 11

> (== =) |Dva)2 =2 (= — NG w)|E .

= <p p*>ll onllp <k ap*>||V|| G (vn)llap (3.3)
11 11

> (=== )|Dva|E =X+ — 2/ 8P|V || || D ||/

2 (p p*>ll nllp A<k ap*>( /S) PNV | | Don 15

Thus, since k < ap < ap*, we conclude that ||Dv,]|, should be bounded.
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Case ap < k < ap*: arguing as in (3.3), with 1/ap* replaced by 1/k,
since K (z) > 0 in RY, we obtain

c+o(1) + o(1)[|Dvalp = Fx(vn) = - FX(0n) (G (va)g(G ™ (vn)))

1 «
> (2- k) Dol - (

The conclusion follows immediately since & > ap. For the proof of inequality
(3.1), as in Lemma 4 in [4], it is enough to observe that if ¢ < 0, then (3.3)
gives

?MH

) K|G™Y(v,)|*?" da

_ Ap(ap* — k)
Dv,, (ap=k)/a o 2ZE 7 My, ~(2/8 k/OéP,
|Denll oy IVI-/9)

from which (3.1) follows immediately. O

In the lemma below we prove the validity of (PS). condition of F), that
is the point in which the lack of compactness becomes manifest,.

Lemma 8. Suppose (1.2), (1.3), a« < k < ap, ¢ < 0 and define ¢1, co as follows

o 1/8S p*/(p*—p) B 2p(0£p**k') k/(ap—k) 1 iy
AN - [Sal - ) farferm (34
Then
(I) For any A > 0, there exists g > 0 defined as follows
(P"—p)/p
* C1 1 1
ﬁPS B <) - A a(p*—p)/(ap—k) ’ K ) (35)
€2 AV 1K

such that for every B € (0, 8pg), then Fy satisfies (PS). condition.
(IT) For any B > 0, there exists Npg > 0 defined as follows

(ap—k)/ap
1 1
;—’S’ = (CI) ( ky/a(p*— ) ) (36)
c2 (BlIK]|o)ep=R /e =p) V],

such that for every A € (0, \pg), then Fy satisfies (PS). condition.

Proof. Let (vy,)n be a (PS). sequence, by Lemma 7, then (v,), is bounded
in DVP(RY) and by Banach-Alaoglu’s Theorem, there exists v € DVP(RY)
such that, up to subsequences, we get v, — v in DM (RM). On the other
hand, By Lemma 2, follows that |G~1(v,)|* — |G~ 1(v)|* in DYP(RY), so
that (|G~1(v,)|*), is bounded in D'?(RY). In addition, Theorem 4 gives
(2.12). Applying in Proposition 1, there exist p, v, Voo, ftoo bounded nonnega-
tive measures on RY such that
limsup/ |G71(vn)|a”*d:17:/ dv + Voo, (3.7)
n—o0 RN RN
and

timsup [ DG w0)[*)'do = [ du+ i
RN RN

n—o0
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where
Voo = lim limsup/ |G~ (0,2 da,
7 n—oo Jiz|>R

Hoo = lim limsup/ |D(IG™ (0n)|*)|" da.
|z|>R

R—oo pooo

Moreover, there exists at most countable set J, a family (z;);jes of distinct
points in RY and two families (v;);es, (115)jes €]0,00] so that

v =G I+ D vide,, v 20, p 2 [DIGT )

JjeJ
+ Zﬂjafﬂﬁ 122 > Oa
JjeJ
satisfying
SV;)/p* <y, SUPPT <. (3.8)

Following an idea in [6], where now we use (2.9) and that V € L"(R")
with 7 given in (1.2), it holds

20K (x;)v; = pj. (3.9)

Inequality (3.9) establishes that concentration of the measure p cannot occur
at points in which K(z;) < 0 being the right hand side positive. Consequently,
K(z;) > 0 for all j € J. We claim that J = (). Indeed, combining (3.8); and
(3.9), we arrive to

S p*/(p*—p) g p*/(p*—p)
v > >(—2 L jed (310
g (mmzj)) (25||K||oo) J (3.10)

To reach the claim, we show that (3.10) cannot occur for A or 3 belonging to a
suitable interval. As in [4], assumption (3.10) forces that |J| < co. Now, being
(vn)n a (PS). sequence, choose again G~1(v,)g(G ™1 (v,,))1e as a test function
in (2.23), where ¢.(z) = ¢ ((x — z;)/e) for 0 < e < 1 and ¢ € C°(RY) such
that 0 < ¢ < 1in RN, ¢ = 0 for |x| > 1, ¢ = 1 for |z| < 1/2. Then, using
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(2.8) and 0 < 4. < 1, we have, for n — oo,
1 _ _
¢+ o(1)[|Dvpllp = Fx(vn) — ankFﬁ(vn)(G Hvn)g(G ™ (vn))) e

1 A 1 &
= iD= [ VIET )
1
ap*
1

ap* Jrn

A / VIG (0n)[*oda
RN

[ 1Penl = DG w)g G (0))) e

G (Un)g(G71 (Un)) |DU7L|p72D'Un - Dipdx

+

ap*

1
> N/RN | Doy, [Prpeda

— i/ V|G71(vn)|kdx
k' RN

b G (02)g(G (0))| Doy~ Db | da.

aP* JB.(;)\B. /5 (x;)

In particular, since |D1).| < C/e in the entire RY, by Lemma 1-(e), Lemma 7
and using Holder’s inequality twice with exponents p, p’ and N/(N —p), N/p
respectively, we obtain

/ G (0)g(G (v )| Do P~ | D |
Be(x)\Bey2(xj)

Soz/ |vp || D [P~ D |da
Be(z;)\Be/2(z;)

(p—1)/p 1/p
< a</ |Dvn|p> . </ vn|pr€|pdx)
RN Be(z;)\Beja(zj)
1/p" 1/N
c( / |vn|p*dm) ( / |D¢E|Ndx)
Be(z;)\Bej2(zj) Be(z)\Be/2(zj)

B} 1/p*
< C(/ |0y, [P dm) — 0,
Be(x)\Bey2(zj)

as € — 0, since v, € LP (RN). In turn, applying Holder’s inequality with
exponents 7, ' and (2.13) we arrive to

IN

et oDually >y [ 1DvaPvde - 2 VI IDen & + o)) (3.11)
nllp = N Jan n e E\g r n|lp .

as n — oo. Now, thanks to (2.9) and (3.1), from (3.11), we get
(C.)¥e

1 _
ctoDunlly> 5o [ DG @) P -
B /2(x;)
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9 k/ap
(3) Wi o),
where C. is given in (3.1), so that, letting n — oo, € — 0 and using (3.8) and
(3.10), we arrive to

0>c¢> 1 (BHK”oo)_p/(p*_p) _ 02(”‘/”7))\)0@/((1]9—/6)’

where we have replaced the value of C, and ¢1, ¢y are defined in (3.4). To
obtain the required contradiction we need to have

c1 > o (ﬂ”K”oo)p/(p*ip) (HV“T’A)O&P/(O&p*k)' (312)

Consequently, since k& < ap, if we choose any 5 > 0, then there exists A\pg,
defined in (3.6), such that for every X € (0, A\},g], inequality (3.12) is verified.
Similarly, for any A > 0 fixed, there exists G5, defined in (3.5), such that for
every 8 € (0, 85g], inequality (3.12) holds. Thus J = (), concluding the proof
of the claim.

On the other hand, following the idea of Chabrowski [15] and Ben-Naoum
et al. [8], also a possible concentration at infinity is refused.

Consequently, (3.7) gives

lim \G’l(vn)|”‘p*dx:/ G ()| da.

Furthermore, since G™1(v,)(z) — G71(v)(z) a.e. in RY from (2.12), then
Brezis Lieb Lemma in [11] implies

G~ W) 1222 — |G (v,) — G7H) 252 = |G (W) [|25% + o(1). (3.13)

[

in other words, lim, . |[G7'(vy) — G71(v)|lap- = 0. Using that by weak
continuity of the functional Fy(v,) — Fx(v) = ¢, that is

/|Dvn|pdxf/ |Dv|Pdx + o(1)
RN RN

Ap _ _
=2 [ VI )~ 167 () Fde
RN

ﬁp —1 ap™ —1 ap™
2| Kl )l — 67 @ o

+

as n — oo. Thus, by (3.13), the right hand side tends to 0, so that || Dv,|, —
| Dv||, as n — oo. Consequently, since DVP(RY) is uniformly convex and by
Dv,, — Du in RY | by Proposition 3.32 in [10], we immediately get

lim |D (v, —v)|Pdz =0,

n—oo JpN

that is the strong convergence in LP(RY) of the sequence (Duv,,).,. O
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4. The truncated functional F

In this section, we introduce F.., the truncated functional of F, which has
the very useful property to be bounded from below, differently from F}.

Taking into account Theorem 4, in particular (2.14), Holder’s inequality
and by using (2.5), for all v € DVP(RY) we have

1 .
Fy(v) = Ellvllp = Aev ol = Be|lv]””

where cy = (2/S)F/°P||V|./k and cx = (2/S)P /?||K|/ap* are positive
constants.

For simplicity, just to describe some qualitative properties of F, we define
the auxiliary function h(t) = t?/p — Aeyt*/® — Begt?” in Ry . Indeed, even if h
is smaller than F, it will appear in the proof of Theorem 1 that the behaviour
of F\ will be roughly the same of h near 0. Following the same argument of
Sect. 4 in [6], we write

. 1 .
h(t) = t5/h(t), h(t) = —Aey + Fe(ap—’f)/a — Begtlor —R)/e,

with ~(0) < 0, h(t) — —oo as t — oo and there is a unique point Th; > 0 such
that

—k 1/(p*—p)
} , KW(t)>0for0<t<Ty.

5, - - ap
WT) =0, T = [561(27(0429* — k)

Hence, the maximum value of the function h is given by

~ a(p* — —(ap—k)/a(p*—
(T = g;—lf) (Bex) PR D)

( ap —k >(ap*k)/a(p*p) \ )
- — ey )
plap* — k) v

In turn, since h and h have the same zeros and the same sign in RT, if ﬁ(TM) >
0, then there exists Ty € (0, Ths) such that h(Ty) = h(Tp) = 0 so that h(t) < 0
in (0,7p) and consequently h(t) < 0 in (0,Tp), cfr. Figure 1a and Figure 1b.

While, if i(Ths) < 0 then A(t), h(t) < 0 in R*, so that h does not have
zeros in all of R*. In addition, in this latter case h is nonincreasing, indeed

1y — gkfad o | KL h/(t)]_ k/oj < >/ — k/al]
W) = hw | £+ ro| = e (10830) L 30) = el

so that if A'(¢) > 0, then it turns out that 3 is non increasing, being iL(t) <0
in R*. Thus, 0 < 3(t) < 3(0) = 0 in R*, a contradiction. So, if h(Th;) < 0,
then 1/(t) < 0 in RT.

In conclusion, there is always a right neighborhood of 0, say (0, Pp), with
Py € (0,00) opportune, in which h is negative.
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(A) hif h(Ta) >0 (B) hif h(Th) =0 (c) hif h(Th) <0

FIGURE 1. h(t)

Now, consider a cutoff function 7 € C°°(R{), nonincreasing and such
that

r(t)=1,if0<t <Py, and 7(t)=0ift> P,

for some real positive number P; > Py and Py given above. For instance, in the
case in which fL(TM) > 0, we can choose Py = Ty and P; = T1, respectively the
first and the second zero of h, whose existence is guaranteed by the behavior
of h, cfr. Figure 1a. Differently, if h(T;) = 0, then h(Th;) = h/(Th) = 0, and
we can choose Py = Ty, while P; any point in (T, 00), cfr. Figure 1b.

Finally, if iL(TM) < 0 we can choose Py and P; in R* without any re-
striction, cfr. Figure 1lc. We point out that, by (4.1), this latter case occurs
roughly either if A > 0 arbitrary and g large or if § > 0 arbitrary and A large.
Precisely, define A%, and 37 as follows

* (ap—k)/a(p™—p)
. . ap —k
Ar = k(p® —p) (p( b )>

BlIK
( Sa >(ap*—k)/a(p*—p) 1 (42)
2p(ap* — k) V| '
) . k(p* — p) a(p”—p)/(ap—Fk)
g = e =St
( Sa >(ap*k)/(ocpk) 1 (43)
2p(ap* — k) 1K oo '

Consequently, h(Ths) < 0 holds either for all A > 0 and 3 > 35 or for all 5 > 0
and A > A%.. This property will appear crucial in the proof of Theorem 1.

By virtue of the cut-off function 7 it is possible to define the truncated
functional

1 A _ 7 (lvllprr) - -
Fo(v) = =||Dv|]P - = VIG~ () [Fde — p—222 K|G Y (v)]°? dx.
(v) = Dol k/ 67 )l = =02 | KIGTN @) da

As above, we associate the real function h(t) = %tp — Aeyth/ ™ — Begt? 7 (t),
t e Rar, whose behaviour, can be represented for instance by cfr. Figure 2a
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(A) hif h(Ta) >0 (B) hif h(Th) =0 (¢) hif h(Th) <0

FIGURE 2. h(t)

if Py = Ty, P, = Ty and by Figures 2b, 2c¢ for the corresponding cases to
Figures 1b, 1c.

In particular, we have F.(v) > h(||v]|p1.») for all v € DVP(RY) and
Fy(v) = F(v) if 0 < |Jv||p1r < Py. Moreover, by the regularity both of the
cut-off 7 and of Fy, we get Fy, € C1(D"?(RY), R) satisfying (PS),. for A < \*
or 3 < 3%, as stated below, with

- P - p*
(Y (2
AN =min{\pg, A5} = P op .

7l€p *7]{19
v () < ()
p ap

—k p *_ L p*
o (50) - (U5
ﬁ* = min{ﬁTDSv /B’;} = P P *p p”
. ap —k ap* — k
Br if | —— ) <|——
p ap
with \pg, 05 given in (3.6), (3.5), while A%, 5% defined in (4.2), (4.3). Choos-

ing either A or 3 small is equivalent to fall in the cases described in Figures 1a-
2a and 1b-2b.

and

Lemma 9. Let F., be the truncated functional of Fy.

(a) For all A >0 and B € (0,0%), then Fy, satisfies the (PS). with ¢ < 0.
(b) For all 8> 0 and X € (0,\*), then Fy satisfies the (PS). with ¢ < 0.

Proof. Assume either A > 0 and § € (0,5*) or 8 > 0 and A € (0, \*), then it
holds

(h) If Fo(v) <0, then ||v||prer < Py and Fy(u) = Fso(u) for all u in a small
enough neighbourhood of v.

Indeed, choosing A, 3 as above, it immediately follows that fL(T M) > 0, so
that the existence of Py, with h(Py) = 0, is guaranteed, cfr. Figures la, 1b.
Consequently, we can apply the proof of Lemma 9 in [4], provided that the
change of variables is taken into account. (]
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5. Proof of Theorem 1

This section is devoted to the proof of Theorem 1. Before stating the symmetric
Mountain Pass Theorem, we need the notion of the genus.

Definition 2. Let ¥ = {A C Y\ {0} | A closed and symmetric u € A = —u € A},
with Y a real Banach space. Let A € 3, the genus 7 (A) of A is defined as the
smallest integer N such that there exists ® € C (YV,R™\ {0}) such that ® is
odd and @ (x) # 0 for all x € A. We set v () = 0 and v (A) = oo if there are
no integers with the above property.

For an even functional on a Banach space, the symmetric Mountain Pass
Theorem due to Ambrosetti-Rabinowitz [3], Rabinowitz [34], as follows.

Theorem 6. Let (Y,| - |ly) be an infinite dimensional Banach space and E €

CY(Y,R) satisfying the following assumptions.

(C1) E is even, bounded from below, E(0) = 0 and E satisfies the Palais—Smale
condition.

(C2) For each j € N, there exists an A; € X such that sup,¢ 4, E(u) <0.

Define c; = infaex; sup,eca E(u), ¥; = {A - Y\{O} o A is closed in Y,

—A= A, y(4) = 5},
Then each c; is a critical value of E with ¢; < ¢cj41 < 0 for j € N

and (c;); converges to zero. Moreover, if ¢; = cjy1 = -+ = ¢j4; = ¢, then
v(K.) > i+ 1, where K. is defined by K, = {u €Y : E'(u) =0, E(u) = c}.

Thus, for an even functional on an infinite dimensional Banach space, the
symmetric Mountain Pass Theorem gives a sequence of critical values which
converges to zero. Under the same assumptions on the functional, Kajikiya in
[21] establishes the following critical point theorem which provides a sequence
of critical points converging to zero.

Theorem 7. (Theorem 1, [21]) Let (Y,]|-|ly) be an infinite dimensional Banach
space and E € C*(Y,R) satisfying (C1) and (C2), then one of the following
holds.

o There exists a sequence (ug)r such that E'(ug) = 0, E(ux) < 0 and
i fuglly = 0.
o There exist two sequences (ux ) and (vy), such that:
(i) E'(ug) =0, E(ug) =0, ux #0, khi& |luglly =0
(ii) E'(vk) = 0, E(vg) < 0, klir{:o E(vi) =0 and kllngo lvelly = ¢, with

c#0.

Proof of Theorem 1. In order to get our multiplicity result, we need to prove
conditions (C1) and (C2) of Theorem 6, as well as Theorem 7, for the functional
F. In particular, F, is even, bounded from below and satisfies the (PS).
condition for all ¢ < 0, see Sect. 4, thus (C1) is proved. In order to prove (C2)
consider K. = K¢ g = {u € D'"?(RY): F(u) =c¢, F/(u) =0} defined in
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Theorem 6 and take m € N*. For 1 < j < m let c¢;j and X; as in Theorem 6.
Our claim consists in proving that

¢; <0 forall j>1. (5.1)

To reach (5.1) it is enough to prove that for all j € N, there exists an ¢; =
e(j) > 0 s.t.

Y(F ) >4, FL={veD"P(RY): F(v)<a} with a€R. (5.2)

Let Qy C RV, |Qy| > 0, be a bounded open set where V' > 0 and extend func-
tions in Dy (Qy) by 0 outside Qy, where Dy (Qy) is the closure of C§°(Qy)
in the norm Hv||D(1),p(QV). Take W; a j-dimensional subspace of Dy (), thus
all the norms in W; are equivalent. For every v € W,;\{0}, we write v = r;w
with w € W; and ||w||Dé,p(Qv) = 1. In what follows we specify the choice of
rj. Note that there exists d; > 0 such that

d; < / Viw|Edz (5.3)
Qv

In particular, V|w|* € L'(Qy) being Qy bounded, V € C(RY) and k < p < p*.
By Lemma 1-(a), for ¢ > 0 there exists o = o(¢) sufficiently small such
that

_ 1 .
GO 2 Sl il <o, (5.4)

Thus, since a < k < p, by (5.3) and (5.4), we get

V|G (v)|*de = / v(1|u|’€ + |G )|F - 1\u\k)dx
Qv Qv 2 2
> 1/ V|v|kdx+/ v(\G*I(v)V@ - 1|v|’<>dx

2 Ja, {lo]>o1n0y 2

1 1 ok *
> *dj"'?—*/ V" P Py
- 2 J{j|zorn0y

1 .
idj'f'? - crf , ¢>0.

1 k 1 k—p* *
> 54575 = 5Vl @y)o™ " llvllp. =

Consequently, by Lemma 1-(g), the following holds

1
Fy(v) = - |Dv|Pdx — é V|G_1(v)\kdm‘ —
p Qv k Qv

O Kie wa
P Joy

Q@
1 A1 . 2(p—1)p” .
< s G fdjrl-c —cr? + é HKHOO/ ‘Ulp dux
P J k 2 J J Cvp* Oy
1 A .
k p—k ) p"—k
<rj [prj — %dj +Cr; },
where C' > 0. Consequently, for every v € Wj, v # 0, we can choose r; €
(0, Py) sufficiently small such that [|v|| = r; and, since &« < k < p, we

obtain Fo(v) = F\(v) < —e; < 0, by virtue of Lemma 9. Now, letting
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S, = {v € DYP®RY) : [[v]l prngy ) = rj}, then S, N W; C Fx™. By Def-
inition 2, v(Fs™) > v(S,, N W;) = (5971) = j, which proves claim (5.2).
Fo(v) < —¢j <0.

In particular, applying Theorem 7, we get a sequence of solutions with
negative energy of problem (1.1) such that, in both cases, either ||u,| — 0 or
|lun|l = ¢ # 0 and E)(u,) — 0 as n — oo. In addition, in the latter case, there

is also another sequence of nontrivial solutions (@), such that Ey(@,) = 0
and ||ty,|| — 0 as n — oo. This concludes the proof. O

e )
Thus, from Foo? € ¥, we obtain ¢; < SUp, <

Remark 3. The case p < k < ap is not covered in Theorem 1 because of some
considerable difficulties. Indeed, to prove (5.1) we need that Fu has to be
negative near 0. Unfortunately, if p < k it holds the opposite condition. Indeed,
for any v = rjw € Wj with [[w|p1s ) = 1 and r; positive suitable, using
Lemma 1-(c), (g) and Holder’s inequality with exponents p*/k and p*/(p* — k),
we have

1 o(p—1)p" *
F(v) > ~rf - é/ Viekde =2 [ o da
p k Qy ap Qv
1 A g—k/ o —kypr B2V
2*7";'7_%5 p”V”LC’C(Qv)'QV‘p P ; —TP*S p*/p

1K || Lo (075

since V, K € C(RY) and Qy is bounded, see the proof of Theorem 1. Conse-
quently, if r; is sufficiently small, say r; < Fy, and k£ > p, then, by definition,
Fo(v) = Fx(v) > 0.

On the other hand, as it will be clear from the proof of Theorem 2 below,
assuming K > 0 in RY, then one can obtain Fy(v) < 0 for r; sufficiently large,
since p, k/a < p*. This choice of r; fits with the behaviour of the functions h, h
given in Figure 1c and 2c, see Sect. 4 for details, namely when A is nonincreas-
ing. However, this latter case cannot occur since (PS). property for F) follows
from Lemma 8 by requiring either \ fixed and § small or viceversa, in turn

h(Thr) > 0 by (4.1), that are situations described in Figures la-2a and 1b-2b.

6. Proof of Theorem 2

This section is devoted to the proof of the result under a symmetric setting.
In particular, Theorem 2, whose statement is given in the Introduction, gives
infinitely many solutions for problem (1) with no assumptions on the param-
eters A\ and 3. Indeed, thanks to the symmetric environment considered, by
the corollary below, the (PS). condition for the energy functional F holds in
a very general setting.

Corollary 1. Let o < k < ap*. If (1.5) holds, then the functional Fy satisfies
(PS). condition in DyP(RN) for every ¢ € R.

For the proof of the result above we refer to Corollary 1 in [5].
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Remark 4. Unfortunately, we cannot improve Theorem 1 in a symmetric set-
ting in view of the new property given by Corollary 1, since Lemma 9 seems
difficult to be extended to any A, 5 > 0. Indeed, in the proof of Lemma 9 we
deduce the validity of (PS). condition for the truncated energy functional E,
from property (h). This latter property is easily obtained for the cases 2a, 2b,
valid roughly for either A or 8 small, but, for the case in Figure 2c it fails since,
if Fo(v) < 0, it could be possible that ||v||pie > Py, yielding Foo(v) # Fi(v).

Now we are ready to prove Theorem 2, by using the Fountain Theorem.

Proof of Theorem 2. The proof consists in applying Theorem 5 with G = Z/2
and M = D3P(RY). Note that, by Remark 2, assumption (A1) is verified. The
energy functional F, from Corollary 1, satisfies the (PS). condition for every
c € R, so that also (A4) of Theorem 5 holds. Since 0 Z K > 0 in RV and
K € C(RY), there exists an open bounded subset Qx of RY with K > 0 in
Q. By the T-symmetry of K, then also Qg is T-symmetric, in turn we can
define D3P (Qf). Now, extending functions in D;”(Qx) by 0 outside Q, we
can consider D1P(Q) € DEP(RN). Assume (), be an increasing sequence
of subspaces of Dy (Qx) with dim(Y,,) = m. In particular, if v € Y;,, v # 0,
then we can write v = p,,w with w € Y,,, such that ||w| = 1, so that p,, = [|v]|.
Moreover, there exists a constant €,, > 0 such that

Klw|P'de = | KlwP dz > ep,. (6.1)
RN Qx
By Lemma 1-b), for all £ > 0 there exists M > 0 large enough, such that
|G=1(t)|* > p~1/P"|t| for |t| > M choosing e = 2/ — p~1/P" 5o that, thanks
to Lemma 1-(g), (6.1) and since K,V > 0, the following holds

1 A P’ . '
Fy(v) = =pP, — 7/ V|G (v)|*dx — p / K['U‘ + |G H(w)|*P" — ol dx
p k Jag ap* Jao, p
1 A .
Ll 7/ VIG— (v)|bda — 2 KlofP" dz
P k Ja app* Ja,
* p*
A K{|G*1(v)|ap Rl }dm
ap® J{jv|>Mynex p
_ P K|G™' (v)|*" dx + A K|v|P" da
ap* J{jv|<M}nQx app* J{|v|<MInQ
1 . .
< —pb — b KvlP dz + b Klv|P dx
p app* Jag app* J{|v|<M}NQ
1 . .
3 L o T Y
P app* Ja app* Qk
1 € .
< Sob = o gl <0
p app
for sufficiently large py,, since k < ap*, where ¢ = -2 (| K[| oo MP™—F/

app*
|Qpc | —F/oP” S=k/aP  This proves (A2) of Theorem 5. Condition (A3) follows
exactly as in [5], taking into account the properties of v. Then applying The-
orem 5, the energy functional F has unbounded sequence of critical values in
DZP(RY), so that Theorem 2 is proved. O
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7. Further results in the singular case: 0 < a < 1

In this section we extend Theorem 1.1 in [6] where the so called singular version
of Eq. (1.1), i.e. 0 < v < 1, is comnsidered, and for which the critical exponent
is p*,
— Apu — %Ap(|u|“)|u|a_2u = AV (@) [ul*"2u + BK (z)|[ulP” ~2u in RN, (7.1)
where 1 < k < p*. This case is known as “singular” since the function g(t) in
(2.2) is singular for ¢t = 0, differently from the case @ > 1 where g is coercive
at oo.

The natural energy functional associated with Eq. (7.1) is

- 1 A .

Br(v) = 7/ g9(w)?| DulPde — f/ ViulFde — ﬁ/ Klul”" d,

P JrN k Jgw~ " Jrw

while, the functional we have to deal with, after the same change of variable
described in Sect. 2, is the following

F\(v) = 1/ \Dv|pda:—é/ V|G (w)|Fdx — ﬁ/ K|GY(v)|P d.
P Jry k Jrn P* JrN

To manage the singular case, we have to take care of the different growth
of G™1 at 0 and at oo respect to the case o > 1. Multiplicity results for
solutions of (7.1) with negative energy in the singular case are obtained using
the same technique as for Theorem 1 but under the more restrictive condition
2 < k < ap. Here, we enlarge the interval for k,p up to consider 1 < k < ap
and we add properties on the behaviour of solutions, as follows.

Theorem 8. Let 1 < p < N and 1 < k < ap. Assume that K satisfies (1.3)
and 0 <V € LE(RN) N C(RY) with o = p*/(p* — k). Then,

(i) For any A\ > 0, there exists B > 0 such that for any 0 < 8 < 3, then
Eq. (7.1) has infinitely many nontrivial solutions (uy), C DVP(RN) such
that Ex(uy) < 0 and ||u,|| — 0 as n — oco.

(ii) For any B > 0, there exists X\ > 0 such that for any 0 < X\ < \, then
Eq. (7.1) has infinitely many nontrivial solutions (uy), C DVP(RN) such
that Ex(uy) < 0 and ||u,|| — 0 as n — oco.

The smaller interval 2 < k < ap in [6] follows from the application of
Lemma 3.3 in [6], which is crucial in order to obtain the validity of (PS).
condition for F \. We point out that the restriction 2 < k < ap is not required
in proving that concentration around points and at infinity cannot occur. On
the other hand, Lemma 3.3 in [6] cannot be applied in the case a > 1 since
the critical exponent becomes ap* > p* so different arguments are required.
Surprisingly, these last tools, applied to the singular case, allow us to cover
the entire interval 1 < k < ap. In particular, it holds the following.

Lemma 10. Suppose 0 <V € Le(RN) N C(RYN) with o = p*/(p* — k) and K
satisfy (1.3). Let 1 <k < p and ¢ < 0. Then
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(I) For any A > 0, there exists B >0 defined as follows

* p’/(N—p)(p—k)
=2 ( kp ) (0" —k)/(p—k)
[Klloc \AN IV l-(p* — k)

such that for every (5 € (07ﬁ], then F\ satisfies (PS). condition.

(IT) For any B8 > 0, there exists A > 0 defined as follows
N = S =K/ —p) kp” N ( @
N(p*=k) VI \BlIK]
such that for every A € (0, ):], then F\ satisfies (PS). condition.

)

) (p—k)/(p"—p)

Proof. Let (v,)n be a (PS). sequences for the functional F(v). We now repeat
word by word up the proof of Lemma 3.4 in [6] until formula (3.28) obtained
thanks to the application of the Brezis Lieb Lemma, precisely

lim |G~ (v,) — G (v)][p+ = 0. (7.2)

At this point, using that EF)(v,) — EF\(v) = ¢ by weak continuity of the
functional, we have

/ \Dvn|pdx—/ \Duf?dz + o(1) = &/ VG )l — 167 ()] de
RN RN k Jegn

Bp Nt gt
+ 22 [ K6 0l ~ 167 W e

as n — oo. Thus, by (7.2) and Holder’s inequality, the right hand side of the
above equation tends to 0 as n — oo, so that || Dv,||, — [|Dv||, as n — oc.
Consequently, since DV?(R¥) is uniformly convex and by Dv,, — Dv in R¥,
by Proposition 3.32 in [10], we get the strong convergence in LP(RY) of the
sequence (Duvy,)s,. O

Proof of Theorem 8. Tt is enough to follow the proof Theorem 1 in [6] where,
in place of Lemma 3.4, we use Lemma 10 above. In addition, to obtain the
asymptotic behaviours we refer to Theorems 6, 7 given in Sect. 5. 0

As described in Remark 4 it seems difficult to extend the above theo-
rem for every A, 3 > 0 in the symmetric setting of Theorem 2, while for the
corresponding multiplicity result for solutions with positive energy we refer to
Theorem 1.3 in [6].
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