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Behavior in time of solutions of a
Keller—Segel system with flux limitation and
source term
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Abstract. In this paper we consider radially symmetric solutions of the
following parabolic—elliptic cross-diffusion system

w = Au— V- (uf(|Vv]?) Vo) + g(u),
0=Av—m(t)+u, [,vde=0,

u(z,0) = up(x),

in Q x (0, 00), with  a ball in RY, N > 3, under homogeneous Neumann
boundary conditions, where g(u) = Au — pu®, A >0, x>0, and k > 1,
F(Vo]?) = kg (1 + |Vo*)™*, @ > 0, which describes gradient-dependent
limitation of cross diffusion fluxes. The function m(t) is the time depen-
dent spatial mean of u(z,t) i.e. m(t) := ﬁ Jo u(z,t) dz. Under smallness
conditions on « and k, we prove that the solution u(x,t) blows up in
L°°-norm at finite time Ty, and for some p > 1 it blows up also in
LP-norm. In addition a lower bound of blow-up time is derived. Finally,
under largeness conditions on « or k, we prove that the solution is global
and bounded in time.
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1. Introduction

Let us consider the chemotaxis system with flux limitation with source term,

ur = Au— XV - (uf(|Vo|*)Vo) + g(u), z€Q, t>0,

0=Av —m(t) + u, xr e, t>0,

(1.1)
gu = 9v =, x €I, t>0,
u(z,0) = uo(z), x €,

with ©Q a ball in RN, N >3, m(t) = ‘ﬁllfu(x,t)dx>0, Jovdr =0,

FUVU?) = k(1 + Vo)~ (1.2)
with some ky > 0 and o > 0,
g(u) = I — pu® (1.3)
with A >0, >0, and k > 1, ug is a given nonnegative function.

The chemotaxis model (1.1) with g(u) = 0 and f(|]Vv|?) = 1 is just
the classical Keller—Segel system (see [11]), which permits the concentration
phenomena to result in the possible blowing up of solutions, and has been ex-
tensively studied since 1970 s, such as the existence of global bounded solutions
and the detection of some solutions blowing up in either finite or infinite time,
in a great number of literature (see [1,5,6,9,12,13,15-17] and the references
therein).

We refer that in the case f(|Vv|?) =1, x > 0 with g(u) = Au— pu®, \ >
0, p>0,and 1 <k < % + ﬁ, Q a ball in RV, with N > 5, Winkler in [20]
proved that there exist initial data such that the radially symmetric solution
blows up in finite time. In [21], with Q aballin RY, N > 3 A € R, u > 0,k > 1,
and with m(t) replaced by the function v(z,t) in the second equation, under
the assumption

[SEN]

, if Ne{3,4},
k< ) )
1+m7 if N257

the author derived a condition on the initial data sufficient to ensure the
occurrence of blowing up solutions in finite time.

The range of k has been improved by Fuest in [8], where a nonnegative
initial datum ug has been constructed such that the solution blows up in finite
time when y = 1,

l<k<min{2, 5}, pu>o0, for N >3,

k=2, MG(O,%), for N >5.

The value k = 2 is critical in the four and higher dimensions.

Recently the case f depending on the gradient of v (flux limitation term)
received considerable attention in the biomathematical literature.

The most relevant results on flux limitation concern the case g(u) = 0.
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In particular
o If f(|Vv|?) = Vo2, x >0, Q C RV,

N
pe(l,00) for N=1; pE(l, ﬁ) for N > 2,

Negreanu and Tello [17] obtained uniform bounds in L () and the existence
of global in time solutions; for the one-dimensional case there exist infinitely
many non-constant steady-states for p € (1, 2).

o If f(|Vv|?) = \/ﬁ and Aw is replaced by V- (\/%), Bellomo

and Winkler [2] obtained the global existence of bounded classical solutions
for arbitrary positive radial initial data uy € C3(Q) when

Uy < if N=1; x<1l, N>2.

1
Q VOE-1)
In Bellomo and Winkler [3], the authors shows that the above conditions are
essentially optimal in the sense that if y > 1 and

1

V-1

there exists ug € C3(Q) with Jo w0 = m, such that there exists a a unique
blowing up classical solution.

o If f(IVo]?) = Kp(1+|Vo]?) ™", Ky >0, x=1,0 < a < 553, @
a ball in RN, with N > 3, for a considerably large set of radially symmetric
initial data, the problem admits solutions blowing up in finite time in L®°-norm
for the first component. Otherwise, if f(|Vv[?) < Ky (14 |Vo|?)" ", x = 1 and
« satisfies

m > if N=1, m > 0 arbitrary, if N >2

N-—-2
Oé>m, fOI'N22,

a € R, for N =1,

in general (not symmetric setting), a global bounded solution exists [22].

The case a = % plays the role of a critical exponent and it is still
an open problem.

o If f(IVul?) = K;(1+ Vo)™, Ky >0, x = 1,0 < a < 357,
Q = Br(0) C RY, with N > 3, Marras, Vernier-Piro and Yokota [14], for
suitable initial data, proved that a solution which blows up in L>°-norm blows
up also in LP-norm for some p > % Moreover, a safe time interval of existence
of the solution [0,77] is obtained, with 7" a lower bound of the blow-up time.

Less attention was payed to the case with f depending on the gradient
of v in presence of a source term g(u).

It is the purpose of the present paper to address the above question for
a class of functions g(u) modeling sources of logistic type: g(u) = Au — pu®,
A>0, p>0,and k > 1.

Main results The present work is addressed to study the behavior in time
of the solutions of problem (1.1) with x = 1 in presence of the flux limitation
term and the source term g(u) = A\u — pu® to varying k € (1,2]. In particular
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in Sect. 3 we construct an initial data such that the solution of problem (1.1)
blows up in L°°-norm in the following sense.

Theorem 1.1. (Finite-time blow-up in L>-norm) Let Q = Br(0) ¢ RV, R >
0, N > 3. Suppose that
N -2
I<a< ——/—7——. 1.4
S9N — ) (14)
Then for all mg > 0 there exist radially symmetric as well as radially decreasing
initial data

Uug € CO(Q), U 5_'5 0 (15)
with

1
ml/QudemO

and some positive constant pg such that if

N >3, ké(l,min{2,1+%}> and @ > 0

or N > 5, k=2 and 0 < pu < po,

then (1.1) possesses a unique classical solution (u,v) in QX (0, Tynqz), for some
Trnae € (0,00), which blows up at T},4, in the sense that
lim sup [|u(-, t)|| o () = oo. (1.6)
t/ Tmax
The second purpose of this paper is to prove that the solutions of (1.1)

blow up at finite time in LP-norm, for some p > 1, if they blow up in L*°-norm
(Sect. 4).

Theorem 1.2. (Finite-time blow-up in LP-norm) Let Q = Br(0) CRY, N >3
and R > 0. Then, a classical solution (u,v) of (1.1) fort € (0, Traz), provided
by Theorem 1.1, is such that for all p > %,

lim sup ||u('7t)HLP(Q) = 00.

The investigation on blow-up solutions of system (1.1) goes on with the
study of the behavior near the blow-up time Ty,q, (Sect.5). The goal is to
obtain a safe time interval (0,7, (T < Tz ), of existence of the solutions of
(1.1); to this end, we define, for all p > 1, the auxiliary function

1 . 1
(O) = )y with Vo= ¥(0) = ol (L)

and we determine a lower estimate of the blow-up time T}, .

Theorem 1.3. (Lower bound of blow-up time) Let Q@ = Br(0) C RN, N > 3,
R > 0 and let ¥ be defined in (1.7). Then, for all p > % and some pos-
itive constants By, Ba, B3, By, the blow-up time T, for (1.1), provided by
Theorem 1.1, satisfies the estimate

Traz > T = , 1.8
e = /po Bin + Bant + Ban2 + Byn? (1.8)
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N(p+1)(A+e)
; . ptl . 2(p+DH)-N 1€ ==
with 1 2= 575, = T505 - V= oNaden > 0 <€ <
2 P pFite
P _
N L.

Corollary 1.4. Under the assumptions of Theorem 1.2, let (u,v) be a solution
of (1.1) and V(t) and Uy defined in (1.7). Then there exists a safe interval of
existence of (u,v) say [0,T] with

1
————71 =<
Aly = 1)y

We remark that e T is explicitly computable.

max -

We observe that the blow-up phenomena can be avoided for different
choises of the data. Moreover, we will prove that the results in Theorem 1.1
with f(|Vv]?) = k¢(1 + |Vo|? ) * fulfilling 0 < o < and k < 2 cannot
be improved. In fact if oo >
is bounded (Sect. 6).

2(N_ i)

2(N 1) or kK > 2 we obtain that the global solution

Theorem 1.5. (Global existence and boundedness) Let @ = Bgr(0) C RY,
N > 3, R > 0. Assume that either one of the following two conditions is
satisfied:
N -2
1. ———— and k> 1
o> 3N 1) and k> 1,

2. a>0andk > 2.
Then for all radially symmetric nonnegative initial data ug € C°(QQ), system
(1.1) possesses a unique global classical solution (u,v) in Q x (0,00), which is
bounded in the sense that

sup [u(+ )| Loe (o) < oo
te(0,00)

2. Preliminaries

In this section, we present some preliminary lemmata which we shall use in
the proof of our main results.

Lemma 2.1. Let N > 1, and assume that Q@ = Br(0) C RN for some R > 0,
f, g satisfy (1.2), (1.3) and that ug € C°(Q) is nonnegative and radially
symmetric with respect to © = 0. Then there exist Tyax € (0,00] and a unique
pair

_ _ 2
(u,0) € ((CO(Q % [0, Tinaz)) N C2L(Q % (o,me)))
which solves (1.1) in the classical sense in Q X (0, Tynaz). Moreover, we have

u>0in QX (0,Tmae), and both u(-,t) and v(-,t) are radially symmetric with
respect to x = 0 for all t > 0. Finally,

if Tinaz < 00, then limsup |lu(-,t)||L~) = o0
/" Trmaz
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We next give some properties of the Neumann heat semigroup which will
be used later. For the proof, see [4, Lemma 2.1] and [19, Lemma 1.3].

Lemma 2.2. Let (e'®);>¢ be the Neumann heat semigroup in 2, and let j1; > 0
denote the first non zero eigenvalue of —A in Q under Neumann boundary
conditions. Then there exist ki,ks > 0 which depend only on ) and have the
following properties:

1. if 1 <qg<p<o0o, then

1

le®2lliay < ka(L+ 6 G 2l pay, VE>0  (21)

holds for all z € L1(QY) satisfying fQ z=0.
2. If 1 < q<p< o0, then
1 N 1

€AV - 2|l Loy < ko(1 4+t 27 2G70)) e Y 2| oy, VE>0  (2.2)

is walid for any z € (LI9(Q))N, where eV - is the extension of the
operator ¢!V - on (C§°(Q)N to (LI(Q))N.

We observe that since constants are invariant under ¢4 we can use (2.1)

writing zZ = ﬁ Jo zdx so that we have [,(z — 2)dx = 0 (see [19]).
We now derive an upper bound of the total mass functional fQ u(x,t)dx
in short time intervals.

Lemma 2.3. Let Q@ ¢ RN, N > 1, be a bounded and smooth domain, and
A>0, u>0,k>1. Then for a solution (u,v) of (1.1) we have

/ uwdz <m, forallte (0,7T), (2.3)
Q
with

m = e / ug de, T = min(1, Thrae)- (2.4)
Q

Proof. From the first equation in (1.1) we obtain

d
— udx:)\/udxf,u/ukdxg)\/udx. (2.5)
dt /g Q ) %

From (2.5) we infer that z = [, udz, with 2(0) = zy = [, uo(z)dz, satisfies
2'(t) < Az(t), for all t € [0, Thnaz ),
{z(O) = 2.
From which we have
2(t) < eMzy, forall t € (0, Thae)-

This clearly proves the lemma. O

In Sect. 5 we will use the Gagliardo—Nirenberg inequality in the following
form.
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Lemma 2.4. Let Q be a bounded and smooth domain of RN with N > 1. Let
r>1,1<q<p<oo,s>0. Then there ezists a constant Cgn > 0 such that

p(l—a
171550 < Can e+ 1150 (2.6)

for all f € LI(Q) with Vf € (L"(Q))N and a :=

Proof. Following from the Gagliardo—Nirenberg inequality (see [18] for more
details):

p
17150 ) < [ean (I 7118 I 15wy + Il )|
with some cgn > 0, and then from the inequality
(a+b)P <2P(aP +bP) for any a,b >0, p>0,
we arrive to (2.6) with Con = 2Pcly- O

Lemma 2.5. Let § > 0, 6 > 0, v > 0 and suppose that for some T > 0,
y € C°([0,T)) is a nonnegative function satisfying

t
y(t)26+5/0 Y (r)dr Vte (0,T).

Then T < véﬂW

For the proof see [20, Lemma 2.4].

3. Blow-up in L°°-norm

Transformation in nonlocal scalar parabolic equation:

Assume Q = Bgr(0), R > 0 and uy € C°(Q) is radially symmetric with
respect to = 0. If (u,v) is the corresponding radial solution in Q X (0, Trnaz)
asserted by Lemma 2.1, we write v = u(r,t) and v = v(r,t) with r = |z| €
[0, R).

Following Jager-Luckhaus [10] we introduce the mass accumulation func-
tion

s
w(s,t) ::/ oM tu(p,t)dp, s=1" € [0,RN], t€[0,Thas). (3.1)
0
We have
1,1 1 o,
we(s,t) = NU(SN,t) >0, wss(s,t)= msN U (SN, ).
From the second equation in (1.1) we deduce

1
rN-1

(rN_lvT(r, t))r =m(t) —u

and

rN_lvr(r,t):m(t)/ pN 1 dp—/ N u(p,t) dp
0

0
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and
= N22~ R w,, +N(w— s)w f(s ¥ 2(w %3)2)
+Aw — pNF=L [Cwk s€(0,RN), t € (0, Trax), (3.2)
w(0,t) = 0, (RN t) T, t € (0, Trmaz),
w(s,0) = wo( ), s€(0,RY)
with wq(s fo (p)dp, se€[0,RN].

N
Our aim is to prove that the functional fOR s~%wb(s,t) ds, for suitable
a >0 and b € (0,1) blows up in finite time. To this end, we use the estimate
w, < % proved by Fuest ( [8, Lemma 3.3]):

Lemma 3.1. Assume that ug satisfies (1.5).
For all s € [0, RN] and t € (0, Tynaz),

w(s,t)

ws(sa t) <

< wg(0,¢) (3.3)
holds.

Proof. By a similar way as in [2, Lemma 2.3] where o = $ and as in [7, Lemma
3.7], we can show that u, <0 in (0, R) x (0, Tye) and following the steps in
[8] we arrive to (3.3). O

N
The next step is to prove that the functional fOR s™wb (s, t) ds satisfies
a differential inequality. First we obtain the following estimate.
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Lemma 3.2. Assume Lemma 2.3 and Q = Bg(0) C RY with some R > 0 and
N > 2. Let ug € C°(Q) be radial, and let (u,v) denote the solution of (1.1)
in Q x (0, Taz)- Then for all a >0 and b € (0,1), the function w defined in
(5.1) satisﬁes

b/ _“bstd5>f/ 5wl (s) ds
RN
—kfm|Q|*1// st L, dsdr
RN
aNkf / / a=Lyb* dsdr
2(b+1)
RN
+§Nkf@// s~ wPwg dsdr
0o Jo
t RN
+N2(1—b)// §2m R mayh2 w? dsdr
o Jo
t RN )
—2N(N — 1)/ / st by, dsdr
o Jo
t RN s
uNkfl// sfawal(/ wfdo) dsdr, (3.4)
0o Jo 0

_ N2 a
= [NQ +2|Q|—2m2R2] :

with

(3.5)
and m in (2.4).

Proof. Following the steps in [20, Lemma 2.1] we multiply the first equation in
(3.2) by (s +€)~*w’"1(s,7), € > 0, and integrate over s € (0, RY). We obtain

1d

- —a,, b
b (s+¢€) “w’(s,t)ds

RN
2
> N? / 2N (s 4+ €)W’ tw,, ds
0

+ N/ORN(S + €) 74w’ tw, (w - %s)f(sﬁ_2 (u) %s)z) ds

RN s
- ‘uNkfl/ (s + e)*tzwal</ wf dO’) ds =Ty + 1y + I5. (3.6)
0 0

Integrating by part we have

RN
2 2-2 —ay,b-1
L:N/ s N(s+e¢) Wes dS
0

RN

= N?s?>~~ (5+e)a blwso
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RN
> N?(1—b) / 527%(5 + ) “wb2w? ds
- 0 S

RN
—2N(N -1) / 51_%(3 + €)'’ tw, ds (3.7
0

where in the last step we used %(52’%(5 +€)7) =(2— %)31*%(3 +e) 74—
as> F(s+e) 1< (2 2)s R (s +e)7C
In 75 we have

I, = N/ORN (54 €) " w" tw, (w - m]s_t) s)f(s%_Q (w — %s) 2) ds

m(t)
N

s)?) ds

- /ORN s(s + e)7%0}’71wsm(t)f(s%*2 (w - mjfft) 5) 2) ds =T + Too.

RN
_ €)@ b %—2 .
_N/O (s+¢) “w’wsf(s (w

Taking into account that u > 0 we have w, > 0 in (0, RY) x (0, T}z ) and from
N

the boundary condition at s = R™ we have w(s,t) < % for all s € [0, RM]

and t € [0, Thaz)-

m(t)RY
N

By using w < and s < RV, using (2.3) we arrive at

m(t) 2 m3(t) , 9 m2(t) _on 1Q72m? oy
—rlg — < < Q—z <
(Fs-w) < Jrs o S e BV <2 R
so that

where C' is a constant defined in (3.5).
We now split Zo; = % + % Computing

N
In 1 R —a, b 22 m(t) \?
7—§Nk:f/0 (s+e) ww5f<sN (w—Ts))ds
1 R
> iNkfc/ (5 4 €) " wbw, ds
0

and integrating by parts we get
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1 R
iNkfé/ (s + €) wbw, ds
0

Nky RN

= st w1

Nkf ~ RNd —a b+1
_2(b+1)0/0 g+ e T fut s

Nky - [® d s
> I a —+1
= 2(b+1)0/0 el (CRRO CCRE

Nk RY
ab—i-]; C’/ (s+¢€)” “Lwbtl gs.

0

This leads to

C (5 + €)7o Tt ds. (3.8)

Now, since [ < 1, we obtain

1+s%_2( mt) )2 ]

Tog = — /RN s(s+ e)7‘1wb71wsm(t)f(,s%*2 (w - ms)2> ds

0

RN
= —k / s+ €)%t Twaml(t = ds
I 0 ( ) ( )[1 _,_sﬁ—z(m]\(]t)s_w)z]

Y

RN
—ky / s(s + ) w’ twom(t) ds
0

Y

RN
—kpm|Q| / s5(s 4+ €) 7w’ lw, ds, (3.9)
0
where in the last inequality we used (2.3).

Replacing (3.7), (3.8) and (3.9) in (3.6) and integrating from 0 to ¢t €
(0, Trnaz) We arrive to

1R 1R
7/ (s + )" “w’(s,t) ds > f/ (s +€) " wp(s) ds
b Jo bJo

t RN
— kypm|Q ! / / (s + €) " w tw, dsdr

RN
aNkf / / (s+¢e) Lttt dsdr

RN
+ kafC_'/ / (s 4+ €) " “wbw, dsdr
2 o Jo
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RN
+N21—b// Z%S—I—G)a b=2w? dsdr
RN
—2N(N—1)// 81_%(s+6)_awb_lw5dsd7
o Jo

t RN s
— uNF-1 / / (5 4+ €) wb? (/ wfda) dsdr. (3.10)
o Jo 0

Now, from the monotone convergence theorem, taking e \, 0 arrive at (3.4)
O

Our aim is to construct an integral inequality for y(¢ f 0 (s,t)ds,
t € (0, Tynas) which ensure that y(¢) blows up in finite tlme mducmg the chemo-
tactic collapse of the solution of (1.1).

To this end, we estimate each term in (3.4).

In (3.4) we assume

o1 = min{N2(1—b), mc‘*} (3.11)

to obtain

RN 1 BY
b/ stds>b/ s wh(s) ds
1 _ t RN
—|—cl// sfaflwbﬂdsdr—&—kafC// s %wbw, dsdr
o Jo
t RN RN
—1—01// §2m R mayh2 w? dsdr — kym|Q|~ 1// “w, dsdr
o Jo
t RN )
—2N(N — 1)/ / st Ty, dsdr
o Jo
t RN s
,uNk_l// s_awb_l(/ wfda) dsdr
0 Jo 0

:H1+H2+H3+H47H57H67H7, for all t € (Omiam)~ (312)

Lemma 3.3. Let Hs and Hg defined as in (3.12). If

-2
0<a< (b+1), (3.13)
then
1 1
H5 S §H4 + EHQ + C4t (314)
1 1
Hg < §H4 + ZHQ + cot, for allt € (0, Trnax), (3.15)

with ¢4, ¢ > 0 and Hy, Hy defined in (3.12).
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Proof. Using Young’s inequality we obtain

t RN
H5:kfm|Q\_1/ / st Y, dsdr

RN t RV )
< = // w2 2dsd7'+cz// sV~ dsdr
0o Jo
RN
< ﬁ/ / §27 R b2 w? dsdr
2 Jo Jo
o [t RN t RN Nio
+—// s_a_lwb+1dsdr+03// sV TN dsdr
4 Jo Jo 0o Jo

Since (3.13) holds we have 2 —a+ 232b > —1, and for some ¢4 > 0 we obtain

1 1
H5 < §H4 + ZHQ + C4t.

To estimate Hg we apply Young’s inequality:

t rRY )
H6:2N(N—1)/ / st Ty, dsdr
0o Jo
t rRN
ﬂ/ / §27 R b2 2d5d’r+05// “N b dsdr
2 Jo Jo
e [t RYN RN
—// §2 R —agb=2 2dsd7'+ // =L+ dsdr
RN
+C5/ / s~ At gogr
1

< -H
=35 4+

IN

4H2 + Cﬁt for all t € (0 Tmax)

with ¢5, €5, ¢g > 0 and by (3.13): ———a+N 2p > —1. O

In order to estimate the term Hy in (3.12) we prove the following lemma.

Lemma 3.4. Let N >3, R > 0 and Hy be as in (3.12).
o If k =2 and ug satisfies (1.5), then there exists a constant pg > 0 such
that for all p € (0, up] one can find a > 1 and b € (0,1) fulfilling (3.13) and

1
Hy < {Hy. (3.16)

o Ifk e (1, min{27 1+ (Nf)z ), then for all u > 0 one can find a,b € (0,1)
fulfilling (3.13) and

1
H, < ZH2 + Got, G >0, for allt € (0, Thaz)- (3.17)

Proof. By Fubini’s theorem we obtain
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= uN*= 1// wb™ 1 / w?da) dsdr
0
:uN’“‘l// (/ s~ 1ds) k(o) dodr.
0 JO o

Since b € (0,1) and w, > 0, then w’~!(s) decreases in s, we can write

t RN RN
H; < uNk_l/ / (/ s‘“ds)wb_l(a)wf(o) dodr
0 JO o
1 t RN
= B / / (RN(lfa) — o "W (0w (o) dodr.
0o Jo

In the case k = 2, a > 1 we neglect the negative term —% and use (3.3) to
obtain

<

RN
st (s)w?
_a—l// (s)w:(s) dsdr
<

RN
/ / a1t + dsdr.
“a-—1

Now, if 0 < p < po with po < %Fer, and ¢; defined in (3.11), we note that
one can find ¢ > 1 and b € (0, 1) fulﬁlhng (3.13) such that (3.16) holds.

Ifk e (1, min{?,l + %}), a € (0,1) we neglect the negative term

1 l1—a
RN
RN<1 . // wk (s) dsdr.

—1=0 and arrive to
We now fix b =a € (\/ﬁ min{1, X=21}) fulfilling (3.13). This is possible
in view of the choice of k, because (3. 13) with b = a is equivalent to a < N 2,

Thus we see that (a — 1) gfi > —1, and then (3.3) and Young’s inequality lead

to
k—1 t rRN
Hr; < %RN“_“)/ / s~kwkteldsdr
t RN a—1 RN 2-k
< ([ smmurstas) 55 ([0 st a) T ar
0 0 0
c t RN t RN ot
< —1/ / sT 1wt dsdr + 51/ / s V3% dsdr
4 Jo Jo 0o Jo
c t RN
= Zl/ / s~ lw T dsdr 4 éot, for all t € (0, Thaz),
with some ¢ > 0. Thus we obtain (3.17) with b = a. O

Taking into account of Lemmata 3 2, 3. 3 and 3.4, we derive an integral

inequality for the functional y(¢ fo s)ds.
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Lemma 3.5. Suppose Lemma 3.3 and Lemma 3.4 hold. Let N > 3, R > 0,
mo >0, >0 and k € (1,2]. Then there exist a > 0, b € (0,1), 6 > 0 and
C > 0 such that if uo(r) is nonnegative in Br(0) C RN with \ﬁll Jo o = my,

for the corresponding solution (u,v) of (1.1) in Q x (0, Tpaez) and w defined
in (3.1), it holds

RN RN
/ s (s, t) ds > / 57w (s) ds
0 0

t RN b1
+o / ( / s (s, 7) ds) dr — Ct (3.18)
0 0

forallt € (0, Thaz)-

Proof. We analyse the following two cases separately.
Case (i) Assume k =2, 1 <a < ¥=2(b+1), N > 5,0 < p < po. Thus

be (55, 1).

Substituting (3.14), (3.15) and (3.16) in (3.12) and neglecting the positive
term Hj, we see that

RN RY
/ s~ w’(s,t) ds >/ s~ wh(s) ds
0
RN
bCl / / lwb+1 dsdT — Ct, Vte (O,Tmam)'

Case (ii) Assume k € (1, min{2,1 + %}), b=ac (Vk—1, min
{1,521), N >3, n> 0.
Substltuting (3.14), (3.15) and (3.17) in (3.12) we obtain (with b = a)

RN RN be
/ s_“wb(s,t) ds 2/ s %, b s)ds + —1/ / =L+l dsdr
0 0
t rRY
+ bey / / s~ wPwy dsdr — Ct
> / s~ - / / Lyt dsdr — Ct YVt € (0, Thaz)-
0
In both cases (i) and (ii) we arrive at the following type inequality:

RN RN
/ s (s,t) ds > / 5% (s) ds
0 0

bC t RN
—1/ / 571 Y dsdr — Ct, YVt € (0, Than)- (3.19)

Now, by the Holder inequality, we observe that
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RN RN
_ _ b(a+1) o _b_
/ s ds = / st o (s a 1wb+1) >+ s
0 0

R g (B i
< (/ s—atb ds) (/ P PLAE ds)
0 0

from which we have

RN RN b1
/ sTo bt ds > &y (/ 5w’ ds) (3.20)
0 0
%
with ¢4 = (%) and —a +b > —1.
Replacing (3.20) into (3.19) we arrive at (3.18) with § = $bc12. O

Proof of theorem 1.1. By Lemma 3.5 with the aid of the Lemma 2.5 and fol-
lowing the steps in the proof of Theorem 0.1 in [20], we can conclude that

N
y(t) = fOR s~%wb(s,t)ds blows up in finite time T}, < O

T.
53T

4. Blow-up in LP-norm

The aim of this section is to prove Theorem 1.2. To this end, first we prove
the following lemma.

Lemma 4.1. Let Q C RN, N >3 be a bounded and smooth domain. Let (u,v)
be a classical solution of system (1.1). If a satisfies (1.4) and if for some
p> % there exists C > 0 such that

||u(at)HL:D(Q) S Ca fOT any t S (OaTmaw);
then, for some C> 0,
[uC )l oo ) < C,  foranyt € (0, Thaz)- (4.1)

Proof. For any t € (0, Tynaz), we set to := max{0,t — 1} and we consider the
representation formula for u:

o | B t . ' s Vou(-, s) P
u(-,t) = etT18y ( 1) kf/toe( AV (u(’ )(1+|W(~7t)l2)“)d

—|—/ elt=9)A (Mu(-, 8) = pu (-, 8)) ds =t uy (1) +ua(-,t) + us(-,t)

to
and
0 <u1) < o Oll ey + oo Dllmqey FusCo1). (42
We have
[[ur (-5 8) | oo () < max{[[uol| L= (), 26 mka } =: C1, (4.3)

with k1 > 0 introduced in (2.1) and m defined in (2.4). In fact, if £ < 1, then
to = 0 and hence the maximum principle yields w1 (-, t) < |[uol|poe (). If t > 1,
then t — ¢ty = 1 and from (2.4) and (2.1) with p = oo and ¢ = 1, we deduce
N _
that Hul(',t)HLoo(Q) < kl[l + (t - to)_?]e_’“(t_t‘))||u(-,t0)||L1(Q) = 26_/\mk‘1.
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We next use (2.2) with p = oo, which leads to

[Juz (-5 8) | (o)
‘“0 NELICL)
1+ | Vu)2)e

t
< k2kf/ (1+(t— 5)—%—%)6*u1(t7s)

to

ds
L1(Q)

t
gkgkf/ (14 (t— )75 20)e ) u(, 8)[ Vo2 Loy ds,  (4.4)

to
v _
because % < |Vl 2,
Here, we may assume that % < p < N, and then we can fix N < g <
NN—E) = p*. Since 2a < 1, by Holder’s inequality, we can estimate the last term
n (4.4) as

[, 8)[Vo(, )" Lae
<l 8l s g IV 9) sy

< Collu(- s IV, 8)l|1,7%,  for all s € (0, Tinax),

N L% ‘)

for some C3 > 0. The Sobolev embedding theorem and elliptic regularity theory
for the second equation in (1.1) tell us that [[v(-, s) [0+ () < C3l[v(+, 8)[|w2r ()
< C4 with some C3,Cy > 0. Thus again by Holder’s inequality, the definition
of m and interpolation’s inequality, we obtain

Hu(v S)|V1}(-, 8)‘1_2a|‘L‘1(Q) < C5||u(’ S)”Lﬁ(ﬂ)
< Cslul, )17 @ 1wl )l e
< Collu(,8)|| %oy for all s € (0, Trnax),

with 0 :=1 — 27‘1 € (0,1), Cs := C»,Cy and Cg := Csm'~?. Hence, combining
this estimate and (4.4), we infer

t
1 N s)
l[uz (-, )]l o o) SCskg/ (14 (t—s)"2720)e 1 lu(, 5)|| G ) ds.

to

Now fix any T € (0, Tynaz). Then, since t — to < 1, we have

t
lua (- t)|| oo () < C(;kg/(l + (t— s)*%*%e—m(t—s))ds sup H’U’('vt)H%w(Q)
to te[0,T]

< Cr sup ul-, )[|7 (@), (4.5)
te[0,T]
N _1
where C7 := Cgka (147" * ;7 rTE T ST dr) > 0 is finite, because %+ 2—1\2 <
1 (i.e,, ¢ > N).
Now we prove that there exists a constant cg > 0 such that us(-,t) < cs.
1

In fact we observe that g(u) = A\u — pu®* < g(@1) := cg, with @ = (%)m
¢ t
uz(-,t) = / e(t_s)A[)\u(-,s) — (-, 8)] ds < Cg/ ds < cs. (4.6)
t(J tO
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Plugging (4.3), (4.5) and (4.6) into (4.2), we see that
0<u(,t)<Ci+Cy S[up ] ||u(-,t)H6L’oo(Q), (4.7)
¢

)

with Cy = C; + cs.
The inequality (4.7) implies

0
sup_u( Dll oy Cv+ Cr( sup [ult)lle()) for all T € (0, Trnaa):
te[0,T] te[0,T]

From this inequality with 6 € (0,1), we arrive at (4.1). O

Proof of Theorem 1.2. Since Theorem 1.1 holds, the unique local classical so-
lution of (1.1) blows up at t = Ty, in the sense of (1.6), that is,

i sap -, 1)~y = o

max

We prove that it blows up also in LP-norm by contradiction.
In fact, if one supposes that there exist p > % and C' > 0 such that

lu(-, )| ey < C, forall t € (0, Trax),
then, from Lemma 4.1, it would exist C' > 0 such that
[u(-, )| gy < €, for all t € (0, Tinax),

which contradics (1.6). Thus, if u blows up in L*°-norm, then u blows up also
in LP-norm for all p > % d

5. Lower bound of the blow-up time T,

Throughout this section we assume that Theorem 1.2 holds.

We want to obtain a safe interval of existence of the solution of (1.1)
[0,T], with T" a lower bound of the blow-up time T,4,. To this end, first we
construct a first order differential inequality for ¥ defined in (1.7) and by
integration we get the lower bound.

Proof of Theorem 1.2. By differentiating (1.7) we have

\If’(t):/upflAudx—/upflv'(quf(\VvP)dx
Q Q

+)\/updx—,u/up+k_ldx
Q Q

=D+t Ts+T (5.1)
with

jlz/up_lAudx
Q
/V (WP~ 'Vu) dz — (p —1)/up 2| Vul? da
Q
/|Vu2|2dx (5.2)
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In the second term of (5.1), integrating by parts and using the boundary
conditions in (1.1), for all ¢ € [0, T},4e) We obtain

J2 = —/ uP IV - (uVuf(|Vo]?) de
Q
— (- 1)/ FIVoP) 'V - Vo de
Q
=E/ YVl - Vof(|Vol|?) dz
Q

I Ak N e 2
= , /Qu V- Vo f(|Vol?)] dz

__p;l uP[Av v dz
- -2 /Q (Avf(Vof?)]d

=l uP f(|Vol$) Vo - v|?) dx
; /Q (Vo) Vo - (Vo) da. (5.3)

Using the second equation of (1.1) and taking into account that f(§) = ky(1+
&)™, (&) = —aks(1+ &)~ in (5.3), we have

p—l/ m(t) —u
o= T v

p—1 Vo - V(|Vv[?)
k P d
ey /Q“ 1+ [Vop)ett “

p—1 +1 p—1 Vo - V([Vof?)
Ska/ﬂu,p dx + aky » /Qup(l—|—|V’U|2)o‘+1 dx, (5.4)

where we dropped the negative term kf -1 fQ dx and used the

(1+\Vv|2)“
inequality W <lasa>0.

In order to estimate the second term of (5.4) we recall the radially sym-
metric setting to obtain (with wy the surface area of the unit sphere in N
dimension)

Vo - V(|Vv|?) /R Nve(v2)r N1
P ' dr = A d
/Q” I+ [Vop)ett 9N o i een @

R U2’U N—1
=2Nw uP —L Ny
NA (1+ v2)otl

mt)
N

Vo - V(|Vv]?)
P _/
/Q“ 1+ [Vop)rt @

- OT pN =1y dp implies

which together with v, =

2

R
— T N-1
=2m(t)wn /0 upmr dr

n +1 vy N—1
—_ 9N ptl___ “r  N-ly
wN/O U (1+U%)a+1r r
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’U2

R 1 T N1
_ p T -
+2N(N 1)wN/O ey (/0 p udp)dr

_ R
m
§2—wN/ uPrN =L dr
12 Jo
R 1 r
+2N(N — 1)wN/ u”f(/ pN_ludp) dr, (5.5)
0 ™ NJo

where we used (2.3), we dropped the negative term —2Nwy fOR uPtl
WT ~Ldr and finally we used the inequality W <1

In the second term of (5.5), Holder’s inequality yelds that for all ¢ > 0
there exists ¢ = ¢(¢, N, p) such that

R 1 T N_1
wN/ upf(/ P udp)dr
0 " NJo
Bl [T N mil " 1 N—1 sy
SwN/ upf(/ p dp)’ (/ uPtp dp)’ dr
0 rJo 0

Ly 1\t " Np g
< (*)1 (/u]‘hL dac) w]{,“ uPre 1 dr
N Q 0
14e

1N\ 747 uPT! Y " ptlde N—1 PriTe Boevp_y ptite
< (N) ( d:v) wg ( u r dr) ( e+l dr)
Q 0 0
1 P
= c(/ uPt daf) r (/ uPtire da:) e (5.6)
Q Q

Combining (5.6) and (5.5) with (5.4) we obtain

1 p—1
j2<2a—l<; 7/updx—|—k; 7/up+1dx
12| d p Q ! p Q

-1 P PTITe
+2aN (N — 1)cky L(/ up'de) i (/ up+1+€dx> o
p Q Q

~ p+1
<2 / uP dx + ¢ / uPth dz + &3 (/ uPtite dx) e (5.7)
P Jao Q Q

where, in the last term, we used Young’s inequality with ¢; = 205%]@«(])
1), & = kgt +2aN(N — Deky S, & = 2aN(N — 1)cky B

Thanks to the Gagliardo—Nirenberg 1nequality (2.6), with p = QPTfl, r=
q=s=2, a=10y:= 2(+1)€(01)forallp> , we see that

1 b 2¢

Rt U o
Q L™ 7 (Q)

(1 0o) D 2p,7+1

<OGN||VU ||L2(Q) Hu HL2(Q) "’OGNHUZ’HLzz)Q)

2(pt1H)=N pt+1

:C’GN(/Q|Vug|2dx)%(/Qupdx> . +C’GN(/Qupdx)T.

(5.8)
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Applying Young’s inequality at the first term of (5.8) we have

N P
/u”+1 dr < —610GN/ |Vuz|? dx
Q 2p Q

2(p+1)—N pt1l

JrCGNM(/Qu”d:U) v JrCGN(/Qu”d:c) ! (5.9)

2pe;r N

with €; > 0 to be choose later on, and also

+1

( up+1+e dac) Piﬁ“ _ ||“ H
Q L2 P+1+6 (Q)

24(1-0,)
JFCGN”'UJ HLZ(Q)

< CGNHVU2||L2

)
ptly p+1 (1-6.)
:CGN(/ (Vu?|? de E /updx

+CGN(/ updx> " (5.10)
Q
Withp:2p7+1, r:q:s:2,a:HE::%E(O,l)forallp>%

and sufficiently small € > 0.
Now, in the first term of (5.10), we apply Young’s inequality to obtain
pt1

(/ upPtite dz)pij&
Q
S64/Q|Vu%\2d;v+65(/ﬂupdx)w+C’GN(/Qupdx)T, (5.11)

with
__NA+egp+1)
C. :—GC ,
2pp+1+e 2N
G = O (2p(p+1+e)—N(p+1)(1+e))6%
v Y 2p(p+1+e) 2 g
o Nitopty = 27
- =

Note that we can fix ¢ > 0 such that 2p — N(1 +¢) > 0.
Plugging (5.9) and (5.11) into (5.7) leads to

pt+1

._72§C/|Vug|2dx+c—l/upda?+CGN(/updx> ’
Q P Ja Q

2(p+1)—N y
—|—65</ u? dx) (5.12)
Q

—|—61</Qupdx) e

. I R 29— N ~
with C :=é3-¢4, ¢1 := Con—L=x—Ca, €1 > 0.
2peP™

Also we note that

j3 = A/ uP dox = Bl\I/7 Bl = )\p (513)
Q



65 Page 22 of 27 M. Marras et al. NoDEA

Finally, combining (5.12) with (5.1) and (5.2), (5.13), neglecting the neg-
ative term J; and choosing e; such that the term containing [, |Vu?|?dx
vanishes, we have

2(p+1H)—N

U < BU + BoU's 4 ByU v 4 B0, (5.14)

. 2+H-—N

with By := p% [pCon + 1], By :=¢é1p 2»-N  and By :=é5p?.
Integrating (5.14) from 0 to T)pq., we arrive at the desired lower bound
(1.8) with vy := p#, Yo = 2(’;;#. O

Proof of Corollary 1.4. We reduce (5.14) so as to have an explicit expression
of the lower bound 7" of T},,4.. In fact, since W(t) blows up at time T}, there
exists a time t1 € (0, Tyas) such that U(t) > Uy for all t € (¢1, Tinaz). Thus,
taking into account that

I<m <<y

we have
{\IJ e (5.15)
U <O, i=1,2.
From (5.14) and (5.15) we arrive at
U < AV Vi€ (tr, Thnaz), (5.16)

with A := By W™ 4 ByWl ™ + ByW* ™" + By, and ¥y in (1.7).
Integrating (5.16) from ¢ = 0 to t = T,qx, We obtain

1 d ’"L(L.L ’"L(L.L
— - %< SA[drsAl T dr= AT (517)
(v—1)T " Ju, 07

We conclude by (5.17), that the solution of (1.1) is bounded in [0,T] with

T= Ay~ 1)\1ﬂ T O

6. Global existence and boundedness

The aim of this section is to prove Theorem 1.5. The proof is divided into two
cases.

6.1. Case 1. o > and k > 1

2(N )
As in the proof of Lemma 4.1, for any ¢ € (0, Tpq4), we set to := max{0,t—1}.
From the representation formula for u we can write

u(-,t) = e(t_tO)Au(~,to) —/ et=9)Ay . [u(-,s)f(|Vv(-,s)\2)Vv(-,8)] ds

to

+/ =8 g(u) ds = ui (-, t) + uz (-, t) + us(-, ).

to
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In view of (4.2) and (4.3) as well as (4.6) we have
(s )l Lo () < €1+ [lua (5 D)l oo () - (6.1)

Since the condition a > 2(N_ i) implies that (1 — 2a)N < we can take

T
q € [1, ﬁ) such that ¢ > (1 — 2a) N, and hence we pick r > N satisfying
g > (1 — 2a)r. Then we see from the second equation in (1.1) with mass
estimate (2.3) that

sup  [|Vu(-,t)||Laco) < co.
te(0,Tmax)

Using (2.2) with p = oo and ¢ = r as in (4.4), we deduce from the Holder
inequality that

[z (5 )l Lo ()

e |lu(., 5)[Vo (-, )22 o e ds

e I u(, s)| Vo, ) e ) ds-

LT 227 () La(Q)

€ (0,1) and recalling (2.3) again, we note that
s M itz gy < s 82w g Il 8 oy < calluls )~ »

and hence,

t
()| oo () < Ca€aca / (1+ (¢ — )72 20 )e =)y -

to

)| 700 () ds-
This together with (6.1) implies that for any T € (0, Tz ),

sup ||U2<'7t)||L°°(Q)
t€(0,T)

t
<citcaczes sup ful, )70 (o) / (1+ (t—s) 2720 )e 1 =9) gg
te(0,T) to

<crtes( sw ul 1))
t€(0,T)

and thereby we conclude that T},,4, = o0 and [lu(:,t)[| L~ () < c¢ for all £ > 0.
O

6.2. Case 2. « > 0 and k > 2 in the radial setting

We will derive a uniform estimate for U(t) := Il)||u( )HLP () defined in (L.7).
As in the proof of Theorem 1.3 in Sect. 5, we have

\Ill(t):/u”flAudx—/up*1V~(uf(|Vv\2Vv))dm+)\/updx
Q Q Q

—ﬂ/ W dy = J 4+ o + T3 + T
Q
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In view of (5.2), (5.12) and (5.13) we see that

4(p—1 P
gi= =220 [ wutp s

2(p+1H)—N

T2 <Cl€2/ |VU2|2d.%‘—|—CQ\I/( )—1—03\11 P ()+C4\I/ 2p—N ()+E5\I/’Y(t),
T3 = Ap¥(t)

and the Holder inequality yields
o ptk—1
j4 S 766\11 P (t)

Choosing e such that the term containing [, IVu}|? do vanishes and noting
that k > 2 implies pp# €1, IHT#) and

S

for sufficiently large p because lim,, ~oo 2(22#'7 = 1land lim;, ~ v

1, we can derive from Young’s inequality that

p+1 -

pt+k—1

U'(t) < cr¥(t) —csW (t)

and therefore ODI comparison yields uniform bound for ¥(¢) with sufficiently
large p > % Consequently, Lemma 4.1 proves that T}y, = 00 and [|u(-, 1) L ()
< ¢g for all t > 0. ]
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