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A system of superlinear elliptic equations in
a cylinder

Yanyan Guo® and Bernhard Ruf

Abstract. The article is concerned with the existence of positive solutions
of a semi-linear elliptic system defined in a cylinder Q = Q' x (0,a) C R",
where Q' € R" ! is a bounded and smooth domain. The system couples a
superlinear equation defined in the whole cylinder 2 with another super-
linear (or linear) equation defined at the bottom of the cylinder Q' x {0}.
Possible applications for such systems are interacting substances (gas in
the cylinder and fluid at the bottom) or competing species in a cylindrical
habitat (insects in the air and plants on the ground). We provide a priori
L bounds for all positive solutions of the system when the nonlinear
terms satisfy certain growth conditions. It is interesting that due to the
structure of the system our growth restrictions are weaker than those
of the pioneering result by Brezis—Turner for a single equation. Using
the a priori bounds and topological arguments, we prove the existence of
positive solutions for these particular semi-linear elliptic systems.
Mathematics Subject Classification. 35B09, 35B45, 35J57, 35J61.
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1. Introduction

For scalar equations of the form

—Au = f(z,u)in Q CR”
{ v =0 on €2 (1.1)

where ) is a smooth bounded domain of R™ and f(z,u) behaves like uP for u
large, the question of the existence of positive solutions has been intensively
studied [2,3,11,17,20,23]. One way to obtain existence results for (1.1) is using
topological arguments especially when the equation has no variational struc-
ture. The main difficulty when using a topological approach lies in the need of
obtaining a priori bounds. In recent years, several approaches have been devel-
oped to deal with this problem [3,11,17]. Subsequently, many existence results
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proved by a priori estimates for the scalar Eq. (1.1) have been extended to
corresponding elliptic nonlinear coupled systems [4,5,12,13,15]. For instance,
the following superlinear system

{—Au:vp in Q, u=0 on 9N

(1.2)
—Av =uf in Q, v =0 on 0

where 2 C R™ is a bounded domain and p,q > 1, is usually referred to as the
coupled Lane-Emden system and has been widely investigated in the last few
years (see [10,16,24] and the references therein). Such problems arise in the
study of multicomponent reaction diffusion processes and in the modeling of
several physical phenomena such as pattern formation and population evolu-
tion (see [25] and the references therein). The solutions in most of the cases
represent densities and thus positive solutions of the systems are of particu-
lar interest. The exponents (p, ¢) in system (1.2) interplay, compensating each
other, which play a crucial role in the questions of existence and nonexistence
of positive solutions.

In [4], Clément, de Figueiredo and Mitidieri used a method which was
developed in [11] for the case of one equation to obtain L* a priori bounds.
For another coupled system studied by de Figueiredo and Yang [15], the dif-
ficulties of obtaining a priori bounds were due to the presence of gradients in
the nonlinear terms. The authors had to use some norm with weights depend-
ing on the distance to the boundary of the domain. They obtained a priori
bounds via the so called blow-up method which was introduced by Gidas—
Spruck [17] for the scalar case. In [5], the authors found L* a priori bounds
with different exponent assumptions imposed on the nonlinear terms; the tech-
nique used in their work is based on the work of Brezis and Turner [3] for one
equation, in which they combined the Hardy—Sobolev inequality with interpo-
lation techniques. In [5] the Brezis—Turner exponent assumption was replaced
by conditions that involve two curves in the (p,¢) plane. We remark that the
method introduced by Brezie-Turner was the first general way to obtain uni-
form bounds of positive solutions and has become a classical way. Many other
problems like reaction-diffusion systems and Ambrosetti-Prodi type problems
have been solved by this method (see [14,21]).

The objective of this paper is to study the existence of positive solutions
of a particular semi-linear elliptic system defined in a cylinder Q = Q' x (0,a) C
R™, where ¥ € R”~! is a bounded and smooth domain. The system couples a
superlinear equation defined in the whole cylinder €2 with another superlinear
(or linear) equation defined at the bottom €' x {0} of the cylinder. Possible ap-
plications for such systems are interacting substances (gas in the cylinder and
fluid at the bottom) or competing species in a cylindrical habitat (insects in
the air and plants on the ground). Extending the method of Brezis—Turner [3]
to this kind of system, we provide a priori L>° bounds for all positive solutions
when the nonlinear terms satisfy certain growth conditions. The approach we
use consists of using the Hardy—-Sobolev inequality and a suitable fixed point
theorem. Unlike the setting in [3] where the nonlinear term f(z,u) is defined
on 2 xR, in our framework f is non-local and we have to distinguish two cases,
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depending on the space dimension. It is interesting that due to the structure
of the system our growth restrictions are weaker than those of the pioneering
result by Brezis—Turner for a single equation. Using the a priori bounds and
topological arguments, we prove the existence of positive solutions for these
particular semi-linear elliptic systems.

2. The Main Result

In this paper we consider a system of equations on a cylindrical domain 2 =
Q' x (0,a) C R*(n > 3), with z = (2/,2,) € Q and ' C R*"! is smooth.
The particularity of this system is that it couples two unknowns u(x) and
v(a’) which are defined on different domains. We can think of  as a jar
or a cylindrical habitat containing two interacting substances or species: the
substance u(x) (say a gas, insects, birds...) is distributed in the interior of the
jar or habitat €, while the substance v(z’) (say a fluid, plants, worms...) is
located at the bottom ' x {0} of the jar or on the ground of the habitat. A
simple model of such a time independent interacting system is

—Apyu(r) = h(x)v(a") z€Q

—Apnyo(@) = [ ul(a!, x,) do, @' € Y

u(z) =0 x € Y x[0,a]; Oyu(x)=0, z € x{0,a}
v(@)=0 2’ e

(2.1)

2 .
where A¢,y = >0, %7 2’ = (x1,...,2n_1), v denotes the exterior normal to

the boundary 02, and ~, n are exponents with v > 1 and > 1.

Here, we assume that the vertically cumulated effect of the substance
u(z),x € Q, interacts with the substance v(z’) at the bottom €', hence the
term foa u(x', x,) dx, in the second equation; on the other hand, the substance
v(2') at the bottom ' interacts with the substance w(z) via a continuous
coefficient function h : Q@ — RT, which we may consider decreasing with
increasing height x,,.

The operator A(,_;) with Dirichlet boundary condition in the second
equation is invertible, and we can insert the expression

a
ole!) = (8o ([ 00t ) don)
0
into the first equation of the system, to obtain the non-local equation

{ —Apyu() = h@)[(— A1) L[y w2, 2,) dzy)]” ©€Q

2
u(z) =0 for €9 x[0,a] Oyu(x)=0 for z € x{0,a}. )

Our aim is to prove the following result:

Theorem 2.1. Suppose that Q := Q' x (0,a) C R™ is a bounded open domain.
Furthermore,
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1) if1<n< m_fﬁ%, then assume that 1 < yn < 22,

ifn > M%, then assume that 1 < yn < Z—ﬂ + (aniy)z.
2) heC(Q,RY), with h,, := min{h(z),z € Q} > 0.
Then Eq. (2.2), and hence system (2.1), has a positive solutionu € W9(Q),1 <
q < o0.

Remark 2.1. Notice that for n = 3,4, we are always in case 1), since then

2n+2< in
n (n—1)(n—-2)

The proof follows the ideas of the influential paper by Brezis—Turner [3],
in which a single equation with a super-linear non-linearity was considered. It
is interesting to note that the maximal exponent in the article of Brezis—Turner

n+1

was ~t7. For = 1, the maximal exponent for v is

2 2
{ij, 3<n <6,

2
n°—1
nZ—dnt1 > 7

which is larger than ”ﬂ, this is due to the regularizing effect of the inverted
operator (—A¢,_1))~

We have not seen such type of coupled systems in the literature. Of
course, one can consider many different versions of such couplings.

=3

3. LP? regularity on the cylinder

The proof of Theorem 2.1 depends on a priori estimates of the solutions and
a related existence theorem. The LP theory presented here is to pave the way
to get the a priori bound. In this part we will concentrate on showing that a
weak solution of the equation

—Amyu = f(z) r€Q
u(z',z,) =0, a €0 (3.1)
Op,u(x',xy,) =0 1z, €{0,a}.
with f € LP(Q) (1 < p < oo0) will also be a strong solution which is twice
weakly differentiable. The proof of the regularity is based on the a priori esti-
mates below. In view of the mixed boundary conditions and the special shape
of the domain, we will do an even reflection on the bottom of the cylinder

to reduce the problem to a familiar case for which we can refer to the ninth
chapter in [18].

3.1. LP a priori estimate

We define the space H(}yl(ﬂ) as the closure in H'(Q) of the set C’Clyl(Q) ={ue
CY(Q) | u(x) =0, z € 90 x [0,a]}. Correspondingly, W, 7 = {u € W'P(Q) |
u(z) = 0,2 € 9 x [0,a] }.
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Interior estimate:

Lemma 3.1.1. Assume that u € Wif(ﬁ) NLP(Q), 1 < p < oo, is a strong
solution of the Eq. (3.1), then for f € LP(Q) and for any open domain Q; CC
Q,

[ullwzr@) < Cllullze@) + 1 fllzr @) (3.2)
where C' = C(n,p,Q;,Q).

Since the interior estimate does not require the boundary condition, the proof
of this lemma follows from the same proof of Theorem 9.11 [18].

Estimate on the bottom and the top:

Lemma 3.1.2. Assume that u € W2P(Q), Q = Q' x (0,a) C R", where Q' C
R™ 1 is a bounded and smooth domain. 1 < p < o0 is a strong solution of

(3.1), then for f € LP(Q) and for any open domain £ CC QU {Q' X {O}} or
Q, CcCc QU {Q’ X {a}}
lullwzr@,) < Co(lullLe @) + 1 fllLr @)
or
||UHW2~P(Q¢) < Ot(Hu”LP(Q) + ”f”LP(Q))
where Cb = C(nap7 Qb7 Q)7 Ct = C(Tl,p, Qtag)‘
Proof. We extend u and f to Q' x (—a, a) by even reflection, that is, by setting
’LL(J)/7 l‘n) = u(x/, —an), f(x/,xn) = f(xlv _xn)

for z,, < 0. It follows that the extended functions, say @ and f, satisfy the same
equation of (3.1) weakly in ' x (—a,a). To prove this we take an arbitrary
test function ¢ € C’Clyl(Q’ x (—a,a)), then since u is a weak solution of (3.1)
on {2, we have

/ VuVedr = / fodr, Y ¢eClL(Qx(0,a). (3.3)
Q' x(0,a) Q' %x(0,a)

As e Clin Q' x (0,a) and ¢ = 0 on 9, we can take ¢ = ¢ in ' x (0,a),

then
/ VuVepds = / fodx. (3.4)
Q' x(0,a) Q' x(0,a)

On the other hand, due to the even reflection, from (3.3), we get

/ VuVe¢' dr = / fo'dz, V¢ €Cl(Q x(~a,0)),
Q' x(—a,0)

Q' x(—a,0)
then taking ¢’ = ¢ in Q' X (—a,0), so

/ VuVpdr = / fodz. (3.5)
Q' x(—a,0) Q' x(—a,0)

(3.4)+(3.5), we obtain
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/ VuVydr + / VuVepdr = / VaVedx
Q' x(0,a) Q' x(—a,0) Q' x(—a,a)
— [ gedos [ peds

Q' x(0,a) Q' x(—a,0)

= / fodz.
Q' x(—a,a)

Consequently, we have

/ VaVedr = / fodr Ve e CL (Y x (—a,a)).
Q' x(—a,a) Q' x(—a,a)

_ _ da

Tp=—a - 0Ty,

Besides, @ = 0, z € Q' x[—a, a] and 2% = Qu =

oz, Tn=a 0y lx,=a
0, so that @ is a weak solution of (3.1) in Q' x (—a,a). By the evenness of @,
we also have 68771 2,—o — 0- Then, for any open subset Qy CC Q' x (—a,a) we
are able to apply the interior estimate and thus get the desired estimate for
(NZb and hence also for 2, := fNZb N Q. O

Estimate on the side:

Lemma 3.1.3. Assume that u € W2P(Q), Q = Q' x (0,a) C R", where Q' C
R™ 1 is a bounded and smooth domain. 1 < p < o0 is a strong solution of
(3.1) with u =0 on Q' x [0,al], then for f € LP(Q) and for any open domain
Q, cc{Y x (0,a)},

[ullwzr . < Clullr@) + [ fllze@));
where C = C(n,p, s, Q).

Proof. Since u(z) = 0,2 € 09, the proof follows from the boundary LP
estimate of Theorem 9.13 [18]. O

Estimate on the edge (99" x {0,a}):

Lemma 3.1.4. Assume u € W2P(Q), Q = Q' x (0,a) C R", where Q' C R*~1
is a bounded and smooth domain. 1 < p < o0, a strong solution of (3.1)
with u = 0 on 9 x [0,a], then for f € LP(QY) and for any open domain
Q. cc QU { x{0}},

lullw2r.) < CUlullLe@) + 1fllr @) (3.6)
where C = C(n,p, Qe, Q).
Proof. In the proof of Lemma 3.1.2, we extended v and f to ' x(—a, a) by even
reflection, and we proved that the extended function u is a weak solution of
(3.1) in Q' x (—a, a) with f replaced by f. In this case, each point z¢ € 9 x {0}
is a boundary point of Q' x (—a,a) on the side, we then can proceed as in

the proof of Lemma 3.1.3 with Q, replaced by Qg CcC {€ x (—a,a)}, since
Q. C Qg, we have

[ullwzria,) < llllwzr@g) < C (IWlle(Q/x(—a,a)) + IIfHLP(Q/x(—a,a)))
< C (2lull e x0.0)) + 2l | 2o x(0,a))) -
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We therefore derive

lullw2r.) < Cllullr@) + 1 fllze@))-

Combining all the estimates above, we get the following result.

Global P estimate and regularity:

Lemma 3.1.5. Assume that u € W27P(Q)DW6£(Q), 1 < p < o0, satisfies (3.1);
if f € LP(Q), then

lullw2r@) < ClullLr@) + 1fllLe @),
where C' = C(n,p, Q).

Proof. (see a similar proof of Theorem 2.2.3 [26]) From the boundary estimate
we conclude that for z¢ € 9, there exists a neighborhood U (z) such that

lullwzru@one) < lullwzr@,) + lulwzr,) + lullwze @) + llullw2r@.)
< Cllullze @) + 1 flr)- (3.7)
According to Heine—Borel theorem there exists a finite open covering Uy, ..., Un

to cover 0. Denote K = (2 \ U U;, then K is a closed subset of {2 and there
exists a subdomain Uy CC 2 such that Uy D K. Lemma 3.1.1 shows that

lullw2rw,) < Clllulle@) + [1fllzr)- (3.8)
Using the theorem on the partition of unity, we can choose functions ng, n1,...,nN
such that
0<n <1, VzeU; (i:O,l,...,N),
N
Zn(m) =1, e
i=0
Thus
N N
lullwasay = 13 ity < 2 el
< Clllullr) + 1fllLr)- (3.9)

O
In the next lemma we eliminate the dependence of u on the right.

Lemma 3.1.6. (A better a priori LY estimate, cf. [6], Lemma 3.2.1) Assume
that u € W2P(Q) N WAP(Q), 2 < p < oo, satisfies (3.1), if f € LP(), then

cyl
lullwzr@) < CllfllLe), (3.10)
where C = C(n,p, Q).
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Proof. We argue by contradiction. If (3.10) is not true, then VN, Juy €
W2P(Q) N W, P(Q), fv € LP(R), such that

—Apyun = fn, v €8

un (2, z,) =0, z' €0 (3.11)

O, un(z',2,) =0 1z, €{0,a}

but
lunllwzr@) > NI fNllze(o)-
Let
UN N
UN =177 N =7 7 >
[un|lLr (@) un L)
then
—A(n)’UN =JgN, T E 9]
un(a,z,) =0, 2’ €09 (3.12)
Op,oN(2',2,) =0 1z, € {0,a}
and
HU'NHW?«P(Q)
lonlle@) =1, llonllwer@) =
“ @ unTzre)

From the global estimate Lemma 3.1.5 we have
lonllw2r@) < Cllgnllr@) + llonllLe @)
<c (”fN'LP(Q) N 1)
lunllrr @)
C |lunlwzr )

< = +C
N HUN”LP(Q)

C
= NH”NHWM(Q) +C
taking N > C|, then
lonllw2r ) < C. (3.13)

Following from Rellich-Kondrachov theorem (cf. [1], Theorem 6.3), WP (Q) —
WLP() compactly. That is there exists a sub-sequence such that

lon —vlzr@) — 0, [|[Von — Vvl ey — 0. (3.14)
Since vy satisfies (3.12) weakly, then

/ VunyVepdr = / gnpdr, Yo e C(Q). (3.15)
Q Q
From (3.14), we have vy — v in Wclyf(Q), and hence

/VUNV<pdx—> / VuoVpdz, N — o0.
Q Q
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On the other hand, since

lawloncey = W@ L unllwer _ L, o
@O Nunllor ~ N Junllor@ N @)

and (3.13), we see ||gn||Lr() — 0 as N — oo, which implies Yy € CZ5,(Q)

/gNgodx—>O, N — oo.
Q
So,

yl

/QVvVgadx =0, VpelCy (), ve Wclyf(Q)

as N — oo in (3.15). Hence v weakly satisfies
Ay =0, €Q
v=0,2 €0 (3.16)
Op,v =0 z, € {0,a}
In the following we prove v = 0. Indeed, multiplying with v on both sides

of Eq. (3.16), we get [, |Vo|? do = 0, so Vv = 0, combining with the boundary
condition then v = 0, which contradicts with ||vx||zr) = [[v|l ) = 1. O

3.2. Regularity:

With the above a priori estimate we can get the following existence result:

Lemma 3.2.1. If f € LP(Q2) with 2 < p < oo, then the problem (3.1) has a
unique strong solution uw € WP(Q).

Proof. The existence of the strong solution follows as in Th.9.15 [18]. Here we
present the main points of the proof. We start from the L? regularity.

L? interior regularity: If f € L*(Q), u € H,,(Q) is a weak solution of
(3.1), then u € H? ()N Wclyf(Q)7 and for each open subset V' CC Q we have
the estimate

lullzzevy < CUfllz2) + llull2 ), (3.17)

the constant C' depending only on V, Q. The proof of L? interior regularity is
the same as Theorem 1 ([8] section 6.3.1).

In order to get the boundary regularity, we extend u and f to Q' X (—a, a)
as we did in Lemma3.1.2. The extended function @ and f satisfy the same
equation of (2.1) weakly in €’ x (—a, a). Since the bottom €' x {0} is inside of
Q' x (—a,a) after the extension, then the proof of regularity near the bottom
Q' x {0} is the same as L? interior regularity. Considering u = 0 on 9, then
the regularity near the side of the cylinder is the same as Theorem4 ( [§]
section 6.3.2). Thus we have:

L? boundary regularity: If f € L?(Q), u € Hgyl(Q) is a weak solution of
(3.1), then u € H?(2), and we have the estimate

lull 72y < CUIfll2@) + llullzz@)), (3.18)
the constant C' depending only on €.
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We are now in a position to prove Lemma 3.2.1 with 2 < p < co. In fact,
given that we have the same LP a priori estimates as in chapter 9 [18], the
interior regularity result follows directly from Lemma9.16 [18]. After we did
the even reflection, the case of local boundary regularity is handled similarly
as the Lemma9.16 as well.

For the uniqueness, assume uy,uz € W2P(£2) both the strong solution of
(3.1). Let u = uy — ug, then u € W2P(Q) and satisfy (3.16) weakly with v
replaced by u. From Lemma 3.1.6,

l|lullw2r) <0,

therefore, u = 0 a.e. in €, that is, u; = us. O

4. A Priori Bounds

In this section we will see that the growth conditions imposed on the nonlinear
terms play an important role in acquiring a priori bounds for all positive
solutions of system (2.1). These terms are embedded into different LP spaces as
the dimension n varies. Depending on the size of 7 (the growth of nonlinearity
in ) we will find two different growth restrictions for  (the growth of the
nonlinearity in v).

First, we state the following Hardy-type estimate in H, clyl (Q), which is the
preparatory step of the technical aspects of the proof. The constant C' may
change from line to line, we will use C for a generic constant.

Lemma 4.1. There exists C > 0 such that for any v € H! (), we have
u

cyl
/ |Vu|? de > C/
Q Q 0n—1

where §,_1 = 6(z') denotes the distance of x to 9, Q' C R*~1.

2
‘dx

2 a 2
Proof. Notice that / M dx = / / uw(2) dz'dz,; we start the proof
o 0%(2') 0 + 6%(af)

from the inner integral. Consider u,, € CS;I(Q); for fixed x,, u,(z',z,) is a

function of 2/, then by Hardy’s inequality [22] we have

2z
n b £ <
L sy <e |,

and then integrating along the z,, direction,

/0 ' / / gg; da'dz,,
Ouy ()

¢ Qun ()% /u/
< T\
*C/o /, ox' ‘ dv'd, + 0 Oz,

gc/ﬂ‘&‘gﬁ\zdm (4.1)

Oup (2, xy) |2

5 dz’,
x

2
‘ dz'dx,
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Since Cgy;(€2) is dense in Hclyl(Q), for u € Hclyl
un(z) € C°(2) such that

eyl
/Q ‘V(un(m) - U($))‘2dx -0, /Q lun () — u(z)[2 dz — 0

as n — oc. This implies that {u,} is a Cauchy sequence in H ;(2), then there
exist n. such that for n,m > n.,

[ |9 n(a) = )

Notice 1, — U, € Cg;l(Q), we substitute u, with u, — u,, in (4.1), then

/Oa/, |un(xisz—(;t;z($)|2 da' de,, < c/ﬂ ’V(un(:r) —um(z)) 2df” <6

(€2), there exists functions

2
’ dr <e.

which implies that {%’Eff)) } is a Cauchy sequence in L?(Q2) and hence

un(x)

5(1”) - y?

for some y € L?(Q). It remains to show y = ;*((;,)). Since 0(z’) is bounded, we

have that

un () — yd(z'), in L3(Q).
In fact,

/Q un(z) — 6(z")y|? do’ dz:,, = /Q o
= [ 1sp
<c /Q
-0,
u(z)

and since u, (z) — u(z) in L?(Q), we conclude that indeed y = 50z} Lhen we

5(x') — 5(x’)y’2 dx

(%

5723(;)) - y‘z de

u

57(2(;/”)) - y‘z de

complete the proof by letting n — oo in (4.1). O
The next lemma is a variant of the Hardy-inequality.

Lemma 4.2. There exists C > 0 such that forn >3, and 0 < 7 < 1, we have
U

‘ 0l 4 HLq(Q)

1 1-
where — = = — T.
q 2 n

< ClIVullz2q), Yue Hclyl(Q)

Proof. By the Holder inequality,

T q 1
‘ La@) (/Q <5§1 'u”> dm)q

u ‘
=
57171
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=(( 4(\5[‘_1!”) )" )" ((f (o) )

o . 1—7
= ’ o, L,,.(Q) [ ’LS(Q)
=5 1R (4:2)
1 1 1 1 1 1
where — = — + —. We choose 7 =2 and ——— = — — —, thus
q r s I-7)s 2 n

1 1 = 1 1-7

q s 2 2 n

Applying Lemma4.1 and Sobolev’s embedding theorem to the respective term
n (4.2) we obtain
5]
051

Then (4.3) becomes the desired inequality. O

poiy < ClIDulEaq DUl (43)

In what follows we let J; denote the first positive eigenfunction satisfying
A1 =N I, 2" e Y
Ji(z) =0, a2 e
where A} is the first eigenvalue of —A(,_1) and Jj is normalized so that
Joy 1711? d2’ = 1. Furthermore, Ji(x) is the eigenfunction to the correspond-

ing Laplacian equation in Q, with Jy(2/,z,) := J{(2'),z, € (0,a), that is
Ji(2', z,,) is constant in the variable x,, and satisfies

—A(n)Jl = )\/1 J xef
Ji(x) =0 x € Y x [0,a]
Oz, J1(xz) =0 x e Q x{0,a}

Remark 4.1. It is known that Ji(z') > 0 in €’ and it follows from Hopf’s
Lemma that J{(z') > C6,_1(2") with C > 0. Note that [, |J1(x)* dz = a.

The basic a priori bound we prove is the following.

Theorem 4.1. Suppose that h(x) > hy,, > 0. Furthermore,

4
—ifl<n< S LI , then suppose that 1 < yn < M;
(n—1)(n—-2)

' An, n+1 2ny
— >——— th that 1 < < .
if n > (D)) hen suppose tha < _1+(n_1)2

Then there is a constant K such that for any u € Hcyl(Q) non-negative
and satisfying weakly

Ayt =h(z)[(= Do) (Jg u"(@,2n) den) |+t 2 € Q
u(z', ) =0 2 €09 (4.4)
Oppu(z’,zn) =0 zn € {0,a}
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then we have u € L () and
[ullze () < K,
where K is independent of t > 0.

We first prove some lemmas.

Lemma 4.3. Under the assumptions of Theorem4.1, there is a constant K1 > 0
such that for any non-negative u € Hclyl(Q) satisfying weakly Eq. (4.4) for some
t > 0, then we have

t<K;y and / flz,u)dp_1(x)de < K,
where f(x,u) == h(z)[(—Apm-1) " (Jy (2, 2,) dz,) ]

Proof. Since v € H!

y1(§2) is a weak solution of (4.4), we have

/Vqua dx—/fxu dx—!—t/Jlgp(x)dx Y€ HL(Q) (45)
Taking ¢ = J; we get
/ VuVJdr = / f(z,u)Jy d:rth/ |12 dex.
Q Q Q

Note that 9Q = (9 x [0,a]) U (' x {0,a}). The left side of the equation
yields, using that u|so/x[0,q] = 0 and 0, J1]q/x 0,03 = 0

/VU'VJld:c:/ uaqudx—/uA(n)Jld:c
Q o0 Q

- / UA(”)Jl dx
Q

:Xl/ uJy dz.
Q

Since by assumption h(x) has the positive lower bound h,,, then

A’l/ﬂujldx:/ﬂf(x,u)Jl dx+t/Q|J1|2dx
a il
:/Qh(:r) [(—A(n_l))‘l (/0 u"(x)dxnﬂ Ji dm+t/Q|J1|2dx
a vy
— -1 u'(x)dx X 2 dx
>t [ =80 ([ 0@ de )| e [ 1nia

=h {(—A(nl))_l

/Qﬁ{[(—A(nn)1 Jo u(z) dzp] <k}

a Y
( u'l(x) dzn> ] Jy dx
0
_|_

hm/ i |:(_A(n1))_1
QN{[(=An—1)) 7t 5 un(2) den]>k}
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a Yy
(/ u”(x)dxn>] Jidx
0
+t/ 2 de,
Q

where £ > 0 will be chosen below. Since we consider non-negative solu-
tions, then f “un (! xn) dx,, is non-negative, and by the maximum principle,
(=Ap-1)) (fo u (', zp) dmn) is non-negative. Therefore

A'l/qudehm/ dxn/
Q 0 "{(=A-) 7 [§ () don] 2k}
a vy
[(—A(n_l))_l (/ u'(x) dxn>} J da’
0
ot / 2 da
Q
>l a- K7L /
Q' N{[( AV 1) fo w(z) dz,| >k}
{( (n-1)) " (/ u(x dxn>} Jy dx’
0
i / 2 da
= Ry -a- kY1 {/ { (A1) 1(/ u”(x)dacn>} Jy dz’
0

y [
V{[(=An—1)) "t 5 ut(z) dop]<k}

(/O u(z) dxn> } J; dm’}
+t/Q|J1|2dx

b {/ [(—A(H_l))—l
</0 () da:n> } J]di! — C(k)}
+t/Q|J1|2d:c.

Next, choose k such that h,, -a- kY=t > (\])? + 1, thus

)\’1/QuJ1 dx > [(\))? +1]-/Q/ :(—A(nl))‘l (/Oa u"(x) dxnﬂ J,dx' —C
+t/ |J1)? dx

@ -
=002+ 10 [ ([ o de )| (8 @ -
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+t/ |J1|? dx
Q
@ 1
= [()\'1)2+1]-/ (/ u"(w)da:n) [A’J{} dx’—l—t/ |J1|*dx — C
*\Jo 1 Q
1\2 1
:M/u"(a@)g}ldw—i—t/ |J1|?dx — C
A Q Q
A’1+i /uﬂ(x)JldxH/ |J1|?dx — C
A/ Ja Q
1
()\’1 + ,) {/ u(x)Jy dx
A1/ Janqusiy
+/ u'(z)Jy dx}+t/ |J1|? dx — C
Qn{u>1} Q
( 1

)\’1—1—,)/ u”(m)Jmix—&—t/ |J1|? dz — C
)‘1 QN{u>1} Q

)\’1+X>/u(x)J1dx+t/ A 2de—C
1 Q Q

C>t/ \Jl\Qda:+—/ (@) s do

which implies ¢ is bounded, and also

/ u(z)Jy de < C.
Q

Hence,

Since A / uJy dx = / flz,u)y dm—l—t/ |J1|? dz, we see that also/ fz,u)Jy dx
Q Q Q Q
is bounded, and using Remark 4.1 we obtain,

/ flx,u)d,—1(a") dx < C’/ flz,u)Jyde < Ky
Q Q
This completes the proof of Lemma4.3. O

Next, we show a Poincaré type inequality in Wclyf ().

Lemma 4.4. There exists a constant C > 0 such that
[ullzr(@) < ClVullpr), Vu e WP(Q). (4.6)
Proof. We may assume u € Cgp;(§2) and (0,22, ...,2,) € 0, then

lw(z1, 22,y ooy )| = |u(@y, @, ... 2n) — u(0, 29, ..., 2p)]

_‘/11 d u(t,xa, ..., xy)dt|,

therefore Holder’s inequality yields

T g P
|u|P = ‘/ %u(t,mg,...,xn)dt‘
0
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Xy ]
§‘/ 19dt / |8utx2,...,xn)p
0 0 ot

1 0u
SC’/@ |a(t,x2,...,xn)|pdt‘.

Taking the integration over €2 on both sides, we get

[ura<o [ [M12 00 ] d
Q alo 'Ot

and applying Fubini’s theorem to the right hand side of the inequality,

o ou
updeC'/ /—x,x,...,xn P dxdt
[ [ e
SC/ /|Vu\pdxdt

< C”VUHL:D(Q)

P
q

1
,+,:1
p q

since ' is bounded. Now assuming u,, € ;‘;l(Q) converging to u in Wclyf(ﬂ),
from the result above we have

/Q [unl? dz < C|[Vunlp ) ¥ € N.

Letting n go to infinity, we conclude that

[ 1l do < ClIValf, o
O

In the next Lemma we prove an H'-a priori bound for any weak non-
negative solution of Eq. (4.4).

Lemma 4.5. Under the assumptions of Theorem4.1 there is a constant Ko such
that

lull g1y < Ko
for every non-negative weak solution of Eq. (4.4).
Proof. Taking ¢ =u € H.,(Q) in (4.5) we obtain
||Vu|\%2(9) < / fz,u)ude + Kl/ Jiudz.

Applying the Holder inequality and the Poincaré inequality in Hcyl(Q) to the
second term on the right hand side we get

IVull72 ) S/Qf(ffau)de+K1||J1HL2(Q)||HHL2(Q)

< / f(z,u)udr + C||Vul[12(q)- (4.7)
Q

Next, for 0 < a < 1, by Hélder’s inequality we get

/fxuudx—/(éa S (@) (f1 “(z,u) - 5o )dx
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£l

noalloee @)
ul a 11—«
= (|61 £z w)| 51 /f 7)o dz) . (48)
n 1
We now distinguish the two cases:
Case 1: 1 S n < (n—l%%
We first show that for each ¢ > 0 there is a C, such that
Hf(xau)”Lw(Q) < EHUH%;ZZ(Q) + Ce (4~9)
where
-1 2% 1 2 2
Polcs<, g=co. 8 (4.10)
2 n n n
In fact, since u € H} (Q) according to the Sobolev inequality, we know
that u € LY(Q), (¢ < 2* = —2) and because

a
H / u" dx,,
0

’ :/ (/ u"dwn> dz’
LS(Q') ’ 0
:/ </ u"'ldxn> dz’
+ \Jo
§/ ((/ u™ dxy,) - (/ 19 da:n)5> dz’
Q 0 0
< C’/ (/ u dx,,) dz’
+Jo

= Cllull 7t q) (4.11)

where 2 +4 =1,(s,0 > 1) and sn < 2*, we see that foa u"dx,, € L*(Q). Next,
using that (—Ag,_1))~" is a continuous operator from L*(Q) — W?25(¢),

s < % . %, we are able to use the Morrey embedding inequality in ' ¢ R?~!
1

and we have, for s > "7=,

1)y < a4} [ [(-Brm) ™ ([ 001 o) ]
< O[-80ma)™ ([ w@hdon ) Wiy 5> (=172
< C’||/0au’7(x)dxn| i

L ()

ol ([ i) )"
< C(/ (/aledxn>9 - </ u(x)|5"dmn> da:')ws, §+$:1

<Ca ([ @)l ey’ < ]

Len(Q)"
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Therefore f(x,u) € L>*() for fixed u € Hclyl(ﬂ). Due to the condition of
Theorem 2.1, it follows that 1 < v < f3,,, and we conclude that

1)l _

()

”uHLSTI(Q)"OO ||u|

which means that for ¢ > 0 small, there exists M. > 0 such that || f(z,u)| ) <
eHu||Lm (q) for llull on(y > M. This shows (4.9).
Next, with the aid of Lemma4.3 and due to (a + b)! < a! +b' (a,b >

0, 0 <l < 1), we deduce from (4.8)

11 -«

/f(x wudr < Ky /fa:u Y dx)
Q 51 o
n—1

11—«

1—a ul—a
<olstall [ [ e
Q 671—1
1 1 1
Brnn(l—a) ut-e
L(e) VQ =
n—1

< 1, so that ﬂnn—i—i = ——. From
1—a

< eCul

2
Now we choose 0 < a = 2n—:_
(4.7), (4.8) and (4.13), we get by the Sobolev mequahty for QCR”

HLl = (Q)

IVul|Z20) < €Clu izn(flz)a) 5o, HLl =
+C[|Vul| 12
PR
- + OVl 12 (4.14)

e 1
‘o, HLlfa(Q)

Applying Lemma4.2 with 7 = a we have
=l
S C Vu L2(Q)>
o PPl S
, i.e. ¢ = —— by the choice of o above. We can then

1 1 1-
where — = - — @
2 n

conclude from (4.14) that

Vull 2 < C,

and the proof of Lemma4.5 is complete in this case since also ||ul[z2(q) < C
(€2). Note that the choice of s in (4.10) is possible for

by Lemma4.4 in Hclyl
4n

<0< @m- 7

Case 2: n > m
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We show that for 1 <~ < G, := (nﬁjﬁ
Bnn
||f | L7 (Q) <e H ||Lm7 + C€7 (415)
where
2 1 1 2
1§P§*,r>1and7r§ﬁ:p* (7> ) (416)
" > Tl p~ n-1

-1
% denotes the critical Sobolev exponent for the embedding
n—»L1—2p

W2e(Q) C LP' (), @ c RL.
In fact, first u € Hcyl(Q) which implies u € LP(Q2), 1 < p < 2*. %, then
as in (4.11), [ u" dx € LP(Y). By LP regularity in €', we have v € W2#(Q).
Then if yr < p*, we again have [|v][1+r) < Cllv|lwz2e@ by the Sobolev
embedding theorem. After this we have

Il = [ () 2 (( [ “un@gxn)d%)rdx

Here p* =

= Ol

< C”U”Wz 2 (V)
<CH/ ul (2 2, day,
Lr(Q)

a P ar
= C’(/ (/ u”(x',xn)dxn> dm’) !
o \Jo
< C’ / / u"”(:c’,a:n)da:nda:’>7
+Jo

L7 (9

yr

= Cllull Lm0y (4.17)
Since p < %, we have f(z,u) € L"(Q) for fixed u € H},(Q) and
1) lzrce < CllulPhn oy (418)

and hence, for 1 < yn < 8,1 and every € > 0 there exists C¢ such that

1F Gl < ellull g + Ce.

This shows (4.15).
From (4.8), (4.15), Lemma4.3 and the Holder inequality we now deduce

/Qf(x,u)udl‘ < C(/Qf(l‘,u) Zgi; dx)lia

1 l-«o
> C(Hf(au)‘ Lhr(Q))

Ul—o

—_—
i—a
5n71

Lr(©)
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1 11—«
ﬁn —a ul—o
< (el e +¢) | ==
577,—1 LMQ)
57177(1—04) u u
= €j|u pn «@ + CE o ’
el @ oy ll s o on_1llprs ()

(4.19)

1 1
where — + 5= 1,7 > 1,h > 1. Again applying the Hardy inequality with

r
T = o we get

U
o h < O Vullp2(a), (4.20)
On—1 s (@)
1-— 1 1- h
where @_ - Oé,aundthusl—ozz717.Since0<1—oz<17
h 2 n 2(n+h)
0< " 1 which impli
SO — which implies
2n+h) P
1<h< 2n =2% r> %.
n—2 n—+2

Then as before, we take

1 1 1 1 1
N=——=2(-4+—]=2(1-=+=]. 4.21
Fu 1-a (h+n> < r+n> ( )

*

2
Now that p < o’ from (4.7), (4.19), (4.20) and (4.21) we get

IVulaq) < eVl || g2 o o+ O[5, e oy + IVl
< €| VullZ gy + CellVull 2 + ClIVul 2o, (4.22)
We can then conclude from (4.22) that
[Vul[z2(0) < C.

Now combining (4.21) with vr < p* and v < 3,, we are going to find a
best r to have the largest . So first we take p = 27 Thus

RNE PSR SRS
n L s
25n—1) 1
N (nfl)nf2%.;
2n(n —1) 1

B (n—1)(n—2n—4n 1

Since (3, is increasing with respect to r and the largest « is decreasing with

respect to 7, we can let
2n(n —1) 11 1 1

(n—l)(n—2)77—4n';_;'2(1_;+E)
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and derive

n(2n? — 4n + 2)n — 4n? - 4n
D=2 —dnni D " e =)
and thus, from (4.21)

(4.23)

T =

n?—1
(n—1)%n—2n"
Like the first case, the choice of p in (4.16) is possible for the second case
of Theorem 2.1. Based on the above two cases (1 < n < %7 n >

Bn:

Mﬁ), the proof of Lemma4.5 is complete. O

Proof of Theorem 4.1. Likewise, we consider two cases:

Case 1:1§n<m71‘§%,1<7n< nt2

By (4.12), we know f(x,u) € L>(Q) for any u € H},(Q) weak solution of
(4.4). According to Lemma3.2.1, for any fixed u, we have u € W?2P?(Q), for
any p > 1 and since J; is a known smooth function, we have by Lemma3.1.6
the estimate

llullw2r) < CIfCu)llze) + 1K1l e < Cf (¢ u)l[ Lo @) + C-
Choosing p > 7, we get by Morrey’s inequality
lull Lo @) < Cllullw2r) < CIf(Cu)llLee @) + C.
In particular, due to (4.12) and Lemma4.5, for 251 < s < 27
[ull o) < Cllul ZZW(Q) +C
<C ||Du|\L2(Q +C

< C.
So that
[ull oo (@) < K.
Case 2:n > m, 1<yp< ol 4 (ani’)z.
Similarly, for any fixed u € Hclyl(Q) weak solution of (4.4), according to (4.17),

f(z,u) € L™(Q), so u € W27(Q) by Lemma 3.2.1, and by (3.10) with p = r we
have

[ullw2r) < Cllf (2, u) + KiJi|lr ) (4.24)

1
Next, we have by the Sobolev inequality that v € L¥* (), for p < r* = 5 =

3=

m"2 . By (4.17), (4.24) and the Sobolev embedding theorem

n — 4r
ulle) < Cllullwer@y < CIfCu)lLr@) +C,
< Cllullzong +C
< C || Duf| g, +C

L2(Q
< C.
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So finally we get
u| ey < C, (4.25)
where 2% < p < r*.
For = =2, we get n = n274gLn+2 > (nffﬁ?nfz)’ where 7 is given by (4.23).

We denote this 7 as 7. Hence when 1 < n < n’, thus 2 > %, then Morrey’s
embedding theorem implies 7* = co, and then we are done.

Next, suppose that 7’ <7 < 2*, it then follows that 2 < . Then we will
get an improved uniform LP bound of f(z,u) by showing an improved uniform
LP bound of u. To see this we first consider

(i)* B 1 B 1 B n(n—1)r
n _%—%_gf%”fil_(n—l)(m]—%yr)—Qnr'
-1 .
Similarly, in the case 2 > ( ” )7)’ we can replace ( %)* by +o00. In the case
-1
2 < u, we compute
r

PGl e

L

(@)

Hh(x) [(—A(nl))‘l(/oa Wz ) dxn)}

(zry®

5
= (5"

L v

(2)

a (=) G
() ([Cwan)| T ar) T
0
)}( ) d:c')(

n

¥
= C ¥\
L% ()
= Cl|v(z") !
= L(%){J(Q’)
<C !
fv(x) o )
.
<C / u(2, ) dzy, e
0 n(Q)
oo\
- (/ (/ u'l(a xn)dxn> dx’)r
+ \Jo
< cluteen)[] (1.20
From (4.25), we deduce
[fCw] e <C
L 7 ()
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Noting that

A 1
= — =
v rl*in—l v
B 1 1
i Resh
nin—1)r nn?—2n+1)—2n (v < )
(n—1)(nn — 2nr) — 2nr n?—1 TS Py
hence
T\
z 1 2 _9p41)—2
(%) S n(n—1)r ~n(n n+1)—2n o (427)
vy (n—1)(nn —2nr) — 2nr n?—1

where the last inequality follows by elementary calculations, using (4.23). So

we see that f(-,u) is bounded in an improved L? space, if 2 < (":71)” Then
R

n

taking p = , by (3.10) and the Sobolev inequality, we have,

HUH (Zyr\* < HUH (E2y% < Hf(?u)H (zhyw +C< Cv (428)
2,
L( ) @ 5 (@) L5 (@

(5)* 1 (=) o
where = — 5. From (4.27), we see 5 > r*, which
e

means we get a better uniform LP bound of w. Afterwards, we repeat the
computation of (4.26) and get

~

el (52 < o] () <C.
N L Q)

L Tlv ()

Tterating (4.26)—(4.28), finally, we will derive
[ull Lo (e) < C-

Thus, we have completed the proof of Theorem 4.1. O

5. Fixed Point Theorem and Existence of the Solution

In this section we complete the proof of Theorem 2.1. We first show a maximum
principle for the Poisson equation with mixed boundary conditions.

Lemma 5.1. ([7]) Let Q@ C R"™, n > 3, be the cylinder in (2.1) and let I'y, Iy
be a partition of O, with Ty = 0Q, I's = ' x{0,a}. Let g € C*(N), g > 0,
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g Z 0, and let u denote the solution of

—Au=gin Q

UZOOTlpl (51)
ou

azoonfg

where v is the outer unit normal vector to 9. Then the solution of (5.1)
satisfies:

w>0 in Q.

Proof. If the claim were not true, then there exists a xo € € such that
u(xg) < 0. Without loss of generality, we suppose u(xzg) = minu(z) < 0.
€

By the assumption, we know zo ¢ T';. Next we show zg ¢ TI's; otherwise,
we may assume that zo € Q' x {0} or Q' x {a}, by interior regularity, since
g € C§°(2), we obtain u € C*°(Q) and u in W2P(Q) (1 < p < c0). In ad-
dition, W2P(Q) — C1(Q) (for p > n) ( [1] Theorem4.12, PART II), so we
have v € C?(2) N CY(Q). Since ' x {0} or ' x {a} is flat, Q satisfies the
du(zo) <0

v
which contradicts the assumption on I's. So zq is an interior point of €. But
due to the maximum principle, u cannot have a negative minimum in Q. [

interior ball condition at xg, and from Hopf’s lemma we have

We are now in the position to complete the proof of Theorem 2.1.

Proof of Theorem 2.1. For every fixed u > 0 in C1(f2), by the Lax-Milgram
theorem we know there exists a unique solution for Eq. (2.2), which we de-
note by w,. That is, —Ag,yw, = f(z,u), with f(z,u) = h(z)[(=Ap-1))""
fo u"(z) dx,]7. To solve problem (2.2), we define the mapping u — w, =:
F(u). If there is a fixed point of F in C1(Q) such that F(u) = u, we are
done. Now we check that F satisfies the following fixed point theorem ( [9],
Theorem 3.1; [19], Theorem 1).
F: CY(Q) — CY€) a compact mapping, acting in the cone of non-
negative functions, will have a fixed point u with 0 <7 < [lul[c1(g) < R < o0
provided

1) Fu# s'u,s" > 1 for [[ullc1(q) =7 and
2) Fu 7& u — tjl,t Z 0, for ||U||01(Q) = R,
where J; = (—A(n))_lJl.
Step 1: F : C1(2) — CYQ) is a compact mapping. It is easy to see
that F' is continuous, since it is a composition of continuous maps. Then, let
A C CY(Q) be a bounded set, for u € A we have

’h(m) [(—A(nl))‘l(/oa W@ z) dmn)}

;
If (2, w)|| Lo () =

Loo(Q)
Y

< Cmax{h(z }H Ay / W (x) day
2eQ (n=1) (o ) Lo ()
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a ¥
<C H(—A(n_n)l (/ u'l(x) d:cn> s> (n—1)/2
0 W2s(Q)
< C’H/ u'l(x) dxy, !
LS(Q/)
< Cllull e
< Cllullz%
< Clull &g
< Cllull &g
<G, (5.2)

thus f(z,u) € L*(Q) and {f(z,u),u € A} is uniformly bounded. Since
—Ayw, = f(z,u), by Lemmas3.1.6 and 3.2.1, w, € W?24(Q), q large enough,
and lies in a bounded set in W?2:4(£2). Then by Morrey’s inequality, we get for
q>n, wy, € C’l’"Y/(Q)7 that is
lwallorrr @) < Cllwullwza@) < ClIF(w)llLa) +C
<Clf( W)= +C < C,

where v/ =1 — %. Therefore we have for every z, y in Q, and Vu € A
| Dwy(z) — Dwy(y)| < Clz —y|".
Hence, Ve > 0, we take 6 = (%)’7//1 then, if |z — y| < 0, {w, } satisfies
|Dw, () = Dwy(y)| < Cle -y < e

which means {w,,u € A} is uniformly bounded and equicontinuous in C'*(Q).
According to the Arzela-Ascoli theorem, it is in a compact set in C'1(Q). Hence,
F is a compact mapping from C*(Q) to C1((Q).

Step 2: F maps the non-negative cone in C'*(Q) into itself. For this we
are going to prove that when wu is fixed non-negative, then w,, is non-negative.
Indeed, w,, satisfies

*A(n)wu(x) = f(x,u), z €N
wy(z) =0, x € 0¥ x [0,a] (5.3)
O, wy(x) =0, z € Q x{0,a},

where f(z,u) = f(z) = h(@)[(~Agpr)~* [ ul(a!,z,)de,]7. By (5.2) f €

L>(Q) so that f € LP(Q2) for any p > 1 when u is fixed in C1(().
We assume

7A(n)wun (.’,E) = fpn,z €0
Wy, () =0, x € 0 x [0,a (5.4)
O, Wy, () =0, z € Q x{0,a},
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where f, € C5°(Q), fo = 0, [[fn — fllzee) — 0 (1 < p < o0). Applying
Lemmab.1, we get

wy, >0, VneN, zeQ.
On the other hand, subtracting (5.3) from (5.4), we get

—Am) (wu, () —wu(z) = fro — f, 2 €Q
Wy, () — wy () =0, x € 9 x [0,a)
Oz, (Wy, () — wy(x)) =0, x e x{0,a}.

Since f,, — f € L>(9), by Lemma 3.2.1, we have w,, —w, € W?P(Q), p large
enough. Then by Lemma3.1.6 and Morrey’s inequality we have w,, —w, €
CH7(Q), and [[wu, — wullgrr(g) < Clw, — wullw2r@) < Cllfa = fllLe()
for p > n. So, ||wu, — wullc1 gy < Cllfa = fllzr(e)- Furthermore
Jim{Jwy,, = wullerr @) < C Im [ fn = flle@) =0,

which implies

lim {sup |(wy, —wu)(@)] + sup [(Dwy, — Dwy)(z)[} =0

n—oo z€Q z€Q
S0,

Wy, — Wy Vo e Q.

n

Since w,, > 0, then w, > 0 in €.
Next we verify the two conditions (1) and (2).

(1) holds for r < (%)ﬁﬂ, where C will be determined later. If not, we
suppose that there exists s’ > 1 and u with [|u|¢1(q) = r such that Fu = s'u.
Since =A@,y F(u) = f(z,u), we obtain

—Am)(Fu) = =Ayy (s'u) = f(x,u)

then

1
—Apyu = ;f(x,u)

Multiplying by u and taking the integral over €2 on both sides, we have,

/QfA(n)u.u:é/ﬂf(x,u%ug/gf(x,u)u. (5.5)

Case 1: 1 <p< —4n 1< m < nt2, by (5.5), Holder inequality and
< D2 Y n
(4.12) we get

[1vup s < [ g ude < Ol bl

< Clul ZZW(Q)”u”Lz(Q)-

From (4.10), the Sobolev embedding inequality and Lemma4.4 we derive,
|Dul320) < CIDulTE. (5.6)
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and hence

1\ 5=
(&) < IDulsa) < ClDul o,

However, by assumption

INET=n!
(6) > = |lullerqy = [|1Dull L= (q)

which is a contradiction.
fase 2:m > (n_l%%, 1 <yp <28+ (nz_%; from (4.18) and (5.5), we
ave

/Q Vul? de < /ﬂﬂx,u)-udmscnf(x,u>||mm||u||mm
< ClullJl o el o (5.7)

1 1
where — 4 7= 1. Moreover, since r > 2, so h < 2 < 2*. Then by the Sobolev

T
embedding inequality, we have the same result as (5.6). Thus 1) will follow by
the same proof.
For 2), we show that there exists Ry > 0 such that there is no solution
of F(u) =u — tJ; with ||zl||cv1(@) > Ry,Vt > 0. Indeed, suppose u € Hgyl(Q) a
solution of F'(u) = u —tJy, then —A,yF(u) = f(z,u), that is,
—Apyu = f(z,u) +tJy. (5.8)

then by Theorem 4.1, ||ul|z =) < K, K independent of ¢ > 0. We conclude
that for any 1 < g < oo,

luller@y < llullgrv @) < Cllullwzo)
< If (@ u)llp= (o) < Cllull7h o) < C- K™ = Ry.

So for any R > Ry, F(u) # u — tJ;. O
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