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Abstract. The aim of the present paper is to study existence results of
minimizers of the critical fractional Sobolev constant on bounded do-
mains. Under some values of the fractional parameter we show that the
best constant is achieved. If moreover the underlying domain is a ball, we
obtain positive radial minimizers for all possible values of the fractional
parameter in higher dimension, while we impose a positive mass condition
in low dimension.
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1. introduction and main results

Let Q be a Lipschitz open set of RY, s € (1/2,1) and N > 2s. The purpose of
this paper is to study the existence of minimizers to the best Sobolev critical
constant

QNSQ( )

n
ueH (Q) [|ul|?

Sns() = (1.1)

L% (Q)

where H§(Q) is the completion of C’fo(Q) with respect to the H?(€2)-norm,
2% = Nzi\gs is the so-called fractional critical Sobolev exponent and Qn s a(-)
is a nonnegative quadratic form defined on Hg (©2) by

CNs ))2
QnN,s.0(u) = / / v y|N+2s dxdy.

We notice that for s € (0,1/2] and © bounded, the constant function 1 belongs
to H5 (), and thus, the above Sobolev constant is zero in this case. We refer

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-022-00826-8&domain=pdf

18 Page 2 of 32 M.M. Fall and R.Y. Temgoua NoDEA

the reader to Appendix A below for more details and the definition of Lipschitz
domains in this paper.

We recall that nonnegative minimizers of the constant Sy 5(€2) are weak
solutions to nonlinear Dirichlet problem

(-Au=u*"1 in Q (12)
u=20 on 09, '

where (—A)§, is the regional fractional Laplacian defined as

s ulr) —uly

Here, cy,s is the usual positive normalization constant of (—A)® and P.V.
stands for the principal value of the integral.

In the theory of partial differential equations, the existence of solutions
of nonlinear equations appears as a natural question. This strongly depends
on the type of nonlinearities that are considered. For instance, nonlinear equa-
tions involving subcritical power nonlinearities, say f(t) = |¢[P~! with p < 27,
are quite well-understood and due to compactness, the existence of solutions
can be easily established by using for example the Mountain Pass theorem.
One can also study the corresponding minimization problem and prove that a
minimizer exists. Besides, at the critical exponent p = 2% we lose compactness
and therefore standard argument of calculus of variation cannot be applied to
derive the existence of solutions. As a typical example, when € is a star-shaped
bounded domain, it has been proved that the Dirichlet problem

(—A)*u = %1, >0 inQ, wu=0 inRY\Q (1.3)

does not admit a solution. Such a nonexistrence result was first proved in [11]
and later in [17,18] by means of a fractional Pohozaev type identity. However,
(1.2) can have a solution even if € is star-shaped and smooth. It is therefore
interesting to understand the type of domains and exponents for which (1.2)
does not admit a solution.

In the case where Q = RY or Q = ]Rf, the infinimum Sy 4(£2) > 0 for all
s € (0,1). Moreover, see e.g. [2,16] all minimizers of Sy s(RY) are of the form

1 N-—2s

) ', zeRY (1.4)

u(z) = a(bz T |z — 2|2
where a, b are positive constants and zy € RY.

Problem of type (1.2) is less understood in contrast with (1.3). The only
paper investigating it is [12]. Precisely, the authors in [12] considered the equiv-
alent minimization problem and obtain existence of minimizers under some
assumptions on 2 and the range of the parameter s. In particular, it is proved
in [12] that if a portion of 9 lies on a hyperplane and N > 4s, then Sy 4(£2)
is achieved.

Our first main result removes this assumption on 2 provided s is close to 1/2.
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Theorem 1.1. Let N > 2 and Q2 C RY be a bounded C' open set. Then there
exists so € (1/2,1) such that for all s € (1/2,s0), the infimum Sy s(2) is
achieved by a positive function uw € H§(Q) satisfying (1.2).

The main ingredient to prove Theorem 1.1 is to show that Sy () <
Sn,s(RY) for s closed to 1/2. In fact, this strict inequality allows for a sort of
compactness. We achieve this by showing that Sy 1/2(2) = 0 provided € is a
bounded Lipschitz open set. We notice here that our notion of Lipschitz open
set is that 0 is locally given by the restriction of a bi-Lipschitz map. This
is strictly weaker than the strongly Lipschitz property, meaning that 02 is
locally given by a graph of a Lipschitz function, see Definiton A.2 and Remark
A.3 below.

Next, let B denote the unit centered ball in R™Y. We consider the mini-
mization problem (1.1) on the space H ,.,,(B), the completion of the space of
radial functions belonging to CS°(B) with respect to the norm H§(B). More
precisely, we consider the infinimum problem, for h € L*°(B) being radial,

Qn,s5(u) + fB hu?dx

uEHS, . a(B) I
u#0

SN,s,rad(B; h) = (15)

2
L?%:(B)

Our next result is related to the existence of minimizers for the infimum
SN.s.rad(B,0) in high dimension N > 4s. Our second main result is the follow-
ing.

Theorem 1.2. Let s € (1/2,1) and N > 4s. Then the infinimum

SN,s,T'ad(Bao) = lgnf (21\[72&778(@ (16)
ueHS%d(B) [[wll? 2s ®)

is achieved by a positive function u € Hgymd(B), satisfying
(-A)ju=u*"1 in B, u=0 on OB

We now turn our attention to the minimization problem Sy s rqa(B,h)
in low dimension N < 4s. This Sobolev constant is related to the Schrédinger
operator (—A)% + h. As a necessary condition for the existence of positive
minimizers, it is important to assume that (—A)%+h defines a coercive bilinear
form on Hg ,.,4(B).

Before stating our next result, we need to introduce the mass of B at 0
associated to the Schrodinger operator (—A)®+h, where (—A)* is the standard
fractional Laplacian. Indeed, let G(x,y) be the Green function of the operator
(—=A)* + h on B and R be the fundamental solution of (—A)* on RY. Then
the function z — k(z) = G(z,0) — R(z) is continuous in B. The mass of
the operator (—A)® + h at 0 is given by k(0). Our next existence result is a
consequence of the fact that the mass is positive, see [13,19].

Theorem 1.3. Let s € (1/2,1), 2 < N < 4s, h € L ,(B) and suppose that

SN,srad(B,h) > 0. Assume that k(0) > 0. Then Sy s rqa(B, h) is achieved by
a positive function u € Hg,,,(B), satisfying

(=N su+hu=u*"1 in B, u=0 on O0B.



18 Page 4 of 32 M.M. Fall and R.Y. Temgoua NoDEA

The role of the mass in proving the existence of minimizers (for Sobolev
constant) in low dimensions is very crucial. As we will see later, it helps us to
restore the compactness. Indeed, the strict positivity k(0) > 0 implies that the
Sobolev constant in B is strictly less than that of RV, and thereby produces
the existence of minimizers.

An interesting question that arises is whether symmetry breaking occurs?
More generally, for p > 1, is every positive solution to v € H§(B) to

(=A)gu=u" in B, u=0 on 0B,

is radial? We conjecture that the answer to this question is no.

In Proposition 2.3 we obtain a priori L°°-bounds of minimizers. Hence, by
the ineterior regularity theory and standard boostrap arguments, they belong
to C°°(Q), provided h € C*°(Q). In addition, the boundary regularity result
in [4,10] implies that minimizers are actually C?*~1(Q).

The rest of the paper is organized as follows. in Sect. 2 we give some
preliminaries that will be useful throughout this paper. In Sect. 3 we prove
Theorems 1.1. In Sect. 4 we collect some useful results needed to prove Theo-
rems 1.2 and 1.3 whereas in Sect. 5 we establish Theorems 1.2 and 1.3. Finally
in the Appendix A we prove that the constant function 1 belongs to Hy(€2)
for s € (0,1/2].

2. Preliminary

In this section, we introduce some preliminary properties which will be useful
in this work. For all s € (0,1), the fractional Sobolev space H*(€2) is defined
as the set of all measurable functions u such that

CN.s )
[l : // |$_ |N+2s dzdy

is finite. It is a Hilbert space endowed with the norm

||UH?I-@(Q) = ||“||2L?(Q) + [“]12’1'?(9)'

We refer to [7] for more details on this fractional Sobolev spaces. Next, we
denote by H§(Q2) the completion of C2°(£2) under the norm [|-|| = (qy. Moreover,
for s € (1/2,1), HE() is a Hilbert space equipped with the norm

CNS )2
||U||H0 @ = |x _ |N+29 dzdy

which is equivalent to the usual one in H*(€2) thanks to Poincaré inequality.
We define the Hilbert space

HE(Q) = {ue H*RY) :u=0inRY \ Q}

endowed with the norm || - || s r~), which is the completion of CZ°(Q2) with
respect to the norm || - ||gs@~). In the sequel, Hg . ,4(€2) and HG,,,(2) are
respectively the space of radially symmetric functions of H () and H{ ().
We denote by L2 ,(€) the space of radial functions u belonging to L>(£2).
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Given z €  and r > 0, we denote by B,.(z) the open ball centered at x
with radius . When the center is not specified, we will understand that it’s the
origin, e.g. B2(0) = Bsy. The upper half-ball centered at x with radius r is de-
noted by B, (z). We will always use dq(x) = dist(z,99) for the distance from
x to the boundary. For every set A C RY | we denote by 1, its characteristic
function.

Proposition 2.1. (see [5,7]) The embedding H§(QY) — LP(Q) is continuous for
any p € [2,2%], and compact for any p € [2,27%).

The next proposition gives an elementary result regarding the role of

convex functions applied to (—A),.

Proposition 2.2. Assume that ¢ : R — R is a Lipschitz convex function such
that $(0) = 0. Then if u € H§(Y) we have

(—A)58(u) < ¢'(u)(~A)qu  weakly in Q. (2.1)

Proof. The proof of the above lemma is standard. In fact, using that every
convex ¢ satisfies ¢(a) — ¢(b) < ¢'(a)(a — b) for all a,b € R, the proof follows.
O

We conclude this section showing in proposition below, the boundedness
of any nonnegative solution of (1.2). The argument uses Moser’s iteration
method. A similar result has been established in [1] for the case of fractional
Laplacian.

Proposition 2.3. Let u € HF(2) be a nonnegative solution to problem (1.2).
Then u € L™ (Q).

Proof. For > 1 and T > 0 large, we define the following convex function
0, if t<0
ora(t) =1 &7, if 0<t<T
BTP~Yt —T)+ T if t>T.

Throughout the proof, we will use ¢ g =: ¢ for the sake of simplicity. Since
¢ is Lipschitz, with constant Ay = BT, and ¢(0) = 0, then ¢(u) € H§(S)
and by the convexity of ¢, we have, according to Proposition 2.2 that

(=A)a(u) < ¢'(u)(—=A)gu. (2.2)

By Proposition 2.1 and inequality (2.2) we have that

() 222 ) < CHSWIE5 0 = 0/¢ ~A)d(u) da
<C/¢ —A)Hu dx

= w)' (w)u? ' da.
—cAm>m> d
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Moreover, since u¢’(u) < B¢(u), we have that

o)l 2 (o < Cﬁ/ 2 dr. (2.3)

We point out that the integral on the right-hand side of the above inequality
is finite. Indeed, using that § > 1 and ¢(u) is linear when u > T, we have from
a quick computation that

Jotpe o= [ (o) ot /{ o O

{u<T}
ST%_Q/ u? daj—l—C’/ u? dr < 0.
Q Q

We now choose (3 in (2.3) so that 26 — 1 = 2%. Denoting by (3; such a value,
then we can equivalently write

2+ 1

Let K > 0 be a positive number whose value will be fixed later on. Then
applying Holder’s inequality with exponents ¢ := 2%/2 and ¢’ := 2% /(2% — 2)
in the integral on the right-hand side of inequality (2.3), we find that

/Q (d(u)’u® 2 do = / (d(u))?u®~2 do + /{ u>K}(¢(u))2u22 -2 4y

{u<K}

5
2; -2

2/2* 5
<f ek d+</ﬂ(¢()) d> (/{M} d) .
(2.5)

Now, thanks to Monotone Convergence Theorem, we can choose K as big as
we wish so that

2% 2

. i 1
% d < 2.6
</{u>x}“ 5”) = 205, (26)

where C' is the positive constant appearing in (2.3). Therefore, by taking into
account (2.6) in (2.5) and by using also (2.4), we deduce from (2.3) that

2
()22 g < 207, <K22—1 R dx)

Since ¢(u) < uf and recalling (2.4), and by letting T' — oo, we get that

2/2*
</ u?sP da:) <2Cp <K2:1/ u?s d:c> < 00,
Q Q

and therefore

ue L% (). (2.7)



NoDEA Existence results for nonlocal problems Page 7 of 32 18

Suppose now that 3 > (3. Thus, using that ¢(u) < u” in the right hand side
of (2.3) and letting T' — oo we get

2/2"
[aean)  <en( [wnneean). (2:8)
Q Q
Therefore,

1 1

. 2% (B—1) ) . 2(B-1)
(/ u?:P da:) < (CpB)*=-D (/ w2 dﬂ?) - (29

Q Q

We are now in position to use an iterative argument as in [1, Proposition 2.2].
For that, we define inductively the sequence 3,,+1, m > 1 by

2ﬁm-{-l + 2: —-2= Q:ﬁma

from which we deduce that,

m

(B —1).

.9), it follows that

ST

ﬁm+1—1=(

Now by using ,,+1 in place of 3, in (

1 1
B} 25 (Bm+1—1) . . 25 (Bm—1)
/u2sﬁm+1 dr < (Cﬂm+1)2([3,7”+1—1) /u256m dx )
Q Q

For the sake of clarity, we set

[\V]

. E =T
Cm+1 = (CPp41)*Pmt17D  and - Ay, = / u® P dx
Q

so that
Am—i—l S Om+1A77L7 m Z 1. (210)

Then iterating the above inequality, we find that

m+1

A?n-i—l S H OiAla

i=2
which implies that

m—+1
log A1 < Z log C; + log Ay
i=2

< Zlogci + log A;.
i=2
Since Bt1 = (61 — 1/2)™(B1 — 1) + 1 then the serie > ;- ,log C; converges.
Also, since u € L% (Q) (see (2.7)), then A; < C. From this, we find that

IOgAm+1 < C() (2.11)
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with being Cy > 0 a positive constant independent of m. By letting m — oo,
it follows that

[ul| Lo (@) < Cp < 0.

This completes the proof. O

3. Existence of minimizers for s close to 1/2

We aim to study the existence of nontrivial solutions of (1.2). As pointed point
out in the introduction the embedding H(Q) — L% (Q) fails to be compact
and due to this, the functional energy associated to (1.2) does not satisfy
the Palais-Smale compactness condition. Hence finding the critical points by
standard variational methods become a very tough task. Therefore, a natural
question arises:

(Q) Does problem (1.2) admits a nontrivial solution?

In other words, we are looking at whether the quantity

QN s Q(U)

weHE () ||lul?
u#0

Sns()) = (3.1)

L% ()

is attained or not. Here Qn s .o(-) is a nonnegative quadratic form define on

H;(§2) by
. CNS ))2
Qn,s.0(u) = / / |x - y|N+2 dxdy.

As a quick comment on the above question, Frank et al. [12, Theorem 4] gave
a positive answer in the special case of a class of C'' open sets whose boundary
has a flat part, that is C' domains Q with the shape B/ (z) C © c RY for
some 7 > 0 and z € ORY, and such that RY \ © has nonempty interior. This
flatness assumption on the boundary of Q allows the authors in [12] to obtain
the strict inequality Sy s(€2) < Sn.s(RY), which is the crucial ingredient for
the proof of Theorem 4 in there. Notice that in [12], the question remains open
for a larger class of sets.

In the sequel, we give a positive affirmation to the above question in the
case of arbitrary open sets with C* boundary, provided that s is close to 1/2.
As a consequence, one has in contrast with the fractional Laplacian that the
above question has a positive answer even if ) is convex and of class C*°.

For the reader’s convenience, we restate our main result in the following.

Theorem 3.1. Let N > 2 and Q C RY be a bounded Lipschitz open set. There
exists sg € (1/2,1) such that for all s € (1/2,sp), any minimizing sequence for
Sn.s(2), normalized in HF(SY) is relatively compact in HS(Q). In particular,
the infimum is achieved.
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The proof of the above main theorem is a direct consequence of the key
proposition below (see Proposition 3.2), in which we examine the asymptotic
behavior of the Sobolev critical constant Sy s(€2) as s tends to 1/2%, by show-
ing that the latter goes to zero. The proof of this only requires the domain to
be Lipschitz. Our key proposition is stated as follows.

Proposition 3.2. Let Q C RN be a bounded Lipschitz open set. Then

1\1}} SNé( )—O. (3.2)

We now collect some interesting results that are needed to complete the

proof of Proposition 3.2 above. Let us start with the following upper semicon-
tinuous lemma.

Lemma 3.3. Let Q C RY be a bounded Lipschitz open set. Fiz so € [1/2,1).
Then

limsup Sn s(©2) < Sn.s, (£2). (3.3)
s\So

Proof. For t € R, we recall the elementary inequality

“+00

1)< Z 't"“ S L A (3.4)
- = ) '
For all r,v > 0, we also recall the followmg growth regarding the logarithmic
function:
1 1
|log ||| < —z|77 if |z| <7 and |log|z|| < —|z|7 if |z] > r. (3.5)
ey ey
Let € > 0 and let u. € CZ°(2) such that |luc|;2z o) = 1 and Qn,sp0(ue) <
SN,so(2) +¢. Then Sy 5(Q) < Qn,s,0(us). From this, we obtain that

SN,S(Q) - SN,SO (Q) S QN,S,Q(UE) - QN,SO,Q(UE) +e. (36)
On the other hand,

|QN,s,0(te) — QN,so,0(Ue)]

_2|CNs ch0|// |x— |N+252) dxdy
CNs )) sp—s
/ e ) < ey

< (SN,50(2) +€)|en,s — en,so |
NS(]

CNS ))2 s0—S
2 L e e < ey

Next, from (3.4) we have that

||z — y|2(30—s) —1| = |e2(So—S)log\m—y| —1|

< 2|sg — s||log |z — yl||?Iso 5! eg lz=yll

‘2|so—s|

= 2[so — s||log |z — ylllz —y
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Taking this into account and using the regularity of u. and the property (3.5)
(with v < 2(1 — s¢)), we have, with

Ag={(z.y) €QxQ:lr—y[ <1} and
By = {(z.y) €Qx Q: |z —y > 1},

the estimate

))2 _ 2(50—5)_1 dxd
QJo |:c— |NJr2SO lle =yl | dardy

u L
—2\80—5|// = |N+23)) |log |z — y|||z — |2|5° sl dady

< 2|50 — s|diam(Q)2l%0~ Sl// el y|N+2°)) |log |z — y[| dzdy

0

250s|diam(§2)2ls°Sl(//xL‘Q'--Jr//BQ'.)

(e () — ue(y))®

oy

2
g, Q)2Is0s! ) — ue(y))
< 2(ey)” [so — s|diam(Q)=1*0~ (//AQ |x— |N+250+'Y

+ diam(Q)” //BQ (ue(x) — uE(y))2> dxdy

2(67)—1\30 - s|diam(Q)2\50—s| <||“€|201(9) //A |z — y|2—N—2so—’Y dady
Q

[log |z — y|| dxdy

+ 4Q|diam(Q)7>

= Cdiam(€Q)?*0~l|s; — 5|

where diam(Q2) = sup{|z — y| : z,y € Q} is the diameter of Q and C =
C(N, s0,7,Q,u:) > 0 is a positive constant.
From the above estimate, we find that

|QN,s,0(te) — QN,so,0(Ue)]

1
= (SN.50(2) +€)len,s — e .ol +

CCQ]V,S diam(Q)Q\S()fS”SO — 5| (37)

CN,SO
and from this, we deduce from (3.6) that
limsup Sy s(2) < Sn.s,(2) + €. (3.8)
EANED
Since e can be chosen arbitrarily small, (3.3) follows. This finishes the proof.
O

We have the following proposition. While this result is known (see e.g.
[14]) and since we could not find a detailed proof, we include its proof in
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Appendix A. The idea of proof is to construct a sequence of functions with
compact support in §2 and approximate the constant function 1. This allows

us to deduce that 1 € H3/2(Q) and thus Sy 1/2(€2) = 0.
Proposition 3.4. Let Q be a bounded Lipschitz open set of RN . Then
Sx1/2() = 0. (3.9)

We can now give the proof of our key proposition.

Proof of Proposition 3.2. Since Sy s(2) > 0 then if follows that

liminf Sy s(©2) > 0. (3.10)
s\,1/2

On the other hand, applying Lemma 3.3 together with Proposition 3.4, we
have that

limsup Sn,s(22) < Sn,1/2(€2) =0, (3.11)
s\.1/2
Now, from (3.10) and (3.11) we deduce (3.2), and this ends the proof of Propo-
sition 3.2. 0

Having the above key tools in mind, we can now give the proof of Theorem
3.1.

Proof of Theorem 3.1. Let s € (1/2,1) with s close to 1/2. Then by Proposi-
tion 3.2, we have that Sy s(2) — 0 as s \, 1/2. Consequently, for s close to
1/2, and since Sy s(RY) > 0 for all s € (0,1) (see e.g. [9, Lemma 2.1]), we
deduce that

0 < Sn,s(Q2) < Sns(RY) forall se (1/2,s0) (3.12)

for some sy € (1/2,1). With the above key inequality, we complete the proof
by following closely the argument developed by Frank et al. [12] for the proof
of Theorem 4 in there. g

4. The radial problem

In the present section, we consider the existence of minimizers to quotient

(W% ) + [ hu*dz
2
L% (B)

(4.1)

SN.srad(B,h) := inf
NaradBh) = T

Here and in the following, we consider the class of radial potentials h € L>°(5)
such that

SN,s,rad(Ba h) > 0. (42)

We observe that if h(z) = —X with A < A1(B), the first eigenvalue of (—A)%,
then (4.2) holds. The aim of this section is to provide situations in which
SN,s,rad(Ba h) < SN,SGRN)-
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Remark 4.1. We observe that if h satisfies (4.2), then if u € H(B) satisfies,
weakly, (—A)ju + hu = f in B with f € LP(B), for some p > 2 then
u € C(B)NL>(B). This follows from the argument of Proposition 2.3 and the
interior regularity.

We start recalling the following result from [12].
Proposition 4.2. ([12, Proposition 7]) Let s € (1/2,1) and N > 4s. Then
SN .srad(B,0) < Sy (RY). (4.3)
The following result plays a crucial role for the existence theorems.

Proposition 4.3. Let 1/2 < s < 1 and N > 2. Then there is a constant C' =
C(N,s) > 0 such that for all u € Hf ,,4(B),

Que.5(u) > S s ®Y)][ul}zz )~ Cisllull 3 (1.4)
For this, we need the following two lemmas.

Lemma 4.4. For every p € (0,1), there exists K, > 0 with the property that

Qi) > Sy s (RY)[ull?2; ) = Kpllul7z(s)
for every u € Hy ,..q(B) with supp u C B,,.

Proof. Let w € Hf . .,(B) with supp u C B,. We have

,rad

Q1) = Qi (10 — | ma(a)ala)? do > Sya (Rl

- /B ks (a)u(z)? da,

with being kp the killing measure for B defined as kp(z) =
CN.s fRN\B W dy, = € B. On the other hand, since suppu C B,, then

/B/<;3(:10)u(x)2 dx:/B kp(z)u(z)? do

P

and for every x € B,,

dy ~N-2 2
wale) =ews [ e <ens [ RN a1 )
’ rV\B |7 — y|NT2e ’ |2|>1—p °

Taking this into account, we find that

[ r@puta) de<an. =) [ u@? do<Klullas, < Kol

P

with K, = an (1 — p)~2*. From this, we get that
Qn,s,5(u) 2 Sn,s(RY) [l 21 5) — KpllullZ2s),

concluding the proof. O



NoDEA Existence results for nonlocal problems Page 13 of 32 18

Lemma 4.5. For every M, p > 0 there exists C, pr > 0 with

Qn.s.8(w) = Ml[ulla; g = Conallullizs)  for every u € H;,,q(B)
with v =0 in B,.
Proof. We first recall that for s € (1/2,1), H5(B) = H§(B). Therefore, for
every u € Hp ..,(B) C Hy(B) = Hi(B), we have u € H ,.,,(B). Thus, com-

bining the fractional version of the Strauss radial lemma (see [6, Lemma 2.5])
and the Hardy inequality (see [8]) we get that

[u(@)? < gl "N T2IQu g mx (u)

e S (QN,S,B(U) +/BHB(CC)U(1‘)2 da:)

< ’YN,s|$|_(N_25) (QN,S,B(U) + YN,s,B /B 53(%)_25u(x)2 dx)

< dN,s,B‘17|7(N72S)QN,S,B(U)’ (45)
which implies that
[ullf(m\5,) < dnosp” N Qo 5(u)
for every u € Hg ,.,q(B) with u =0 in B,. (4.6)
Consequently, using interpolation and Young’s inequality with exponents p =
2/a and p’' =2/(2 — «), we find that, for all M > 0,
il o,y < Cllulla sy lul3 5,

1 Co.m
< My . pp 29 ||UHLoo(B\B)+ i HUHLQ(B\BP)

with suitable constants a € (0, 2) and C, ar > 0, and hence

1
M||“Hiz:(3\30) < WHUH%M(B\BP) +C ,MHUHQL?(B\BP)

< Qn.s5(u) + Cpnalull 2 s,
for every u € Hg,,4(B) with u =0 in B,. The claim follows. O
In the following, we give the

Proof of Proposition 4.3. We choose 0 < pa < p1 < 1. Moreover, let x1,x2 €
CE(RN) with 0 < x; <1, x3+x3 =1 in B and supp x1 C B,,, supp x2 C
RN\ B,,. Then we can write u = y3u + x3u in B.

Applying Qn s, B(-) to u = Z?ﬂ Xu, we easily find that

QNSB ZQNSBXz

i=1

CNSZ// Iw— N+26)) u(x)u(y) dedy.  (4.7)
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By the regularity of x;, we observe that there is no singularity in the double
integral and therefore it follows from the Schur test that there exists a positive
constant C' > 0 such that

Z// |$_y|N+2S)) u(z)u(y) dedy < C/Bu2 da. (4.8)

In fact, we can write

// |:c— |N+2s)) ul)u( dxdy<0//Kfﬂ yyu(z)uly) dedy (4.9)
=C /B Tu(z)u(z) dz (4.10)
where
Z/BK(x,y)u(y) dy — with  K(z,y) = |z —y* V72

Moreover, by Holder inequality,

[ Tuta)ut@) do < ITulaqe oo (411)
Now, the Schur test implies that there is C' > 0 such that
[Tullz2s) < Cllullpz(s)- (4.12)

Therefore, inequality (4.8) follows by combining (4.9), (4.11) and (4.12).
On the other hand, by Lemmas 4.4 and 4.5, there exists a positive constant
C > 0, depending on p; and ps with the property that

Qn,s,5(xit) = Sn,s(RY) [x5ull? 25 ) = Cllxiul 7z s)- (4.13)
(B)

Plugging (4.8) and (4.13) into (4.7), we find that

2
QN,S,B<>>SNSRNZ||xlu||L%(B) Y Iulde.  (414)
=1

=1

. 2 2
Next, since ) ;" ; x; = 1, we have

Z HX1’U’||L2g (B)

HLN 2s (

N
LN-25 (B)

= || 2||LN 2§ HU'”LT;(B)
Using this in (4.13), it follows that
Qn,s,5(u) > Sn,s(RY)[[ull 21 5 = CllullZ2(s),

completing the proof. O
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4.1. The case 2s < N < 4s

We now let G(z,y) be the Green function of (—A)® + h, with zero exterior
Dirichlet boundary data. Letting G(x) = G(z,0), we have that

{(A)SG(x) + h(z)G(r) = do(z) inB (4.15)

G(x)=0 in RV \ B,

where g is the Dirac mass at 0 and h € L°°(B) a radial function. We recall
that G is a radial function. In fact this follows from the construction and
uniqueness of Green function. We let R(z) = ty s|z|** = be the fundamental
solution of (—A)* on RV, It satisfies

(=A)*R(x) = do(), (4.16)
where ty s == W’%Q*S%. We now define k € L*(B), by
k(z) := G(z) — R(z). (4.17)
It then follows, from (4.15), that
(—=A)°k(z) + h(z)k(z) = —h(z)R(x). (4.18)

Since N < 4s, we have that k € L?(B) and hR € LP(B) N L?(B), for some
p > Z. Therefore, by regularity theory, k € C(B). Recall that k(y) is the
mass of B associated to the operator Ly~ := (—A)® + h(x). We remark that
if x € C2°(B), with x = 1 in a neighborhood of 0, then letting

k(z) := G(r) — x()R(x),

then, by continuity, k(y) = k(y), for all y € B. This follows from the fact that
(=A)*k + hk € LP(B), for some p > £ and thus k € C(B).

Remark 4.6. It would be interesting to find potential h for which k(0) > 0.

First, for € > 0 we set

N—2s
@ =0(z577)
m — - -
€ Yo €2+|£L'|2 ;

where 7o is a positive constant (independent of £) such that |uc[2; gn) = 1.
It is known that u. satisfies the Euler-Lagrange equation

(—A)u. = Sy u ™' in RV, (4.19)

Our next result shows that in low dimension N < 4s, the positive mass
implies existence of minimizers.

Lemma 4.7. Suppose that 2s < N < 4s. Suppose that k(0) > 0. Then

SN,s,rad(Ba h) < SN,S = SN,S(RN)' (420)
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Proof. For r € (0,1/4), we let n € C°(Bz,) be radial, with n =1 on B,. We
define the test function v. € Hg,,,(B) given by

ve(w) = ne)us () +7 7 2 (Gle) — n(@)R(@))
N,s

= n(@)uc(e) +e 2 t% k(z). (4.21)
N,s

N—2s
We define W, :=nu. —e™ 2 %nR and a4 1= 2

tN,s”
—2s

Note that e~ 2~ W, — 0 € Cloe(RY \{0})NLYB) and |~ e ue ()] <
Yolz|?*~N. Hence, since N < 4s, we deduce that |z[>?=N) ¢ L} (RN) and
thus by the dominated convergence theorem,

/B e () h(2)We () dz = o(eN25), (4.92)
We then have

[Ug]zsm) —|—/ hv? dx < [’UE]%{S(RN) +/ hv? dx = / Ve () Lpnve () da
B B B

st%as/ ve () Lpn G () dx“‘/vs(x)ERNWE(x) dz
B B
< ¥ 0 0) + V20 + [ (0)(~A)We(0) o
B
L2, / k(z) Ly We () do + o(eN=2%)
B

< e 7 agus(0) + eV 202k (0) + /B e (x)(=A)° (uc) (z) da

nue(z)(=A)* (R)(x) dz
k(z)Lpy We(z) dx + o(eN=2%)

<e 2 asu(0

+ [ @A) (@) de =, [ @) (=8) (R @) da

+ 6N*25a§k(0)

=

N-—2s

LN, / K(z)Can We(z) dz + o(eN 2.
RN

N—-2

Letting W, = u. —e 2z a,R(z), since N < 4s, we have that

_ N-2s

ez W.—0 in CL RV \ {0}) nLln L} (RY). (4.23)

loc
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Therefore, using that (—A)*R = dg and (—A)*u. = SN,sugz_l, we get

N—2s

&7 auc(0) + /}R @) () () (o) da

" [ @) (A R) @) da
= 5¥asu€(0) + /]RN e (2)(—A)*ue () do
- 5¥as/ nue () (—A) " R(x) dx

+ / e (2)W o (2) (= D) () der — / e () J. () d

Ba,

=S [ i [ W) Ay @) e = [ ) @)ds

BZT

where J.(z) := ¢ns [pn (WE(“)‘K_E;@(,LEZ?)‘"@)) dy. To estimate J., we con-
sider first z € B,/ and thus

: o =yl

N—2s

dy =o(c" = )O(j] 7).

If now |z| > r/2, we estimate

We(z) — W- z) —
[ e(@)] < e /MWK (2) u_(yymp 1)l 4,

. [(We(z) = We(y))(n(z) — n(y))|
Fews /|y|>r/4 |$_y|N+25 dy

SuPeo,1] | VIWe (Ya,y (1) 172,y (1))
|z — y[N+2s—1

N—2s
< o(e™ %) + |Vl e oy /
4r>ly|>r/4

dy

where v,y : [0, 1] — B, 2\ B, 4 is the C* shortest curve satisfying v,,,,(0) = z,
Y,y (1) =y and sup,e(o,1) [72,, (0] < Clo —y|.
Since N < 4s, by (4.18) and (4.23), we have

/ k(z)LpnyWe(z)dx
RN
We thus conclude that
o
[UE}%IS(B) + ‘/B h’l)? dx < SN,s ‘/RN nQuEs

+ eV 72562K(0) + o(eN 7)) + 0N )0, (1)

< Sns +eNT202Kk(0) 4+ o(eN T2 + O(rts NN T2,
(4.24)

2s

<

).

/ L k()| |We ()| dx| = ofe™ 2
Ba,-
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Since 2% > 2, there exists a positive constant C'(N, s) such that

lla +b/% —|a|* — 2%abla 22 4 b

%72 < O(N,5) (Ja

22) for all a,b € R.

As a consequence, with a = n(z)u.(z) and b = e ask(z), we obtain

[ = [ ¥ =2 a, [ e i) da
B RN B
+o(eV )+ 0 <6N_25/ n(@)ue(x) 22_2k2($)d$)
R

N

_ogrele O / Pk (2) (—A) e da + o(eN )
N,s JB

27—

s

52 2
Lzz(Bzr)”k”Lz;(BZT)) '

+ EN—QsO (Hnue

O /k(x)(—A)SWde
SN,s B
R / (21— Dk(2) (—A) T do
SN,S B

2
+ 2:€N72s Sas k(O) +0(5N725) +O(6N72S7,N728)
N,s

N—

_ gt s / W (2) Lan k(z) do
SN,S B

2 [P () (-A) W do
B

N,s

2
+ 2:81\[—28 Sa‘s k(O) 4 0(€N—23) + O(EN—QSTN—2S)
N,s

a? 1 1
— 2:€N72s 50 / |x|257N - da
SN,S |z|<2r (52 + |£E’|2)N22 ‘x|N725

+2e T | P k() (AT o

2
+ 2§5N’QSSQTSk(O) +0(eN72) 4 0N 2)0,(1).

3

We estimate

/ (%71 = Dk(2)(=2)*We dz = / (R Dk(z)(=A)° (n,/sWe) dz + o(a%)
JB 5

Nr/a(y)We(y) dy Nezoy o N2
Wdy—l—o(s 2 )*O(S 2 )

:cN,s/lz‘Zr(l—nZZ*l(x»k(x)

lyl<r/2



NoDEA Existence results for nonlocal problems Page 19 of 32 18

Here, from the definition of 7, we define 1,4, € C°(B,/2) with n,,4 = 1 on
B, /4. From the above estimates, we then obtain

2
/UES f/ nu 2* N— 2550‘5 k(O)+O(€N72S)+O(€N728)0r(1)
]RN

N,s

=142tV S"s k(0) + 0(V"2%) + 0(eN 2)0,(1).
N,s

Combining this with (4.24), we finally get
[UEB—IS(B) + [g hv2 dx

0: T

This finishes the proof. O

< Sn.s — eV72a2Kk(0) + o(eN 72 + O(eN 7)o, (1).

5. Existence of radial minimizers

The goal of this section is to investigate the existence of a radial solution of
problem (1.2) in the case when Q = B is the unit ball of RY, N > 2s. More
precisely, we aim to analyze the attainability of the following radial critical
level

QN“QVB(U) + fB hu? dx

SN,s,rad(87 h) = lgIlf 3 (51)
ueHg%d(B) [l 2 )

To this end, we make use of the method of missing mass as in [12]. The idea is
to prove that a minimizing sequence for Sy s rqqa(B, h) does not concentrate at
the origin. For that, we will exploit inequalities (4.3) and (4.20) respectively
for high (N > 4s) and low (2s < N < 4s) dimensions.

For the reader’s convenience, we restate the main result of this subsection
in the following.

Theorem 5.1. Let s € (1/2,1), N > 2s and h € L>®(B) be a radial function.
Suppose that 0 < Sn s rad(B,h) < Sn.s(RN). Then any minimizing sequence
for SN s raa(B, h), normalized in Hg . ,4(B) is relatively compact in H . ,,(B).
In particular, the infimum is achieved.

To prove the above theorem, we first collect some useful results. Let’s
introduce

Sk siraa(B) = inf { Hminf el 2 o c Qv (ur)
=1, up —0in Hg,md(B)}. (5.2)

As we will see in the sequel, the infimum S  .,,(B) is crucial in showing that
normalized minimizing sequences that weakly converge to zero in Hf, ,,(B)
move away from the origin in such a way that the concentration at the origin
is excluded.

We have the following interesting one-sided inequality.
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Proposition 5.2. Let 1/2 < s <1 and N > 2. Then
S}k\/,s,rad(B) > SN,S(RN)' (53)

Proof. Let (uy) C H ,.,q(B) with Qn,s s(ug) = 1 and up — 0 in Hg,,4(B).
Then by Proposition 4.3 there is Cz > 0 such that

Qs (k) = Sns(RY)|uk]|7 25 ) — Cllul|s)-

By the compact embedding H,.,4(B) < L*(B), we have uy — 0 in L*(B).
Using this and by passing to the limit in the above inequality, we find that

1> Sn.«(RY)limsup ||Uk||L2*

— 00 6)7
that is,
hmlnf ”uk”LQ*(B) > Sy.s(RY).
From the above inequality, we conclude the proof. O

Having collected the above results, we are ready to prove our main result.

Proof of Theorem 5.1. Let (uy) be a minimizing sequence for Sy s rqa(B,h),
which is normalized in H&md(B). Then after passing to a subsequence, there
is u € Hj,,q(B) such that

up —u  weakly in Hg ,..q(B)

up — u  strongly in L?(B) (5.4)

up — u  a.e. in B.

Now, by setting wy = uy — u, it follows that wj, — 0 weakly in Hg . ,,(B).
Using this, we have that

1= Quosn(ur) = Ques(ur) + /B h? do
= Qn,s,8,n(1) + Qn,s,8(wy) +o(1), (5.5)

where Qn s, 8,1 (1) == Qn,s,8(u) + [ hu? dz. From the above identities, we see
that Qn s 8(wy) converges, say, to Ry, which satisfies according to the above
equality,

1=Qnsp5n(uw) + Ry (5.6)
Moreover, using that uy — w a.e. in B and the Brezis-Lieb lemma [3], we get
that

_2N
SNsirad(B,h) "5 +o(1) = [lue] 57

2N
= llull 275, + llwnll 527,

vl +o(1), (5.7)

LQ*(B

from which we deduce that fB \wk| Nom dp converges, say, to Ry satisfying

2N
SNS rad(B h) = HU| 111\12—?2(56) + RQ. (58)
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Now by Proposition 5.2 we easily see that

N—2s
Ry > Sy (RM)R, ¥ . (5.9)

Indeed, (5.9) follows immediately if Ry = 0. Otherwise, if Ry > 0, then it
suffices to use @y, := wy/Qn,s,8(wi)/? in the definition of S}, ,,q(B) since
wy, — 0 weakly in H,,,(B) and Qn, s 5(wr) = 1 as well.

From (5.6), (5.8), (5.9) and by using the elementary inequality !

(a=b)*>a"=0b* for0<a<1l,a>b>0 (5.10)
with a = (N — 2s)/N, we find that
1=Qns,81(u)+ R
N N —2s
> QnsBn(w) + Sy s(RY)Ry ¥
—2s

= QN,S,B,h(u) + (SN,S(RN) - SN,s,rad(Ba h))R2 N

N—2s

N Nz ) N
+SN,s,rad(B)(SN,S,T‘ad(Bvh) 2 _||U|L2:(B)>

N-2s
> QN,S,B,h(U') + (SN7S(RN) - SN,S,Tad(Ba h))RQ N
+ SN,s,rad(Ba h) (SN,S,Tad(87 h)_l - ||'LLH%2: (B))

=Qnspsn)+ (Sns(RY) = Sy s raa(B, WRy Y
+1-— SN,s,rad(Bv h)||'U/H2

L25(B)"
Thus,
QN7S,B7h(u) - SN7S,T(1d(B? h)HuHizj (B) + (SN,S(RN)
N—2s
— SN,s,rad(B,h))Ry ¥ < 0. (5.11)

Since QN,S,B,h(u) Z SN7s,rad(B7 h)”u”iz;(s) and SN7S(RN) > SN,sn‘ad(th)

by assumption, it follows from (5.11) that Rs = 0 which implies that u # 0
thanks to (5.8). Therefore,

QN7S,B7]'L(U) S SN,S,TCLd(B7 h)”u”i?: (B)®

which implies that u is an optimizer. Therefore, instead of the inequality (5.9),
we have equality, yielding Ry = 0. This implies that Qn s 5r(w) = 1 and
from this, we conclude that (uy) converges strongly in Hg,.,,(B). The proof is
therefore finished. 0

Proof of Theorem 1.2 and Theorem 1.3 (completed). The proof of Theorem 1.2
and Theorem 1.3 are immediate consequences of Theorem 5.1, Lemma 4.7 and
Proposition 4.2. O

10<b<a=0<b/a<1and then 0 <b/a < (b/a)® <1 for all 0 < a < 1. Hence,
a® —b*  1—(b/a)* < 1—(b/a)

(a=b)>  (1—(b/a))> = (1—(b/a))> =
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A. Appendix

In this section, we prove that the constant function 1 belongs to Hg () for
s € (0,1/2]. By Sobolev embedding, it is enough to treat the case s = 1/2.
For every k € N, we define y, € C%1(Ry) by

_ 1
0 if t§ﬁ7
log k2t 1 1
)= ——if —<t<— Al
1
1 if b=

We wish now to approximate the constant function 1 with respect to the
HY 2(©2)-norm. The general strategy is to build an approximation sequence
with yx together with a partition of unity. Before going further in our analysis,
we need first of all a one-dimensional approximation argument.

Lemma A.1. We have

X — 1 in HY?(Ry) as k — oo. (A.2)
Proof. Clearly, by definition x; — 1 a.e. in Ry. The goal is to show that

Xk — Ulpre@,) — 0  ask — oo. (A.3)
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We start by proving that
Ixt — lz2@®,) — 0 as k — oo. (A.4)
We have

00 1/k> 1/k
Ik — 1, = / (xk — 1% dt = / (v — 1) dt + / (v — 1)% dt
0 0 1

/k?
1 Yk og k2t 2 1 logt 2
= — —1) dt= —1) dt
k2 +/1/k2 ( log k ) k2 T k:2 (logk )
1

1 o,
= | logtat
= klong/l/k &

B i+ 1 ( log>k  2logk g)
k2 k2log?k k k k
From the estimate above, (A.4) follows.
Next, we also prove that
Xt — Uprz@,) =0  ask— oo (A.5)

‘We have

01,12 1 (Xk r) — xk(y 2
[Xk—l]ip/?(RJr) = / / / ( (1:7 2( >) dxdy

(L )

Ok (@) — xn(y))?

X dxdy.
(z —y)?

Since xx(x) = xx(y) = 1 for (z,y) € (1/k,00) x (1/k,00) then the third
integral in the above equality vanishes. Therefore,

') 00 ) — 2
bk = Ui, :c/o /0 (Xk((i_;(;Q(y)) dedy = (I + Jy)

where

1/k  p1/k z) — 2
Iy = / / (X’“(;_X)’;(y)) dedy and J,
0 Y

M Gale) — xa(®)?
= 2/0 /1/k @ —y)? dxdy.

Estimate of J,. We have

/1/]C /Oo (xw () — Xk(?/))z dzdy
0 1/k (x —y)?

_ (// /1:...+/1/1:/1:...><><k<8_;<)k;y>>2 drdy

=Jy +Ji
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where

L [ @) )
Jy = / /1/]c @—y)? dzdy and

koo (xk(z) — Xk(l/))2
//k2 /1/k (x—y)? .

Regarding J}, we have from the definition of . that

1/k? /K
Ji —/ / dxdy / / 5 drdy
1/ (@ = 1/ky (

Uk g
:/0 - dy = —log (17%) (A.6)

For J?, we also use the definition of yj to see that

2
lo,
52 _/Uk/ - Egk dndy - Uk/ logk logk2 (log k — log k*z)? dndy
1/k2 J1/k (z—y log kJikz Jik (z—y

»%,

/1/'“/ logkx ky / /OO log T drdt
10g kJiw2 Jijk (m,y)z log k Ji/k T—1)?
1 1

- 1 d

~ log? k/1 ((T—%) (Tf1)) og” T dr
1~ -1 5
1 dr. AT

log2k/1 T-Dr-1n =77 (A7)

log? T log T <
—He-n T T =
for every € > 0, then the above integral is convergence for k bufﬁaently large.

This implies that

Using that log7 ~7—1as 7 — 1 and ‘- as T — 00,

J2 =o(1) as k — oo. (A.8)
Combining (A.6) and (A.7), and by using (A.8), we find that

1 I e
=2( —log(1- > k log” 7 d
Jr ( og( k)+10g2k‘/1 D -1) og- T 7')
-0 as k — oo. (A.9)

Estimate of I,,. We have

1/k%  r2/k? 1/k% f1/k
e VA A A
0 0 2/k2
1/k  2/k> 1/k 1/k 2
— X&\Y
e
1/k2 Jo 1/k?2 2/k2 Y

=+ +1
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where
1/k%  r2/k? ( 2
1._ xk() = xx(v))
I;; .—/ @y dxdy,
0 0
1/k 1)k ( 2
2. Xk () — Xk (y))
B [ S g e
1/k2 J2/k2
and

1/k%  ,1/k 1/k  p2/k? (Xk(ff)—Xk(y))2
Ik - (/ //k2 //k2 0 ) (x —y)? ddy.

It now suffices to estimate I,i, I,f and Ig.
Concerning [ ,%, we have

1/k2 (z — 1og k 1/k2 (x —
=Ko 9 -
t=k?y / / log T drdt — / / logT log 1) drdt
log k (1 —1) log k (r—1)?
—1)2 —1)2
/ / g drdt = / / 4 dtdr
log k (r—1)? log k (r—1)2

1
_ = A.10
log k/ 7*1 T) logk ( )

Next, as regards I,f, the change of variables 7 = k%z and t = k?y gives

Uk p1/k 2.
I;%:/ / logk T long y)? dud / / (log T — logt) drdt
1/k2 Jo k2 —y) log k (1 —1t)2
. K/t
/ / (log T/t) drdr "/t / / log? r drdt
log k (r—1)2 log k ot (r—1)2

dt > log?r c
log k / / (r— 1)2 logk:' (A.11)
X W)™y

For I, we have
2/k? l/k (l’) o
T
0 1/k2 (x—y)?
2/k? /k _ 2
/ / w@ =) o
0 1/k2 (z—y)
1/k? /k xi(z) —
T
0 1/k2 (z—y)

+2/2/k /”k (xe(®) = xx())? dvdy,
1/k2 J1/k2 (x —y)?

3
k

IN

Il
o

2
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l/k l/k l/k 1/k 1 k2
/ / xk2(y)) drdy — / / (logk?x)* dy
1/k2 ) log k 1/k?2 .’13 -

k k
I 1 1 1
e // 8T it — s / ( 2——2)log27d7
1og k (r—1)2 log?k J1 \M(r—1)2% 7

1 c
< —_— log? T dr = ———. A.12
log? k:/l ((T— 1)2 72 ) & Tar= log? k ( )

Arguing as in the case of I7, we have that

2/k 1/k 1 t—1
/ / XkQ(y)) drdy — / / 0g og (logt —log7)* .
1/k2 1/k2 Y) 1og k (t—r)

r=t/r / dr /2/T log? r / dr /°° log? r
logk r—1)> _logk r—1)2

log = (A.13)
Putting together (A.10), (A.11), (A.12) and (A.13), we find that
Ikglo?k—l-@ﬂo as k — oo. (A.14)
From (A.9) and (A.14), we conclude that
Xk — Upr2m@,) — 0 as k — oo. (A.15)
Now, (A.3) follows by combining (A.4) and (A.15). As wanted. O

Definition A.2. We say that an open subset  of RV is Lipschitz if for each
q € 01, there exist a tangent hyperplane H,, a normal N, of Hy, 7, > 0, open
rq-balls B, C Hy and a function @, : B, x I — R such that

(i) ®4(Br, ﬂHq*) cQ

(i) @q(B,, N aHj) C 00

(iii) C7 1z —y| < |@q(z) — y(y)| < Clz—y|, C>1, z,y € B, x I, I CR.
Here, H;‘ is the upper half-tangent hyperplane containing N,. Put Q, :=
By, x (=rq,7q) and we recall that B, is a (N — 1)-ball.

Remark A.3. We would like to make the following observation. It is well-known
that a domain 2 is said to be strongly Lipschitz if its boundary can be seen as
a local graph of a Lipschitz function ¢ : RN~! — R. Moreover, by mean of a
vectorfield 7 (with || = 1 on 99) which is globally transversal 2 to 952, one can
construct a bi-Lipschitz mapping via ¢. In particular,  fulfills properties (7)-
(it). However, every Lipschitz domain in the sense of definition (7)-(4i7) is not
necessarily a local graph of a Lipschitz function, see [15] for a counterexample.

27 is said to be globally tranversal to O if there is x > 0 such that n-v > & a.e. on 9.
Here v is the unit normal vector to 0€2.
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Clearly, there exists 5 > 0 such that
Qiﬁ = {0 < do(x) < B} C UgeanPq(Qq). (A.16)

We recall that Qg is the so-called inner tubular neighbourhood of Q. By com-
pactness, there exists m € N such that

Qp = {0 < da(z) < B} C UL @, (Qq,)- (A17)

We will write j in the place of g; provided there is no ambiguity. For j =
1,...,m, let u] be a sequence define by

where i is defined in (A.1). Equivalently, ufc can be defined as
ul(z) = x(®; () - Nj), Vo € Q. (A.18)

Define O; := ®;(Q;) and O,,11 = Q\ Q5. We also write Q;‘ = By, x (0,75).
We have the following.

Lemma A.4. For all j = 1,...,m there exists a positive constant C > 0 de-
pending only on j,m,) and N such that

luf, — Lollgiz0,n0) < Clixk — a2 0,r,)- (A.19)

Proof. For j = 1,...,m, by using the change of variables z = ®,(z) and
y = ®,(2), we get

Uk (ZU))Z
dxdy
/O nQ/O nQ |$ - y|N+1
_ (up(P5(2) —un(®;(2)))* ,
B /Q /Q (2 —@(z)\NH =
(xr( ZN Xk(fN))2
/Q+ /Q @,() - &,z PP
= 2
<C/ / (xr(zn) >J<Vk(1ZN)> dedz
o Jaor |z —z|V+
" (xe(an) — xe(@EN))?
<
C’/ / / / |z—z|N+1 dzdz

(]2 —z’|2—|—|zN—zN\ )2
(A.20)
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By translation and rotation, we have

/ dz/ f’/ / Ot (2v) = xa(Zw))? W dzndZn
(12 =Z'|2 + |2n *ZN|2)
/ dZ/ dfl/ / X}C Xk)(ZN)) N+1 dZNJN
RN -1 (|2" = ’|2 + \ZN —Zn[?) 2

<CA/ /” xe(2n) — xe(ZN))? dendZy,
|ZN

—ZN|2

where A = fRN N W < C and B,, is a bounded open subset of
RN~L. Therefore, since the estimate of the L2 norm follows easily, this and
(A.20) give (A.19), concluding the proof. O

{ }Consider 0 < ¢; € CX(0;) a partitioning of unity subordinated to
Oj}j=1,..,m+1. Define

m—+1
up =y djul, € CHN(Q), (A.21)
Jj=1
where uZLH =1 on 2. We have the following approximation.
Lemma A.5. There holds
lur — Lall g2y — 0 as k — oo. (A.22)
Proof. We estimate
2
m—+1 ] m )
[wr = Lotz < | Do Wiud, = ilmaey | <m Y il = ¥ilhe
Jj=1 j=1
<cy | o dady+ Y | .. dady
=1/ 0,nax0;n0 =1 /92\0;x0n0;

=: CI,(k) + CLy(k).
We now estimate I (k) and I (k). Let us start with Is(k).

We have 4 4
. Z / Wy =)@ = W =)W,

Q\O; xQNO; |z — y| N+

Z/Q |x— |N+1 /{msupp% (Vjuy, — ¥;)(y) dy

< CZdlSt Suppd)j,a(’)j)*Nfl/Q " ¢J2|Ui(y) —1%dy
no;

j=1

< C(N) nax dist(Suppy;, 00;) N1 Z ] — ILQ||%2(QQOJ,). (A.23)
j=1



NoDEA Existence results for nonlocal problems Page 29 of 32 18

Now regarding I (k), we have

ny =3y [ [ ot D sia) S8,

0;n Jo; |z —y[NH

[y () (k) ~ 1) = (ko) = 1) + (o) = ) = D

Lo
-1 - 1)
<22 [ T
(Y (z w -1
22 [l TP e
=1} (k) + I (k),
where
L o (@) [(uh () = 1) = (ul(y) = 1)] .
Ny =T oty
S (wh@) 1) = () = D
<2;/(9ij/(9an |z — y|NH ey
(since 0 < ¢p; < 1)
= cZ[uj — 19]?{1/2(0ij) (A.24)
and

2k —22/

0;NQ

[ G- () =1
0;NQ .

|N+1

Using that 1; is Lipschitz, we get

/ / (W) = wy))( L) =D
0,;,nQ JO;NQ —y[NF!

uk<y 1) y? // (ud () — 1)?
dxd 8 ~— R 2 dxd
//| Y S A I R s |

<é(j )||u;€ - HQHLQ((’)]ﬂﬂ)

which implies that

m

(k) < max &(5) Y llup = Lal720;n0)- (A.25)

1<j<m °
Jj=1
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Finally, (A.23), (A.24) and (A.25) yield

llue — ]19”%11/2(9) = llur — LollF2(q) + [ur — 19]?{1/2(9)

IN

e I~ 1alao,n0) + CIi(k) + CIy(R)

Jj=1
m .

52 (luy, — 19”?{1/2(01-09)
=1

m
m) Y lxk = U0, (A.26)

j=1
In the latter inequality, we used Lemma A.4. Now, since from Lemma A.1l
there holds ||xx — 1”?{1/2(0 ) 0 as k — oo, we complete the proof by letting

s3T5
k — oo in the inequality (A.26). O
As a direct consequence of the above approximation results, we have the
following.

Proposition A.6. Let N > 2, s € (0,1/2] and let Q@ C RY be a bounded
Lipschitz domain. Then

Sn.s(92) = 0. (A.27)

Before proving the proposition above, we mention that our result extends
to s = 1/2 the one obtained in [12, Lemma 16]. Below, we give the

Proof of Proposition A.6. By definition

Sys(Q) = inf M: inf QLQ(), (A.28)

UEHO(Q ||uHL2;‘(Q) UGC¢ ||’U/||L2* ()
u

where C%1(Q) is the space of Lipschitz functions with compact support. Now
by Lemma A.5, we get

0< Sna(Q) < Qn,s,0(u )<C( )QNI/QQ(UIc)
||uk||L2e(Q) ||uk||L2e(Q)
up — 1 1/2
:C(N,s)m—ﬂ)askﬂoo, (A.29)

2

where uy, is defined by (A.21), which satisfies lim infy . [Jug|? 0. O

L%5(Q) >
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