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Gradient formula for transition semigroup
corresponding to stochastic equation driven
by a system of independent Lévy processes

Alexei M. Kulik, Szymon Peszat and Enrico Priola

Abstract. Let (P:) be the transition semigroup of the Markov family
(X7(t)) defined by SDE

dX =bp(X)dt+dZ,  X(0) =z,

where Z = (Z1,...,Z4)" is a system of independent real-valued Lévy
processes. Using the Malliavin calculus we establish the following gradient
formula

VP f(x) =Ef(X"(1)Y(tx),  f€ByRY,
where the random field Y does not depend on f. Moreover, in the im-
portant cylindrical a-stable case o € (0,2), where Z1, ..., Z4 are a-stable
processes, we are able to prove sharp L'-estimates for Y (¢, ). Uniform
estimates on VP, f(x) are also given.
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1. Introduction

Let (P;) be the transition semigroup of a Markov family X = (X*(t)) on R?,
that is

Pif(x) =R f(X°(t),  f€By(RY, t>0,zecR. (1)
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In the paper X is given by the stochastic differential equation
dX®(t) = b(X*(t))dt +dZ(t),  X*(0) =z € R%, (2)
where b: R? - R? is a C?(R%, R?) and Lipschitz mapping and
Z(t) = (Z(t),..., Za(t))",  t=0,

is a Lévy process in RY. We assume that Z;, j =1,...,d, are independent
real-valued Lévy processes. We denote by m; the Lévy measure of Z;. Recall
that

/ (€2 A 1)m;(d€) < +oo.
R

We assume that each Z; is of purely jump type

ot 't
z=[ [ e (ds,ae + [ [ €111;(ds, d€) — dsm; (d€)],
o Jieer: g1>1) o Jiger: g1<1}
(3)
where IT;(ds, d€) is a Poisson random measure on [0, +00) x R with intensity

measure dsm;(d€).
The main aim of this article is to establish the following gradient formula

thf(iﬂ) = ]Ef (Xz(t)) Y(t,$)7 f € Bb(Rd)’ (4)

where the random field Y does not depend on f. The gradient formulae of such
type date back to [5,10] and are frequently called the Bismut—Elworthy-Li for-
mulae. Note that [5] uses an approach based on the Girsanov transformation.
On the other hand [10] introduces martingale methods to derive formulae like
(4) in the Gaussian setting; this approach also works for jump diffusions with
a non-degenerate Gaussian component (cf. Section 5 in [20]).

One important consequence of (4) is the strong Feller property of the
semigroup (P;), e.g. [7—9,18], which in particular motivates our interest in this
topic. Moreover, such gradient formulae allow the Greeks computations for
pay-off functions in mathematical finance, e.g. [6,11]. In particular in [11] the
authors apply the Malliavin calculus on the Wiener space to the sensitivity
analysis for asset price dynamics models.

For Lévy-driven SDEs with a possibly degenerate Gaussian component,
the Bismut—Elworthy—Li formula has been obtained in [21] under the assump-
tion on the Lévy measure to have a density with respect to Lebesgue measure in
R?; see also [22,23] for the Bismut-Elworthy-Li formula for an SDE driven by
a subordinated Brownian motion. In our study, we are focused on the more dif-
ficult situation, where the noise is presented by a collection of one-dimensional
Lévy processes, and thus is quite singular.

In plain words, the substantial complication of the problem in our case
is that the class of the random vector fields, which are “admissible” for the
noise in the sense that they allow the integration-by-parts formula, is much
more restricted. Namely, in our case only the “coordinate axis differentiability
directions” in R? are actually allowed, while in the case of the Lévy measure
with a density there are no limitation on these directions. For the first advances
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in the Malliavin calculus for Lévy noises, supported by (singular) collection of
curves, we refer to [16].
In the important cylindrical a-stable case (i.e., when each Z; is a-stable)
with a € (0,2) we obtain the sharp estimate
sup E|Y (t,2)| < Cpt~=,  te(0,T]. (5)
zER?
The method we use to obtain (5) seems to be of independent interest. It has
two main steps. The first one is a bound for E|Y(t) — Y (¢, x)|, where Y (¢)
corresponds to Y'(¢t,2) when b = 0 in (2), i.e., X*(t) = x + Z(t). The second
step concerns with E |Y(¢)| (see Sect. 8). Both steps require sharp estimates
and are quite involved (see in particular Sects. 6.2 and 8). Formula (5) implies
the bound (|| - ||c stands for the supremum norm)

IVP,flloo := suﬂ5d|vptf(m)| < Crt % |flloo, f € By(RY), te(0,7T]
e

(6)
It seems that when 0 < a < 1 also estimate (6) is new; it cannot be obtained
by a perturbation argument which is available when o > 1. In fact we will
establish (6) for any process Z with small jumps similar to a-stable process.
Recall that estimates like (6) for v > 1 hold even in some non-degenerate
multiplicative cases (see Theorem 1.1 in [15]; in such result the Lipschitz case
v = 1 requires o > 1). We expect that our approach should also work for
SDEs with multiplicative cylindrical noise; such an extension is a subject of
our ongoing research.
Let us mention that from the analytical point of view we are concerned
with the gradient estimates of the solution to the following equation with a
non-local operator

ou
E(t’x) = (b(z), Vu(t, z))

4 o
+jz::1/R<u(t,€C+€6j)u(t7$)X{g<1}§(%i(t,$)) mj(d§), t >0,

u(0,z) = f(x), where e;,j = 1,...,d, is the canonical basis of RY.

2. Main result

Let Q:f(x) = E f(Z*(t)) be the transition semigroup corresponding to the
Lévy proces Z%(t) = x 4+ Z(t). The proof of the following theorem concerning
BEL formulae for (P;) and (Q:) is postponed to Sect. 6.
Theorem 1. Let P = (P;) be given by (1), (2). Assume that:
: 2(md TRd i e Oby _0%by s g
(i) b € C*(R* R*) has bounded derivatives e BE o i, 5,k=1,...,d.
(ii) There is a p > 0 such that

liml%nfspmj{|§| >et e (0,400], j=1,...,d
€
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(iii) There exists a r > 0 such that each m; restricted to the interval (—r,r)
is absolutely continuous with respect to Lebesque measure. Moreover, the
density p; = ddﬂg is of class C*((—r,7)\{0}) and there exists a k > 1
such that for all j,

[ teroieae <+, )
[ (8 o <o
/_r €[22, (£)d€ < +o0. (9)

Then there are integrable random fields Y (t) = (Y1(¢), ..., Ya(t)), and Y (t,x) =
(Yi(t,z),...,Ya(t,z)), t > 0, x € R, such that for any f € By(R?), t > 0,
z € R?,

VQuf(x) =Ef(Z*(1))Y (¢)

and the Bismut-Elworthy-Li formula (4) for (P;) holds. Moreover, for any
T > 0 there is an independent of t € (0,T] and x constant C' such that

E (Y (1) +|Y(t.2)]) < Ct77t2, (10)
E[Y(t) - Y(tz) <Ct 573, (11)

Remark 1. Note that, what is expected, the rate f% + % depends only on the
small jumps of Z.

Remark 2. In fact we have formulae for the fields appearing in Theorem 1.
Namely,

d
Yi(t) = [Ae;(t)DiL(t) — Dy Ar (1)),
= (12)
Yi(t,z) = > [Ar;(t,2)Dp1(t) — Dp Ay ;(t,2)],

where:

e the matrix-valued random fields A(t) = [Ax ;(t)] € M(dxd) and A(t,z) =
[Ag,;(t,z)] € M(d x d) are given by

A(t) = [DZ(t)]__,l (13)

At,x) = DX*(t)] " VX*(t), P-a.s,

We note that the matrix A(¢) is diagonal with entries

4;4() = ( / t / Vj<s,§j>Hj(ds,d£j)) N
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DZ(t) and DX?(t) are the Malliavin derivatives (see Sect. 3 and formulae
(27) an ( )) of Z(t) and X*(t) respectively, with respect to the field
V=0,...,Vy),

Vi(t,§) = ¢s(&;)vs(t) = Vi(t, &;)- (14)
Here s € C*°(R) and ¢5 € C°(R\{0}) are non-negative functions such
that

Us(2) = {0 20 () = el (15

with k appearing in assumption (¢i¢) of Theorem 1, and
0 € (0,r] small enough.

e VXZ(t) is the derivative in probability of X* with respect to the initial
condition x,

e D;1(t) is the adjoint derivative operator calculated on the constant func-
tion 1, see Sect. 3, Lemma 3.

Remark 3. The fields Y (¢) and Y (¢,z) are not uniquely determined by the
BEL formulae. In particular the BEL formula for (Q;) holds with Y (¢) being
replaced by Y (t) +n(t), where n(t) is any zero-mean random variable which is
independent of Z¥(t). Note that the conditional expectations E (Y (t)|Z*(t))
and E (Y (¢t,2)|X*(t)) are uniquely determined. On the other hand, E|Y (¢)]
and E |Y (¢, 2)| may depend on the choice of the fields.

Estimate (10) implies new uniform gradient estimates
IVPifllae < Crt™ 5% [l t€(0.T], fEBRY.  (16)

Although (16) is quite general, it is not sharp in the relevant cylindrical a-
stable case with a € (0,2). In such case p = « and s is any real number
satisfying k > 1 + 5. Therefore we only get that for any € > 0 and T' < +o0
there is a constant C. r such that for any f € B,(R?),
IVPfllo < Cort™= [ fll, € (0,7T]. (17)
We will improve the previous estimate in Sect. 8 by considering ¢ = 0. To this
purpose we will also use the next remark.
Remark 4. Our main theorem provides also estimate (11) for E |Y (¢, z) — Y (¢)].
This can be useful. Indeed if for some specific Lévy processes Z; we have
E[Y(H)] <Crt™,  te(0.T] (18)
or even if E |E (Y ()| X7(t))] < Crt~" for some 71 such that
K3 ko1
e F LS
p 2 p 2
where  verifies our assumptions, then we can improve (10) and get, for ¢ €
(0,77,

E|Y (t,z) < Cpt™", t € (0,7). (19)
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By (19) one deduces
IVPflle < Crt™ " Il t€(0,T].

In particular when Z; are independent real a-stable processes, a € (0,2), we
will get in Sect. 8 the crucial estimate

E|Y(t)| < Cpt~=,  te(0,T] (20)
Combining (11) with (20) we deduce in the cylindrical a—stable case
E|Y(t,z)| < Cht™=,  te(0,T], (21)
(where C. is independent of x and ¢) and the sharp gradient estimate
IVPSloe < C1t™ flloc, € (0,T);

Remark 5. The time dependent case could be also considered. This is the case
when the drift b(z) is replaced by b(t,x) (assuming that b : [0,7] x R — R?
is Borel and verifies |b(t,z)| < C(1 + |z|), b(t,-) € C*(R%,RY) with all spatial
derivates bounded uniformly in ¢ € [0,77]). In such situation one deals with a
time dependent Markov semigroup (Ps:). Fixing s € [0,T") one could obtain a
formula for V(Py f)(z) with s <t < T, f € By(R?) which generalizes (4). The
strategy is basically the same as in this paper but the computations would be
much more involved.

As mentioned in the introduction a difficulty of the Proof of Theorem 1
is also to show that the Malliavin derivative of the solution D(X®(t)) in the
direction to a suitable random field V' is invertible and the inverse is inte-
grable with sufficiently large power. The idea (see the proof of our Lemma 5)
is to show that D(X*(t)) ~ DZ(t), where DZ(t), is a diagonal matrix with
the terms fot Jg Vj(s,&)IL;(ds, d;) on diagonal. Therefore the integrability of
(D(X*(t)))"" follows from the known fact, see Sect.5 that

—q

t g
E U /Vj(s,gj)nj(ds,dgj) <C(q.T)t™ %, Vge(l,+00).
0 R

On the other hand, several technical difficulties arise in proving the sharp
bounds for E Y (t) — Y (¢, z)| and E |Y (¢)].

Finally, we mention that an attempt to prove (4) has been done in [4] by
the martingale approach used in [21] (see, in particular, Lemma A.3 in [4]).
However the BEL formula in [4] does not seem to be correct, since there is a
gap in the proof, passing from formula (48) to (49) in page 1450 of [4], which
consists in an undue application of the chain rule. It seems that the compli-
cation here is substantial, and it is difficult to adapt directly the approach
used in [21] to the current setting, where because of singularity of the noise it
is hard to guarantee invertibility of the Malliavin derivative w.r.t. one vector
field. Exactly this crucial point is our reason to use a matrix-valued Malliavin
derivative of the solution w.r.t. a vector-valued field V = (V1,..., Vy).
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3. Malliavin calculus

In this section we adopt in a very direct way the classical concepts and results
of Bass and Cranston [3] and Norris [17] to the case of Z = (Z1,..., Z4)* being
a Lévy process in R? with independent coordinates Z;. For more information
on Malliavin calculus for jump processes we refer the reader to the book of
Ishikawa [12] (see also [2] and the references therein).

We assume that Z = (Zy,...,7Z4)" is defined on a probability space
(Q,F,P). By the Lévy-It6 decomposition

2= [ [ eMas.a),

where I1 is the Poisson random measure on F := [0, +00) x R? with intensity
measure dsu(df),

TI(ds, d€) := TI(ds, d€)xqje|<1y + (s, d€) X le[>1)
II(ds, d¢) := II(ds, d€) — dsp(dE).

Moreover, as the coordinates of Z are independent,

d
p(dg) = p15(dg),

5 (d€) = 0o(d&1) - .. dp(d€j—1)m;(d€;)d0(dEj+1) - - - Go(dEa),

where d¢ is the Dirac §-function, and m;(d¢;) is the Lévy measure of Z;. Note
that

(22)

d

T(ds,d¢) = > TI;(ds, ),

j=1

where II; are independent Poisson random measures each on [0, +00) x R? with
the intensity measure dsy; (we use the same symbol as for the one-dimensional
I1;(ds, d€) appearing in (3) when no confusion may arise).

Consider the filtration

Se =0 (I([0,s] xI): 0< s <t e BRY), t>0.

The Poisson random measure II can be treated as a random element in the
space Z (E) of integer-valued measures on (E, B) with the o-field G generated
by the family of functions

Zi(E)>v—rv(A)€{0,1,2,..., 400}, AeB.

Definition 1. Let p € (0,+00). We call a random variable ¥: @ — R an
LP-functional of II if there is a sequence of bounded measurable functions
¢n: Z+(E) — R such that

lim E |V — ¢, ()" = 0. (23)

n—-+oo
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A random variable ¥U: Q — R is called an L°-functional of II if, instead of
(23), the convergence in probability holds

on(D) Y . (24)

The space of all LP-functionals of IT is denoted by LP(II). Note that for

p > 1, LP(II) is a Banach space with the norm ||¥||z» ) = (E [T [P)1/P and for

€ (0,1), LP(II) is a Polish space with the metric pr»m)(®, V) = E|® — ¥|”.

Assume now that V = (V1,...,Vy): [0,+00) x R? — RY is a field given

by (14) and (15). The parameter 5 appearing in (15) will be specified later.

Define transformations Qf, e > 0 and k =1,...,d, Q: Z(E) — Z,(F) as
follows

Z Origi | = Z 0 &I +eVi (19,6 )er
J

J
where ey, k = 1,...,d, is the canonical basis of R?.
Now let ¥ € LO(IT). Write

QU = (B) — lim_n(QF(ID),

where ¢,,: Z4(FE) — R are such that (24) holds true. It follows from Lemma 2
below that Q7 ¥ is well defined, that is the limit exists and does not depend
on the particular choice of an approximation sequence (¢, ).

Definition 2. We call ¥ € LO(II), differentiable (with respect to the field
V =(V1,...,Vy)) if there exist limits in probability

Dk\If:(]P’)*hm (Qk( )=W), k=1,....d
Here D,V is the Malliavin derwatwe of U along the direction Vjey.

If ¥ € LO(I) is differentiable then we set
DU = (D\,..., Dy¥).

The proof of the following chain rule is standard and left to the reader.

Lemma 1. Assume that Vy,...,V,, are differentiable functionals of II. Then
for any f € CH(R™) the variable f (Vy,...,V,,) is differentiable and

Dif (Uy,..., 0 Zax (Uy,...,0,,) Dy, k=1,....d. (25)
J=1 J

dmk

Let pr = be the density of the Lévy measure my restricted to
(—r,m)\{0} CR. We extend artlﬁ(:lally pr putting pr(0) = 1. Given € € [—1, 1]
sufﬁmently small and k =1,...,d, define
(1+ e (n6)) 2Ongtad g e (—5.5)\ {0),

1 , otherwise,

)‘Z(ta gk) = {

AS(E &) = Np(t, &) — 1 — log A2 (£, £),
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and

ME(1) —exp{/ [ Jor i (s, 60T, de) - / [ A, 80 }

where py, is defined in (22) and
Iy (ds, d¢) := Ik (ds, d€) — dspun(d€).
Note that the set

{§k€( 3 2) &k + eVi(t, §k)—0}

is of Lebesgue measure zero.
We will need the following result (see e.g. [17] or [13]).

Lemma 2. The process M is a martingale and for all T > 0, and m € R,
E[M:(T)™ < 4oo. Let T € (0,+00). Then, under the probability dP* =
ME(T)dP, Q5 (II) restricted to [0,T) x R? is a Poisson random measure with
intensity pu(d€)ds.

The following lemma provides an integration by parts formula for the
derivative Dy. For the completeness we repeat some elements of a proof from
[17].

Lemma 3. For any 1 <q <2 andt € (0,+00), the random variable

' o2 (Vils,E)pr(&) =
_/0 /( rr)xRd—1 pk(fk) (d dé-) (26)

is q-integrable. Assume that p > 2 and that ® € LP(II) is differentiable and
§i-measurable. Then ED,® = E®D;1(t).

Proof. Note that the process Dj1(t) is well defined and g-integrable thanks
to (8) and (9). The integrability follows from the fact, see e.g. [1], Theorem
4.4.23, or [19], Lemma 8.22, that one has

E | Dy1( <CIE//M Oék Vi (s, &k)p (fk))

Pk (&k)
By Lemma 2 we have

dspy (&)

g oea) M) = 0.

Thus
0=E[Dy®M(t) + ®R(t)] = E[Dp® + ®R(t)],
where
d g
R(t) == =M (t)]e=o0-
Consequently, we need to show that D;1(t) = —R(t).
Since

Mk(ﬂ:exp{ | [ e xis.e0meas.ae) - [ /(M)XRdlAk(s,gk)u;C(df)ds},
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we have

(88, = 't d .
ro= [ [ 2 ey lemolles = [ AR 60)lemons(de)as.
Finally

Vi,
Ik

aer (Vil(s,&)p (§k))
pr(&k)

P1(Ek)

g, (56 Pr(&k)

Vk(57§k¢) =

d €
&Ak(sv §k)|e=0 =

4. Malliavin derivative of X?*

Let X®(t) = [X¥(t),...,X2%(t)]" € R? be the value of the solution at time ¢.
We use the convention that the vectors in R? are columns, and the derivatives
(gradients) are rows. Using the chain rule (see Lemma 1) it is easy to check that
each of its coordinate is a differentiable functional of II and the d x d-matrix
valued process DX*(t),

[DX*(8)]i; = D; X{ (1)
satisfies the following random ODE
dDX?(t) = Vb(X*(t))DX*(t)dt +dZY(t),  DX*(0)=0 (27)
(cf. Section 5 in [3]) where ZV (t) = [Zi‘;(t)}, t >0, is a d X d-matrix valued
process
zYi( // (5,011 (ds, d€) = D; Z;(t),  Z[,(t)=0 ifi#}.
(28)

Note that [, [V;(t,&)|m;(d§) < +oo thanks to (7), and therefore, the process
ZV is well defined and g¢-integrable for any ¢ € [1,+00). The integrability
follows from the so-called Kunita inequality (see [1]) and assumption (7). In
fact the Kunita inequality ensures that for ¢ > 2,

o Jr q <Cy l(/ot /R Vf(sfﬂdsm(fﬂd&)
+ /ot /R Vi(s,&;)dsp; (€j>d€j] .

Clearly we have:

q/2

Vi(s, &)1 (ds, d&;)

DZ(t) = Z"(t), t>0. (29)

Let VX?(t) be the derivative in probability of the solution with respect to the
initial value
0

VXD, = O,

X7 ().
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Note that, the process X* might not be integrable. However, as the noise is
additive and b has bounded derivatives, VX*(t) exists, it is p-integrable, for
any p > 1, and

AVX®(t) = VB(X®(t))VXT(H)dt,  VX®(0) = 1.

Since b has bounded derivatives, we have the next result in which || - || is the
operator norm on the space of real d x d-matrices.

Lemma 4. For allt > 0 and x € RY, VX?(t) is an invertible matriz. Moreover,
there is a constant C such that

IVXE (1) + [ (VX2(1) | < 0, ¥E>0, Ya e RY.
Moreover, there is a constant C, possibly depending on T, such that

IVX2() — || + [ (VX*@t) " —1I| <Ct, Vtelo,T], Vo e R

As a simple consequence of (27) and Lemma 4 we have
DX?(t) = VX*(t) /O t (VX%(s)) " dzY (s). (30)
Let
Mt | (X () 42 (s). (31)

Then DX (t) = VX?(t)M(t,z) and consequently the matrix valued process
A =[Ay ;(t,z)] given by (13) satisfies
A(t,z) = (DX“(t)) "' VX" (t) = (M(t,2)) . (32)

The proof of the following lemma is moved to the next section (Sect.5).

Lemma 5. Assume that the parameter d in (15) is small enough. Letp > 1. The
Malliavin matriz DX*(t) is invertible and p-integrable. Moreover, the matriz
valued process A = [Ay j(t,x)] given by (13) or (32) is differentiable and p-
integrable.

5. Proof of Lemma b

As before || - || denotes
the operator norm on the space of real d x d-matrices. Moreover for a
random d X d-matrix B we set

I1Bllz» = (E|BI")'?, p>1.

Lemma 6. (i) For anyt > 0, the matriz ZV (t) is invertible, P-a.s.. Moreover,
foranyp>1, T >0, there is a constant C = C(p,T) such that

1(Z2Y(®)  lw <Ct™5,  te(0,T).
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(ii) Assume that the parameter § in (15) is small enough (possibly depending
on the dimension d). Then the matriz M(t,x) is invertible, P-a.s.. Moreover,
for any p > 1 and any T > 0, there is a constant C = C(p,T) such that

At 2) = (2V(1) e <CEF e (0,T] (33)
where A(t,z) = (M(t,z))"".

Proof. The first part of the lemma follows from Corollary 1 from Sect. 7 below.
To show the second part note that

M(t,z) = ZV(t) + /t R(s,x)dZ" (s),
0

where R(t,z) := (VX*(t))"' — I is a random variable taking values in the
space of d x d matrices. Note that

(/RsdeV ) //R”sx (s, &)L (ds, d&;)

= | ¥ R0V 0260 |

0<s<t .
- 2]

with AZ(s) = Z(s)— Z(s—), where V (s, z) is a diagonal matrix, s > 0, z € RY,
such that

(‘7(572))11‘ =Vi(s,z), i=1,...,d.

Moreover, P-a.s., ZV(t) = D o<s<t V(s, AZ(s)) is convergent by (7) and it is
also invertible. We write

M(t,x) = <I+ /0 R(s,x)dZ" (s) (ZV(t))1> ZV(t). (34)

We would like to obtain, for 6 > 0 small enough, ¢ > 0,
-1

At xz) = (ZV () ™! (I—i—/o R(s,z)dZ" (s) (ZV(t))—l) . (35)
To this purpose we consider
Qt.a) = [ R(s.0)z" () (2" ()"

Recall that (e;) is the canonical basis of RY. We get for j = 1,...,d, P-as.,

Qt0)e; = 3 R0V (s 020 ( / [ vt dy,d@))l

0<s<t

= Y R(s,x)Vi(s, 02( (/ /V y, &)1 dy,d@))

0<s<t
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and so

t -1
Qta)es| < S IR, 2) | Vi (s, AZ;(s)) (/ / vj<y,aj>nj<dy7daj>)

0<s<t

t "t -1

<umincr1/2) [ [Viemanag) ([ [ vit.emasae))
= min (Ct,1/2), (36)
where C'is independent of z € R?, ¢t > 0 and w, P-a.s. Above we used the second
estimate of Lemma4; || R(s, z)|| < C's. We will need also that |Q(t,z)e;| < 1/2.
To this end we have to consider ¢ sufficiently small. In fact we require §C < 1/2.
Therefore, as ZV(t) is invertible, the matrix M(t,z) is invertible and

A(t,x) = (M(t,z))" satisfies (35). Moreover

+oo
Alta) = (2(0) "+ (270) " Y Dh@ea). (D)
n=1
Consequently, we have
|Ato) = V@) | <@V @) i
and (33) follows. The proof is complete. O

Remark 6 We note that in the previous proof it is important to have a term
like [7 R(s,2)dZY (s) (Z"(1))~" (cf. (34)). Such term can be estlmated in a

sharp way by min(Ct, 1/2). On the other hand, a term like (ZV (¢ fo
dZV (s) would be difficult to estimate in a sharp way (we can estlmate 1ts L2
norm by Ct~» * %) On this respect see also the computations in Sect. 6.2.

5.1. Proof of Lemma5
Since b has bounded derivatives of the first and second order, VX*(¢) and

(VX*(t))~" are differentiable and p-integrable. Next, thanks to (9), the matrix
valued process Z"V given by (28) is also differentiable, p-integrable, and

Dkak / /Vk 5,&p +eVi(s, &) i (ds, dék)|e=o
(38)

- A /[R¢§(S)¢5(§k)¢g(§k)nk(d8, dé).

Therefore, as
dDX?(t) = Vb(X*(t))DX*(t)dt +dZY(t),  DX*(0) =0,
b has bounded derivatives of the first and second order, and dZV (t) is p-
integrable and differentiable, we infer that DX®(¢) is p-integrable and differ-
entiable. Clearly VX*(t) is invertible. By Lemma 6, the matrix M (¢, x) given
by (31) is invertible, p-integrable and differentiable. Since, (cf. (30) and (31)),
M(t,z) = (VX7 (£)) " DX*(t)

and, by Lemma 6, A(t, x) := (M(t,z))” " is p-integrable, we infer that DX?(t)
is invertible, and (DX*(t))~" is p-integrable.
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We can show the differentiability of (DX*(¢)) ™" or equivalently of A(t, z)
in a standard way based on the observation that

Dy, (DX*(t)) " = — (DX*(t)) " (DyDX*(t)) (DX*())"'. O

6. Proof of Theorem 1

By Lemma5 the random field Y (¢, z) given by (12) is well defined and inte-
grable. By an approximation argument, see e.g. [21], Corollary 3.1 and its proof
given in Section 4.3, or [14], see also [18], Lemma 2.2 for gradient estimates, it
is enough to show that for any f € C}(R?) we have (4). To this end note that

VP f(x) = VE f(X*(t)) = EVf(X* (1)) VX" (t).
Since, by Lemma 1,
Df(X*(t)) = Vf(X*(t))DX*(¢),
and, by Lemma 5 the matrix DX*(¢) is invertible, we have

VP, f(z) = E(Df(X"(t)) DX"()] " VX%)
d
E (Df(X*(t) _Z Z E Dy, f(X* (1)) Ay (t, 2)e5,

where A(t,x) is given by (13) or equivalently by (32), and, as gradients are
row vectors, e is the transpose of e;. By the chain rule we have

Z Dr f(X*(1) Ak, ; (t,x) = Z {Dr [F(X*(1) Ak, ; (8, 2)] = F(X*(t)) DAk 5 (¢, @)} -
k=1 =
Hence, by Lemma 3, we have (4) with Y given by (12). The same arguments
can be applied to show the BEL formula for the Lévy semigroup.

The proof of (10) and (11) is more difficult, and it is divided into the
following two parts.

6.1. Lévy case
Assume that b = 0, that is X*(t) = Z*(t). Let us fix a time horizon T' < +o0.
We are proving estimate (10) for the process Y (t) corresponding to the pure

Lévy case.
We have, for j =1,...,d,

d
= [Ar;(OD;L(t) — DiAy,; (1),
k=1
where A(t) = [DZ(t)] " = [Zv(t)]f and ZV (t) is a diagonal matrix defined
n (28). Therefore
Di1(t) 1 Diut) | DiZj(t )
YOz T T 20 T @)
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where D71(t) and DjZ‘»’/A are given by (26) and (38), respectively. We have

1
E|Dj1(t) (2),0) "] < (B[Dj10) ) (E|ZV.(t)|’2)2.
By Lemma 6, there is a constant C such that E |Z]‘g( | < Clt . Next
there are constants Cy and C3 such that
5. )0 E) [
E|D;1()]° < 02/ / % i J) T pi(€)dg ds < Cst, (39)
j

where the last estimate follows from (8) and (9). Therefore there is a constant
(4 such that

E[D;1(0) (2),0) | <™, te (.1, (40)

Let us observe now that

D2, >|:' /0 /R G (3)05 (€)% (6,11, (ds, dg;)

: (/t/ V3 ()93 (6)11;(ds, dg;) )1/2 (/ /ws (#5(&5)) j(ds,d§j>>1/2
/ /% s (&5)IL,(ds, d&;) (/ /% (05(&5)) j(dS,dgj)>1/2;

here in the last inequality we have used an elementary inequality

IEE (z) ,

valid for any non-negative real numbers {x}. Thus

1D, Z2),()] < 2V, (¢ (/ /% ) (04(6,))? (ds,dfj))1/2. (41)

Therefore, by Lemma 6,

1/2
Dz | (s e vhe) (66 ds. )
(ZXJ'( ))2 fo f]R Vs (s)9s(&5)1L;(ds, dg;)

x (IE (/OtAw6(8)¢5(£j)nj(d8,d§j)> —2> 1/2 .

(42)

N

Note that [, (¢g(§j))2 m;(d;) < 4oo thanks to (9). Summing up, we can find
a constant C' such that

E|Y(t) < Ct 572, (43)
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which is the desired estimate. O

2. General case

Recall that M and A = M~! are given by (31) and (32), respectively. Let
T > 0. We prove first that (for § > 0 small enough) there is a constant ¢ such
that for ¢t € (0,77,

E|Dp1(t)Ag, (t,z)| < ct‘ﬁﬁ (44)
E ‘DZl(t)AkJ(t’x) - Did(t) (Z2V(1),

kj
By Lemma 6 there is a constant C' > 0 such that
At ) — (Z2V (1) e <Ct 54 t€(0,T], g > 1.

Therefore, (45) follows from (39) by using the Cauchy—Schwarz inequality.
Clearly (44) follows from (40) and (45).
It is much harder to evaluate L'-norm of the term

d d d
I(t,z) == > DAy (t,x) Z 2)(DeM(t, 7)) Alt, )], ;€5
j=1k=1 j=1k=
(46)
Recall that R(s,z) := (VX?(s))” " — I. Moreover,
¢
M(t,x) :ZV(t)+/ R(s,x)dZV (s)
0
is differentiable, p-integrable, and we have (see also (38)):
DpM(t,z) = D ZV () / R(s,z)dDyZ" (s) / Dy R(s,z)dZ" (s).
(47)

We have ||R(s,x)|| < Cys, s € [0,T], and that there are non-negative random
variables 7(s), integrable with an arbitrary power, such that, P-a.s., 0 < n(s) <
n(t),0<s<t<T,

3

HD;CR(S,:E)H < 77(5)7 ||77(5)||L2 < Cys2, s € [07T}7 (48>

where C5 is independent of s. Indeed, using that AVX*(t) = Vb(X*(t))VX*(t)
dt, VX7 (0) = I,

dR(t,z) = — [R(t, 2)VH(X® () + Vb(X* ()] dt,  R(0,z) =0,

Since Vb is bounded we have ||R(s,z)|| < Cys. After differentiation we obtain

dDyR(t,x) = — | DR R(t, 2)Vb(X™ (1)) + (R(t, z) + 1) Z ())De X2 (t)| d

Dy R(0,z) = 0.
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By (30), there is a constant Cj such that for all ¢t € [0,7], |DsX*(t)] <
Cs]|ZV (t)||. Therefore there is a constant Cy such that

t
IDuR(t )] < C [ [IDLRs. )]+ 12" (3)]] ds
and consequently
t
IDeR(t)| <n(t)i=Cs [ 112" (9)lds, te [0.7]
0

We will show that I(¢,z) is a proper perturbation of the already esti-
mated

d v d d
h(t):=Y" E)Z]VZJ(J)()Z =Y [ e oz a2 @)Y e
J=1 =1 k=1 7
(19)

The proof will be completed as soon as we can show there is a constant Cg
such that

E|I(t,z) — Io(t)| < Cst ¢ t2,  te(0,T]. (50)
This will imply that
E|I(t,z)| < E|I(t, ) — Io(t)] + E [Io(t)] < Crt 573, (51)

Collecting (44) and (51) will give the estimate for E |Y(¢, x)|
Let us prove (50). Recalling that A(t,z) = (M(t,z))~* we have to esti-
mate

IA(t, ) (DeM (t, 2)A(t, ) — (27 (£) (D 2" () (27 (8) || < Ty + Ja + Js,
where
= | A(t,2) (Ds Mt — (@)
Jz = [|A(t, 2) (D M(t, ) DkZV<t)) (ZV(t)” 1H,
Js = [[[A(t,2) = (Z2V ()1 De2Y () (Z2Y (1)1
We have
E[Js] < [[[A(t,2) = (2 () llze 1D Z2Y (1) (ZY (£)) 7| 22
Using (33) we infer
E[Js] < Cst™» * Y[ Dp 2V (1) (Z2V (1) 2
Since
DkZ,Zk(t)
ZXk(t)

)

1Dk ZY (1) (27 ()| = ‘

we can use (41) and get

E Doz (1) (2¥ (1) | <E( [/ ¢§<s><¢3<5k>>2nk<ds7dsk>)<cgt,
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see (9). Hence we have

E[Js] < Ciot™ 7 +3
We evaluate now Jy. By Lemma 6 we have
E[J2] < [|A(t, @)z |(DeM () — DpZ" (1)) (ZY (£)) |12
< Ct™o |(DRM(t,2) = DpZ" (1)) (ZY ()" 2
Next
(DeM(t, ) — DpZ" (1)) (2¥ (1))~

(/ R(s,z)dDyZY (s) / DyR(s,z)dZ" (s )) (ZV(t) ™

We will argue as in the proof of Lemma 6. Note that

(/ot R(S’x)deZV(S))U =0 ifj#k.

(52)

Recall that, for 6 small enough,

t
( / R(s,2)dDy 2" (s) ) / V2 (5) Run(s, / 65(64) B (€T (ds, dex)
0

= ( Z R(s,z)U(s, AZ(S))) )

0<s<t .
ik
where U(s, z) is a diagonal matrix, s > 0, z € R%, such that

(0(57 Z))m = Ui(sa Z) = wg(s)(bé(z;z)d)g(zz)v i=1,..., d.

Hence
| /Ot R(s,2)dDy 2" () (2 (1)) e

:‘ > R(s,2)U(s, AZ(s))ex (/t/Vk(y’fk)nk(dyvdfk))il‘

0<s<t
1
< ¥ IR0 A7) ([ [ Vit eman.ds)
0<s<t
Dy 2V, (t
< it Z Uk (s, AZk(s)) / /Vk Y, §k)nk(dy»d§k)) Lo ot k%’k(),
0<s<t Zy (1)
see (38). We deduce that
t
H/ Ris, D2 (5) (2" (1) | < Cut?.
0
Therefore, in order to estimate .Jo, it remains to consider
/ DyR(s,2)dZ" (s) (2" (1)) "' = > DiR(s,x)V(s, AZ(5)) (2" (£)) ",

0<s<t
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where V (s, z) is a diagonal matrix, s > 0, z € R? such that (V(s,2))s =
Vi(s, z;). Using the bound (48) we obtain, for j =1,...,d, P-a.s.,

‘/DkRsx)dZV()(ZV()) Yo,
< 3 IDkR(s,2)|| Vi(s, AZ;(s) // (r, &)1 drdfj)

0<s<t
<n(t).
It follows that
t
H/ DiR(s, 22" () (2V(0) || | < Cuatt.
0
Summing up we have
E[Jy) < Cyst ™5 3.
To treat J; we note that by Lemma 6 we have
-1
E[J1] < [|A(t, @) 2 [(De M (t, 2))[At, z) — (ZY(t)) ]2 (53)
_ K —1
< Ct7 7 [[((DeM(t, 2)[A(t, ) — (27 (1) L2

We write
|(Dx Mt 2))[A(t 2) — (2Y () |
= [[(DeM (£, 2)) (M (t,2)) M (t, 2)[A(t,x) — (2V(£) ]
< (DR M (t2) (M (t,2)) " | = Mt ) (27 (1) |l
The more difficult term is
(DM (1, 2)) (Mt )| = (DMt 2)) (2¥ (1) Z2Y ()M (1)
< [(DRM(E2)) (27 (8) 7 127 () (M () -
By (37) we have
ZV(t) (M(t, )" = ZV () A(t, x)

=27 ((27®) " + (2" ) Y -0rQ)")
+o0 "

=Y -n@ta)”
n=0

Hence, by (36),
1(2Y () (M(¢,2))| < Cr,
where C| is independent of z, ¢t € (0,7] and w, P-a.s.. The term
—1
(DM (8, 2)) (27(1) |
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can be treated as the first term in (52). Therefore we have
—1 ~ 1
I(DRM(8,2)) (2 (8) ™ N2z < Cat=.
Summing up we have
(DM (t,2))(M(t,2)) " |2 < Cst2, te (0,7
Since
¢
1T = M(t,z) (2 ()| = H/ R(s,2)dz" (s) (2" (1)) H < Ct,
0
where c3 is independent of z and w, P-a.s., we have
E[J)] < Cst™5+%,

and the proof is complete. O

7. An integrability result

Assume that M is a Poisson random measure on [0, +00) x R with intensity
measure détm(d€). Given a measurable h: R — [0, +00) let

o= | t | memas.ag)

Then for any 8 > 0,

Ee A/n® = exp {—t/ (1 - e*ﬁh(g)) m(d{)} .
R

Using the identity

1 +o0 1.8
y_q = 7/ ﬁq_ e ydﬁ7 Yy > 07
L'(q) Jo
we obtain
EJy(t)"7 = IR BIEe #rD4p
L'(q) Jo

_ ﬁ /0 T e {t /R (1- e ) m(df)} dg.

Using this method one can obtain (see Norris [17]) the following result.
Lemma 7. If for a certain p > 0,
liminfe?m{h > e} > 0,
£]l0

then
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Let ¢5 € C(R \ {0}) be given by (15). Assume that m(d{) satisfies
hypothesis (i7) of Theorem 1 and h = ¢5. Then

0 p )
im 1 ® > > limi * —— = € >
hrill%]nfs m{d)(g_s}_hr?lbnfe m{ﬁe [ 2,2] €] _6}

zliminfegm{gt ex <€ < 5}
|0

A=

=2
>liminfefmq&: e <[ < 0 > 0.
) - -2
Consequently, by Lemma 7 we have the following result:
Corollary 1. For any q > 1 there is a constant C = C(q,T) such that

EJs ()9 <Ct™ %,  te(0,T].

Moreover,

Hw@m:pém@mma<+m

8. Sharp estimates in the cylindrical a-stable case

Here we are concerned with rather general perturbation of a-stable case. In-
deed in such case we can improve the estimate on Y (¢) given in Sect. 6.1. This
estimate according to Remark4 leads to the sharp gradient estimates (6).

Below in (54) we will strengthen hypotheses (8) and (9). In Remark 7 we
clarify the validity of the new assumptions in the relevant cylindrical a-stable
case.

Lemma 8. Let a € (0,2). Suppose that all the assumptions of Theorem 1 hold
with p = a and for some k > 1+ a/2. Moreover, suppose that, for the same
H?

P\
: —2Kk+24a 2Kk J 2k—2
hfisolip e /|£|gu [|§\ (Pj(§)> Il ]pj(g)dg <o (54

and there exists p € (1,2) such that

/ p
iy wrore [ i |2 e ae < oo (55)
u—0+ u<|é|<r p;(€)
Then the following estimate holds for the R -valued process Y (cf. (43)) :
E|Y(#)|<Crt~=, te(0,T]. (56)

Remark 7. We provide a sufficient condition such that all the hypotheses of
Lemma 8 hold. To this purpose recall that p; is the C'-density of the Lévy
measure m; associated to the process Zj; such density exists on (—r,7)\{0},
r > 0 as in (iii) of Theorem 1.

Moreover, 1, (€) := |71~ denotes the density of the Lévy measure of a
symmetric one-dimensional a-stable process, « € (0,2).
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Assume that there is a positive constant ¢ such that, for £ € (—r,r)\{0},

(&) . )
P](f)’ <c (‘§| + 1) and c la(g) < pj(g) < Cla(f), (57)

j =1,...,d It is easy to check that (57) implies all the assumptions of
Lemma8 with arbitrary £ € (1 + /2,1 + «). Thus under condition (57) we
obtain (56) and the sharp gradient estimates (6).

Proof. To prove the result we can assume d = 1 so that Y7 = Y; II is the
associated Poisson random measure and we set my = p for the corresponding
Lévy measure having C1-density p; = p on (—r,7).

It is enough to show (56) for small ¢, say 0 < '/ Vvt < §/2 < 1, where
6 < r is small enough.

Note that ¢s(&) = |¢]* for |€| < §/2. Moreover, recall that ¢5(t) = 1 for
t<0/2. Letus fix k =1+ %a. We have
_ D*1(t) D 1 D*1(1) n DzV

V0 U202 2V )R

/t/ ¢g(§)p(§)+¢a(§)0’(§)ﬁ(ds de)
o) () o

DZY(t //(55 (IL(ds, dg),
ZVt—//(H) I1(ds, d¢).

We are showing that

Y(t)

We have

D*1(t) 1
IE' 40 ‘ < Oyt (58)
We concentrate on D*1(t):
100 — __ [ ¢5(8)p(E)+¢5()P"(€) 5 4
D*1(t)=11(t) + I2(t), I1(t)= //{wu<|g|<s} PG I(ds, d¢),
_ [ 95()P(E) +65(E)r"() 55 4.
¥ P o fi(ds, d6).

Concerning I1(t) we can improve some estimates of Sect. 6.1; using the
Holder inequality (because & is separated from 0): for the given p € (1,2) and
q:1/p+1/g =1 we have

E ’11(15) (ZV(t))_1’ <(E ‘Il(t”p)l/p (E |Zv(t)‘_q> 1/q

By Corollary 1, there is a constant C; such that E |Zv(t)|_q <Oyt~ a,
recall that p = a now. Since p € (1,2), there exists a positive constant ¢ such
that

t
E|Il(t)|p§c//
0 J{tl/e<|¢|<6}

P

p(&)dEds,

P5(&)p(€) + ¢ (€)' (€)
p(§)
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see e.g. Lemma 8.22 in [19]. Since ¢5(§) = [£|"5(€), it follows that for |£] < 6,
|95(6)| < Cslel.
We have by (55)

/{tl/“<\£|<5}

with some constant C3. Combined with the previous inequality, this gives

d):i(g)p(g)p—g&()bé(é)p/(g) pp(é—)dé- S Cs(tl/a)P(li—l)—a — CBtg('ifl)*l

E|I, ()" < ct - Cgta "=D=1 = cCgpa (D),
Therefore by the Holder inequality
E‘Il(t ) (2V (%) ’<C 5 (cCy) ptw (D) = Oyt % (59)

For I5(t), we proceed in a similar way. Namely, by the Cauchy inequality,
isometry formula, Lemma6 and using (54) we find

EIL0)(Z" ()
< (Bwmm)?)* (B12/()2)

1/2
' Q%S(f)p(g) + o5(6)p' (&) 2 B (60)
= </0 /{£<t1/a} < p(€) ) P(é)d§> t

1

1
< Gy (#1200 ) P i = Gt

=

2|

which completes the proof of (58). Now we are showing that

DZV(t)

< Cf a. 61
@2 = (o1

To this end note that

)¢5 (&)T(ds, dﬁ)‘

{6/2<(€l<4}

0
t
< 2(O)II(ds, d€) I1(ds. d
_[/ /{6/2<|a5\<5}¢(s > 5} [/ /Wklg‘q} 95(6))" TI(ds, de)
1I(ds, dg) II(ds, d€)
//{5/2<|€\<5} 5 d¢) / /{6/2<|§\<5}|¢(s | 5, d¢)

< 7% (1) / /{ BN CGIRICRk

1/2
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Hence, as the arguments from the derivation of (59) (recall that for |£] <
3, |95(8)] < Cs|€[F=1) we obtain

fo f{5/2<|g\<5}¢5(£)¢3(§)H(d3»d§ fo Jeirra <ie1<sy 10581 11(ds, d€)
(ZV (1)) - ZV(t)
< cCsC a8 = Cot ™.

Set

K ZV t —2 o 7d
//{5/2>|£|>t1/a} (€)¢s(£) I1(ds, dg)

and

H(t):=(ZV ()2 ds,d
/ /{ oy OGO T, de).

Since ¢5(&) = |€]7 if |¢] < §/2, we have

I{ V _2
(o) < 5 (2 / J AR (CICR T

5 (27 (1) / | sh@mias.ag
=x(Z2V (1)) 2% K/ /¢5 (ds, d¢) )l/zr
<k (ZV(t) e [/ /¢5 TI(ds df} =Kt a.

We are dealing now with H(t). Since

/t/ |95 (&) ¢s (§)T(ds, d€)
0 J{lg|<tt/}

<[/ whernasas) ([ [ shimias.ag v
0 J{lg|<tt/~}

14 ¢ \4 r—1
<2'o [ @I =z (t)/ / 67" T1(ds, d6),

{lgI<t1/o}
we have, arguing as in (60), using again (54),

Jo Jyeizeey €17 T(ds, d€)
ZV(t)

E|H(t)| < KE < Ciot =,

which finishes the proof of (61). O
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