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Global attractor for 3D Dirac equation with
nonlinear point interaction

Elena Kopylova

Abstract. We prove global attraction to stationary orbits for 3D Dirac
equation with concentrated nonlinearity. We show that each finite en-
ergy solution converges as t → ±∞ to the set of four-frequency “nonlin-
ear eigenfunctions”. The global attraction is caused by nonlinear energy
transfer from lower harmonics to the continuous spectrum and subsequent
dispersion radiation.
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1. Introduction

In the last decades equations with point interactions became an intensively
developing field of research, and this interest is driven by the possibility of in-
vestigating nonlinear problems in the context of solvable models. These equa-
tions are useful mathematical tool for modeling many phenomena in theoretical
physics, (see introduction in [11]).

The first rigorous mathematical results for equations with point interac-
tion were obtained since 1960 by F. Berezin, L. Faddeev, D. Yafaev, E. Zeidler
and others [6,16,37], and since 2000 by S. Albeverio, R. Høegh-Krohn, D.
Noja, D. Yafaev and others [2,4,5,32,38]. A comprehensive overview of the
results can be found in [3,15].

Our paper concerns 3D Dirac equation with nonlinear point interaction.
Namely, we consider the system governed by the following equations{

iψ̇(x, t) = Dmψ(x, t) − D−1
m ζ(t)δ(x)

lim
ε→0+

lim
x→0

Kε
m

(
ψ(x, t) − ζ(t)g(x)

)
= F (ζ(t))

∣∣∣∣∣ x ∈ R
3, t ∈ R. (1.1)

Here Dm is the Dirac operator Dm := −iα · ∇ + mβ, where m > 0, αk with
k = 1, 2, 3 and β are 4 × 4 Dirac matrices; ψ(x, t), ζ(t) are vector functions
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with values in C
4; g(x) is the Green function of the operator D2

m = −Δ + m2

in R
3,

g(x) :=
e−m|x|

4π|x| , (1.2)

and Kε
m = (−Δ + m2)−ε is a smoothing operator, defined as and Kε

m =
(−Δ + m2)−ε is a smoothing operator, defined as

(Kε
mψ)(x) =

1
(4π)3

∫
e−iξ·x ψ̂(ξ) dξ

(ξ2 + m2)ε
, ε ≥ 0,

where ψ̂(ξ) is the Fourier transform of ψ(x). Obviously, (Kε
mψ)(x) → ψ(x)

as ε → 0 in Hs(R3) for any ψ ∈ Hs(R3) and any s ∈ R. Hence, in the limit
ε → 0, the coupling in (1.1) formally depends on the value of ψ(x, t)−ζ(t)g(x)
at one point x = 0.

We assume that the nonlinearity Fj(ζ) = Fj(ζj), j = 1, . . . , 4, admits a
real-valued potential:

Fj(ζj) = ∂ζj
U(ζ), U(ζ) =

4∑
j=1

Uj(|ζj |) ∈ C2(C4), (1.3)

where ∂ζj
:= ∂U

∂ζj1
+ i ∂U

∂ζj2
with ζj1 := Re ζj and ζj2 := Im ζj , and

U(ζ) ≥ b|ζ|2 − a, for ζ ∈ C
4, where b > 0 and a ∈ R. (1.4)

The system (1.1) is U(1)-invariant; that is,

Fj(eiθζj) = eiθFj(ζj), j = 1, . . . , 4, ζj ∈ C, θ ∈ R. (1.5)

Our main results are as follows. First, for initial data of type

ψ(x, 0) = f(x) + ζ0g(x), f ∈ H
5
2+(R3) ⊗ C

4, ζ0 ∈ C
4, (1.6)

we prove a global well-posedness of the Cauchy problem for the system (1.1)
(Theorem 2.1 below).

Further, we show that the system admits four-frequencies stationary or-
bits (or solitary wave solutions) of the type

ψ(x, t) =
4∑

k=1

ψωk
(x)e−iωkt, ωk ∈ R, k = 1, . . . , 4. (1.7)

We obtain explicit formulas for the amplitudes ψωk
(x).

Finally, we prove that solitary waves form a global attractor in the case
when all polynomials Fj are strictly nonlinear [see. conditions (3.2)–(3.3)].
Namely, in this case any solution with initial data (1.6) converges to the set
S of all solitary wave solutions:

ψ(·, t) −→ S , t → ±∞, (1.8)

where the convergence holds in local L2- seminorms.
Let us comment on previous results on the attraction to the set of solitary

waves for nonlinear U(1)-invariant equations. The first results on asymptotic
stability of solitary waves for nonlinear Schrödinger equation were obtained in
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[8,35,36], and then developed in [9,12,23] and other papers. The asymptotic
stability means the asymptotics of type (1.8) for solutions with initial data
close to S. Such local attraction for equations with nonlinear point interaction
was proved in [2,7,23–25,31]. These models allow an efficient analysis of the
corresponding linearized dynamics.

Global attraction of type (1.8) to the set of all stationary orbits was
established

(i) in [20] for 1D Klein–Gordon equation coupled to nonlinear oscillator :

ψ̈(x, t) = (∂2
x − m2)ψ(x, t) + δ(x)F (ψ(0, t)); (1.9)

(ii) in [30] for 1D Dirac equations with more regular nonlinearity D−1
m δ(x)F

(ψ(0, t));
(iii) in [21,22] for nD Klein–Gordon and Dirac equations with nonlinearity of

type ρ(x)F (〈ψ, ρ〉);
(iv) in [26,27,29] for 3D wave and Klein–Gordon equations with concentrated

nonlinearity.
Global attraction of type (1.8) for 3D Dirac equation with nonlinear point
interaction was not considered previously.

Remark 1.1. The nonlinearity in (1.1) is more singular than the nonlinearities
considered in [26,27,30]. That’s why we introduced the smoothing operator
Kε

m. In Sect. C.3.1, we show that without the operator Kε
m, the limit as x → 0

in the second equation of (1.1) generally does not exist.

We note also that the 3D Schrödinger equation with concentrated non-
linearity was justified in [10] as a scaling limit of a regularized nonlinear
Schrödinger dynamics. We suppose that for the Dirac equation a justifica-
tion can be done by suitable modification of methods [10], but it still remains
an open question.

Let us comment on our approach. For the proof of global well-posedness
we develop the approach which was introduced in [26,32] in the context of the
Klein–Gordon and wave equations. First, we obtain some regularity properties
i) of solutions ϕg(x, t) to the free Dirac equation with initial function ζ0g(x),
and ii) of solutions ψS(x, t) to the Dirac equation with zero initial function and
with source D−1

m ζ(t)δ(x) (Lemma 2.2, and Propositions 2.4 and 2.5 ). We use
these regularity properties to prove the existence of a local solution to (1.1) of
the type

ψ(x, t) = ψfree(x, t) + ψS(x, t), ψfree = ψf + ϕg,

where ψf (x, t) is a solution to the free Dirac equation with initial function f(x).
We show that ζ(t) is a solution to a first-order nonlinear integro-differential
equation driven by ψfree(0, t). Then we prove that conditions (1.3)–(1.4) pro-
vide the conservation law (2.2). Finally, we use the conservation law to obtain
the global existence theorem.

Note that our system (1.1) gives a novel model of nonlinear point interac-
tion which provides a conservation law and a priori estimates. The introduced
smoothing operator Kε

m leads to justification of numerous limit permutation.
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We justify these limits by subtle arguments using properties of special func-
tions (generalized hypergeometric functions 1F2, modified Struve functions Lν ,
modified Bessel functions Iν and others) [14,33].

To prove the global attraction, we split ψ(x, t) as

ψ(x, t) = ψf (x, t) + ϕ+
g (x, t) + ψ−

S (x, t), ϕ+
g = ϕg + iD−1

m ζ0γ̇,

ψ−
S = ψS − iD−1

m ζ0γ̇,

where γ̇(x, t) is defined in (2.11). We show that ψf (·, t) and ϕ+
g (·, t) converge

to zero as t → ±∞ in local H1-seminorms. Hence, it remains to prove (1.8) for
ψ−

S (·, t) only. The proof relies on the study of the Fourier transform in time
ψ̃−

S (x, ω) and ζ̃(ω) and of their supports. First, we establish absolute conti-
nuity of the spectral density ζ̃(·) outside spectral gap [−m,m]. The absolute
continuity is a nonlinear version of Kato’s theorem on absence of embedded
eigenvalues in the context of the nonlinear system (1.1).

Then we prove the omega-limit compactness. This means that for each
sequence sk → ∞ there exists an infinite subsequence skl

→ ∞ such that the
functions ζ(t + skl

) converge to some function η(t) ∈ C
4 uniformly in |t| < T

for any T > 0. The absolute continuity of ζ̃(·) provides that the time-spectrum
of η̃(·) is contained in the spectral gap [−m,m]. The convergence of ζ(t + skl

)
implies the convergence of ψ−

S (x, t + skl
) to some function φS(x, t) in in the

topology of Cb([−T, T ], L2
loc(R

3)).
Further, we apply the Titchmarsh convolution theorem ([19, Theorem

4.3.3]) to conclude that the time-spectrum of each component ηj , j = 1, . . . 4, of
function η consists of a single frequency, η̃j(ω) = Cjδ(ω−ωj). The Titchmarsh
theorem controls the inflation of spectrum by the nonlinearity. Physically, these
arguments justify the following binary mechanism of energy radiation, which
is responsible for the attraction to solitary waves: (i) nonlinear energy transfer
from lower to higher harmonics, and (ii) subsequent dispersion decay caused by
energy radiation to infinity. We finish the proof using an integral representation
of φS(x, t) via η(t).

Remark 1.2. Our approach is also applicable for other interpretation of 3D
Dirac equation with concentrated nonlinearities. Namely, the source D−1

m ζ(t)δ
(x) in the first equation of (1.1) can be replaced by more singular delta-like
source ζ(t)δ(x). In this case, the function ψ(x, t) in the second equation of
(1.1) should be replaced by the function D−1

m ψ(x, t). For such a system, the
convergence (1.8) holds in local H−1-seminorms.

2. Global well-posedness

We fix a nonlinear function F : C
4 → C

4 and define the domain

DF = {ψ ∈ L2(R3) ⊗ C
4 : ψ(x) = ψreg(x) + ζg(x), ζ ∈ C

4,

ψreg ∈ H
3
2 −(R3) ⊗ C

4, ∃ lim
ε→0+

lim
x→0

Kε
mψreg(x) = F (ζ)},



NoDEA Global attractor for 3D Dirac equation Page 5 of 44 27

which generally is not a linear space. Note that the first equation of (1.1) can
be written in the other form

iψ̇(x, t) = DF
mψ(x, t), DF

mψ(x, t) := Dmψreg(x, t) (2.1)

(cf. equation (1.2) in [1], equation (7) in [2]).
Everywhere below we will write L2 and Hs instead of L2(R3) ⊗ C

4 and
Hs(R3) ⊗ C

4. Denote ‖ · ‖ = ‖ · ‖L2 . In this section we will prove the following
result.

Theorem 2.1. Let conditions (1.3) and (1.4) hold. Then

(i) For every initial function ψ(x, 0) = f(x) + ζ0g(x) ∈ DF with f ∈ H
5
2+

the equation (1.1) has a unique solution ψ(x, t) = ψreg(x, t) + ζ(t)g(x) ∈
C(R,DF ), such that ζ(t) ∈ C1[0,∞).

(ii) The following conservation law holds:

HF (ψ(·, t)) :=
1
2
‖Dmψreg(·, t)‖2 + U(ζ(t)) = const, t ∈ R. (2.2)

(iii) The following a priori bound holds:

|ζ(t)| ≤ C(ψ(·, 0)), t ∈ R. (2.3)

(iv) The map W : (f(·), ζ0) �→ (ψreg(·, ·), ζ(·)) is continuous H
5
2+ ⊕ C

4 →
C(R,H

3
2−) ⊕ (C1(R) ⊗ C

4).

Obviously, it suffices to prove Theorem 2.1 for t ≥ 0.
We split solutions to (1.1) as

ψ(x, t) = ψfree(x.t) + ψS(x, t) = ψf + ϕg + ψS(x, t), (2.4)

where ψf (x, t) and ϕg are the unique solutions to the free Dirac equation with
initial functions f and ζ0g:

iψ̇f (x, t) = Dmψf (x, t), ψf (x, 0) = f(x),
iϕ̇g(x, t) = Dmϕg(x, t), ϕg(x, 0) = ζ0g(x),

and ψS(x, t) is the solution to⎧⎪⎨
⎪⎩

iψ̇S(x, t) = DmψS(x, t) − D−1
m ζ(t)δ(x),

λ(t) + lim
ε→0+

lim
x→0

Kε
m

(
ϕg(x, t) + ψS(x, t) − ζ(t)g(x)

)
= F (ζ(t)),

ψS(x, 0) = 0, ζ(0) = ζ0.

(2.5)

Evidently,

ψf (·, t) ∈ Cb([0,∞),H
5
2+), ψ̇f (·, t) ∈ Cb([0,∞),H

3
2+). (2.6)

Hence,

λ(t) := ψf (0, t) ∈ C1
b [0,∞) ⊗ C

4. (2.7)

Moreover, the linear map f(·) → λ(·) is continuous H
5
2+ → C1

b [0,∞) ⊗ C
4

since

‖λ‖C1
b [0,∞)⊗C4 ≤ C(ε)‖f‖

H
5
2+ε , ε > 0. (2.8)
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Now the existence and uniqueness of the solution ψ(·, t) ∈ C([0,∞),DF of
the system (1.1) is equivalent to the existence and uniqueness of the solution
(ψS(·, t), ζ(t)) to (2.5) such that ψS(·, t) + ϕg(·, t) ∈ C([0,∞),DF ) and ζ ∈
C1[0,∞).

Let us obtain an explicit formula for ϕg(x, t). Note that the function

φ(x, t) := ϕg(x, t) − ζ0g(x) (2.9)

satisfies

iφ̇(x, t) = Dmφ(x, t) + D−1
m ζ0δ(x), φ(x, 0) = 0.

Hence,

φ(x, t) = (−i∂t − Dm)D−1
m ζ0γ(x, t) = −iD−1

m ζ0γ̇(x, t) − ζ0γ(x, t), (2.10)

where

γ(x, t) =
θ(t − |x|)

4π|x| − m

4π

∫ t

0

θ(s − |x|)J1(m
√

s2 − |x|2)√
s2 − |x|2 ds, (2.11)

is the solution to

γ̈(x, t) = (Δ − m2)γ(x, t) + δ(x), γ(x, 0) = 0, γ̇(x, 0) = 0. (2.12)

Here J1 is the Bessel function of the first order and θ is the Heaviside function.
Finally, (2.9) and (2.10) imply

ϕg(x, t) = ζ0g(x) − ζ0γ(x, t) − iD−1
m ζ0γ̇(x, t) = ϕ+

g (x, t) − iD−1
m ζ0γ̇(x, t),

(2.13)

where ϕ+
g (x, t) := ζ0(g(x) − γ(x, t)).

Lemma 2.2. For any t > 0 there exists

lim
ε→0+

lim
x→0

Kε
m(g(x) − γ(x, t)) = μ(t) := − m

4π
+

m

4π

∫ t

0

J1(ms)
s

ds. (2.14)

We prove this lemma in Sect. A. Note that the function μ(t) is continuous
for t > 0, and there exists

μ(0) = lim
t→0

μ(t) = − m

4π
.

Moreover,

μ(t) → 0, t → ∞, (2.15)

since
∫∞
0

J1(ms)
s ds = 1 by [33, Formula 10.22.43].

2.1. Reduction to integro-differential equation

Here we consider the first equation of (2.5) for ψS with some given function
ζ(t) ∈ C1[0,∞) ⊗ C4. We construct the solution and formulate its properties
which will be proved later. Further, we substitute the constructed solution into
the second equation of (2.5) and obtain an integro-differential equation for ζ.
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Lemma 2.3. Let ζ(t) ∈ C1[0,∞) ⊗ C4. Then the unique solution ψS(x, t) to
the Dirac equation

iψ̇S(x, t) = DmψS(x, t) − D−1
m ζ(t)δ(x), ψS(x, 0) = 0 (2.16)

is given by

ψS(x, t) := ϕS(x, t) + iD−1
m ζ0γ̇(x, t) + iD−1

m pS(x, t), ζ0 := ζ(0), (2.17)

where γ is defined in (2.11), and

ϕS(x, t) =
θ(t − |x|)

4π|x| ζ(t − |x|)

− m

4π

∫ t

0

θ(s − |x|)J1(m
√

s2 − |x|2)√
s2 − |x|2 ζ(t − s)ds, (2.18)

pS(x, t) =
θ(t − |x|)

4π|x| ζ̇(t − |x|)

− m

4π

∫ t

0

θ(s − |x|)J1(m
√

s2 − |x|2)√
s2 − |x|2 ζ̇(t − s)ds. (2.19)

Proof. It is easy to verify that the function ϕS(x, t) is the unique solution to
the Klein–Gordon with δ-like source

ϕ̈S(x, t) = (Δ − m2)ϕS(x, t) + ζ(t)δ(x), ϕS(x, 0) = 0, ϕ̇S(x, 0) = 0.
(2.20)

In the case m = 0 this is well-known formula [14, Section 175]. Hence,

ψS(x, t)=(i∂t + Dm)D−1
m ϕS(x, t)=ϕS(x, t) + iD−1

m ζ0γ̇(x, t) + iD−1
m pS(x, t).

(2.21)

�

In Sects. B and C , we justify the following limits

Proposition 2.4. For any ζ(t) ∈ C1[0,∞) ⊗ C
4 there exists

lim
ε→0+

lim
x→0

Kε
m (ϕS(x, t) − ζ(t)g(x))

=
1
4π

(
mζ(t) − ζ̇(t) − m

∫ t

0

J1(ms)
s

ζ(t − s)ds
)
, t > 0. (2.22)

Proposition 2.5. For any ζ(t) ∈ C1[0,∞) ⊗ C
4 there exists

lim
ε→0+

lim
x→0

Kε
mD−1

m pS(x, t) =
mβ

4π

(
ζ0

[
mt

∫ ∞

mt

J1(u)du

u
− J0(mt)

]

+ ζ(t) − m

∫ t

0

(∫ ∞

ms

J1(u)du

u

)
ζ(t − s)ds

)
, t > 0.

(2.23)
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Substituting these limits into the second equation of (2.5) and taking into
accunt (2.14), we obtain the equation for ζ(t):

λ(t) + ζ0μ(t) +
1
4π

(
mζ(t) − ζ̇(t) − m

∫ t

0

J1(ms)
s

ζ(t − s)ds

)

+
imβ

4π

(
ζ0

[
tm

∫ ∞

mt

J1(u)du

u
− J0(mt)

]
+ ζ(t)

−m

∫ t

0

(∫ ∞

ms

J1(u)du

u

)
ζ(t − s)ds

)
= F (ζ(t)), ζ(0) = ζ0. (2.24)

In the next two sections we will solve system (2.5) in reverse order: first we
solve the equation (2.24) for ζ(t) and then we solve the first equation of (2.21)
for ψS(x, t) with this ζ(t).

2.2. Local well-posedness

Here we prove the local well-posedness for the system (2.5). To do this, we
modify the nonlinearity F so that it becomes Lipschitz continuous. Define

Λ(ψ(0)) =
√

(HF (ψ(0)) + a)/b, (2.25)

where ψ(0) = ψ(·, 0) ∈ DF is the initial function from Theorem 2.1 and a,
b are constants from (1.4). Then we may pick a modified potential function
Ũ(ζ) ∈ C2(C4, R), so that

(i) the identity holds

Ũ(ζ) = U(ζ), |ζ| ≤ Λ(ψ(0)), (2.26)

(ii) Ũ(ζ) satisfies (1.4) with the same constant a, b as U(ζ) does:

Ũ(ζ) ≥ b|ζ|2 − a, ζ ∈ C
4, (2.27)

(iii) the functions F̃j(ζj) = ∂ζj
Ũ(ζ) are Lipschitz continuous:

|F̃j(ζj) − F̃j(ηj)| ≤ C|ζj − ηj |, ζj , ηj ∈ C. (2.28)

First, we establish local well-posedness for system (2.5) with the modified
nonlinearity F̃ .

Proposition 2.6. (Local well-posedness). Let the conditions (2.26)–(2.28) hold.
Then

(i) there exists a unique solution (ψS(x, t), ζ(t)) to (2.5) such that

ψ−
reg(·, t) := ψS(·, t) + ϕg(·, t) − ζ(t)g(·) ∈ C([0, τ ],H

3
2−), ζ ∈ C2[0, τ ] ⊗ C

4;

(ii) the map ζ(·) → ψ−
reg(·, ·) is continuous C2[0, τ ] ⊗ C

4 → C([0, τ ],H
3
2−).

Proof. (i) First, we solve integro-differential equation (2.24) with F̃ instead of
F :

λ(t) + ζ0μ(t) +
1
4π

(
mζ(t) − ζ̇(t) − m

∫ t

0

J1(ms)
s

ζ(t − s)ds

)
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+
imβ

4π

(
ζ0

[
tm

∫ ∞

mt

J1(u)du

u
− J0(mt)

]
+ ζ(t)

−m

∫ t

0

(∫ ∞

ms

J1(u)du

u

)
ζ(t − s)ds

)
= F̃ (ζ(t)), ζ(0) = ζ0, (2.29)

where λj , μ ∈ C1[0,∞) by (2.7), (2.14). The next lemma follows by standard
contraction mapping principle.

Lemma 2.7. Let conditions (2.26)–(2.28) be satisfied. Then
(i) for sufficiently small τ > 0 the Cauchy problem (2.29) has a unique so-

lution ζ ∈ C1[0, τ ] ⊗ C
4;

(ii) the map λj(·) → ζj(·) is continuous C1[0, τ ] → C2[0, τ ] for every j =
1, . . . , 4.

Now we define the function

ψS(x, t) := ϕS(x, t) + iD−1
m ζ0γ̇(x, t) + iD−1

m pS(x, t), t ∈ [0, τ ],

where ϕS(x, t) and pS(x, t) are given by (2.18) and (2.19) with ζ(t) the solution
to (2.29).

Let us show that (ψS(x, t), ζ(t) is the solution to (2.5). Indeed, ψS satisfies
the first equation of (2.5). Moreover, (2.14), (2.22) and (2.23) imply for t ∈
[0, τ ]

lim
ε→0+

lim
x→0

Kε
m

(
ψS(x, t) + ϕg(x, t) − ζ(t)g(x)

)

= ζ0μ(t) + lim
ε→0+

lim
x→0

Kε
m

(
ϕS(x, t) + iD−1

m pS(x, t) − ζ(t)g(x)
)

= ζ0μ(t) +
1
4π

(
mζ(t) − ζ̇(t) − m

∫ t

0

J1(ms)
s

ζ(t − s)ds

)

+
imβ

4π

(
ζ0

[
tm

∫ ∞

mt

J1(u)du

u
− J0(mt)

]
+ ζ(t)

−m

∫ t

0

(∫ ∞

ms

J1(u)du

u

)
ζ(t − s)ds

)
= F̃ (ζ(t)) − λ(t), (2.30)

since ζ(t) solves (2.29). Hence, the second equation of (2.5) with F̃ holds.
Let us prove the uniqueness of this solution. Suppose that (ψ̃S(·, t), ζ̃(t))

with ψS(·, t)+ϕg(·, t) ∈ C([0, τ ],DF̃ ) and ζ ∈ C1[0, τ ]⊗C
4 is another solution

to (2.5). Then ψ̃S(x, t) satisfies the first equation of (2.5) with the source
D−1

m ζ̃(t)δ(x) and is given by formulas (2.17)–(2.19) with ζ̃(t) instead of ζ(t).
Hence, Propositions 2.4 and 2.5 and the second equation of (2.5) imply that
ζ̃(t) solves the Cauchy problem (2.29). The uniqueness of the solution of (2.29)
implies that ζ̃(t) = ζ(t). Hence, ψ̃S = ψS .
It remains to show that the function

ψ−
reg(x, t) = ψS(x, t) + ϕg(x, t) − ζ(t)g(x)
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= ψ(x, t) − ψf (x, t) − ζ(t)g(x) = ψreg(x, t) − ψf (x, t)

satisfies

ψ−
reg(·, t) ∈ C([0, τ ],H

3
2−(R3)). (2.31)

Indeed, ψ−
reg(x, t) is a solution to

iψ̇−
reg(x, t) = Dmψ−

reg(x, t) − iζ̇(t)g(x) (2.32)

with zero initial data. Hence, ψ−
reg(x, t) = (−i∂t − Dm)w(x, t), where where

w(x, t) is the solution to

ẅ(x, t) = (Δ − m2)w(x, t) − iζ̇(t)g(x), w(x, 0) = 0, ẇ(x, 0) = 0.

Then, for (2.31) we need to show that

w(·, t) ∈ C([0, τ ], H
5
2 −ε(R3)), ẇ(·, t) ∈ C([0, τ ], H

3
2 −ε(R3)), for any ε > 0.

(2.33)

Applying the Fourier transform, we obtain

ŵ(ξ, t) = −i

∫ t

0

sin(s
√

ξ2 + m2)
(ξ2 + m2)

3
2

ζ̇(t − s)ds,

̂̇w(ξ, t) = −i

∫ t

0

cos(s
√

ξ2 + m2)
ξ2 + m2

ζ̇(t − s)ds.

Hence, integration by parts gives

(ξ2 + m2)
5
4− ε

2 ŵ(ξ, t) = −i

∫ t

0

sin(s
√

ξ2 + m2)
(ξ2 + m2)

1
4+ ε

2
ζ̇(t − s)ds

= i
( ζ̇(0) cos(s

√
ξ2 + m2)

(ξ2 + m2)
3
4+ ε

2

− ζ̇(t)
(ξ2 + m2)

3
4+ ε

2
−
∫ t

0

cos(s
√

ξ2 + m2)
(ξ2 + m2)

3
4+ ε

2
ζ̈(t − s)ds

)
,

where ζ̈ ∈ C[0, τ ] ⊗ C
4 by (2.7), (2.14) and (2.29). Therefore,

|(ξ2 + m2)
5
4− ε

2 ŵj(ξ, t)| ≤ C(1 + τ)‖ζj‖C2[0,τ ]

(ξ2 + m2)
3
4+ ε

2
, t ∈ [0, τ ], j = 1, . . . , 4.

Similarly,

|(ξ2 + m2)
3
4− ε

2 ̂̇wj(ξ, t)| ≤ C(1 + τ)‖ζj‖C2[0,τ ]

(ξ2 + m2)
3
4+ ε

2
, t ∈ [0, τ ], j = 1, . . . , 4.

Hence, (2.33) follows.
(ii) Evidently, the linear map ζ(·) → ψ−

reg(·, ·) is continuous C2[0, τ ] ⊗ C
4 →

C([0, τ ],H
3
2−). �

Corollary 2.8. It is obvious that (2.30) can be rewritten as

lim
ε→0+

lim
x→0

Kε
mψreg(x, t) = F̃ (ζ(t)), t ∈ [0, τ ]. (2.34)
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2.3. Conservation law and a priori bound

Now we prove the conservation law (2.2) on the interval [0, τ ].

Lemma 2.9. Let conditions (2.26)–(2.28) hold, and let ψ(t) ∈ DF̃ , t ∈ [0, τ ],
be a solution to (1.1). Then

HF̃ (ψ(·, t)) = ‖Dmψreg(·, t)‖2 + Ũ(ζ(t)) = const, t ∈ [0, τ ]. (2.35)

Proof. Equations (2.32) and (2.34) imply for any t ∈ (0, τ ]

lim
ε→0

d

dt
‖Kε

mDmψreg‖2

= lim
ε→0

[
〈Kε

mDmψ̇reg, Kε
mDmψreg〉 + 〈Kε

mDmψreg, Kε
mDmψ̇reg〉

]
= lim

ε→0

[
〈−iKε

mD2
mψreg − Kε

mDmζ̇g, Kε
mDmψreg〉

+〈Kε
mDmψreg, −iKε

mD2
mψreg − Kε

mDmζ̇g〉
]

= lim
ε→0

[
− 〈D2

mζ̇g, K2ε
m ψreg〉 − 〈K2ε

m ψreg, D2
mζ̇g〉

]
= lim

ε→0

[
− ζ̇ · 〈δ(x),K2ε

m ψreg〉 − ζ̇ · 〈K2ε
m ψreg, δ(x)〉

]
= −ζ̇ · F̃ (ζ) − ζ̇ · F̃ (ζ) = −2

d

dt
Ũ(ζ). (2.36)

Here the scalar product 〈Kε
mD2

mψreg,K
ε
mDmψreg〉 exists since Kε

mψreg(·, t) =
Kε

mψ−
reg(·, t) + Kε

mψf (·, t) ∈ C([0,∞),H3/2) for any ε > 0 due to (2.6) and
(2.31). Moreover, for any ν > 0 and ε ≥ 0

sup
t∈[0,τ ]

‖Kε
mDmψreg(·, t)‖H1/2−ν < ∞.

Hence, uniformly in t ∈ [0, τ ], we have

lim
ε→0

‖Kε
mDmψreg(t)‖ = ‖Dmψreg(t)‖.

Therefore,
d

dt
‖Dmψreg(·, t)‖2 =

d

dt
lim
ε→0

‖Kε
mDmψreg(·, t)‖2

= lim
ε→0

d

dt
‖Kε

mDmψreg(·, t)‖2 = −2
d

dt
Ũ(ζ), τ ∈ [0, τ ].

in the sense of distributions. Then (2.35) follows. �

Corollary 2.10. The following identity holds

Ũ(ζ(t)) = U(ζ(t)), t ∈ [0, τ ]. (2.37)

Proof. First note that

HF (ψ(0)) ≥ U(ζ0) ≥ b|ζ0|2 − a.

Therefore, |ζ0| ≤ Λ(ψ(0)) and then Ũ(ζ0) = U(ζ0), HF̃ (ψ(0)) = HF (ψ(0)).
Further,

HF̃ (ψ(t)) ≥ Ũ(ζ(t)) ≥ b|ζ(t)|2 − a, t ∈ [0, τ ].



27 Page 12 of 44 E. Kopylova NoDEA

Hence, (2.35) implies the a priory bound

|ζ(t)| ≤
√

(HF̃ (ψ(t)) + a)/b =
√

(HF̃ (ψ(0)) + a)/b

=
√

(HF (ψ(0)) + a)/b = Λ(ψ(0)), t ∈ [0, τ ]. (2.38)

Therefore, (2.37) follows by (2.26). �

2.4. Bootstrap argument

Identity (2.37) implies that we can replace F̃ by F in Proposition 2.6 and in
Lemma 2.9.
Now we can finish the proof of Theorem 2.1. The unique solution ψfree(x, t) to
the free Dirac equation with initial function f(x)+ ζ0g(x) exists for t ∈ [0,∞)
(see Formula (2.13)). At the same time, the solution ζ(t) to equation (2.24)
exists for 0 ≤ t ≤ τ , where the time span τ in Lemma 2.7 depends only on
Λ(ψ(0)). This solution defines the function ψS(x, t) by formulas (2.17)–(2.19)
so that (ψS(x, t), ζ(t) is the unique solution to the system (2.5) on the interval
[0, τ ]. The bound (2.38) at t = τ allows us to extend the solution ζ(t) to the
time interval [τ, 2τ ], and formulas (2.17)–(2.19) define ψS(x, t) on the interval
[0, 2τ ] then. We proceed by induction to obtain the solution for all t ≥ 0.

3. Solitary waves and main theorem

We assume that

U(ζ) =
4∑

j=1

Uj(ζj), where Uj(ζj) =
Nj∑

n=0

un,j |ζj |2n,

un,j ∈ R, uNj ,j > 0, Nj ≥ 2, j = 1, . . . , 4. (3.1)

This assumption guarantees the bound (1.4), and it is crucial in our argument:
it allow us to apply the Titchmarsh convolution theorem. Equality (3.1) implies
that

Fj(ζj) = ∂ζj
Uj(ζj) = aj(|ζj |2)ζj , j = 1, . . . , 4, (3.2)

where

aj(|ζj |2) :=
Nj∑

n=1

2nun,j |ζj |2n−2. (3.3)

Definition 3.1. (i) The solitary waves of equation (1.1) are solutions of the
form

ψ(x, t) =
∑

k

ψωk
(x)e−iωkt, ωk ∈ R, ωl �= ωj , l �= j, ψωk

∈ L2(R3),

(3.4)

where the sum has a finite number of terms.

(ii) The solitary manifold is the set: S =
{∑

k

ψωk
: ωk ∈ R, ωl �= ωj , l �= j

}
.
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Below we show that the number of nonzero terms in (3.4) does not exceed
4. From (3.2) it follows that the set S is invariant under multiplication by eiθ,
θ ∈ R. Note that there is a zero solitary wave, since F (0) = 0.
Now we derive more precise representation for solitary waves.

Proposition 3.2. Assume that F (ζ) satisfies (3.2). Then nonzero solitary waves
are given by

ψ(x, t) = φΩ(x, t) + iD−1
m φ̇Ω(x, t), (3.5)

where Ω = (ω1, . . . , ω4) with |ωj | < m,

φΩ(x, t) = (φω1(x)e−iω1t . . . , φω4(x)e−iω4t), (3.6)

φωj
(x) = Cj

e−
√

m2−ω2
j |x|

4π|x| , j = 1, . . . , 4, (3.7)

and Cj = Cj(ωj) ∈ R are solutions to

(m −
√

m2 − ω2
j )(1 + σj

m

ωj
) = 4πaj(|Cj |2), j = 1, . . . , 4 (3.8)

with

σj =
{

1, j = 1, 2,
−1, j = 3, 4.

(3.9)

Remark 3.3. In (3.5) some ωj may be identical in contrast to (3.4).

Proof. We look for a solution ψ(x, t) to (1.1) in the form (3.4):

ψ(x, t) =
∑

k

ψωk
(x)e−iωkt, where ωk < ωk+1. (3.10)

Consider the function

χ(x, t) := ψ(x, t) − iD−1
m ψ̇(x, t) =

∑
k

χωk
(x)e−iωkt, (3.11)

where

χωk
= ψωk

− ωkD−1
m ψωk

= D−1
m (Dm − ωk)ψωk

.

Hence,

ψωk
= Dm(Dm − ωk)−1χωk

= Dm(Dm + ωk)(D2
m − ω2

k)−1χωk

= χωk
+ (ω2

k + ωkDm)(D2
m − ω2

k)−1χωk
. (3.12)

Further, (3.11) implies that

Dmχ(x, t) = Dmψ(x, t) − iψ̇(x, t) = D−1
m ζ(t)δ(x)

by the first equation of (1.1). Hence,∑
k

e−iωktD2
mχωk

(x) = ζ(t)δ(x).

by (3.11). Therefore,

χωk
(x) = Ck

e−m|x|

4π|x| , ζ(t) =
∑

k

Cke−iωkt. (3.13)
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where Ck := (Ck1, . . . , Ck4). Now we derive the explicit formulas for ψωk
(x),

using (3.12) and (3.13) only. One has

(D2
m − ω2

k)−1 e−m|x|

4π|x| =
1

(2π)3

∫
R3

e−iξxd3ξ

(ξ2 + m2)(ξ2 + m2 − ω2
k)

=
1

(2π)3ω2
k

∫
R3

( e−iξx

ξ2 + m2 − ω2
k

− e−iξx

ξ2 + m2

)
d3ξ

=
1
ω2

k

(e−
√

m2−ω2
k|x|

4π|x| − e−m|x|

4π|x|
)
.

Moreover,

Dm(D2
m − ω2

k)−1 e−m|x|

4π|x| = D−1
m (D2

m − ω2
k)−1D2

m
e−m|x|

4π|x| = D−1
m (D2

m − ω2
k)−1δ(x)

= D−1
m

e−
√

m2−ω2
k|x|

4π|x| .

Substituting this into (3.12), we obtain by (3.13)

ψωk
(x) = ϕωk

(x) + ωkD−1
m ϕωk

(x), (3.14)

where we denote

ϕωk
(x) := Ck

e−
√

m2−ω2
k|x|

4π|x| .

Now we are able to find coefficients Ckj . The second equation of (1.1) together
with (3.4) and (3.14) imply

lim
ε→0+

lim
x→0

Kε
m

∑
k

e−iωkt
(
ϕωk

(x) + ωkD−1
m ϕωk

(x) − Ckg(x)
)

= lim
ε→0+

lim
x→0

Kε
m

∑
k

e−iωkt
(
ϕωk

(x) − Ckg(x) + ωkmβD−2
m ϕωk

(x)

− iωkα · ∇D−2
m ϕωk

(x)
)

= F (
∑

k

Cke−iωkt). (3.15)

Note, that

lim
ε→0+

lim
x→0

Kε
m

(
ϕωk(x) − Ckg(x)

)
= Ck lim

ε→0+
lim
x→0

Kε
m

(e−
√

m2−ω2
k|x|

4π|x| − e−m|x|

4π|x|
)

=
Ck

2π2

∫ ∞

0

( r2

r2 + m2 − ω2
k

− r2

r2 + m2

)
dr

=
Ck

2π2

∫ ∞

0

( m2

r2 + m2
− m2 − ω2

k

r2 + m2 − ω2
k

)
dr

=
Ck

4π
(m −

√
m2 − ω2

k). (3.16)

Similarly,

lim
ε→0+

lim
x→0

Kε
mD−2

m ϕωk
(x) =

Ck

2π2

∫ ∞

0

r2dr

(r2 + m2)(r2 + m2 − ω2
k)
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=
Ck

2π2ω2
k

∫ ∞

0

( m2

r2 + m2
− m2 − ω2

k

r2 + m2 − ω2
k

)
dr

=
Ck

4πω2
k

(
m −

√
m2 − ω2

k

)
. (3.17)

Moreover,

lim
ε→0+

lim
x→0

Kε
m∇nD−2

m ϕωk(x) =
Ck

(2π)3
lim

ε→0+

∫
R3

ξnξ2d3ξ

(ξ2 + m2 − ω2
k)(ξ2 + m2)1+ε

= 0,

n = 1, 2, 3. (3.18)

Substituting (3.16)–(3.18) into (3.15), we get

1
4π

∑
k

Ckje
−iωkt

(
m −

√
m2 − ω2

k + σj
m

ωk

(
m −

√
m2 − ω2

k

))

= aj(|
∑

k

Ckje
−iωkt|2)

∑
k

Ckje
−iωkt, j = 1, . . . , 4. (3.19)

Lemma 3.4. Let Ckj be solutions to (3.19). Then for each fixed j = 1, . . . , 4
only one of the coefficients Ckj is nonzero.

Proof. It suffices to consider the case j = 1 only. We should prove that
may be no more than one nonzero ck := Ck1. Assume, to the contrary,
that ck1 , ck2 , . . . , ckn

�= 0 with k1 < k2 < · · · < kn, where 2 ≤ n. Then
ωk1 < ωk2 < · · · < ωkn

by (3.10). Denote δl,p = ωkp
− ωkl

> 0, 1 ≤ l < p ≤ n.
Evidently, δ := δ1,n = max

1≤l<p≤n
δl,p. Then

|
∑

k

cke−iωkt|2 = a + beiδt + be−iδt +
∑

(l,p) �=(1,n)

(bl,pe
iδl,pt + bl,pe

−iδl,pt)

with some a > 0 and b �= 0. Hence, (3.3) implies

a1(|
∑

k

cke−iωkt|2) = dei(N1−1)δt + de−i(N1−1)δt + R,

where R consists of terms of the type Ceiσt with |σ| < (N1 − 1)δ. Note that
d �= 0 since a1 is a polynomial of degree N1 − 1 ≥ 1 due to (3.1) and (3.3).
Now the right hand side of (3.19) contains the terms e−i[ωk1 t−(Nj−1)δ]t and
e−i[ωkn t+(Nj−1)δ]t with nonzero coefficients, which are absent on the left hand
side. This contradiction proves the lemma. �

The lemma and formulas (3.4) and (3.14) imply

ψj(x, t) =
∑

k

ψωk,j(x) e−iωkt =
∑

k

ϕωk,j(x)e−iωkt +

(∑
k

D−1
m ωkϕωk,j(x) e−iωkt

)
j

= ϕωkj
,j(x) e−iωkj

t + (D−1
m π(x, t))j , j = 1, . . . , 4,

where

πj(x, t) = ωkj
ϕωkj

,j(x) e−iωkj
t.
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We can assume that kj = j. Then Ckjj = Cjj , ωkj
= ωj , and ϕωj ,j(x) = φωj

(x)
from (3.7) with Cj = Cjj . Then (3.5) follows. It remains to note that equation
(3.19) in the case when Cjk = 0 for k �= j is equation (3.8) for Cj = Cjj .
Proposition is completely proved. �

The following lemma gives a sufficient condition for the existence of
nonzero solitary waves.

Lemma 3.5. Let F satisfy (3.2)–(3.3) with Mj = −u1,j > 0, where j ∈{1; 2; 3; 4}.
Then there exists an open subset I(Mj) ⊂ (−m,m) such that for any ωj ∈
I(Mj) the jth equation of (3.8) has nonzero solutions Cj = Cj(ωj). Moreover,
I(Mj) = (−m,m) if Mj > m/(32π2).

We prove this lemma in Appendix D.
Now the solitary manifold S reads

S =
{
ΦΩ + D−1

m ΨΩ: Ω = (ω1, . . . , ω4) ∈ R
4
}

, (3.20)

where

ΦΩ(x) = (φω1(x), . . . , φω4(x)), ΨΩ(x) = (ω1φω1(x), . . . , ω4φω4(x)).

Our main result is the following theorem.

Theorem 3.6. Let (3.1) be satisfied, and let ψ(0) := ψ(x, 0) = f(x) + ζ0 with
f ∈ H

5
2+. Then the solution ψ(x, t) to (1.1) with initial function ψ(0) converges

to solitary manifold S in the space L2
loc(R

3):

lim
t→±∞ distL2

loc(R
3)(ψ(·, t),S ) = 0. (3.21)

It suffices to prove Theorem 3.6 for t → +∞.

4. Dispersive component

The following lemma states well known decay in local seminorms for the free
Dirac equation.

Lemma 4.1. (cf. [22, Proposition 4.3]) Let ψf (x, t) be a solution to the free
Dirac equation with initial function f ∈ H2(R3). Then ∀R > 0,

‖ψf (·, t)‖H2(BR) → 0, t → ∞, (4.1)

where BR is the ball of radius R.

Corollary 4.2. From (4.1) immediately follows that

λ(t) = ψf (0, t) → 0, t → ∞. (4.2)

Now consider

ϕ+
g (x, t) = ϕg(x, t) + iD−1

m ζ0γ̇(x, t) = ζ0(g(x) − γ(x, t)), (4.3)

where ϕg is the solution free Dirac equation with initial function ζ0g, given by
(2.13).
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Lemma 4.3. ϕ+
g (x, t) = ζ0(g(x) − γ(x, t)) decays in H2

loc seminorms. That is,
∀R > 0

‖ϕ+
g (·, t)‖H2(BR) → 0, t → ∞. (4.4)

Proof. According to (2.12) the function h(x, t) := γ(x, t)−g(x) is the solutions
to

ḧ(x, t) = (Δ − m2)h(x, t), (h(x, t), ḣ(x, t))|
t=0 = (−g, 0). (4.5)

Then (4.4) follows by Lemma 3.3 of [27]. �

In conclusion, let us show that

ϕg(·, t) ∈ Cb([0,∞), L2). (4.6)

Indeed, the energy conservation for equation (4.5) implies that

(h(·, t), ḣ(·, t)) ∈ Cb([0,∞), L2(R3) ⊕ H−1(R3)).

Hence,

(γ(·, t), γ̇(·, t)) = (h(·, t), ḣ(·, t)) + (g(·), 0) ∈ Cb([0,∞), L2(R3) ⊕ H−1(R3)).

Then (4.6) follows by (4.3).

5. Complex Fourier–Laplace transform

The conservation low (2.2) and a priory bound (2.3) imply that ψ(·, t) ∈
Cb([0,∞), L2). Hence, (4.6) implies

ψS(·, t) = ψ(·, t) − ψf (·, t) − ϕg(·, t) ∈ Cb([0,∞), L2). (5.1)

Let us analyze the Fourier–Laplace transform of ψS(x, t):

ψ̃S(x, ω) = Ft→ω[θ(t)ψS(x, t)] :=
∫ ∞

0

eiωtψS(x, t) dt, ω ∈ C
+, x ∈ R

3,

(5.2)

where C
+ := {z ∈ C : Im z > 0}. Note that ψ̃S(·, ω) is an L2-valued analytic

function of ω ∈ C
+ due to (5.1). Equation (2.16) implies that

− ωψ̃S(x, ω) = Dmψ̃S(x, ω) − D−1
m ζ̃(ω)δ(x), ω ∈ C

+, x ∈ R
3, (5.3)

where ζ̃(ω) is the Fourier–Laplace transform of ζ(t):

ζ̃(ω) = Ft→ω[θ(t)ζ(t)] =
∫ ∞

0

eiωtζ(t) dt.

Applying the Fourier transform to (5.3), we get

̂̃
ψS(ξ, ω) =

(α · ξ + mβ)ζ̃(ω)

(α · ξ + mβ + ω)(ξ2 + m2)
=

( 1

ξ2 + m2
− ω

(α · ξ + mβ + ω)(ξ2 + m2)

)
ζ̃(ω)

=
( 1

ξ2 + m2
+

ω2

(ξ2 + m2 − ω2)(ξ2 + m2)
− ω(α · ξ + mβ)

(ξ2 + m2 − ω2)(ξ2 + m2)

)
ζ̃(ω)

=
( 1

ξ2 + m2 − ω2
+

α · ξ + mβ

ω

( 1

ξ2 + m2
− 1

ξ2 + m2 − ω2

))
ζ̃(ω),

ξ ∈ R
3
, ω ∈ C

+
. (5.4)
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Denote

κ(ω) =
√

ω2 − m2, Im κ(ω) > 0, ω ∈ C
+. (5.5)

The function κ(ω) is analytic on C
+, and ψ̃S(x, ω) is given by

ψ̃S(x, ω) = V (x, ω)ζ̃(ω), where

V (x, ω) =
eiκ(ω)|x|

4π|x| +
1
ω

Dm

(e−m|x|

4π|x| − eiκ(ω)|x|

4π|x|
)
, ω ∈ C

+. (5.6)

We then have, formally, for any ε > 0,

ψS(x, t) =
1
2π

∫
Im ω=ε

e−iωtV (x, ω)ζ̃(ω) dω

=
1
2π

∫
R

e−iωtV (x, ω + i0)ζ̃(ω + i0) dω = F−1
ω→t

[
V (x, ω)ζ̃(ω)

]
.

(5.7)

We will justify this identities in the next section.

6. Traces on the real line

By (5.1) the Fourier transform ψ̃S(·, ω) = Ft→ω[θ(t)ψS(·, t)] is a tempered L2-
valued distribution of ω ∈ R. It is the boundary value of the analytic function
(5.2) in the following sense:

ψ̃S(·, ω) = lim
ε→0+

ψ̃S(·, ω + iε), ω ∈ R, (6.1)

where the convergence holds in S ′(R, L2). Indeed,

ψ̃S(·, ω + iε) = Ft→ω[θ(t)ψS(·, t)e−εt],

while θ(t)ψS(·, t)e−εt −→
ε→0+

θ(t)ψS(·, t) in S ′(R, L2). Therefore, (6.1) holds by

the continuity of the Fourier transform Ft→ω in S ′(R).
Similarly to (6.1), the distribution ζ̃(ω), ω ∈ R, is the boundary value of

analytic in C
+ function ζ̃(ω):

ζ̃(ω) = lim
ε→0+

ζ̃(ω + iε), ω ∈ R, (6.2)

since the function θ(t)ζ(t) is bounded. The convergence holds in the space of
tempered distributions S ′(R).

Let us justify that the representation (5.6) for ψ̃S(x, ω) is also valid when
ω ∈ R\{−m;m}. Namely,

Lemma 6.1. V (x, ω) is a smooth function of ω ∈ R\{−m;m} for any fixed
x ∈ R

3\{0}, and the identity

ψ̃S(x, ω) = V (x, ω)ζ̃(ω), ω ∈ R\{−m;m} (6.3)

holds in the sense of distributions.

Proof. This lemma follows from (6.1) and (6.2) by the smoothness of V (x, ω)
for ω �= ±m. �
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7. Absolutely continuous spectrum

Here we prove that the distribution ζ̃(ω) = ζ̃(ω + i0) is absolutely continuous
for real |ω| > m.

Proposition 7.1. (cf. [21, Proposition 2.3]) ζ̃(ω) ∈ L2
loc(R\[−m,m]) ⊗ C

4.

Proof. We need to prove that∫
I

|ζ̃(ω)|2 dω < ∞ (7.1)

for any compact interval I such that I ∩ [−m,m] = ∅. The Parseval identity
applied to

ψ̃S(x, ω + iε) =
∫ ∞

0

ψS(x, t)eiωt−εt dt, ε > 0,

gives ∫
R

‖ψ̃S(·, ω + iε)‖2
L2 dω = 2π

∫ ∞

0

‖ψS(·, t)‖2
L2 e−2εt dt. (7.2)

The right-hand side of (7.2) does not exceed C0/ε, with some C0 > 0, since
supt≥0 ‖ψS(·, t)‖L2 < ∞ by (5.1). Taking into account (5.6), we obtain∫

R

|ζ̃(ω + iε)|2∥∥V (·, ω + iε)
ζ̃(ω + iε)

|ζ̃(ω + iε)|
∥∥2

L2 dω ≤ C0

ε
, (7.3)

since for any ε > 0 the set of zeros of analytic function ζ̃(ω + iε) has measure
zero.

Lemma 7.2. There exists CI such that∥∥V (·, ω + iε)
ζ̃(ω + iε)

|ζ̃(ω + iε)|
∥∥2

L2 ≥ CI

ε
, ω ∈ I, 0 < ε ≤ |I|/2. (7.4)

Proof. For concreteness, we will consider the case I ⊂ (m,+∞). Due to the
middle line of (5.4), V̂ (ξ, ω) = V̂1(ξ) − V̂2(ξ, ω), where

V̂1(ξ) =
1

ξ2 + m2
, V̂2(ξ, ω) =

ω(α · ξ + mβ − ω)
(ξ2 + m2 − ω2)(ξ2 + m2)

.

One has ∥∥V1(·) ζ̃(ω + iε)

|ζ̃(ω + iε)|
∥∥2

L2 =
1

(2π)3
∥∥V̂1(·) ζ̃(ω + iε)

|ζ̃(ω + iε)|
∥∥2

L2

=
1
4π

∫ ∞

0

ρ2 dρ

(ρ2 + m2)2
= Const.

Hence it suffices to prove (7.4) for V2 only.
Denote by Π±(ξ) orthogonal projections onto the eigenspaces of the operator
D̂m(ξ) = α · ξ + βm corresponding to the eigenvalues ±

√
ξ2 + m2:

Π±(ξ) :=
1
2

(
1 ± D̂m(ξ)√

ξ2 + m2

)
. (7.5)
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Denote by e±(ξ, ω) = Π±(ξ) ζ̃(ω)

|ζ̃(ω)| the eigenvectors of the operator α·ξ+βm−ω.

Then the function V̂2(ξ, ω) ζ̃(ω)

|ζ̃(ω)
for ω ∈ C

+ can be expressed as

V̂2(ξ, ω)
ζ̃(ω)

|ζ̃(ω)|
= ω

(−ω +
√

ξ2 + m2)e+(ξ, ω) + (−ω −
√

ξ2 + m2)e−(ξ, ω)
(ξ2 + m2 − ω2)(ξ2 + m2)

=
ω e+(ξ, ω)

(
√

ξ2 + m2 + ω)(ξ2 + m2)
− ω e−(ξ, ω)

(
√

ξ2 + m2 − ω)(ξ2 + m2)
.

Using the mutual orthogonality of e+ and e− with respect to the L2-product,
we obtain for ω ∈ C

+

∥∥V2(·, ω)
ζ̃(ω)

|ζ̃(ω)|
∥∥2

L2 =
|ω|2

(2π)3

∫ ( |e+(ξ, ω)|2
|
√

ξ2 + m2 + ω|2(ξ2 + m2)2

+
|e−(ξ, ω)|2

|
√

ξ2 + m2 − ω|2(ξ2 + m2)2

)
dξ.

Hence, for ω ∈ I ⊂ (m,∞) and ε > 0, we have

∥∥ V2(·, ω + iε)
ζ̃(ω + iε)

|ζ̃(ω + iε)|
∥∥2

L2

≥ m2

(2π)3

∫ ∞

0

(∫
|ξ|=ρ

|e−(ξ, ω + iε)|2
((
√

ξ2 + m2 − ω)2 + ε2)(ξ2 + m2)2
dS

)
dρ

≥ m2

(2π)3

∫
I

Q(ω + iε, r) dr

((r − ω)2 + ε2)r3
√

r2 − m2
, (7.6)

where

r =
√

ρ2 + m2, and Q(ω + iε, r) :=

∫
|ξ|=√

r2−m2
|e−(ξ, ω + iε)|2dS, r > m.

Let us prove that q(I) := inf
ε>0

inf
r,ω′∈I

|Q(ω′ + iε, r)| > 0. By (7.5),

e−(ξ, ω′ + iε) =
1
2

(
1 − α · ξ + mβ√

ξ2 + m2

) ζ̃(ω′ + iε)

|ζ̃(ω′ + iε)|

=
1
2r

(r − α · ξ − mβ)
ζ̃(ω′ + iε)

|ζ̃(ω′ + iε)|
, |ξ| =

√
r2 − m2.

The unit sphere S1 and the interval I are compact sets. Hence, it suffices to
show that for any vector w ∈ S1 and any r ∈ I there exists ξ ∈ S√

r2−m2 such
that

(r − α · ξ − mβ)w �= 0.

Indeed, suppose that (r − α · ξ − mβ)w = 0 for some ξ ∈ S√
r2−m2 . Then,

(α · ξ)w = (r − mβ)w, and for ξ̌ = −ξ we have

(r − α · ξ̌ − mβ)w = (r − mβ)w − (α · ξ̌)w
= (r − mβ)w + (α · ξ)w = 2(r − mβ)w �= 0
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because of the nondegeneracy of the matrix r − mβ for r > m.
Now, (7.6) implies for any ε ∈ (0, |I|/2)

∥∥V2(·, ω + iε)
ζ̃(ω + iε)

|ζ̃(ω + iε)|
∥∥2

L2 ≥ m2q(I)
(2π)3

∫
I

dr

((r − ω)2 + ε2)r3
√

r2 − m2

≥ CI

∫
I∩[ω−ε,ω+ε]

dr

2ε2
≥ CI

ε
.

The last inequality is due to |I ∩ [ω − ε, ω + ε]| ≥ ε, which follows from ω ∈ I
and ε < |I|/2. �

Substituting (7.4) into (7.3), we obtain∫
I

|ζ̃(ω + iε)|2 dω < C0/CI , ε ∈ (0, |I|/2). (7.7)

We conclude that the set of functions gε(ω) = ζ̃(ω + iε), 0 < ε ≤ εI defined
for ω ∈ I, is bounded in the Hilbert space L2(I), and, by the Banach The-
orem, is weakly compact. The convergence of the distributions (6.2) implies
the weak convergence gε −−⇀

ε→0+
g in the Hilbert space L2(I). The limit function

g(ω) coincides with the distribution ζ̃(ω) restricted onto I. This proves the
bound (7.1) and finishes the proof of the proposition. �

8. Omega-limit compactness

Lemma 8.1. For any sequence sk → ∞ there exists an infinite subsequence
(which we also denote by sk) such that

ζ(t + sk) → η(t), k → ∞, t ∈ R, (8.1)

where η(t) is some function from Cb(R) ⊗ C
4. The convergence is uniform on

[−T, T ] for any T > 0. Moreover, η(t) is the solution to

−η̇(t) + mη(t) − m

∫ ∞

0

J1(ms)
s

η(t − s)ds

+ imβ
(
η(t) − m

∫ ∞

0

(∫ ∞

ms

J1(mu)
u

du
)
η(t − s)ds

)
= 4πF (η(t)), t ∈ R.

(8.2)

Proof. Theorem 2.1-iii), bound (2.8) and equation (2.24) imply that ζ ∈
C1

b (R)⊗C
4. Then (8.1) follows from the Arzelá-Ascoli theorem. Further, using

the asymptotics of Bessel function [33, Formula 10.7.8], we obtain

J0(mt) → 0, t

∫ ∞

mt

J1(u)du

u

= t

∫ ∞

mt

(cos(u − 3π/4)
u3/2

+ O(u−5/2)
)
du → 0, t → ∞.

Moreover, for any t ∈ R∫ t+sk

0

J1(ms)
s

ζ(t + sk − s)ds →
∫ ∞

0

J1(ms)
s

η(t − s)ds, k → ∞,
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∫ t+sk

0

(∫ ∞

ms

J1(mu)
u

du
)
ζ(t + sk − s)ds

→
∫ ∞

0

(∫ ∞

ms

J1(mu)
u

)
η(t − s)ds, j → ∞

by the Lebesgue dominated convergence theorem. Then equation (2.24) for
ζ(t) together with (2.15) and (4.2) implies (8.2). �
Corollary 8.2. The distributions η̃j(ω), j = 1, . . . 4, belongs to the space of
quasimeasures which are defined as functions with bounded continuous Fourier
transform.

Lemma 8.3. supp η̃ ⊂ [−m,m].

Proof. Due to (8.1) and the continuity of the Fourier transform in S ′(R), we
have

χ(ω)ζ̃(ω)e−iωsk
S ′
−→χ(ω)η(ω), k → ∞.

for any χ ∈ C∞
0 (R) such that suppχ ∩ [−m,m] = ∅. The products χ(ω)ζ̃(ω)

are absolutely continuous measures since ζ̃(ω) is locally L2 for ω ∈ R\[−m,m]
by Proposition 7.1. Then η(ω) = 0 for ω /∈ [−m,m] by the Riemann–Lebesgue
Theorem. �

9. Spectral inclusion and the Titchmarsh theorem

Here we will prove the following identity

ηj(t) = Cje
−iω+

j t, t ∈ R, ω+
j ∈ [−m,m], j = 1, . . . , 4. (9.1)

We start with an investigation of supp F̃j(ηj).

Lemma 9.1. The following spectral inclusion holds:

supp F̃j(ηj) ⊂ supp η̃j . (9.2)

Proof. Applying the Fourier transform to (8.2), we get by the theory of
quasimeasures (see [20]) that

4πF̃j(ηj)(ω) =
(
iω + m − mP̃ (ω) + imσj(1 − mQ̃(ω))

)
η̃j(ω), j = 1, . . . , 4.

(9.3)

where σj is defined in (3.9), P̃ (ω) and Q̃(ω) are the Fourier transforms of the
functions P (t) = θ(t)J1(mt)

t and Q(t) = θ(t)
∫∞

mt
J1(mu)

u du. Note that P (t) and
Q(t) belong to L1(R). Therefore, the multiplication by P̃ (ω) and Q̃(ω) is well-
defined in the sense of quasimeasures (see Appendix B of [20]). Finally, (9.3)
implies (9.2). �

The second step is the following lemma

Lemma 9.2. For any omega-limit trajectory ηj(t) one has

|ηj(t)| = const, t ∈ R. (9.4)
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Proof. The assumption (3.2) implies that the function Fj(ηj(t)), j = 1, . . . , 4
admits the representation

Fj(ηj(t)) = aj(ηj(t))ηj(t), (9.5)

where, according to (3.3)

aj(ηj) =
Nj∑

n=1

2nun,j |ηj |2n−2. (9.6)

The functions ηj(t) and aj(ηj(t)) are bounded continuous functions in R

by Lemma 8.1. Hence, ηj(t) and aj(ηj(t)) are tempered distributions. More-
over, supp η̃j ⊂ [−m,m] and supp η̃j ⊂ [−m,m] according to Lemma 8.3.

Hence, ãj(ηj) also has a bounded support. Denote Fj = supp F̃j(ηj), Aj =

supp ãj(ηj), Zj = supp η̃j . Then the spectral inclusion (9.2) gives

Fj ⊂ Zj .

On the other hand, applying the Titchmarsh convolution theorem [19, Theo-
rem 4.3.3] to (9.5), we obtain

inf Fj = inf Aj + inf Zj , sup Fj = sup Aj + sup Zj .

Hence, inf Aj = sup Aj = 0, and then Aj ⊂ {0}. Thus, we conclude that

supp ãj(ηj) = Aj ⊂ {0}, and therefore the distribution ãj(ηj)(ω) is a finite
linear combination of δ(ω) and it’s derivatives. Then ak(ηj(t)) is a polynomial
in t. By Lemma 8.1, aj(ηj(t)) is bounded then we conclude that aj(ηj(t)) =
const. Finally, (9.4) follows since aj(ηj(t)) is a polynomial in ηj(t), and its
degree 2N − 2 ≥ 2 by (3.1) and (9.6). �

Now (9.4) means that ηj(t)ηj(t) ≡ C = const, and then η̃j ∗ η̃j =
2πCδ(ω − ω+

j ). Hence, if ηj is not identically zero, the Titchmarsh theorem
implies that Zj = ωj ∈ [−m,m]. Indeed,

0 = sup Zj + sup (−Z)j = sup Zj − inf Zj ,

and hence inf Zj = sup Zj . Therefore, η̃j is a finite linear combination of
δ(ω−ω+

j ) and its derivatives. But the derivatives could not be present because
of the boundedness of ηj(t). Thus η̃j ∼ δ(ω − ω+

j ), which implies (9.1).

10. Convergence of singular component

Denote

ψ−
S (x, t) = ψS(x, t) − iD−1

m ζ0γ̇(x, t) = ϕS(x, t) + iD−1
m pS(x, t), (10.1)

where ϕS(x, t) and pS(x, t) are defined in (2.18) and (2.19). Here we prove
that ψ−

S (x, t) converges to some solitary wave.
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Lemma 10.1. The convergence holds

ψ−
S (·, t + sj) → φΩ+(·, t) + iD−1

m φ̇Ω+(·, t), j → ∞ (10.2)

in the topology of Cb([−T, T ], L2
loc(R

3)) for any T > 0. Here

φΩ+,j(x, t) = φω+
j
(x)e−iω+

j t = Cj
e
−
√

m2−(ω+
j )2|x|

4π|x| e−iω+
j t, j = 1, . . . , 4.

Proof. Definition (2.18) of ϕS(x, t), Lemma 8.1 and identity (9.1) imply that
for any x �= 0

ϕS,j(x, t + sk) → Cje−iω+
j
(t−|x|)

4π|x| − mCj

4π

∫ ∞

0

θ(s − |x|)J1(m
√

s2 − |x|2)√
s2 − |x|2 e−iω+

j
(t−s)ds

=
Cje−iω+

j
t

4π

(eiω+
j

|x|

|x| − mL̃(x, ω+
j )

)
= Cje−iω+

j
t e

−
√

m2−(ω+
j )2|x|

4π|x|
= φω+

j
(x)e−iω+

j
t, k → ∞, t ∈ R

by the Lebesgue dominated convergence theorem. Here L̃(x, ω) = 1
m|x|

(
ei|x|ω −

ei|x|√ω2−m2) is the Fourier transform of the function L(x, t)

= θ(t−|x|)J1(m
√

t2−|x|2)√
t2−|x|2 (see Appendix in [27]). Hence, for any T > 0,

ϕS(·, t + sk) → φΩ+(·, t), k → ∞ (10.3)

in Cb([−T, T ], L2
loc(R

3)). It remains to prove that for any T > 0

D−1
m pS(·, t + sk) → D−1

m φ̇Ω+(·, t) k → ∞ (10.4)

in Cb([−T, T ],H1
loc(R

3)). Lemma 8.1 and equation (2.24) imply that

ζ̇j(t + sk) → η̇j(t) = Cj(−iω+
j e−iω+

j t), k → ∞, t ∈ R (10.5)

uniformly on [−T, T ] for any T > 0. Hence, using (2.21), we obtain similarly
to (10.3) that for any T > 0,

pS(·, t + sk) → φ̇Ω+(·, t), k → ∞ (10.6)

in Cb([−T, T ], L2
loc(R

3)). Further, D−2
m pS,j(x, t) =

∫
R3

e−m|y|

4π|y| pS,j(x − y, t)dy,

and∫
R3

e−m|y|

4π|y| |pS,j(x − y, t)|dy

≤ C

(∫
R3

e−m|y|

|y||x − y|dy +
∫

R3

e−m|y|

|y| dy

)
≤ C ′ ≤ ∞, x ∈ R

3, t ∈ R

by (2.21). Then for any x ∈ R
3,

lim
k→∞

D−2
m pS(·, t + sk) = D−2

m lim
k→∞

pS(·, t + sk) = D−2
m φ̇Ω+(x, y) (10.7)

by the Lebesgue dominated convergence theorem. Finally, from (10.6)–(10.7)
it follows that for any T > 0,

D−1
m pS(·, t + sk) → D−1

m φ̇Ω+(·, t), k → ∞
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in Cb([−T, T ],H1
loc(R

3)), which implies (10.4). �

11. Proof of global attraction

Substituting (2.13) and (2.17) into (2.4), we obtain

ψ(x, t) = ψf (x.t) + ϕg(x, t) + ψS(x, t)

= ψf (x.t) + ζ0

(
g(x) − γ(x, t)

)− iD−1
m ζ0γ̇(x, t)

+ϕS(x, t) + iD−1
m ζ0γ̇(x, t) + iD−1

m pS(x, t)
= ψf (x.t) + ϕ+

g (x, t) + ψ−
S (x, t)

by (4.3) and (10.1). Due to Lemmas 4.1 and 4.3 it suffices to prove that

lim
t→∞ distL2

loc(R
3)(ψ

−
S (·, t),S ) = 0. (11.1)

Assume by contradiction that there exists a sequence sk → ∞ such that

distL2
loc(R

3)(ψ
−
S (·, sk),S ) ≥ δ, ∀k (11.2)

for some δ > 0. According to Lemma 10.1, there exist a subsequence skn
of

the sequence sk, ω+
j ∈ R and functions φω+

j
such that

ψ−
S (·, t + skn

) → φΩ+(·, t) + iD−1
m φ̇Ω+(·, t), kn → ∞, t ∈ R,

in Cb([−T, T ], L2
loc(R

3)) with any T > 0. This implies that

ψ−
S (·, skn

) → ΦΩ+(·) + D−1
m ΨΩ+(·), kn → ∞, (11.3)

in L2
loc(R

3). Here

ΦΩ+,j(x) = φΩ+,j(x, 0) = φω+
j
(x), ΨΩ+,j(x) = iφ̇Ω+,j(x, 0) = ω+

j ψω+
j
(x).

The convergence (11.3) contradict (11.2) due to (3.20). This completes the
proof of Theorem 3.6. �
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A. Proof of Lemma 2.2

Note that

lim
x→0

(g(x) − γ(x, t))

= lim
x→0

(
e−m|x|

4π|x| − θ(t − |x|)
4π|x| − m

4π

∫ t

0

θ(s − |x|)J1(m
√

s2 − |x|2)√
s2 − |x|2 ds

)

= − m

4π
+

m

4π

∫ t

0

J1(ms)
s

ds.

Hence it suffices to prove that

lim
ε→0+

lim
x→0

Kε
m(g(x) − γ(x, t)) = lim

x→0
(g(x) − γ(x, t)). (A.1)

Applying the Fourier transform f̂(ξ) = Fx→ξf(x), we get

ĝ(ξ, t) − γ̂(ξ, t) =
1

ξ2 + m2
−
∫ t

0

sin(s
√

ξ2 + m2)√
ξ2 + m2

ds =
cos(t

√
ξ2 + m2)

ξ2 + m2

=
cos(t

√
ξ2 + m2) − cos(t|ξ|)

ξ2

− m2 cos(t
√

ξ2 + m2)
ξ2(ξ2 + m2)

+
cos(t|ξ|)

ξ2
, t > 0. (A.2)

Then for (A.1) it suffices to justify the following permutation of limits:

lim
ε→0+

lim
x→0

Kε
mF−1

ξ→x

( cos(t
√

ξ2 + m2) − cos(t|ξ|)
ξ2

− m2 cos(t
√

ξ2 + m2)

ξ2(ξ2 + m2)
+

cos(t|ξ|)
ξ2

)

= lim
x→0

F−1
ξ→x

( cos(t
√

ξ2 + m2) − cos(t|ξ|)
ξ2

− m2 cos(t
√

ξ2 + m2)

ξ2(ξ2 + m2)
+

cos(t|ξ|)
ξ2

)
, t > 0. (A.3)

We will do it for each term in (A.3) separately.
Step i) Applying the Lebesgue dominated convergence theorem, we obtain

lim
ε→0+

lim
x→0

Kε
mF−1

ξ→x

m2 cos(t
√

ξ2 + m2)
ξ2(ξ2 + m2)

= lim
x→0

F−1
ξ→x

m2 cos(t
√

ξ2 + m2)
ξ2(ξ2 + m2)

=
m2

2π2

∫ ∞

0

cos(t
√

r2 + m2)
r2 + m2

dr.

Step ii) Let us prove that

lim
ε→0+

lim
x→0

Kε
mF−1

ξ→x

cos(t|ξ|)
ξ2

= lim
x→0

F−1
ξ→x

cos(t|ξ|)
ξ2

= 0, t > 0.

Indeed, for ρ := |x| < t,

lim
x→0

F−1
ξ→x

cos(t|ξ|)
ξ2

= lim
ρ→0+

1
2π2

∫ ∞

0

sin(rρ) cos(tr)
rρ

dr

= lim
ρ→0+

1
4π2ρ

∫ ∞

0

sin(r(t + ρ)) − sin(r(t − ρ))
r

dr = 0,
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(A.4)

since ∫ ∞

0

sin(rα)
r

dr =
∫ ∞

0

sin u

u
du, α > 0.

On the other hand,

lim
x→0

Kε
mF−1

ξ→x

cos(t|ξ|)
ξ2

= lim
x→0

F−1
ξ→x

cos(t|ξ|)
ξ2(ξ2 + m2)ε

= lim
ρ→0+

1
2π2ρ

∫ ∞

0

sin(rρ) cos(tr)
r(r2 + m2)ε

dr

=
1

2π2

∫ ∞

0

cos(tr) dr

(r2 + m2)ε
=

1
2π2

(2m

t

) 1
2−ε

√
πKε− 1

2
(mt)

Γ(ε)
(A.5)

by [14, Formula 1.3.(7)]. Here Kν is the modified Bessel function, and Γ is the
gamma function. One can justify the last limit, splitting the integral into a
sum of integrals over the intervals [0, 1] and [1,∞), and integrating by parts
in the second one. Further,

lim
ε→0+

lim
x→0

Kε
mF−1

ξ→x

cos(t|ξ|)
ξ2

= lim
ε→0+

1
2π2

(2m

t

) 1
2−ε

√
πKε− 1

2
(mt)

Γ(ε)
= 0, t > 0,

since

lim
ε→0+

1
Γ(ε)

= 0, lim
ε→0+

Kε− 1
2
(mt) = K− 1

2
(mt) =

( π

2mt

) 1
2
e−mt (A.6)

by [33, Formulas 5.7.1 and 10.39.2].
Step iii) It remains to check that

lim
ε→0+

lim
x→0

Kε
mF−1

ξ→x

cos(t
√

ξ2 + m2) − cos(t|ξ|)
ξ2

= lim
x→0

F−1
ξ→x

cos(t
√

ξ2 + m2) − cos(t|ξ|)
ξ2

, t > 0. (A.7)

One has

Kε
mF−1

ξ→x

cos(t
√

ξ2+ m2)−cos(t|ξ|)
ξ2

=
1

2π2

∫ 2m

0

(
cos(t

√
r2+ m2)− cos(tr)

)
sin(ρr)

ρr(r2 + m2)ε
dr

+
∑
±

1
4π2

∫ ∞

2m

(
e±it

√
r2+m2 − e±itr

)
sin(ρr)

ρr(r2 + m2)ε
dr, ρ = |x|. (A.8)

Evidently,

lim
ε→0+

lim
ρ→0+

∫ 2m

0

(
cos(t

√
r2+ m2)− cos(tr)

)
sin(ρr)

ρr(r2 + m2)ε
dr

= lim
ρ→0+

∫ 2m

0

(
cos(t

√
r2+ m2)− cos(tr)

)
sin(ρr)

ρr
dr.
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Hence, (A.7) will follow from

lim
ε→0+

lim
ρ→0+

∫ ∞

2m

(e±it
√

r2+m2 − e±itr) sin(ρr)
ρr(r2 + m2)ε

dr

= lim
ρ→0+

∫ ∞

2m

(e±it
√

r2+m2 − e±itr) sin(ρr)
ρr

dr. (A.9)

One has

e±it
√

r2+m2 − e±itr = e±itr
(

± itm2

2r
+ R±(r, t)

)
, r ≥ 2m, t > 0,

(A.10)

where

|R±(r, t)| ≤ C(m)(1 + t)2/r2, |r| ≥ 2m. (A.11)

The last estimate implies

lim
ε→0+

lim
ρ→0+

∫ ∞

2m

e±itrR±(r, t) sin(ρr)
ρr(r2 + m2)ε

dr

= lim
ρ→0+

∫ ∞

2m

e±itrR±(r, t) sin(ρr)
ρr

dr =
∫ ∞

2m

e±itrR±(r, t) dr. (A.12)

Moreover,

lim
ε→0+

lim
ρ→0+

∫ ∞

2m

e±itr sin(rρ) dr

ρr2(r2 + m2)ε

= lim
ρ→0+

∫ ∞

2m

e±itr sin(rρ) dr

ρr2
=
∫ ∞

2m

e±itr dr

r
, t > 0, (A.13)

that easily follows by means of integration by parts. Finally, (A.12)–(A.13)
imply (A.9).

B. Proof of Proposition 2.4

For any t > 0,

lim
x→0

(ϕS(x, t) − ζ(t)g(x)) = lim
x→0

(θ(t − |x|)
4π|x| ζ(t − |x|) − ζ(t)

e−m|x|

4π|x|

− m

4π

∫ t

0

θ(s − |x|)J1(m
√

s2 − |x|2)√
s2 − |x|2 ζ(t − s)ds

)

=
1
4π

(
mζ(t) − ζ̇(t) − m

∫ t

0

J1(ms)
s

ζ(t − s)ds
)
,

Hence, it suffices to prove that

lim
ε→0+

lim
x→0

Kε
m (ϕS(x, t) − ζ(t)g(x)) = lim

x→0
(ϕS(x, t) − ζ(t)g(x)). (B.1)

The Fourier transform of ϕS(x, t) − ζ(t)g(x) for any t > 0 reads

ϕ̂S(ξ, t) − ζ(t)ĝ(ξ) =
∫ t

0

sin(s
√

ξ2 + m2)√
ξ2 + m2

ζ(t − s)ds − ζ(t)
ξ2 + m2
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= −cos(t
√

ξ2 + m2)
ξ2 + m2

ζ(0) +
∫ t

0

cos(s
√

ξ2 + m2)
ξ2 + m2

ζ̇(t − s)ds.

Due to (A.2)–(A.3),

lim
ε→0+

lim
x→0

Kε
mF−1

ξ→x

cos(t
√

ξ2 + m2)
ξ2 + m2

= lim
x→0

F−1
ξ→x

cos(t
√

ξ2 + m2)
ξ2 + m2

.

Therefore, because of the continuity of the Fourier transform in S ′, it remains
to prove that

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

cos(s
√

ξ2 + m2)
(ξ2 + m2)1+ε

ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

cos(s
√

ξ2 + m2)
ξ2 + m2

ζ̇(t − s)ds. (B.2)

Due to splitting (A.2), equality (B.2) will follow from the following three
equalities

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

cos(s
√

ξ2 + m2)
ξ2(ξ2 + m2)1+ε

ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

cos(s
√

ξ2 + m2)
ξ2(ξ2 + m2)

ζ̇(t − s)ds. (B.3)

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

cos(s
√

ξ2 + m2) − cos(t|ξ|)
ξ2(ξ2 + m2)ε

ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

cos(s
√

ξ2 + m2) − cos(s|ξ|)
ξ2

ζ̇(t − s)ds. (B.4)

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

cos(s|ξ|)
ξ2(ξ2 + m2)ε

ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

cos(s|ξ|)
ξ2

ζ̇(t − s)ds. (B.5)

Step i) For any s ∈ R and ε ≥ 0 the function T̂ε(ξ, s) := cos(s
√

ξ2+m2)

ξ2(ξ2+m2)1+ε ∈ L1(R).

Hence Tε(x, s) = F−1
ξ→xT̂ε(ξ, s) is continuous in x. Moreover it is uniformly

continuous in s. Therefore,

lim
ε→0+

lim
x→0

∫ t

0

Tε(x, s)ζ̇(t − s)ds

= lim
ε→0+

∫ t

0

Tε(0, s)ζ̇(t − s)ds

=
∫ t

0

T0(0, s)ζ̇(t − s)ds = lim
x→0

∫ t

0

T0(x, s)ζ̇(t − s)ds. (B.6)

by uniformly continuity of Tε(0, s) in ε.
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Step ii) Let us prove (B.4). Due to (A.8)

F−1
ξ→x

cos(s
√

ξ2+ m2)−cos(s|ξ|)
ξ2(ξ2 + m2)ε

=
1

2π2
Sε(ρ, s) +

1
4π2

∑
±

P±
ε (ρ, s),

where ρ = |x|, and

Sε(ρ, s) =
∫ 2m

0

(
cos(s

√
r2 + m2) − cos(sr)

)
sin(ρr)

ρr(r2 + m2)ε
dr,

P±
ε (ρ, s) =

∫ ∞

2m

(
e±is

√
r2+m2 − e±isr

)
sin(ρr)

ρr(r2 + m2)ε
dr,

Applying the Lebesgue dominated convergence theorem, we obtain

lim
ε→0+

lim
ρ→0

∫ t

0

Sε(ρ, s)ζ̇(t − s)ds =
∫ t

0

S0(0, s)ζ̇(t − s)ds

= lim
ρ→0

∫ t

0

S0(ρ, s)ζ̇(t − s)ds

where Sε(0, s) = lim
ρ→0

Sε(ρ, s) =
∫ 2m

0
cos(s

√
r2+m2)−cos(sr)
(r2+m2)ε dr, ε ≥ 0. Further,

(A.10) implies

P±
ε (ρ, s) = ± im2

2

∫ ∞

2m

se±isr sin(rρ) dr

ρr2(r2 + m2)ε
+
∫ ∞

2m

e±isrR±(r, s) sin(ρr)
ρr(r2 + m2)ε

dr

=
m2

2

∫ ∞

2m

sin(rρ) de±isr

ρr2(r2 + m2)ε
+ R̃±

ε (ρ, s),

where

lim
ε→0+

lim
ρ→0

∫ t

0

R̃±
ε (ρ, s)ζ̇(t − s)ds =

∫ t

0

R̃±
0 (0, s)ζ̇(t − s)ds

= lim
ρ→0

∫ t

0

R̃±
0 (ρ, s)ζ̇(t − s)ds

by (A.11) and the Lebesgue theorem. Finally,

lim
ε→0+

lim
ρ→0

∫ t

0

(∫ ∞

2m

sin(rρ)
ρr2(r2 + m2)ε

de±isr
)
ζ̇(t − s)ds

= lim
ρ→0

∫ t

0

(∫ ∞

2m

sin(rρ)
ρr2

de±isr
)
ζ̇(t − s)ds,

which easily follows by means of integration by parts.
Step iii) Let us prove (B.5). Due to (A.5) we need to prove that

lim
ε→0+

lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr(r2 + m2)ε

dr
)
ζ̇(t − s)ds

= lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr

dr
)
ζ̇(t − s)ds. (B.7)
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Taking into account (A.4), we obtain

lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr

dr

)
ζ̇(t − s)ds

= lim
ρ→0+

∫ ρ

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr

dr

)
ζ̇(t − s)ds

= lim
ρ→0+

1
2ρ

∫ ρ

0

(∫ ∞

0

sin(r(s + ρ)) + sin(r(ρ − s))
r

dr

)
ζ̇(t − s)ds

=
π

2
lim

ρ→0+

1
ρ

∫ ρ

0

ζ̇(t − s)ds =
π

2
ζ̇(t), t > 0,

since
∫∞
0

sin u
u = π

2 . Hence (B.7) is equivalent to

lim
ε→0+

lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr(r2 + m2)ε

dr
)
ζ̇(t − s)ds =

π

2
ξ̇(t). (B.8)

By [14, Formula 2.3.(28)],∫ ∞

0

sin(rρ) cos(sr)
r(r2 + m2)ε

dr =
∫ ∞

0

sin(r(s + ρ)) − sin(r(s − ρ))
2r(r2 + m2)ε

dr

=
1
2

{
G1(ε, s + ρ) + G2(ε, s + ρ) − G1(ε, s − ρ) − G2(ε, s − ρ), ρ < s
G1(ε, s + ρ) + G2(ε, s + ρ) + G1(ε, ρ − s) + G2(ε, ρ − s), s < ρ

(B.9)

where

G1(ε, z) =
√

π

2
m1−2ε Γ(− 1

2 + ε)
Γ(ε) 1F2(

1
2
,
3
2

− ε,
3
2
,
1
4
m2z2)z,

G2(ε, z) =
√

π2−2ε

2
Γ( 1

2 − ε)
Γ(1 + ε) 1F2(ε, 1 + ε,

1
2

+ ε,
1
4
m2z2)z2ε,

and 1F2(a, b, c;x) is the generalized hypergeometric function:

1F2(a, b, c;x) =
∞∑

k=0

(a)k

(b)k(c)k

xk

k!
, (a)k =

Γ(a + k)
Γ(a)

where the series converges for all finite values of x ∈ C and defines an entire
function (see [33, § 16.2 (ii)]). It is easy to see that

|G1(ε, s + ρ) − G1(ε, s − ρ)|
ρ

≤ C(t)
Γ(ε)

, ρ < s < t, 0 < ε < 1.

Hence,

lim
ε→0+

lim
ρ→0+

∫ t

ρ

G1(ε, s + ρ) − G1(ε, s − ρ)
ρ

ζ̇(t − s)ds = 0. (B.10)

Further,

1
ρ

∫ t

ρ

|((s + ρ)2k+2ε − (s − ρ)2k+2ε
)
ζ̇(t − s)|ds
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= ρ2k+2ε

∫ t
ρ

1

(
(τ + 1)2k+2ε − (τ − 1)2k+2ε

)|ζ̇(t − τρ)|dτ

≤ max
s∈[0,t]

|ζ̇(s)| ρ2k+2ε

2k + ε + 1
(
(τ + 1)2k+2ε+1 − (τ − 1)2k+2ε+1

)∣∣∣ t
ρ

1

≤ 2 max
s∈[0,t]

|ζ̇(s)|
( (2ρ)2k+2ε

2k + ε + 1
+ (t + ρ)2k+2ε

)
, k = 0, 1, 2, . . . (B.11)

Hence,

lim
ρ→0+

|
∫ t

ρ

G̃2(ε, s + ρ) − G̃2(ε, s − ρ)
ρ

ζ̇(t − s)ds| ≤ C(t)
Γ(ε)

→ 0, ε → 0,

(B.12)

where we denote

G̃2(ε, z) =
√

π2−2ε

√
2

Γ( 1
2 − ε)

Γ(1 + ε)

∞∑
k=1

Γ(ε + k)
Γ(ε)(1 + ε)k( 1

2 + ε)k

(mz)2kz2ε

4kk!

In the case k = 0 , taking into account (B.11), we obtain for any small ν > 0

lim
ε→0+

lim
ρ→0+

1

ρ

∫ t

ρ

(
(s + ρ)2ε − (s − ρ)2ε)ζ̇(t − s)ds = lim

ε→0+

∫ t

0

4εs2ε−1ζ̇(t − s)ds

= lim
ε→0+

(∫ ν

0

. . . +

∫ t

ν

. . .

)
= lim

ε→0+

∫ δ

0

4εs2ε−1ζ̇(t − s)ds

= ζ̇(t − η(ν)) lim
ε→0+

∫ ν

0

4εs2ε−1ds = 2ζ̇(t − η(ν)),

where η(ν) ∈ [0, ν]. Because of the arbitrariness of ν > 0, we get

lim
ε→0+

lim
ρ→0+

1
ρ

∫ t

ρ

(
(s + ρ)2ε − (s − ρ)2ε

)
ζ̇(t − s)ds = 2ζ̇(t).

Together with (B.9), (B.10) and (B.12), this gives

lim
ε→0+

lim
ρ→0+

∫ t

ρ

(∫ ∞

0

sin(rρ) cos(sr)
ρr(r2 + m2)ε

dr

)
ζ̇(t − s)ds =

π

2
ζ̇(t).

Now for (B.8) it remains to prove that

lim
ε→0+

lim
ρ→0+

∫ ρ

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr(r2 + m2)ε

dr

)
ζ̇(t − s)ds = 0 (B.13)

One has

|G1(ε, ρ + s) + G1(ε, ρ − s)| ≤ C

Γ(ε)
ρ,

G2(ε, ρ + s) + G2(ε, ρ − s) ≤ Cρ2ε, 0 < s < ρ < 1, 0 < ε < 1,

Hence, (B.9) implies that

|
∫ ρ

0

(∫ ∞

0

sin(rρ) cos(sr)
ρr(r2 + m2)ε

dr

)
ζ̇(t − s)ds|
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≤ Cρ2ε 1
ρ

∫ ρ

0

|ζ̇(t − s)|ds → 0, ρ → 0+, 0 < ε < 1.

Therefore (B.13) follows.

C. Proof of Proposition 2.5

Note that D−1
m = DmD−2

m = −iα · ∇D−2
m + mβD−2

m . Then the Proposition 2.5
will follow from the next three lemmas:

Lemma C.1. The following equality holds,

lim
ε→0+

lim
x→0

Kε
mD−2

m pS(x, t) = lim
x→0

D−2
m pS(x, t), t > 0. (C.1)

Lemma C.2. The following limit holds,

lim
x→0

D−2
m pS(x, t) =

1
4π

(
ζ0

[
mt

∫ ∞

mt

J1(u)du

u
− J0(mt)

]

+ζ(t) − m

∫ t

0

(∫ ∞

ms

J1(u)du

u

)
ζ(t − s)ds

)
, t > 0.

(C.2)

Lemma C.3. The following limit holds,

lim
x→0

∇Kε
mD−2

m pS(x, t) = 0, 0 < ε < 1, t > 0. (C.3)

C.1. Proof of Lemma C.1

Note that pS(x, t) is a solution to (2.20) with ζ̇(t) instead of ζ(t). Hence,

p̂S(ξ, t) =
∫ t

0

sin(s
√

ξ2 + m2)√
ξ2 + m2

ζ̇(t − s)ds, ̂D−2
m pS(ξ, t)

=
∫ t

0

sin(s
√

ξ2 + m2)

(ξ2 + m2)
√

ξ2 + m2
ζ̇(t − s)ds, t > 0, (C.4)

and for (C.1) it suffices to prove that

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

sin(s
√

ξ2 + m2

(ξ2 + m2)1+ε
√

ξ2 + m2
ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

sin(s
√

ξ2 + m2)

(ξ2 + m2)
√

ξ2 + m2
ζ̇(t − s)ds, t > 0. (C.5)

We split the integrand in (C.5) as

sin(s
√

ξ2+ m2)

(ξ2+ m2)
√

ξ2+ m2
ζ̇(t− s) =

(
sin(s

√
ξ2+ m2) − sin(s|ξ|)
ξ2
√

ξ2+ m2

− m2 sin(s
√

ξ2+ m2)

ξ2(ξ2+ m2)
√

ξ2+ m2
+

sin(s|ξ|)
ξ2
√

ξ2+ m2

)
ζ̇(t −s),

(C.6)
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and justify the permutation of the limits (C.5) for integrals of each terms in
the RHS of (C.6) separately.
The proof of equality

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

m2 sin(s
√

ξ2 + m2)

ξ2(ξ2 + m2)1+ε
√

ξ2 + m2
ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

m2 sin(s
√

ξ2 + m2)

ξ2(ξ2 + m2)
√

ξ2 + m2
ζ̇(t − s)ds

is similar to the proof of equality (B.3). By the same arguments,

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

sin(s
√

ξ2+ m2) − sin(s|ξ|)
ξ2(ξ2 + m2)ε

√
ξ2+ m2

ζ̈(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

sin(s
√

ξ2+ m2) − sin(s|ξ|)
ξ2
√

ξ2 + m2
ζ̇(t − s)ds

since

| sin(t
√

ξ2 + m2) − sin(t|ξ|)| = 2| sin t(
√

ξ2 + m2 + |ξ|)
2

sin
t(
√

ξ2 + m2 − |ξ|)
2

|

≤ tm2√
ξ2 + m2 + |ξ| . (C.7)

It remains to prove that

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

sin(s|ξ|)
ξ2(ξ2 + m2)ε

√
ξ2 + m2

ζ̇(t − s)ds

= lim
x→0

∫ t

0

F−1
ξ→x

sin(s|ξ|)
ξ2
√

ξ2 + m2
ζ̇(t − s)ds. (C.8)

Applying the Lebesgue theorem, we obtain

lim
ε→0+

lim
x→0

∫ t

0

F−1
ξ→x

sin(s|ξ|)
ξ2(ξ2 + m2)ε

√
ξ2 + m2

ζ̇(t − s)ds

=
1

2π2
lim

ε→0+
lim

ρ→0+

∫ t

0

(∫ ∞

0

sin(ρr) sin(sr)
ρr(r2 + m2)

1
2+ε

ζ̇(t − s)dr

)
ds

=
1

2π2
lim

ε→0+

∫ t

0

(∫ ∞

0

sin(sr)
(r2 + m2)

1
2+ε

dr

)
ζ̇(t − s)ds

=
√

π

4π2
Γ(

1
2
) lim

ε→0+

∫ t

0

sε[Iε(ms) − L−ε(ms)]ζ̇(t − s)ds

=
1
4π

∫ t

0

[I0(ms) − L0(ms)]ζ̇(t − s)ds (C.9)

by [14, Formula 2.3.(6)]. Here Iε(z) is the modified Bessel function, and L−ε(z)
is the modified Struve function, satisfying

Iε(z) ∼ (
1
2
z)ε/Γ(ε + 1), L−ε(z) ∼ (

1
2
z)−ε+1, z → 0 (C.10)
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by Formulas (10.30.1) and (11.2.2) of [33]. On the other hand,

lim
x→0

∫ t

0

F−1
ξ→x

sin(s|ξ|)
ξ2
√

ξ2 + m2
ζ̇(t − s)ds

= lim
ρ→0+

1
2π2

∫ t

0

(∫ ∞

0

sin(sr) sin(ρr)
ρr

√
r2 + m2

dr

)
ζ̇(t − s)ds

= lim
ρ→0+

1
2π2

∫ t

0

(∫ ∞

0

sin(sr) sin(ρr)dr

ρ(r2 + m2)

)
ζ̇(t− s)ds

+ lim
ρ→0+

1
2π2

∫ t

0

(∫ ∞

0

sin(sr) sin(ρr)dr

ρr(r2+ m2)(r+
√

r2 + m2)

)
ζ̇(t −s)ds. (C.11)

By the Lebesgue theorem

lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(sr) sin(ρr)dr

ρr(r2+ m2)(r+
√

r2 + m2)

)
ζ̇(t −s)ds

=
∫ t

0

(∫ ∞

0

sin(sr)dr

(r2+ m2)(r+
√

r2 + m2)

)
ζ̇(t −s)ds (C.12)

Further, applying [18, Formula 3.742 (1)], we obtain

lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(sr) sin(ρr)dr

ρ(r2 + m2)

)
ζ̇(t − s)ds

= lim
ρ→0+

π

4m

∫ t

0

e−|s−ρ|m − e−(s+ρ)m

ρ
ζ̇(t − s)ds

=
π

4m
lim

ρ→0+

e−ρm

ρ

∫ ρ

0

(esm − e−sm)ζ̇(t− s)ds

+
π

4m
lim

ρ→0+

∫ t

ρ

eρm − e−ρm

ρ
e−smζ̇(t− s)ds =

π

2

∫ t

0

e−smζ̇(t− s)ds.

Moreover,∫ t

0

(∫ ∞

0

sin(sr)rdr

r2 + m2

)
ζ̇(t − s)ds =

π

2

∫ t

0

e−smζ̇(t− s)ds

by [14, Formula 2.2.(15)]. Therefore,

lim
ρ→0+

∫ t

0

(∫ ∞

0

sin(sr) sin(ρr)dr

ρr(r2 + m2)

)
ζ̇(t −s)ds

=
∫ t

0

(∫ ∞

0

sin(sr)dr

(r2+ m2)

)
ζ̇(t −s)ds (C.13)

Now (C.11), (C.12), (C.13) and [14, Formula 2.2.(26)] imply

lim
x→0

∫ t

0

F−1
ξ→x

sin(s|ξ|)
ξ2
√

ξ2 + m2
ζ̇(t − s)ds
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=
1

2π2

∫ t

0

(∫ ∞

0

sin(sr) dr√
r2 + m2

)
ζ̇(t − s)ds

=
1
4π

∫ t

0

[I0(ms) − L0(ms)]ζ̇(t − s)ds,

which coincides with the right hand side of (C.9). Hence, (C.8) follows.

C.2. Proof of Lemma C.2

Integrating by parts in (C.4), we obtain

̂D−2
m pS(ξ, t) = − sin(t

√
ξ2 + m2)

(ξ2 + m2)
√

ξ2 + m2
ζ(0) +

∫ t

0

cos(s
√

ξ2 + m2)
ξ2 + m2

ζ(t − s)ds.

(C.14)

Let us calculate the inverse Fourier transform of cos(s
√

ξ2+m2)

ξ2+m2 and of
sin(t

√
ξ2+m2)

(ξ2+m2)
√

ξ2+m2
. In the sense of distributions, we obtain

F−1
ξ→x

cos(s
√

ξ2 + m2)
ξ2 + m2

= F−1
ξ→x

(
1

ξ2 + m2
−
∫ s

0

sin(u
√

ξ2 + m2)√
ξ2 + m2

du

)

=
e−m|x|

4π|x| −
∫ s

0

(
δ(u − |x|)

4π|x| − m

4π

θ(u − |x|)J1(m
√

u2 − x2)√
u2 − x2

)
du

=
e−m|x|

4π|x| − θ(s − |x|)
4π|x| +

m

4π

∫ s

0

θ(u − |x|)J1(m
√

u2 − x2)√
u2 − x2

du.

(C.15)

F−1
ξ→x

sin(t
√

ξ2 + m2)

(ξ2 + m2)
√

ξ2 + m2
= F−1

ξ→x

(∫ t

0

cos(s
√

ξ2 + m2)
ξ2 + m2

ds

)

=
∫ t

0

(
e−m|x|

4π|x| − θ(s − |x|)
4π|x|

+
m

4π

∫ s

0

θ(u − |x|)J1(m
√

u2 − |x|2)√
u2 − |x|2 du

)
ds (C.16)

Hence, (C.14) -(C.16) imply for t > 0 and |x| ≤ t

D−2
m pS(x, t) = −ζ0

(
t
e−m|x| − 1

4π|x| +
1
4π

+
m

4π

∫ t

|x|

(∫ s

|x|

J1(m
√

u2 − x2)√
u2 − x2

du

)
ds

)

+
∫ t

0

(
e−m|x|

4π|x| − θ(s − |x|)
4π|x|

)
ζ(t − s)ds
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+
m

4π

∫ t

|x|

(∫ s

|x|

J1(m
√

u2 − |x|2)√
u2 − |x|2 du

)
ζ(t − s)ds. (C.17)

One has

lim
|x|→0

∫ t

0

(
e−m|x|

4π|x| − θ(s − |x|)
4π|x|

)
ζ(t − s)ds = lim

|x|→0

e−m|x| − 1
4π|x|

∫ t

0

ζ(t − s)ds

+ lim
|x|→0

1
4π|x|

∫ |x|

0

ζ(t − s)ds

= − m

4π

∫ t

0

ζ(s)ds +
1
4π

ζ(t).

Further, changing the order of integration gives

lim
|x|→0

∫ t

|x|

(∫ s

|x|

J1(m
√

u2 − |x|2)√
u2 − |x|2 du

)
ds =

∫ t

0

(∫ s

0

J1(mu)
u

du

)
ds

= t

∫ t

0

J1(mu)du

u
−
∫ t

0

J1(mu) du

= t

∫ t

0

J1(mu)du

u
+

1
m

J0(mt) − 1
m

.

Substituting this into (C.17), we obtain

4π lim
|x|→0

D−2
m pS(x, t) = ζ0

(
tm − tm

∫ t

0

J1(mu)du

u
− J0(mt)

)

−m

∫ t

0

ζ(s)ds + ζ(t) + m

∫ t

0

(∫ s

0

J1(mu)
u

du

)
ζ(t − s)ds

= ζ0

(
tm

∫ ∞

mt

J1(u)du

u
− J0(mt)

)
+ ζ(t)

+m

∫ t

0

(∫ ∞

ms

J1(u)
u

du

)
ζ(t − s)ds,

since
∫ ∞

0

J1(u)du

u
= 1 by [18, Formula 6.561(17)].

C.3. Proof of Lemma C.3

Note that
sin(s

√
ξ2 + m2)

(ξ2 + m2)3/2+ε
=

sin(s|ξ|)
(ξ2 + m2)3/2+ε

+
sin(s

√
ξ2 + m2) − sin(s|ξ|)

(ξ2 + m2)3/2+ε

=
sin(s|ξ|)

|ξ|(ξ2 + m2)1+ε
− m2 sin(s|ξ|)

|ξ|(ξ2 + m2)3/2+ε(
√

ξ2 + m2 + |ξ|)

+
sin(s

√
ξ2 + m2) − sin(s|ξ|)

(ξ2 + m2)3/2+ε

= Q1(|ξ|, s, ε) + Q2(|ξ|, s, ε) + Q3(|ξ|, s, ε).
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Taking into account (C.7), we obtain

lim
x→0+

∇F−1
ξ→xQ2(|ξ|, s, ε) = 0, lim

x→0+
∇F−1

ξ→xQ3(|ξ|, s, ε) = 0, ε > 0, s > 0.

Hence, for (C.4) it remains to prove that

lim
x→0

∇
∫ t

0

F−1
ξ→x

sin(s|ξ|)
|ξ|(ξ2 + m2)1+ε

ζ̇(t − s)ds = 0, ε > 0, t > 0. (C.18)

Formula 1.3(7) of [14], and formulas 10.27.4 and 10.25.2 of [33] imply

F−1
ξ→x

sin(s|ξ|)
|ξ|(ξ2 + m2)1+ε

=
1

2π2|x|
∫ ∞

0

sin(sr) sin(|x|r)
(r2 + m2)1+ε

dr

=
1

4π2|x|
∫ ∞

0

cos((s − |x|)r) − cos((s + |x|)r)
(r2 + m2)1+ε

dr

=
√

π

4π2|x|Γ(1 + ε)(2m)
1
2+ε

[
|s − |x|| 1

2+εK 1
2+ε(m|s − |x||)

−(s + |x|) 1
2+εK 1

2+ε(m(s + |x|))
]

=
aε

|x|

[
|s − |x|| 1

2+ε

(
I− 1

2−ε(m|s − |x||) − I 1
2+ε(m|s − |x||)

)

−(s + |x|) 1
2+ε

(
I− 1

2−ε(m(s + |x|)) − I 1
2+ε(m(s + |x|))

)]

=
aε

m
1
2+ε|x|

(
Π− 1

2−ε(m(s − |x|)) − Π− 1
2−ε(m(s + |x|))

)

+
aεm

1
2+ε

|x|

(
(s + |x|)1+2εΠ 1

2+ε(m(s + |x|)) − |s − |x||1+2εΠ 1
2+ε(m|s − |x||)

)
,

where we denote

aε =
1

8
√

πΓ(1 + ε) sin((1
2 + ε)π)(2m)1+2ε

,

Πν(y) = (
1
2
y)−νIν(y) =

∞∑
k=0

y2k

4kk!Γ(ν + k + 1)
.

One has

Π− 1
2 −ε(m(s − |x|)) − Π− 1

2 −ε(m(s + |x|))
|x|

=
∞∑

k=0

m2k

(
(s − |x|)2k − (s + |x|)2k

)
4kk!Γ( 1

2 − ε + k)|x|
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= −
∞∑

k=1

2m2k

((
1
2k

)
s2k−1 +

(
3
2k

)
s2k−3|x|2 + · · · +

(
2k − 1

2k

)
s|x|2k−2)

4kk!Γ( 1
2 − ε + k)

.

Hence

lim
x→0

∫ t

0
∇

Π− 1
2

−ε(m(s − |x|)) − Π− 1
2

−ε(m(s + |x|))
|x| ζ̇(t − s)ds = 0, ε ≥ 0, t > 0.

(C.19)

Further,

(s + |x|)1+2εΠ 1
2+ε(m(s + |x|)) − |s − |x||1+2εΠ 1

2+ε(|s − |x||)
|x|

=
∞∑

k=0

m2kε

(
(s + |x|)2k+1+2ε − |s − |x||2k+1+2ε

)
4kk!Γ(3

2 + ε + k)|x| .

Denoting αk := 2k + 2ε. In the case τ := s
|x| ≥ 1, we obtain

∇j
(s + |x|)αk+1 − (s − |x|)αk+1

|x| =
xj

|x|2
[
(αk + 1)

(
(s + |x|)αk + (s − |x|)αk

)

− (s + |x|)αk+1 − (s − |x|)αk+1

|x|

]

=
xj |x|αk

|x|2
[
(αk + 1)

(
(τ + 1)αk + (τ − 1)αk

)

−(τ + 1)αk+1 + (τ − 1)αk+1

]
. (C.20)

One has

|(αk + 1)((τ + 1)αk + (τ − 1)αk

)
− (τ + 1)αk+1 + (τ − 1)αk+1|

≤
{

C1(k), 1 ≤ τ ≤ 2
C2(k)(τ + 1)|αk − 1|αk−2, τ ≥ 2

where C1(k) = (αk +2)(3αk +1), C2(k) =

(
( 3
2 )αk−2 + 1

3

)
(αk +1)αk. Hence,

|
∫ t

|x|
∇j

(s + |x|)αk+1 − (s − |x|)αk+1

|x| ζ̇(t − s)ds|

=
|xj ||x|αk

|x| |
∫ t

|x|

1

(
(αk + 1)

(
(τ + 1)αk + (τ − 1)αk

)

−(τ + 1)αk+1 + (τ − 1)αk+1

)
ζ̇(t − τ |x|)dτ |
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≤ |x|αk max
[0,t]

|ζ̇(t)|
(

C1(k) + C2(k)
[
2αk−1 + |x|1−αk(t + |x|)αk−1

])
.

Therefore,

lim
x→0

∫ t

|x|
∇

(s + |x|)1+2εΠ 1
2
+ε(m(s + |x|)) − |s − |x||1+2εΠ 1

2
+ε(|s − |x||)

|x| ζ̇(t − s)ds = 0,

ε > 0, t > 0.

It remains to prove that

lim
x→0

∫ |x|

0
∇

(s + |x|)1+2εΠ 1
2
+ε(m(s + |x|)) − |s − |x||1+2εΠ 1

2
+ε(|s − |x||)

|x| ζ̇(t − s)ds = 0,

ε > 0, t > 0.

(C.21)

In the case s < |x|, we obtain similarly to (C.20)

|∇j
(|x| + s)αk+1 − (|x| − s)αk+1

|x| | = |xj |x|αk

|x|2
(

(αk + 1)
(

(1 + τ)αk − (1 − τ)αk

)

− (1 + τ)αk+1 + (1 − τ)αk+1

)
|

≤ 4
|x|αk

|x| (αk + 1)2αk , τ =
s

|x| < 1.

Hence, for small |x|,

|
∫ |x|

0

∇j
(|x| + s)αk+1 − (|x| − s)αk+1

|x| ζ̇(t − s)ds|

≤ |x|αk |
∫ 1

0

(
(1 + τ)αk + (1 − τ)αk

)
− (1 + τ)αk+1

+ (1 − τ)αk+1

)
ζ̇(t − τ |x|)dτ | ≤ C(t)|x|αk(αk + 1)2αk ,

which implies (C.21).

C.3.1. The case ε = 0. Note, that the limit (C.18) does not exist for ε = 0
i.e. without the smoothing operator Kε

m. Namely, in this case

F−1
ξ→x

sin(s|ξ|)
|ξ|(ξ2 + m2)

=
1

2π2|x|
∫ ∞

0

sin(sr) sin(|x|r)
(r2 + m2)

dr =
1

8πm|x| (e
−m|s−|x|| − e−m(s+|x|))

=
1

2π2|x|
{

e−ms(em|x| − e−m|x|), s > |x|,
e−m|x|(ems − e−ms), s < |x|.

by [18, Formula 3.741(1)]. Hence,

lim
x→0

∇j

∫ t

0

F−1
ξ→x

sin(s|ξ|)
|ξ|(ξ2 + m2)

ζ̇(t − s)ds
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=
1

2π2
lim
x→0

(
∇j

em|x| − e−m|x|

|x|
)∫ t

|x|
e−msζ̇(t − s)ds

− m

2π2
lim
x→0

xj

|x|2
∫ |x|

0

(ems − e−ms)ζ̇(t − s)ds

− 1
2π2

lim
x→0

xj

|x|3
∫ |x|

0

(ems − e−ms)ζ̇(t − s)ds

Evidently, the first limit in the RHS is zero. Further, L’Hopital’s rule implies

lim
ρ→0

∫ ρ

0
(ems − e−ms)ζ̇(t − s)ds

ρ2
= lim

ρ→0

(emρ − e−mρ)ζ̇(t − ρ)
2ρ

= mζ̇(t)

Hence, the second limit in the RHS is zero, and the third limit does not exist.

D. Existence of nonzero solitary waves

Here we prove the lemma 3.5. It suffices to consider the case j = 1 only, since
the equation (3.8) for j = 2 is the same, and for j = 3, 4 is similar. We rewrite
the equation (3.8) with j = 1 as

ω1(ω1 + m)
m +

√
m2 − ω2

1

= 4πa1(|C1|2), ω1 ∈ (−m,m), (D.1)

where

a1(|ζ|2) = M −
N1∑

n=2

2nun,1|ζ|2n−2, N1 ≥ 2, M > 0, uN1,1 > 0.

Necessarily, equation (D.1) has nonzero solutions C1 = C1(ω1) for ω1 ∈
(−m,m), satisfying the condition

ω1(ω1 + m)
m +

√
m2 − ω2

1

< 4πM. (D.2)

Obviously, (D.2) holds for any M > 0 and ω1 sufficiently close to 0 or to −m.
Moreover, (D.2) holds for any M > 0 and for ω1 ∈ (−m,m) such that

ω1(ω1 + m) < 4πMm,

which is equivalent to

−m < ω1 < min
{

m;
−m +

√
m2 + 64π2Mm

2

}
.
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