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Derivation of a one-dimensional von
Karman theory for viscoelastic ribbons
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Abstract. We consider a two-dimensional model of viscoelastic von Karman
plates in the Kelvin’s-Voigt’s rheology derived from a three-dimensional
model at a finite-strain setting in Friedrich and Kruzik (Arch Ration
Mech Anal 238: 489-540, 2020). As the width of the plate goes to zero,
we perform a dimension-reduction from 2D to 1D and identify an effec-
tive one-dimensional model for a viscoelastic ribbon comprising stretch-
ing, bending, and twisting both in the elastic and the viscous stress. Our
arguments rely on the abstract theory of gradient flows in metric spaces
by Sandier and Serfaty (Commun Pure Appl Math 57:1627-1672, 2004)
and complement the I'-convergence analysis of elastic von Karméan rib-
bons in Freddi et al. (Meccanica 53:659-670, 2018). Besides convergence
of the gradient flows, we also show convergence of associated time-discrete
approximations, and we provide a corresponding commutativity result.
Mathematics Subject Classification. 74D10, 35A15, 35Q74, 49J45.
Keywords. Viscoelasticity, Metric gradient flows, Dimension reduction, I'-
convergence, Dissipative distance, Curves of maximal slope, Minimizing
movements.

1. Introduction

The derivation of effective theories for thin structures such as plates, rods,
or ribbons is a classical problem in continuum mechanics. Despite the long
history of the subject with contributions already by Euler, Kirchhoff, and von
Kérméan (see [6,12] for surveys), rigorous results relating lower-dimensional
theories to three-dimensional elasticity have only been obtained comparably
recently. They were triggered by the use of variational methods, particularly
by T'-convergence [13] together with quantitative rigidity estimates [24]. In
this present work, we are interested in effective descriptions for viscoelastic
ribbons, i.e., bodies with three different length scales: a length [ which is much
larger than the width € which, in turn, is much larger than the thickness h.
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This difference in the characteristic dimensions allows to model the material
effectively as a one-dimensional continuum [16].

In elasticity theory, the study of such models dates back to works by
SADOWSKY [26] and WUNDERLICH [38] who proposed and formally justified
one-dimensional energies from a two-dimensional Kirchhoff plate model, cor-
responding to h = 0 and to the limiting passage ¢ — 0. Recently, FREDDI,
HORNUNG, MORA, AND PARONI [19] gave a rigorous justification of a cor-
rected model and addressed also related effective descriptions derived from
von Kérmén plate models [20]. More generally, a hierarchy of one-dimensional
models has been derived from three-dimensional nonlinear elasticity by con-
sidering the simultaneous limit h < & — 0 for appropriate rates h/e [17,18].
On the contrary, the assumption h ~ ¢ leads to different effective rod models
identified in [2,32,33].

The present work is devoted to a similar scenario of deriving one-
dimensional theories for viscoelastic von Karméan ribbons. Let us start by con-
sidering a nonlinear three-dimensional model of a viscoelastic material with
reference configuration Q. = (=1, %) x (=£,£) x (—£%,24) at finite strains
in Kelvin’s-Voigt’s rheology, i.e., a spring and a damper coupled in parallel.
Neglecting inertia, the nonlinear system of equations takes the form

—div<aFW(Vy) +8FR(Vy,8tVy)> = fin[0,7) x Qe (1.1)

where [0,7] is the process time interval and y: [0,7] x Q.5 — R3 denotes
a deformation with gradient Vy. The tensors 0pW and 0y R correspond to
the elastic stress and the wviscous stress, respectively, and are related to a
stored energy density W as well as a (pseudo-)potential R of dissipative forces.
(Here, F' and F' are placeholders for Vy and 9, Vy, respectively.) Eventually, f
describes an external force. In contrast to the rapidly developed static theory
of nonlinear elasticity, due to the physically relevant assumptions on frame
indifference for both W and R (see [5,7]), existence of solutions remains a
challenging problem and results are scarce. We refer, e.g., to [28] for local in-
time existence or to [15] for the existence of measure-valued solutions. To date,
weak solutions in a general finite strain setting [21,31] can only be guaranteed
by using the concept of second-grade nonsimple materials where the elastic
properties additionally depend on the second gradient of the deformation [39,
40]. At the same time, let us mention that a main justification of the model
investigated in [21] lies in the observation that, in the small strain limit, the
problem leads to the standard system of linear viscoelasticity without second
gradient.

Recently in [22], starting from a version of (1.1) for nonsimple materials,
a dimension reduction has been performed to derive a von Karman-like vis-
coelastic plate model on a two-dimensional plate S. = (—%, £) x (£, £). This
complements the static I'-convergence analysis for elastic materials [25], which
has justified the von Kérman plate equations proposed more than 100 years
ago [41]. In contrast to previous works on viscoelastic plates [9-11,35], where
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the starting point is already a plate model, [22] constitutes a rigorous deriva-
tion by proving that solutions to (1.1) converge in a suitable sense to effective
two-dimensional equations. More precisely, there are in-plane displacements
u: [0,7] x S — R? and out-of-plane displacements v: [0,7] x S. — R such
that

g*P = —div((C%V (e(u) + Vv @ Vo) + C% (e(dyu) + Vo @ Vv)),
2P = —div((C%,V (e(u) + 3Vv @ V) + C%(e(dyu) + Vo @ Vv))Vv)
+divdiv(C, V20 + CxV20,0)
(1.2)

in [0,7] x S, where e(u) := £(Vu + VuT) denotes the linear strain tensor,
and C%, as well as C% are tensors of elasticity and viscosity coefficients, re-
spectively, derived suitably from W and R. In addition to the vertical force
f?P, we also consider a horizontal force g?P that was not included in [22] for
simplicity. The first equation features a membrane term both in the elastic and
the viscous stress, and the second equation contains also a bending term. The
problem is closely related to the von Kdrmdn functional given by (neglecting
the forces)

e (u, v) := %/S Q%/V(@(U)-F%Vv@Vv dx—f—f/ Qi (V)

where Q3,(F) = F : C},F for F € R?**?. Indeed, (1.2) can proved to be a
(metric) gradient flow for ¢. for a metric suitably related to C%,, see again [22].
This approach was additionally exploited in [23] for numerical approximation
of the system (1.2) via a minimizing movement scheme. We also refer to [1]
for a related dynamical problem considering inertial terms but no viscosity.

In order to describe the one-dimensional effective behavior of thin vis-
coelastic ribbons, the goal of the present paper is to perform another dimension
reduction by letting the width € in (1.2) go to zero. In a purely static setting,
this problem has been addressed in [20] by identifying the I'-limit of the se-
quence ﬂbg in terms of the non-convex functional

/2 | |2

& 0)i=5 [ Ql(+
12

+ﬂ (QW( /) + Qi (w”, 0")) day

) day (1.3)

comprising stretching, bending, and twisting, where QY and Q4 are quadratic
forms suitably related to Q%,. More precisely, the in-plane displacement u can
be related to an axial displacement &; and an orthogonal in-plane displacement
&> In contrast, the out-of-plane displacement v generates an out-of-plane dis-
placement w, and the derivative of v in the direction orthogonal to the axis
leads to a twist function 6.
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In the framework of viscoelastic ribbons, we relate the nonlinear equations
(1.2) to the following equations for viscoelastic ribbons

oiP = g <08V (e +155) + g + w'atw/)>,
1 d
93P = —zd—(c + C%0,€L )
o =— ( (o (& + 52) + cp@g + w’&tw’))w’) (1.4)
+24d 2 (81Qw(w” 0') + 01Qk (D", atef))
d
0= (c’)zQW(w”, 0') + 02Q% (0w, ataf))

n [0,7] x (— 2, 1), where the constants Cf, > 0 and C% > 0, and the qua-
dratlc form Q}, are again related to Q%, and Q%, respectively. Moreover, f 1D
g'P are forces derived from 27, ¢g?P. Note that the equations are again given
in divergence form. More precisely, we prove existence of solutions to (1.4)
and make the dimension reduction rigorous, i.e., we show that solutions to
(1.2) converge to solutions of (1.4) in a specific sense. The solutions have to be
understood in a weak sense, see (2.13) for the exact definition. The same prop-
erty holds for time-discrete approximations, and we provide a corresponding
commutativity result, see Fig. 1.

Heuristically, (1.4) can be understood as the effective equation of a thin-
walled beam with reference configuration €2, ;, governed by (1.1), when we first
let h — 0 and then € — 0. In a forthcoming work, we will make this intuition
rigorous by studying simultaneous limits h < ¢ — 0, complementing the purely
elastic analysis in [18]. Let us mention that in [20] also other energy regimes
have been considered, leading to a “linearized” von Karméan or a “constrained”
von Kérman energy. Whereas the former case is completely covered by our
analysis, the latter is subtler due to the nonlinear constraint det(V?v) = 0 in
the two-dimensional setting.

Our general strategy is to treat the systems (1.2) and (1.4) in the abstract
setting of metric gradient flows [4] for the energies ¢. and ¢, respectively,
where the underlying metric is given by a dissipation distance suitably related
to C%, 01Q%, 32QL, and C%. (We also refer to [30] for a thorough explanation
to this approach.) We follow the approach of evolutionary T'-convergence de-
vised in [29,34,36,37]. In using this theory, the challenge lies in proving that
the additional conditions needed to ensure convergence of gradient flows are
satisfied.

More specifically, to use the abstract convergence result, lower semiconti-
nuity of the energies, the metrics, and the local slopes is needed. The estimate
for the energies and metrics essentially follows from [20], see Theorems 5.1
and 5.2 below. The lower semicontinuity of the local slopes, however, is more
technical and the core of our argument. We briefly present the main idea in the
one-dimensional setting. The local slope of ¢ in a metric space with metric
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Dy is defined by

e (00(2) = d0(2)*
0 z) := limsu ~ .
| ¢0|D0( ) 24.Zp DO(Z7Z)
(To simplify the notation here, we use a single variable z in place of (£1, &2, w, 6),
see (1.3).) We use a finer representation of the local slope, based on gener-
alized convexity properties, to show that the local slope coincides with the
global slope, see [4, Definition 1.2.4], up to some lower order terms. Essen-

tially, this shows |0¢g|p, () =~ W for some Z. Consider a sequence
(zn)nen converging to a limit z. The main step consists in constructing a mu-
tual recovery sequence (Z,)nen such that ¢g(z,) — ¢o(Zn) — do(2) — do(2)
and Dy (zn, 2n) — Do(z,2), see Lemma A.2. The strategy to prove the lower
semicontinuity of local slopes along the sequence ¢, is similar, but the con-
struction of mutual recovery sequences (see Lemma 5.3) is subtler as suitable
compatibility conditions between the elastic energy and the viscous dissipation
are needed. We consider different conditions in that direction, ranging from
materials with small Poisson ratio to vanishing dissipation potentials in the
direction of the width e, see Subsection 2.3 for details. Let us emphasize that
mutual recovery sequences are also crucial to perform the limiting passage on
the time-discrete level, see Theorem 5.7.

The plan of the paper is as follows. In Sect. 2, we introduce the one- and
two-dimensional models and state our main results. The main goal is to prove
the existence of solutions to the one-dimensional model, which is based on
gradient flows in metric spaces [4]. In particular, Theorem 2.2(i) provides the
existence of solutions to the one-dimensional gradient flow by relying on the
theory of generalized minimizing movements. Moreover, Theorem 2.2(ii) iden-
tifies solutions of the gradient flow as weak solutions of the one-dimensional
system of PDEs (1.4). Finally, Theorem 2.3 addresses the relation to the two-
dimensional system. Besides the convergence of two-dimensional solutions to
the one-dimensional solutions, we also get analogous results for the semidis-
cretized problems. In particular, convergences for vanishing time step and van-
ishing width of the plate commute, see Fig. 1. Section 3 is devoted to definitions
concerning the theory of gradient flows in metric spaces. In particular, we re-
call the approximation scheme and also collect the necessary existence results
for curves of maxzimal slopes [4,14]. While Sect. 4 collects separately the main
properties of the two- and one-dimensional systems, Sect. 5 addresses the rela-
tion between the two systems. Finally, proofs of the main results can be found
in Sect. 6, and several technical proofs are postponed to the Appendix A.

Notation

In what follows, we use standard notation for Lebesgue spaces, LP(£2), which
are measurable maps on Q C R? d = 1,2, integrable with the p-th power
(if 1 < p < +00) or essentially bounded (if p = +00). Sobolev spaces, i.e.,
whkop (©) denote the linear spaces of maps which, together with their weak
derivatives up to the order k € N, belong to L?(2). Further, Wég’p(Q) contains
maps from W¥*P(Q) having zero boundary conditions (in the sense of traces).
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Moreover, for a function v € W*P(Q), the set W}P?(Q) contains maps from
WFP(Q) attaining v at the boundary (in the sense of traces) up to the (k—1)-
th order. To emphasize the target space F, we write W*?(Q; E). If E = R,
we write W*P(Q) as usual. We refer to [3] for more details on Sobolev spaces
and their duals. If the integration variable is clear from the context, we usually
drop dx at the end of integrals.

2. The model and main results

2.1. The two-dimensional setting

In this subsection we describe the two-dimensional von Karméan plate model.
Fixing an interval I = (—%, 1), the set S. := I x (—£, £) represents a two-
dimensional reference configuration of a two-dimensional plate, where { > 0
denotes the length and € > 0 the width. For u € W12(S;;R?) and v €
W22(S.;R) we define the von Kdrmdn functional by
1 1 1 1 1
Pe(u,v) := z /Sg inz/V (e(u) + §VU ®VU) T2 /SE QQ%V(V%)
1
**/S (f2Pv+ g2 ), (2.1)

3

where e(u) := 1(Vu + VuT) denotes the linear strain tensor and ® the Eu-
clidean tensor product. Moreover, Q%, denotes a quadratic form on R?*?, re-
lated to the tensor C%, in (1.2) via the mapping A — Q%,(4) = A : C}, A. The
quadratic form is derived from a frame-indifferent energy density W. There-
fore, it only depends on the symmetric part of a matrix 4 € R?*2 i.e., on
3(A+ A7), and is positive definite on R2%2. This functional describes the en-
ergy of a two-dimensional plate deformed in three-dimensional space, where
u and v correspond to in-plane and out-of-plane displacements, respectively.
The energy comprises both a membrane term depending on v and v, as well as
a bending term, only depending on v. Eventually, the functions 2P € L?(S.)
and g2P € L%(S.;R?) correspond to a vertical force density and a horizontal
force density, respectively.

We also introduce a global dissipation distance D ((u,v), (,v)) between
two displacements (u,v), (@,7) € WH2(S.;R?) x W22(S.) whose square is
given by

_!

9

1 2 2~ 2
+125/SEQR(V - V). (2.2)

Do ((u, ), (i 7)) /S Q% (e(@) — e(w) + %w © Vi - %w Vo)

Here, Q% is a quadratic form on R?*2, positive definite on ngxnzl , which cor-
responds to the tensor C% in (1.2) and is derived from a nonlinear viscous

dissipation potential R, see (1.1).
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As shown in [22,23], the metric gradient flow of ¢. with respect to the
metric D., for a given initial datum (ug,vo) € WH2(S.;R?) x W22(S.), cor-
responds to the 2D equations for viscoelastic von Kdrmdn plates

—div(C%, (e(u) + Vo ® V) 4+ C% (e(ru) + VOrv © VU)) =g2D,
—div ((C%V (e(u) + £ Vv ® Vo) + C% (e(deu) + VOrv © Vv))Vv)
+ 5 divdiv(C3, Vv + C3V20:0) = f2P in [0,00) x S,
u(0, ) = wo, v(0,-) = vo in Se,
(2.3)

where © is the symmetrized tensor product and div denotes the distributional
divergence. The existence of solutions to (2.3) complemented with Dirichlet
boundary conditions on 9S. has been addressed in [22,23]. For performing
the dimension reduction, we instead only impose boundary conditions on the
lateral boundaries 01 x (75, 5). More precisely, given functions i, € Wh2(I),
o € W22(I), and © € W22(I), we define the space of admissible functions by

2D = {(u,v) € WL2(S.:R?) x W22(S.) :
u(x) = (1 (x1) — w2l (21), Lao(x1)), v(x) = 0(x1),

dyv(z) = dyi(z1) on AT x (—%, 5)} (2.4)
Note that the proof in [22,23] can still be performed under (2.4) up to minor
adjustments, but the equations (2.3) need to be complemented with zero Neu-
mann boundary conditions on the top and the bottom of S.. As we will see
below, however, they do not affect the effective 1D model. The structure of
the conditions on wu is related to the space of Bernoulli-Navier functions, see
(2.9) below.
We say that (u,v) € W2([0,00); #2P) is a weak solution of (2.3) if
u(0,+) = ug, v(0,-) = vy and for a.e. t > 0 we have

/ u) 4 5V0 ® Vo) +Ch (e(0) +V8w © V) ) - V%:/ 27 - b,
E (2.5a)
/ )+ 2V @ V) + C(e(dyu) + Vo © Vv)) (Vv ® Voy)
Se
+ — (C%Vv% + (C%VQ@U) V%3, = / 2P ¢, (2.5b)
12 s,

for all (¢, dy) € L2, where .70 is defined as in (2.4) for 4; = 4y = 9 = 0.
Note that (2.5a) corresponds to two scalar equations and (2.5b) corresponds
to one scalar equation, respectively.

2.2. Compactness and limiting variables

For the limiting passage, it is more convenient to work on a fixed domain that

does not depend on e. To this end, we introduce the set S := I x (— 2, 2) and
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define the scaled versions y € W2(S;R?) and w € W22(S) by

y1($17$2) ¢:U1($1,€$2), y2($1,$2) i:5u2($17€5€2), w(:rl, 1?2) 3:7)(331,5%2)7
(2.6)

and the scaled differential operators E¢, V., V2 by

01y > (O1y2 + 522!1))
Efy = 2
Y <215(82y1 + O1y2) 502> ’
1 Fw LoXw
Vow = (a = 4 Viw:= (1 2 (g7
w 1w, 2w> an Zw (;8%111) ;8%211) (2.7)
Thus, by the chain rule we have

Efy(x) = e(u)(x1,ex2), Vow(z) = Vo(zy,ers), Viw(z)=V3v(xy,ers).

Similarly, we define the scaled forces f?D :S — R and g2P: S — R? by
2D (31, 29) = f2P(21,ex9) and §2P (21, 72) = ¢2P(21,e72) and assume that
the scaled versions satisfy

0L fIP R glP IR glP weakly in I3(S)  (2.)
for functions f'2 € L%(I) and g'? € L?(I;R?). Here and in the following, with
a slight abuse of notation, we regard all functions defined on I as functions on
S which do not depend explicitly on the variable x,.

Starting from the variables y and w in dimension two, we now introduce
corresponding limiting variables in the one-dimensional setting. We will iden-
tify the limit of the in-plane displacements with two-dimensional Bernoulli-
Navier functions defined by

BN(a, 4,)(S; R?) 1:{9 e WH2(S;R?) te(y)i2 = e(y)a2 = 0, 41 = 1y — zo1b,
Yo = Uy ON F},

where for shorthand, we set I' := 91 x (—3, 3). Compared to [20], this function
space is different since in our analysis we consider functions with boundary
values instead of functions with vanishing mean. By arguing analogously to [8,
Theorem 4.1], the space of Bernoulli-Navier functions can be identified with

functions defined on I, namely

BN(a, .0y (S; R?) :{y e Wh(S;R?) 1 3¢&1 € WEA(I), 3&2 € W22(I) such that

yi(x) = &(a1) — 2265(21), pa(z) = 52(351)}. (2.9)
Here, it is worth noting that the second component has a higher regularity
and that & = a4 on 01 as & — x2€) = Gy — 220, on 01 for a.e. z2 € (— 3, 3).
We recall the scalings (2.6) and (2.7), and denote by 27 = {(u,v) €
2D ¢ (u,v) < M} the sublevel sets of the energy.

Proposition 2.1. (Compactness) Let (ue, ve)e be a sequence such that (ue,v.) €
S22y Jor M > 0. Let (ye,we)e be the scaled sequence in the sense of (2.6).

Then, up to a subsequence, there exists a vertical displacement w € Wg’Q(I), a
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twist function 6 € Wol’2 (I), and a horizontal displacementy € BN 4, 4,)(S; R?)
such that

we — w in W*2(S), V.w. — (w',0) in WH2(S;R?),

"
vzwe - (Ué/ i) n LQ(S;Rg;n%)

for a suitable v € L*(S) and
ye =y in WH2(S;R?)  and Efy. — FE in L*(S; ]Rfyxr?l)
for a suitable E € L?(S;R2%2) such that By = 01y .

Sym

The proof is omitted as it closely follows the lines of [20, Lemma 2.1]
where functions with vanishing mean have been considered. In fact, the only
difference lies in using suitable versions of Poincaré’s and Korn’s inequality for
functions with given trace, and in checking that the limits satisfy the boundary
conditions. To see the latter, it suffices to observe that y.(z) = (t1(z1) —
Tolh (1), d2(21)), we(z) = 0(x1), and 10w, = 0 on T, see (2.4) and (2.6).
Here, our choice of the boundary values in (2.4) becomes apparent since it
guarantees that the limit of the in-plane displacements can be identified with
functions in (2.9). We also refer to [27], where clamped boundary conditions in
a related context are considered. Later we will see that the compactness result
also holds in the time-dependent setting along solutions to (2.5).

2.3. Effective quadratic forms and compatibility conditions

As a preparation for the formulation of the one-dimensional model, we intro-
duce effective quadratic forms related to Q%, S = W, R, introduced in Subsec-
tion 2.1. Recall that Q%, and Q% are defined on R?*? which depend only on
symmetric matrices and can thus be identified with functions defined on R3
q11 q12
q12 422
notation in the sequel. We define reduced quadratic forms by minimizing the
second and third entry. More precisely, we let

via (q11, q12, q22) ~ ) For the sake of readability, we use both types of

QY (qi1, qi2) = gléﬁ@%(qn,qlz,a) (2.10)

for (g11,q12) € R? and
Q3(gn) :=min Q5(q11, 2) = C3aty (2.11)

for g11 € R and a suitable constant C2 > 0. We denote by C};, and C} the
corresponding second-order tensors.

To perform a rigorous evolutionary dimension reduction, we require some
compatibility conditions of the quadratic forms Q%, and Q% as we need to
construct mutual recovery sequences, compatible for the elastic energy and
the viscous dissipation at the same time (see Theorems 5.6 and 5.7). A first
possibility is given by the assumption that

arg min QQS(qu,qlz, a) =0, arg min Q}g(qn, 2)=0 for all ¢11,q12 € R.
a€ER z€R
(H1)
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This induces a restriction from a modeling point of view since it particularly
corresponds to materials with Poisson ratio zero, such as cork. A reasonable
generalization is to assume that Q% are e-dependent, denoted by Q%’E, such

that Q% . = Q%+0(1)Qs for e — 0, where Q% satisfies (H1) and Qg is any pos-
itive definite quadratic form. (For simplicity, we did not include this explicitly
in the notation in (2.1) and (2.2).) Another sound option is to consider thin
materials with general Poisson ratio, but with a vanishing dissipation effect in
the es direction. In this case, the assumptions are given by
lim Q% (q11,012,0) = Qi(q11,q12),  argmin Q(qu,2) =0 for S =W, R
- z€R

(H2)
for all q11,q12,a € R. This setting includes, but is not restricted to, the case
of linear isotropic elastic materials with corresponding quadratic form

Q%/v(CI11»Q12,Q22) = 2,u(qf1 + 2(]%2 + q§2) + Mg + Q22)27

where g > 0 and A € R are suitable Lamé parameters. In particular, (H1)
corresponds to A = 0. In this paper, we cover both cases described above. We
remark that (H1) and (H2) are only needed for the proof of Lemma 5.3.

2.4. Equations of viscoelastic vK ribbons in 1D

We now present the effective 1D equations. To this end, define the set of
admissible functions by

K =Wy (1) x WEAI) x W2(I) x Wy (1), (2.12)

In the following, we write ’ for spatial- and 9; for time derivatives. Recall the
definition of the forces in (2.8). Given (£9,£9(¢),w?,6°) € K, we consider the
system of equations

D _ co (5 |wl|2>+CO(8f'+w’8 w')

g1 d:c w St B r\0tS1 t )
1 2

93" =551 (Oh &5 + Ry,

e
/2
1P == ((Oev (6 + 25 + oo + w/atw@)w’)

1 42
24d2

+ 3107 (D@l (.0 + AQR(O". 08))).

0=~ (62Qw(w” 0') + 0:Q% (D", 0,0 )) in [0,00) x I

such that &(0,-) = &, &(0,-) = &9, w(0,-) = w° 0(0,) = 6° in I and
(51( ) &), w(t),0(t)) € K for t € [0,00). We also say that (£1,&,w,0) €

L2(10,00); K) is a weak solution if £1(0,-) = €9, &(0,-) = €9, w(0, ) = w?,
0(0, -) = 0% and for a.e. t > 0, we have

112
0= / (Cev(§1+ '“’2' )+C%<8t§1+w'atw’>>¢gl - / 9iP%e,,  (2.13a)
I I
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1

! :/ = (Ches + Chongs ) ot - / 93P de,, (2.13D)

I I

/|12

0= / (CSV (e1+ |w2| )+ Ch@g + w’atw')>w'¢gu

I

+ % (01Qky (w",0) + 1 QR (O, 010') ) 9l — / P, (2.13¢)
I

! :/ (GQQ%V(“"Q 0) + QR (O, 0,0) ) 3 (2.13d)

I

for all ¢¢, € Wy (I), ¢e, € WE(I), ¢ € WP (I), and ¢ € Wy *(I).

We point out that (2.13b) describing the orthogonal in-plane displace-
ment & is completely decoupled from the other equations, whereas the axial
in-plane displacement &; is always coupled to the vertical displacement w by
(2.13a) and (2.13c). Interestingly, under assumption (H1), one can check that
the twist function only appears in (2.13d), and (2.13d) is also independent of
w in this setting, i.e., (2.13d) decouples completely, as well.

Our goal will be to show existence of weak solutions to (2.13) and that
weak solutions (2.5) converge to weak solutions (2.13) in a suitable sense. In
particular, we will relate (2.13) to a metric gradient flow with respect to an
energy ¢ in the space

S = BN, ) (STR2) x W2 (1) x WA (D), (2.14)

endowed with a metric Dy whose square is given by

Do((y. w,0), (7,,6)) /QR Oy — O + —— ' M)

2 2
—Q/IQ}%(w” —a",0 -0 (2.15)
for (y,w,0), (j,,0) € P and the energy ¢y is given by
ooty 0)=5 [ Qe+ 55) + 5 [t o) = [ 1Pty
(2.16)

for (y,w,0) € 1P, Note that (2.16) coincides with (1.3) (for 1P =0, g'P =
) by using (2.9) and by performing an integration over xs, where one uses

f 122 = 0 and flﬁz x3 = 1/12. For notational convenience, we work with

P instead of the (equivalent) space K, i.e., we identify (&;,&) with y via
(2.9).

2.5. Main results

To show existence and convergence of solutions, we will use the abstract theory
of gradient flows [4] and evolutionary I'-convergence [29,36,37]. In particular,
our approach to prove existence of 1D solutions is twofold as we derive it
both by time-discrete approximations and also by limits of two-dimensional
solutions.
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Our first main result addresses the existence of time-discrete solutions to
the one-dimensional problem and their convergence to a curve of maximal slope
for ¢ with respect to Dy and |0¢p|p, . For the main definitions and notation for
curves of maximal slope and strong upper gradients we refer to Subsection 3.1.
In particular, we write |0¢c|p. and |0¢g|p, for the local slopes, where the en-
ergies and metrics are defined in (2.1), (2.2), (2.15), and (2.16). The definition
of time-discrete solutions is given in Subsection 3.2. The relevant results about
existence of curves of maximal slope are recalled in Subsections 3.2 and 3.3.

Theorem 2.2. (Solutions in the one-dimensional setting) Consider (£9,£9,w°,6°) €
K and define y° := (&9 — 22(63),€). i.e., (4°,u®,0%) € S1P.

(i) (Approximation and existence) For each null sequence (1;)ien and each
sequence of discrete solutions (U,); as in (3.2) below, there ezists an
absolutely continuous function (y,w,0): [0,00) — P with respect to
the metric Dy satisfying (y,w,0)(0) = (y°,w’, 6°) such that, up to a
subsequence, not relabeled,

U, (t) — (y(t),w(t),0(t)) for allt € [0,00) as | — oo

with respect to the topology induced by Dy, and (y,w,0) is a curve of
mazimal slope for ¢o with respect to |O¢o|p, -

(ii) (Identification) Each curve of mazimal slope (y,w,0) for ¢o with respect
to |0go|p, can be identified via (2.9) with a curve

(&1, &, w,0) € WH([0,00); K) (2.17)
such that (&1,&2,w,0) is a weak solution of the system (2.13).

Now, we study the relation of weak solutions (2.5) and weak solutions
(2.13). To this end, we need to specify the topology of the convergence. We de-
fine mappings 7. : .72P — . by m.(u,v) := (y,w, 22¥), where y and w are the
scaled in-plane and out-of-plane displacements correspondlng to u and v, see
(2.6), and . = 7.(#2P). We say that 7. (uc,ve) = (ye,we, 222) 5 (y,w,0)
if we have the convergence in the sense of Proposition 2.1. Furthermore, we
say that (uc,v.) 23 (y,w,0) if 7. (us,ve) = (y,w,6). The sequence (ue,v.)s

converges strongly to (y,w, ), written (ue,ve) e (y,w,0), if the convergence
in Proposition 2.1 also holds with respect to the strong in place of the weak
topology. We remark that the limiting variables (y, w, ) are contained in the
space .#1P C .7 defined in (2.14).

Theorem 2.3. (Relation between two-dimensional and one-dimensional sys-
tem) Suppose that (H1) or (H2) holds. Consider a null sequence (£1)ien
and a sequence of initial data (u,v? )El with (u?,02) € 725 r such that

(W2, 00) ™3 (5, 00,60) € 1P and Gu(ul, ) — do(y”, w0, 6°).

g1 ey
(i) (Convergence of continuous solutlons) Let (ue,,ve,)1 be a sequence of
curves of mazimal slopes for ¢., with respect to |8¢EZ|D satisfying

(ue, (0),v:,(0)) = (u2,v2). Then, there exists an absolutely continuous
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(iii)

}/E,T c 0 UT
7T —0 T—0
e, 7 — 0
(e, ve) (vave)
e—0

F1GURE 1. Illustration of the commutativity result given in
Theorems 2.2 and 2.3, where 7 indicates the timestep and e
the width of the ribbon. The horizontal and diagonal arrows
are addressed in Theorem 2.3. The left vertical arrow is a
consequence of [23, Theorem 4.1], up to minor adaptions due
to boundary conditions. The remaining vertical arrow corre-
sponds to Theorem 2.2

function (y,w,0): [0,00) — ZP with respect to the metric Dy satisfying
(y,w,0)(0) = (y°,w°,0°) such that, up to a subsequence, not relabeled,

(ue, (1), ve, (1) 25 (y(1),w(t), 6(t)) for allt € [0,00) asl — oo

and (y,w,0) is a curve of mazximal slope for ¢po with respect to |O¢o|p, -
(Convergence of discrete solutions) For all 7 > 0 and all discrete solutions
Y., - as in (8.2) below there exists a discrete solution U, of the one-
dimenstonal system such that, up to a subsequence, not relabeled,

Y., 20U, for allt € [0,00) asl — .

(Convergence at specific scales) For each null sequence (7;)1en and each
sequence of discrete solutions YEW as in (3.2) below, there exists an
absolutely continuous function (y,w,0): [0,00) — P with respect to
the metric Dy satisfying (y,w,0)(0) = (y°,w’, 6°) such that, up to a
subsequence, not relabeled,

Yoo (t) 7 (y(0),w(t),0(t))  for allt €[0,00) as | — oc
and (y,w,0) is a curve of mazimal slope for ¢po with respect to |O¢o|p, -

Note that in the two-dimensional setting the existence of curves of max-

imal slope in (i) and discrete solutions in (ii) and (iii) is guaranteed by [22,
Theorem 2.2] and [23, Theorem 4.1]. In particular, weak solutions in the two-
dimensional setting converge (in the sense above) to solutions of the one-
dimensional equations. We refer to Fig. 1 for an illustration. We point out
that existence of solutions to the one-dimensional equations follows without
(H1) or (H2), see Theorem 2.2. These compatibility conditions are only needed
to prove Theorem 2.3.
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3. Preliminaries: curves of maximal slope

In this section, we recall the relevant definitions about curves of maximal slope
and present abstract theorems concerning the convergence of time-discrete
solutions and continuous solutions to curves of maximal slope.

3.1. Definitions

We consider a complete metric space (.-, D). We say a curve y: (a,b) — .7 is
absolutely continuous with respect to D if there exists m € L'(a,b) such that

D(y(s),y(t)) < /tm(r) dr foralla<s<t<hb.

The smallest function m with this property, denoted by |¢/|p, is called metric
derivative of y and satisfies for a.e. t € (a,b) (see [4, Theorem 1.1.2] for the
existence proof)

() = lim D(y(s), y(t))
o= lim =

We define the notion of a curve of mazimal slope. We only give the basic
definition here and refer to [4, Section 1.2, 1.3] for motivations and more details.
By it := max(h,0) we denote the positive part of a function h.

Definition 3.1. (Upper gradients, slopes, curves of maximal slope) We consider
a complete metric space (-, D) with a functional ¢: . — (—o0, +00].

(i) A function g: . — [0, 00] is called a strong upper gradient for ¢ if for

every absolutely continuous curve y: (a,b) — % the function g oy is
Borel and

16(y(8)) — Blu(s))] < / gy p(r) dr foralla<s<t<b

(ii) For each y € . the local slope of ¢ at y is defined by

: (¢(y) — ¢(2))*

9¢|p(y) := limsup —————.
oW =P T G )

(iii) An absolutely continuous curve y: (a,b) — .7 is called a curve of maximal

slope for ¢ with respect to the strong upper gradient g if for a.e. t € (a,b)

d 1 1
—o(y(t) < —=|y'[5(t) — =g*(y(t)).
o) <~y Ib(t) — 567 (u(t)

3.2. Curves of maximal slope as limits of time-discrete solutions

We consider a sequence of complete metric spaces (%%, Di)k, as well as a
limiting complete metric space (F, Dy). Moreover, let (¢x)x be a sequence of
functionals with ¢y : %% — [0, 00] and ¢g: S — [0, 0].

We introduce time-discrete solutions for the energy ¢, and the metric Dy,
by solving suitable time-incremental minimization problems: consider a fixed
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time step 7 > 0 and suppose that an initial datum Y,gr is given. Whenever
vP

77-’.

Y"1 are known, Yy, is defined as (if existent)

. ne 1
Yy, = argmin,c o, Py (7, Y 1;v), Py (7, u;0) := EDk(v, u)® + or(v).
(3.1)

We suppose that for a choice of 7 a sequence (Y, )nen solving (3.1) exists.
Then we define the piecewise constant interpolation by

Vi, (0) = Y,gT, Yir(t) =Y, fort € (n—1)7,n7], n> 1. (3.2)

We call Yk,r a time-discrete solution. Note that the existence of such solutions
is usually guaranteed by the direct method of the calculus of variations under
suitable compactness, coercivity, and lower semicontinuity assumptions.

Our goal is to study the limit of time-discrete solutions as k — oo. To this
end, we need to introduce a suitable topology for the convergence. We suppose
that there exists a set . with . D . and a projection 7 : ., — .. (Note
that a usual assumption is ¥ = %, see e.g. [37], but for our application we
need a slightly more general setting.)

We assume that there is a possibly weaker topology ¢ on .. Given a
sequence (zx)k, 2k € S, and z € .7, we say z, = z if mp(zr) = 2. We
suppose that the topology o satisfies

w8z, B SE = likminka(zk,Zk) > Do(z,2) (3.3)
for all z, z € . Moreover, we assume that for every sequence (2 )k, 2k € %,
and N € N we have

or(z) <N = 2z, % 2€.% (up to asubsequence). (3.4)

Further, we suppose lower semicontinuity of the energies and the slopes in the
following sense: for all z € % and (2x)k, 2k € %, we have

w sz = hknli(gf |0¢k| Dy, (28) > 00D, (2), hkﬂ_l)'}gf Pr(21) > o(2).

(3.5)

We now formulate the main convergence result of time-discrete solutions
to curves of maximal slope, proved in [34, Section 2].

Theorem 3.2. Suppose that (3.3)—(3.5) hold. Moreover, assume that |0¢po|p, s
a strong upper gradient for ¢o. Consider a null sequence (1y)x. Let (Yk(frk)k
with Y,gm € S and Zyg € Sy be initial data satisfying

Vi Pz, on(Yin) = ¢o(Z)-

Then, for each sequence of discrete solutions (Yy 7, )i starting from (Y, )i,
there exists a limiting function z: [0,+00) — S such that, up to a subse-
quence, not relabeled,

Vir () = 2(t),  on(Vir () — ¢o(2(t)) vt >0
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as k — oo, and z is a curve of mazimal slope for ¢po with respect to |O¢o|p, -
In particular, z satisfies the energy identity

T T
3| 10 [0 0t w=(T) = dz) VT >0,
(3.6)

The statement is a combination of convergence results for curves of max-
imal slope [37] with their approximation by time-discrete solutions via the
minimizing movement scheme. For a more detailed discussion of similar state-
ments, we refer for example to [22; Section 3].

3.3. Curves of maximal slope as limits of continuous solutions

As before, (S, Dy)r and (F, D) denote complete metric spaces, with cor-
responding functionals (¢p)r and ¢q. For the relation of the two- and one-
dimensional systems, we will use the following result.

Theorem 3.3. Suppose that (3.3)—(3.5) hold. Moreover, assume that |0¢n|p,, ,
|0¢o|p, are strong upper gradients for ¢, ¢o with respect to Dy, Dy, respec-
tively. Let u € Sy. For all n € N, let u,, be a curve of mazximal slope for ¢,
with respect to |0¢n|p, such that

(i) sup sup ¢, (un(t)) <0
neN t>0

(i) un(0) =, Gn(un(0)) — do(a).

Then, there exists a limiting function u: [0,00) — Fy such that up to a sub-
sequence, not relabeled,

un(t) = u(t),  dn(un(t)) — dol(u(t)) Vt=0
asn — oo and u is a curve of mazimal slope for ¢o with respect to |O¢o|p, -

The result is a variant of [37] and is given in [21, Theorem 3.6], with the
only difference being that here we consider a sequence of spaces instead of a
fixed space. The generalization is straightforward and follows from standard
adaptions.

4. Properties of energies and dissipation distances

In this section, we collect basic properties of the energies and dissipation dis-
tances, and we establish properties for the local slopes. We recall the definition
of the energy and the dissipation distance in (2.1), (2.16) and (2.2), (2.15), re-
spectively. We also recall the notation for the sublevel sets .29 = {(u,v) €
2D ¢ (u,v) < M}. In what follows, we assume that f2P g2 = 0 for the
sake of simplicity, see (2.1). Indeed, the force terms can be included in the
analysis by minor, standard modifications.
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4.1. Properties in 2D

In this subsection, we state the relevant properties of the local slopes in the
two-dimensional setting, which are provided by the following lemma.

Lemma 4.1. (Properties of the two-dimensional setting) Let M > 0. We have:
(i) (L2%,De) is a complete metric space.
(ii) Let ®1(t) := V2 + Ct3 + Ct* and ®3,(t) := CV M2+ Ct3 + Ct* for any
C > 0 large enough. Suppose that (u,v) € 5’62’?4. Then, the local slope for
the energy ¢- admits the representation

(62 (u, v) — pe (@, ) — B3 (D ((w,0), (@,9)))) "
0. u,v) =  su — .
|0¢e|p, (u,v) (M)Ggg? &1 (D, ((u, ), (@, 7))
(u,v)#(1,0)

(iil) The local slope |0¢p:|p, is a strong upper gradient for ¢..

Proof. Ttem (i) is proved in [22, Lemma 4.6]. For the proof of (ii), we refer to
[22, Lemmas 4.8 and 4.9]. One only needs to ensure that the constant C' can
be chosen independently of €. The crucial step is the scaling of the embedding
Wh2(S.) cc L*(S.) on the thin domain S. in order to deal with the non-
linearity Vv ® Vv in the energy (2.1) and the metric (2.2). More precisely, by
a scaling argument, [22, (4.15)] can be replaced by

15V (v — v1) @ V(vo — v1)l|22(s.) < ClIV(v0 — v1) 1745,y
< Ce™ P ug = villfy2as,)
< CVeD2((uo, vo), (u1,v1))

for (uo,vo), (u1,v1) € 2, where the last inequality follows from (2.2),
Poincaré’s inequality, and the positivity of Q%. This is sufficient to adapt the
proof of 22, Lemma 4.8]. The mappings ®' and ®3, have been introduced after
[22, (4.19)] and before [22, (4.21)], respectively. Item (iii) is also a consequence
of [22, Lemma 4.9]. O

4.2. Properties in 1D

In this subsection, we derive properties in the one-dimensional setting. We
mainly need a one-dimensional version of Lemma 4.1 as well as some basic
properties of the metric space (#'P Dy) and the energy ¢o. The proofs are
analogous to the corresponding proofs in [21,22]. We refer to Appendix A
where we give the main arguments for the reader’s convenience.

Lemma 4.2. (Properties of (#P Dy) and ¢q) Consider the canonical norm
|- llean on F1P which is defined as

(g, 0, 0)llean = lyllwr2(sir2) + lwllwz21) + 10wz

(i) Completeness: (.#*P Dy) is a complete metric space.
(ii) Topology: The topology induced by || - ||can coincides with the topology
induced by Dy. In particular, there exists a constant C' > 0 such that

||w_wHW22(I) + H0_9~||W12(I) < ODO((yaw79)7(gaw7é)) and (41)
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Iy — dillwr2(sirz) < CDo((y,w,0), (§,10,0)) + Cllw + @' || zacr) |w' — @' || a1y
(4.2)

for (y,w,0), (i, w,0) € L.

(iii) Compactness: Let (yg,wk,0k)r be a sequence in P with supyey
®0 (Y, w, 0k) < o0o. Then, supgey || (Y, Wi, Ok)||can < +00 and, up to
a subsequence, (yYx,wr, Ok converges weakly in (L2, || - |lcan) to some
(y,w,0) € L.

(iv) Lower semicontinuity: If (yx, wy, ) and (Ji, Wg, 0r) converge weakly in
(ZP || |lean) to (y,w,0) and (§,0,0), respectively, we have lim infy_, o
G0(Yk, Wk, Ok) > do(y, w,0) and lim infy_,  Do((yk, wk, Ok), (Jr, Wk, Ok)) >

DO((yv w, 0)) (gv ’(I/, 0))
The following lemma is the one-dimensional version of Lemma 4.1.

Lemma 4.3. (Properties of the one-dimensional slope |0¢g|p,) Let M > 0. We
have:

(i) The local slope for the energy ¢o admits the representation
|a¢O|DU (vavg)

_ sup (d)o (ya w, 9) - ¢0 (ga 7179 é) - q)?\/l (DO((ylwa 0)7 (gv 12}7 é))))+
(y,w,@)#(y,m,é)ey’ 1D ¢1(D0((y7w70)7 (gaﬁ779)))

for all (y,w,0) € P satisfying do(y, w,0) < M, where ®' and ®3, are
defined in Lemma 4.1(i).

(ii) The local slope |Odo|p, is a strong upper gradient for ¢q.

(iii) Lower semicontinuity: If (yx, wk, Ok )x C P converges weakly in (P, ||-
llean) to (y,w,0) € SP, we have liminfy_. . |0¢o|p, (Yr, wk, k) >
\3% |Do (yv w, 0) .

5. Relation between 2D and 1D setting

In this section, we briefly recall the convergence results in the static case [20]
and then we prove lower semicontinuity for the local slopes along the passage
from the 2D to the 1D setting. Recall the projection mapping 7., the space
S = 7 (F2P), and the convergences mo and 7p introduced before Theorem
2.3. In the sequel, it is convenient to express ¢. and D, in terms of the scaled
functions y and w introduced in (2.6). By a change of variables we have (recall
f2D — g2D — 0)

P (y, w) :% /S Qi (E°y + évgw ® V.w) + i /S Q% (Viw) (5.1)
and

1 1
D?((y, w), (§,0)) :/ QQR(Egy —E°y+ §sz ®Vew — Qveﬁ) & VEUN))
S
1
+ = / Q% (V2w — V2) (5.2)
12 /g

for all (y,w), (g,w) € .&.
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5.1. I'-convergence

We briefly recall the T'-convergence result in [20] which particularly yields the
lower semicontinuity of the energies and the dissipation.

Theorem 5.1. (I'-convergence of energies) ¢. converges to ¢q in the sense of
I'-convergence. More precisely,

(i) (Lower bound) For all (y,w,0) € /P and all sequences (uc,v:)- , (ue,ve) €
2P such that (uz,v.) =2 (y,w,0) we find

€
lim i(I)lf b (ue, ve) > Po(y, w,0).
E—

(ii) (Optimality of lower bound) For all (y,w,0) € 7P there exists a sequence
(te, ve)e with (ue,ve) € S2P for all € > 0 such that (u.,v.) 5 (y,w,0) and

213% be(ue,ve) = go(y, w,0).

In [20, Theorem 2.3(i),(ii)], the proof has been given for functions with
vanishing mean. The adaptions to the present setting, however, are minor. In
particular, the construction of recovery sequences needs to be slightly adjusted
to comply with the imposed boundary conditions. We defer details to Lemma
5.3 and Remark 5.5(a) below where we use a similar ansatz as in [20].

Theorem 5.2. (Lower semicontinuity of dissipation distances) Let M > 0.
Then, for sequences (uc,ve)e and (e, 0c)e, (Ue,ve), (Ue,Ve) € 5’62’?4, with

(e, v2) =3 (y,w,0) and (iic,9.) =3 (§,@,0) we have

lim inf De ((ue, ve), (4ie, 0e)) = Do((y, w,0). (5,0, 0)).

Proof. The argument is analogous to the one in Theorem 5.1(i) (cf. [20, The-
orem 2.3(i)]) as the structure of D, and Dy is similar to ¢. and ¢, see (2.15),
(2.16), (5.1), and (5.2). O

5.2. Lower semicontinuity of slopes

In contrast to Theorems 5.1 and 5.2, the derivation of lower semicontinuity for
the local slopes is more challenging as in its definitions metrics appear in the
denominator and energies are subtracted in the enumerator. Roughly speaking,
we need a reverse inequality in Theorem 5.1(i) and Theorem 5.2 which in
general is false. The representations of the slopes in Lemmas 4.1 and 4.3 allow
us to construct recovery sequences such that the “reverse inequality” is true.
More precisely, we have the following.

Lemma 5.3. (Mutual recovery sequence) Suppose that (H1) or (H2) holds.
Consider a sequence (e, Ve)e, (Ue,ve) € yngv)[, such that (ue,v.) =% (y,w,0).

Let (gjﬂb,é) € P, Then, there exists a mutual recovery sequence (i, Ve ),
(i, D) € 2P for all e > 0, such that

liminf (e (ue, v2) = @e (@, ) > doly, w,0) = do(F,0,0)  (5.3)
and
gl_{% DE((“E? UE)» ('&457 56)) = D()((y’ w, 0)7 (g’ U~}, é)) (5'4)
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Remark 5.4. In the following and in later proofs, we will frequently use the
elementary expansion

Qa) — Q(b) = Q(a —b) +2Cla — b, b] (5.5)

for all a,b, where @ is a quadratic form with associated bilinear form C.

Proof of Lemma 5.3. The proof is based on the ansatz of the recovery sequence
in [20], slightly modified to comply with the imposed boundary conditions.
Recall the definition of the quadratic forms in (2.10)—(2.11). We first suppose
that (H2) holds as this case is more delicate. At the end of the proof, we briefly
present the adaptions for (H1).

Step 1: Definition of recovery sequences. Given (ue, v ), let (y, we) as in (2.6).
Let v, Fy2, and Eso be the functions given by Proposition 2.1 such that
E00owe = 7, (E°Yc)12 — Fi2 and (Ey. )2 — Fap in L2(S). Welet : I — R
and z: S — R be functions such that

Q¥ (0",0',7) = Qi (w",0')  and

Qi (0191 + 30") = Qi (0151 + 30"%,0, 2). (5.6)
As Qfy is positive definite on R2%2 and (7, w, 0) € #'P we find that 7 € L(I)

and z € L?(S). By standard density arguments for L?- and W'2-spaces, there
exist functions 0. € C°(I) and 7.,(. € C°(S) such that 6. — 6 — 6 in
Wh2(1), 0,607 — 0 in L3(I), % — 7 — 7, €17 — 0, €20%,7. — 0 in L*(S),
and (. — 2 — Fag, €01(. — 0 in L%(S). We define the recovery sequence for
the vertical displacement w. as

xTo t
We () = we(x) + w(x1) — w(wy) + w2l (z1) + 52/ / e (21, 8) ds dt.
—1/2J-1/2

(5.7)
By recalling (2.7), we compute
- ()= Orwe(z) + @' (1) — w' (z1) + w20l (z1) + €2 f21/2 fi1/2 0179 (z1,s)dsdt
e L0pwe (@) + 0c (1) + 2 [73 ), Fe (1, ) ds

and further see that the entries of the scaled Hessian V2w, (x) are given by

8flw€(x) = Onwe(x) + 0 (x1) — w”(x1) + w26’ (x1)

o t
+ €2 / / 0717 (21, 5) dsdt
—1/2J-1/2

108 we () = Loraw.(x) + 0L(z1) + 5ffi/2 017 (21, 8)ds
8%632105(@ = E%aggwe(x) + e (1, 22)
Let us now address the in-plane displacements. We define
()1 (21, 22) =01 (z) — y1(z) + ewo (W' (21)0(z1) — @' (21)0(21)),
(§)a (w1, 32) =) — ya() — Fw202(w1) + 22 [T} ) Co(w1,8)ds. (5.8)
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The characterization in (2.9) implies that day1 = —01y2, 0201 = —0192, and
02y = 0272 = 0. Then, by the definition of £ we have

(E°Je)11 = O (@) — Orya () + exa (w'(21)8 (1) + w” (21)6(z1)
— w'(xl)é’(xl) — ﬁ)"(ml)é(xl)),
(B%:)12 = 3 (w'(21)0(x1) — @' (21)0(21))
ETQ ~

— —G(xl)é’(xl) + E/ (e (1, 8)ds,
2 2 1/2

(B*3e)2z = —20%(21) + (o (@1, 22).

The construction ensures that g. € WH2(S;R?). We let . := y. + ¥.. Eventu-
ally, we define @, and 0. such that ()1 (21, 22) = (@e)1(z1,€22), (¥e)2(21, 22) =
e(tie)2 (21, ex), and W, (@1, 29) = Ue(z1, x2), see (2.6). As 6, 0, 6., §j —y, and
w—w vanish on 01, and 7., (. vanish on 95, an inspection of (5.7)—(5.8) shows
that (i.,v.) € S2P.

Step 2: Proof of (5.4). Due to Proposition 2.1 and the compact embedding
Wh2(S) cc L*(S), we find that V.w. — (w',0) in L*(S;R?) and hence

Vow, @ Vew, — (w',0) @ (w',0) in  L*(S;R?**?). (5.9)

Similarly, due to the fact that dyw. — w’ in L*(S), 1w, — 6 in L*(S), and
0. — 6 — 6 in WH2(I), we have that V.. — (@',8) in L*(S;R?), and thus

Vo, @ Vo — (0,0) @ (@',0) in  L?(S;R**2).
This along with (. — 2z — Ea in L?(S) and 9. — y. = ¥. implies by an
elementary computation
el lo 1
E (ys - ys) + Evsws ® Vew, — Evewe ® Vowe

i — Oy + 3 (0% —w'?) 0
- < 0 2~ Egy — 16° (5.10)

strongly in L2(S;R2%2). Moreover, by 6. — 0 — 0 in W2(I) and 5. — 5 —~
in L%(S), we have

(5.11)

vz(ﬁ) Cw ) . (’l[)” —w" é/ _ 9/)

0—0 -~
strongly in L?(S;R?*2). Proposition 2.1 and (5.9) also yield

e 1 IR o1y1 + %w/Q Eis +w'0 2 w” 0
E Ye + §VEU)5 ® VEwa ( E12 + w/e E22 + %92 and vews 0/ 5

(5.12)

weakly in L?(S;R?*2). Then, by (5.10), (5.11), and (H2) (including explicitly
the e-dependence of Q% ) we find that
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/ Q?%,s (Es(fgs - ys) + %vs@s & vsws - %vsws & vsws)
S

%/SQ%%a (vz(we _w€)>
Q0<a~_a 1~/2_ 2 i 1 (-~ //0”/_9/
— r|lO171 1y1 + 2(“’ w) ) + T QR(U/ w, )
S I

This shows (5.4).

Step 3: Proof of (5.3). We additionally use (5.5) and the fact that a product
of sequences converges weakly in L' if one factor converges weakly and the
other one strongly: by (5.11), (5.12) we obtain

/S Qi (V2uw.) - / Q3 (V2.

= / Qty (VZw. — V2i,) + 2C5 [VEw. — Vi, V2ib,]

a" 0 — 6 ) w' — @' e — é/ @ é/
= [ ((5=37020) ) e (52570 20) ()]
o fa((E)- L)

By (2.10) and (5.6) this implies

L > /Q%V((w“,e /QW ((@",0")) (5.14)
I
Similarly, due to (5.5), (5.10), and (5.12), we have
1
/SQIQ/V (Esye + ivawa ® vswa) - /SQ%V (EE Je + Ve @ vawa)
O1y1 + tw? B +w'
— 2 1Y1 T 3 12
— = o 2T )
Ofh + 20 B +w'0
_ 2 191 T3 12
Lan((Ciniin 1)) (315)

By (H2) we have argmin , , Q% (11, q12, g22) = 0 and thus QF (¢11, q12, ¢22) =
Q% (q11,0, g22) + bgi, for some b > 0. This along with (2.10) and (5.6) shows

Lo > / Q% (Bry1 + Lw'?) — / Q% (i + L) (5.16)
S S

which in combination with (5.14) concludes the proof of (5.3).

Step 4: Adaptions for (H1). We now suppose that (H1) holds. We redefine 4
and z differently compared to (5.6): let ¥ = v and z = 6%/2 + Eg5. Then,
(5.10)—(5.11) imply

/ Q%% (Es(gs - ys) + %VE'LDE ® Ve — %vewa ® Vawa)
S

+ %/SQ% (VE(IDE - wa))
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. / Q%( (31§1 —Oyr + 5(0"2 —w'?) 0) )
; 0 0
1 ) " — w" é/ —9
s fa((507")
This along with (H1) shows (5.4). By (5.13) and (5.15) we get ¢c(ue,ve) —
¢e(lic, 0.) — 2Ly + 2 Ly, where Ly and Ly are given for z = 6%/2 + E5y and
J = 7, respectively. The condition in (H1) implies that Q%,(q11,¢12,¢22) =

aq?, + bqiy + cq3y for suitable a,b, ¢ > 0. In view of (2.16), this yields £ Lo +
L L1 = ¢o(y, w,0) — ¢o(§,w,0) and concludes the proof of (5.3). O

Remark 5.5. (Recovery sequences) The ansatz for the recovery sequence in
(5.7) and (5.8) is similar to [20] with the difference that (a) (5.8) is slightly
modified to deal with boundary conditions and (b) we add suitable corrections
concerning the difference of (y,w, 6) and (g, w, 5) and the variables v and Eao
resulting from Proposition 2.1.

(a) The definition ensures that we can construct recovery sequences for
(7,1, 6) in Theorem 5.1(ii): choose (ue,v.) = (0,0) and (y, w, 8) = (0,0,0)
and construct (4., ) € VED as in the above proof. Then we can again
obtain (5.3). This along with ¢.(us,v.) = 0 = ¢o(y,w,0) yields
lim SUP.—0 ¢5 (’&,5, f}s) < ¢O(ga w, 9)

(b) The correction ensures strong convergence in (5.10)—(5.11) which allows
to pass to the limit in the metric term. Clearly, this is not relevant in the
purely static setting [20]. Our construction does not only take the limiting
configuration (y, w, €) into account, but also the limits v and Fas provided
by Proposition 2.1. Therefore, as v and Fs2 may be x-dependent, in
contrast to [20], we need to construct suitable approximations in Cg°(S5)
instead of using correction terms only defined on the interval I. In the
case (H2), being more general for Q%, the quantities z — Fap — %92 and
4 — 7 do not vanish in general and therefore an additional assumption on

2376 is required. In particular, due to the involved relaxation, see (5.14)
and (5.16), we only expect an inequality in (5.3). The argument for (H1)
is simpler and the mutual recovery sequence even satisfies an equality in
(5.3) which can be deduced from the structure of the quadratic form.

Now we derive the lower semicontinuity of the slopes. The same argument
for a single energy/metric was used in the proof of [23, Theorem 3.2]. We
include the proof here for the reader’s convenience.

Theorem 5.6. (Lower semicontinuity of slopes) Suppose that (H1) or (H2)
holds. Then, for each sequence (uc,ve)e with (ue,v:) € ygﬁ, such that

(e, ve) = (y,w,0) we have

IIIEIl_}(IJlf |8¢5‘D5 (usa Us) > ‘a¢O|Do (ya w, 0)
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Proof. First, by Theorem 5;1(1) we get gbo(y,w,(‘)) < M. Let § > 0 and use
Lemma 4.3(i) to find (7,w,0) € .'P with (§,w,0) # (y,w,#) such that

~ -~ X - . +
<¢0(y> w, 0) - ¢0(y7 w, 9) - q)?W(DO((?L w, 9)7 <y7 w, 9))))

|00|p, (y, w,0) — <

(I)l(IDO((:% wae)v (g’ ﬁ),é)))

Let (., D). be the mutual recovery sequence constructed in Lemma 5.3. Then,
Lemma 5.3 yields

06| D, (y, w, 0) — 0

< lim inf (d’s(usavs) — ¢e (e, V) — (I)%VI(DS((UB%)’ (ﬂsvﬁs))))Jr
— e—0 (Pl('DE((UE,UE), (’LNLE,’DE)))

In view of Lemma 4.1(ii), taking the supremum and sending § — 0 yields

llgl}(glf |8¢)5|D5 (uga Ua) > ‘a¢0|D(y7 w, 0)

and concludes the proof. O

5.3. Convergence of minimizers and strong convergence

In the next theorem, we analyze time-discrete solutions introduced in (3.1). We
denote by @, the two-dimensional and by ®( the one-dimensional scheme. We
show that minimizers of the two-dimensional discretization scheme converge
to minimizers of the one-dimensional scheme.

Theorem 5.7. (Convergence of minimizer of the schemes) Suppose that (H1)
or (H2) holds. Let (u.,v:). with (uc,v.) € L2P be a sequence such that

(u67vé‘) B (y7'lU,9) a’nd ¢E(u67vf) - ¢0(yaw50) (517)

as € — 0. Moreover, let T > 0 and consider a sequence (Yz ), Yz r € YEQD,
such that
Yo rargmin 20 ®e(7, (ue,ve), 2) foralle >0  and  Yer S Ur ase— 0.

Then,
(i) U, =argmin ¢ 10 Po(7, (v, w,0),v),
(i)  ®(7, (ue,ve), Ye ) — ®o(T, (y,w,0),U,),
(il))  @e(Ye,r) — ¢0(Ur).

Proof. The proof is based on the fundamental property that I'-convergence
induces convergence of minima and minimizers. By Theorem 5.1(i) and The-
orem 5.2 we have

.nf @0(7', (y7 w? 0)3 U) S i)0(7-7 (y7 'lU, 0)7 UT) S hm lnf QE(T7 (u87 Us)a YE,T)'
ves 1D e—0

(5.18)
Let 6 > 0 and consider (§,,0) € &P such that
inf | Bo(r, (3,10,0), 0) + 8 = Bo(r, (5,,0), (,,)).

ve
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In view of Lemma 5.3 and (5.17), we find a mutual recovery sequence (@, 0¢ )
such that

inf ®¢(7, (y,w,0),v) +§ > limsup ¢ (U, Ve)

ve.# 1D e—0
1
+ lim sup ?Dg((ua,va),(@m@e)) (519)
e—0
> hmsuptI> (7, (ue, ve), (U, De))
e—0

> limsup (7, (ue, ve), Yz ),

e—0
where the last step follows from minimality of Y. ;. By sending § — 0, (5.18)
and (5.19) imply (i) and (ii) as all inequalities are actually equalities. Finally,
(iii) follows by (ii) and Theorems 5.1 (i) and 5.2. O

The following lemma helps us to show that the convergence of the se-
quences in Theorems 2.2 and 2.3 holds in a strong sense.

Lemma 5.8. (Strong convergence of recovery sequences) Let (uc,v:). with
(ue,v:) € 2P be a sequence such that

(uEaUE) (y?w 9) and ¢E(uEaUE) - ¢0(yaw79>'
Then, we have (ue,v.) =5 (y,w,0).

Proof. Let (y.,w.) be the scaled version corresponding to (u.,v.) introduced
n (2.6). By Proposition 2.1 we have

"t "2 /
V2, — <w 0) and  Efye + 1V.w, ® Veow, — (81?;1 + tw'"? Eip + tw 6)

o v Era+ fw'0 g+ Lo
(5 20)
weakly in L?(S;R2%2), for suitable functions v € L?(S), E12 € L*(S), and

Eay € L*(S). It suffices to show that these convergences are strong. Then all
(strong) convergences indicated in Proposition 2.1 follow where E€y. converges
due to the compact embedding W12(S) cc L*(S). We start the proof by
observing that the convexity of Q% and (u.,v.) = (y,w, ) yield

Oy1 + sw'? Era + 1w’
lim inf de(ue, ve) 2 /QW<<E1’1yzl+ Lu 15222 —&-2192
2

e ((55))

where we used the representation of ¢, in (5.1). By (2.10)—(2.11) and (2.16),
the right-hand side is bigger or equal than ¢ (y,w,#). This along with lim._.o
e (ue,ve) = oy, w, d) shows that all inequalities are actually equalities. Using
once more (5.20) and the convexity of Q%,, we derive by (5.1) that

1 o0 /e 1 1 o ([(Oyr + 2w? Erp+ Juw'6
i/sQW (B + g Vewe @ Veue) = 7/ QW( (Eu + 5wt Exn+162) )

si oot = 5 [ ((57))
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This together with weak convergence (5.20), the expansion (5.5), and the pos-
itive definiteness on ]ngxr?1 of Q%, shows that (5.20) holds with strong conver-
gence. ]

6. Proof of the main results

In this section, we give the proofs of the main results.

6.1. Passage from 2D to 1D

In this subsection, we prove Theorem 2.3. Let M > 0. We fix a null sequence
(e1)ien and a sequence of initial data (u,,v2) € Z2; such that (u,v) =
(1°,w°, 6% € P and ¢ (ul ,v0) — do(y°,w",0°) as I — oo. Moreover, we

assume that (H1) or (H2) holds.

Proof of Theorem 2.3(i). Let (ue,,ve,)e, be a sequence of curves of maximal
slopes for ¢, with respect to [0¢.,|p,, satisfying (uc,(0),v.,(0)) = (ul ,v2).
We check that the assumptions of Theorem 3.3 are satisfied. The spaces
(720, De,) and (P, Dy) are complete metric spaces due to Lemma 4.1(i)
and Lemma 4.2(i). In the notation of Subsection 3.2, we have .7 = m.(.72P)
and .7 := .#'P. Clearly, we have ., C .. Moreover, Proposition 2.1 yields
(3.4) and Theorems 5.1, 5.2, and 5.6 give (3.3) and (3.5). Furthermore, the
slopes are strong upper gradients due to Lemma 4.1(iii) and Lemma 4.3(ii).
As the energies of the curves of maximal slopes are uniformly bounded de-
pending only on the initial data, see (3.6), we can apply Theorem 3.3. This
yields the existence of a curve of maximal slope (y, w, 6) for ¢y with respect to
|0¢0|p, and the convergence (u, (1), v, (t)) =5 (y(t),w(t),0(t)) for t > 0, up to
a subsequence. It remains to observe that the convergence is actually strong.
This follows from the fact that lim;_,o ¢c, (ug, (t), ve, (t)) = do(y(t), w(t),H(t))
for t > 0 (see Theorem 3.3) and Lemma 5.8. O

Proof of Theorem 2.3(iii). Let (7,); be a null sequence and let Y, ;, be a dis-
crete solution to the two-dimensional problem. As in the previous proof, we
check that all assumptions of Theorem 3.2 are satisfied. Thus, there exists a
subsequence such that we have

Yern (8) =5 (y(t), w(t), (1))

for all t > 0 as | — oo and (y,w,#) is a curve of maximal slope for ¢ with
respect to |0¢g|p,. Moreover, the convergence holds in a strong sense for all
t > 0 due to Lemma 5.8. O

Proof of Theorem 2.3(ii). Let 7 > 0 and let Y., , be a discrete solution to
the two-dimensional problem with Yz, ,(0) = (ugl7 5,) By construction, the
energies of the discrete solution Yz, . are uniformly bounded depending only
on the initial data. Thus, by a diagonal argument and Proposition 2.1, we
obtain a subsequence and (U"),en such that Yz, . (n7) =5 UP for all n € N.

Now, we need to show that
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(i) U™ = argmin ®o(7,U" *;0), (i) Y, .(nT) EU",
veS 1D

(iif) e, (Y 7 (n7)) — ¢0(UT)

for all n € N. We show properties (i)—(iii) by induction. Suppose that Yz, - ((n—
7)) 2B Ur—1 and ¢, (Ye, +((n—1)7)) — ¢o(U~1) for a fixed n € N. (Clearly,
this holds for n = 1 by Lemma 5.8 as Y, ,(0) =% U? and ¢.,(Ys, -(0)) —
¢o(U2) by assumption.) Due to Theorem 5.7, the element U" is a mini-
mizer of ®¢(r,U"~!;+) which shows (i). Moreover, Theorem 5.7 also yields

¢e,(Ye, .+ (n7)) — ¢o(UF) which gives (iii). Finally, (ii) follows by Lemma 5.8.

By defining U, as in (3.2) we can conclude. O

6.2. Solutions in 1D

In this subsection we prove Theorem 2.2.

Proof of Theorem 2.2(i). Our goal is to apply Theorem 3.2: instead of a se-
quence of metric spaces, we only consider the single metric space (.#P, Dy)
which is complete due to Lemma 4.2(i). We let o be the weak convergence
in (1P| - |lcan), for which Lemma 4.2(iii) provides the compactness prop-
erty (3.4). By Lemma 4.2(iv) and Lemma 4.3(iii) we get (3.3) and (3.5). As
|0¢o|p, is a strong upper gradient, see Lemma 4.3(ii), Theorem 3.2 yields the
convergence of time-discrete solution to a curve of maximal slope. Strong con-
vergence with respect to || - ||can can be obtained by repeating the arguments
in the proof of Lemma 5.8. We omit the details. Eventually, convergence with
respect to Dy is induced by Lemma 4.2(ii). O

Remark 6.1. (Alternative existence proof) If one is only interested in exis-
tence and not in time-discrete approximation, one could directly use Theorem

2.3(i): by Theorem 5.1 we can construct a recovery sequence (ul,v?). such

er e
that (u2,v%) =8 (3°,w°, °). Then, curves of maximal slope (u.,v.) for ¢. with
respect to |0¢.|p, in the two-dimensional setting exist by [22, Theorem 2.2],
up to minor adjustments, and by Theorem 2.3(i) we conclude the proof. Note,

however, that in this way we need to require (H1) or (H2). O

After having shown existence of curves of maximal slope, our goal is to
establish a relation to the effective one-dimensional equations, see Theorem
2.2(ii). The natural idea is to make use of the energy identity (3.6). For this
purpose, we use a finer representation of the local slope |0¢g|p,. Afterwards, we
give sharp estimates for the metric derivative and the derivative of ¢go(y, w, 6).
This will provide enough information for the relation to the equations. For the
following arguments, it is convenient to introduce the abbreviations

H(y7w79‘7j]) = (8191 + wlw/7wll70/) € LQ(S;Rs)a
|w'|?
2

Gy, w,0) := (Ory1 + ,w”,0') € L*(S;R%) (6.1)
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for (y,w,0) € P and @ € W?2(I). By an elementary computation we get

q%m@—a@@ﬁqum—@@+mV—wmmw "0 — 0
- (5wt + 52 0.0

= H(y — §,w — 0,0 — lw) — 3((w' —@')?,0,0).
(6.2)

We further introduce extended quadratic forms

_ 1

Qs (w1, w2, 23) := Q4(x1) + Ele(l”z,l‘?a) (6.3)
for (z1,22,23)T € R* and S = W, R.

Lemma 6.2. (Representation of the energy and the metric) For (y,w,#), (g, @,
0) € #P it holds

bo(y,w,0) /QW (y,w,0)),
Dg((y?wve)’ (ngvé)) = LQR(G(y7w70) - G(:lj,ﬁ),é))

Proof. The statement follows directly from (2.15)—(2.16) and (6.1). O

By (2.10) and (2.11) we find that Qg is positive definite on R? for S =
W, R. We denote by Cg its associated bilinear form which induces a bijective
mapping (1, e, 73) — Cg(z1, 72, 23) from R? to R3. By 1/Cg we denote its

S— _
unique root and by \/Cg  the inverse of 1/Cg.

Lemma 6.3. (Fine representation of the one-dimensional slope) There ezists a
differential operator L: .#*P — L2(S;R®) satisfying

/Sﬁ(vava) : H(¢yv¢wv¢9|w) =0

for all (y,w,0) € 72 and (¢, du, 69) € BN(0,0)(5:R?) x W (I) x Wy (1)
such that the local slope at (y,w,0) € P can be represented by

060l,(,0,0) = | VER (CwG(y,w,6) + L(y,w,6))|

L2(S;R3)

The proof follows along the lines of the corresponding representation in
dimension two, see [22, Lemma 6.1]. For the convenience of the reader, we give
a self-contained proof in Appendix A.

Proof of Theorem 2.2(ii). We now use a standard technique to relate curves of
maximal slope to PDEs in Hilbert spaces, see [4, Section 1.4]. More precisely,
the proof follows the lines of [22, Theorem 2.2(ii)]. We divide the proof into
three steps. First, we construct the curve (1, &2, w, ) and prove the regularity
stated in the theorem. Step 2 consists in deriving sharp estimates for [v'|p, and
%% owv for v = (y,w, d). This allows to relate the curve to the one-dimensional
system of equations in Step 3.
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Step 1: Let (y,w,0): [0,00) — .#1P be a curve of maximal slope for ¢ with
respect to |O¢o|p,. Using (2.9) there exist functions &;: [0,00) — Wéf([)
and &: [0,00) — ij([) such that y1(t)(x) = & (¢)(z1) — x2&(t)' (21) and
y2(t)(z) = &(t)(x1) for all ¢ > 0 almost everywhere in S. By definition, we
have for every t > 0

1€ (Dllwr2) + 182 w220y < Clly@)lwr2(sir2)- (6.4)

As (y,w, ) is a curve of maximal slope we get that ¢o(y(t), w(t),0(t)) is de-
creasing in time, see (3.6). This together with Lemma 4.2(iii) and (6.4) yields

(§1>§27w70) € LOO([Oon)7K)7 (65)

where KC is defined in (2.12). As (y(t), w(t),0(t))+>0 is absolutely continuous
with respect to (P, Dy) we have that |(y,w,0)'|p, € L?([0,0)). Then, by
Lemma 4.2(ii), (6.4), and (6.5) we observe that (&1, &2, w, ) is an absolutely
continuous curve with respect to K. Thus, by [4, Remark 1.1.3] we observe that
&1, &2, w, and 0 are differentiable for a.e. ¢t and we have (2.17). More precisely,
for all 0 < s < t, and almost everywhere in S (respectively I) it holds that

t
:/ O f(r)dr for f € {1y, w',w",0'}. (6.6)

Step 2: As preparation for the representation of the metric derivative, we now
consider the difference G(y, w, 0)(t) — G(y, w,0)(s). The identity (6.2) and the
linearity of H(,-,-|w(t)) yield for a.e. t and a.e. z € S

Gy, ) = G- 0)S) _pr,00), 0,0(1), 0,6 ()

— 0 (t)lim 5 (w(t) — w(s))
—H(Ow(0), 000(0), 080 w(®). (6.1

lim

s—t t—s

Using (6.1), (6.6), Poincaré’s and Jensen’s inequality, and Fubini’s Theorem,
we obtain for all 0 < s <t

Jetwto).w00,60) - a9 w06 - [ HEw) w000 a7,
"1 / ’ 4 ' 4 1 2
= [ @ - sc(/sw (1) " ())?)

2
2

:C</ |t—s| ”(r)dr) d:c)
/|t—s|/ Aw'’ ( drd:r)

2
= atp—s( [ 10w 0)lacs))” (6.8)

We now estimate the metric derivative |(y,w, 8)|p,. By Lemma 6.2, (6.7), and
Fatou’s Lemma we get for a.e. t > 0
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|(9,,6)'|p, (£) = lim (

1/2
> (/ hmlanR(G(y(t)’w(t)ve(t)) —G(y(s),w(s),e(s))>>
S s—t

|t — s

D2 ((y(), w(t), (1)), (y(s), w(s), 6(s))) ) e

|t — s

= [ VErE@y(®). 0ru(®). 160w (®))

(s’ (6.9)
We now analyze the derivative %(d)o o(y,w,0))(t) of the absolutely continuous
curve ¢po(y,w, #). Note that for a.e. t > 0 we have lim,_,; fst |Opw” (r )HL2(S

= 0 by (2.17) and, in a similar fashion, lims_.; [s — ¢/ 71| f: H(0wy(r), pw(r),
3t0(r)\w(t))dr\|%2(S;R3) = 0 by (2.17) and Holder’s inequality. Thus, using
Lemma 6.2, (5.5), and (6.7)— (6.8), we obtain for a.e. t > 0

400 310,00 = i 2000 = Io(y(2), (), 0(5)

s—t t—s

>timint = [ Cw [Glu(t). w(0).00). Gly(r).w(0). 000
- G(y(s ’ ( )79(5 )]
. 1 =
~timswp 2 | Quw (Glu(0). wle). o)
- Glyls), <>e<s>>>
> [ Ew [Glu(®) w).00). H (@ (®). D). B00) (1)

By the property of £ stated in Lemma 6.3, and the fact that 0yy(t), Opw(t), 0:0(¢)
vanish on 91 and 95, respectively, we get

G000 0)@) > [ (Cweio).u.owm)
T L(y(E), w(t),0(0))) - H(@ry(t), Brw(t), 0w (1))
- /S VCr  (CwGlyt), w(t), o)
T L(y(E), w(0),0(1))) - VErH (Dry(t), drw(t), 0D (1)).
We find by Lemma 6.3, (6.9), and Young’s inequality

|y, w,0)' [, (t) |90l (y(t), w(t), 0(t))
2 2

> S ooy, w.0)(1)

S o0((yw,0)(0) = -

for a.e. t > 0, where the last step is a consequence of the fact that (y(t),w(t), 0(t))
is a curve of maximal slope with respect to ¢o. Consequently, all inequalities
employed in the proof are in fact equalities, and we get
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VEr  (CwGly®), w(t), (1) + L{y(), w(t),0(1)))
+ VCRH(ry(t), dyw(t), 8:0(t)w(t)) = 0

pointwise a.e. in S for a.e. t > 0. Multiplying the equation with \/Cp from
the left and testing with H(¢y, ¢, dglw(t)) from the right for (¢y, duw, ) €
BN 0,0)(S,R?) x Wg?(I) x Wy *(I) yields with the property of Lemma 6.3 for
ae. t>0

/S (CWG(y(t),w(t)ﬁ(t)) + CrH(9yy(t), dyw(t), &eﬂ(t)lw(t)))
- H(dy, $uw, dolw(t)) = 0. (6.10)

Step 3: Eventually, we verify that (&1, &2, w, 0) solve the one-dimensional equa-
tions. To this end, we use the identity (6.10) by choosing functions such that
¢; = ¢; =0 for i,j € {y,w,0} with ¢ # j in (6.10). The simplest case is the
derivation of (2.13d) by setting ¢, = 0 and ¢,, = 0. To this end, we recall (6.1)
and (6.3) and remark that 9;,Qs(-) = 2(Cs(+)); as Cg is symmetric. Thus, an
integration leads to (omitting the variable ¢ from now on)

0 =/ (CWG(%M 0) + @RH(c’)tyﬁtw,c’?t@Iw)) - (0,0, ¢g)
s

L[
24,
which is exactly equation (2.13d). Setting ¢, = 0 and ¢y = 0 leads to

32 Quy (w",0") + QR (D", 0:8')) by,

| 2

/
0= / (chet + 8) + gy + wow))w'e,
I

1
+ 51 | (2Qk (" 0) + 01Qh(0w”, 010') ) 61,
I

where we used (2.9) and fi{% x9dzy = 0. This gives (2.13c). The missing
equations follow by setting ¢y = 0 and ¢,, = 0: characterization (2.9) yields the
existence of functions ¢¢, € Wy>(I) and ¢g, € W'*(I) such that 8y ()1 =

b¢, — T2¢¢,. Inserting this and using fi{% 13 dae = 1/12 yields

w’ 1
0= /1 (cev(gg . ! 5 |) + CR(0:€] + w’atw’))¢gl + 35 (cevgg + Cgatgg’) oL,

As we can choose ¢¢, = 0 and ¢¢, = 0 independently, we obtain (2.13a) and
(2.13b). O
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Appendix A. One-dimensional properties

In this section we give the proofs of the properties in the one-dimensional set-
ting. The arguments are similar to the two-dimensional case and one can follow
closely the lines of [21,22]. Yet, we include complete proofs here for the reader’s
convenience. We start by proving Lemma 4.2 which is rather elementary. The
proof of Lemma 4.3 is more technical and is divided into the following steps:
by constructing suitable “generalized geodesics”, see Lemma A.1, we establish
the representation of the local slope |0¢g|p, stated in Lemma 4.3(i). This is at
the core of proving Lemma 4.3(ii),(iii), where we additionally construct suit-
able mutual recovery sequences for the weak lower semicontinuity of the slope
similar to Lemma 5.3 (see Lemma A.2). Finally, at the end of the section, we
give the proof of Lemma 6.3. In the following, C' > 0 denotes a universal con-
stant that may change from line to line. Moreover, the symbol — will stand
for weak convergence in the space (|| - ||can)-

Proof of Lemma 4.2. We first derive the lower bounds (4.1) and (4.2). By
Poincaré’s inequality and the fact that QL is positive definite, we get for all
(y,w,0), (g, w,0) € P that

[Jw — 1‘7”%1/212(1) + 10— éH%VM(I) < Cfw” - 11’”||2L2(1) +C0" - é/H%z(z)
< C/Q}%(wu _ 117”,9/ _ é/)
I
< CDy((y, w,0), (9, ,0)),
i.e., (4.1) holds. By (2.9) and Korn-Poincaré’s inequality we get

ly = ll3r.2(sm2) < Clle(y = D13 gmzzz) = Cloryn — 1inllTas).
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This along with the triangle inequality, the positivity of Q%, and Holder’s
inequality yields
12 ~/2
ly — §llr12(sme) < C/ Q?:c(alyl - o + gk - 1] )
s
+Cl|w'[* = @122 1)

< CD((y, w,0), (5, @,0)) + Cllw’ + @' |[La(n |’ — @ | Zary-

This shows (4.2). Thus, the embedding W'2(I) cC L*(I) and Hélder’s in-
equality yield that every converging sequence with respect to the topology
induced by Dy converges with respect to || - ||can and vice versa. This shows
(ii). Using analogous computations to (ii), with ¢o in place of D3, we find that
(i) holds. To see (iv), we consider (yi, wy,0x) — (y,w,0) and (§y, W, ) —
(,w,0). As WE2(I) cc L*(I), we obtain

12 12
As the quadratic forms QY,, Ql;,, Q%, and Q% are positive definite, weak lower
semicontinuity follows. We finally prove (i). The positivity and the complete-
ness follow from (ii). Eventually, the triangle inequality follows from the fact

that D3 is the sum of two quadratic forms. O

@2 (s

01 (yx)1 + (k)1 + — O + —— in L*(9).

We now aim at proving that |0¢g|p, is weakly lower semicontinuous and
a strong upper gradient. To verify this, we follow the approach of [23] which is
based on a generalized convexity condition as the metric Dy and the energy ¢q
are non-convex, due to the nonlinearity |w’|?. We refer to [23, Remark 1] for
a detailed discussion. In the sequel, we frequently replace (y,w, 6) by a single
variable u for notational convenience.

Lemma A.1. (Convexity and generalized geodesics in the one-dimensional set-
ting) Let M > 0. Let ®(t) := V12 + C13 + Ct* and ®3,(t) := CVMt> +
Ct? + Ct* for any C > 0 large enough. Then, for all ug := (yo,wo, 0y) € 717
satisfying ¢o(ug) < M and all uy = (y1, w1, 01) € L1P we have

(1) Do(’uO, Us) S S‘bl(Do(UO,Ul))

(i) ¢o(us) < (1= s)do(uo) + sdo(ur) + s@3;(Do(uo, u1))

for ug := (1 — s)ugp + suy and s € [0,1].

Proof. Let M > 0, ug € P with ¢g(ug) < M, and u; € P, For conve-
nience, we first introduce some abbreviations and provide some preliminary es-
timates. We set D = Dy (uo, u1), Bair = 5 (wh—w})?, and G§ = 01 (ys)1+3|wh|?
for s € [0,1]. Then, by Sobolev embedding and (4.1) we find

| Baitt || 2(1) < Cllwy — wi || 747y < Cllwo — wi|ffyz2(ry < CD. (A1)

Then, by the positivity of Q% and the definition of Dy we derive

IGS — G825y < C / Q%(GY — GB) < CD?. (A2)
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Similarly, we observe by the definition of ¢g, QY > 0, and the fact that
¢o(up) < M that

IG5y < © [ Qhn(GS) < O, (A3)
We now start with the proof of (i). First, we observe
1
75 [ Qw0 = (i 00) = 55 [ Qh(wt.00) (. 5).
We will show that there exists C' > 0 independently of s such that
/ Q% (G — GY) < s / Q%(Gy — GY) + Cs*D? + Os*°D* (A.4)
s s

for s € [0,1]. Then, recalling the definition of Dy, (i) follows for the func-
tion ®L(t) = V12 + Ct3 + Ctt. To show (A.4), we obtain by an elementary

expansion
GB — Gg = S(G(l) — G8 — (1 — S)Bdiﬂ‘). (A5)
Then (2.11) yields

[ @hiGs - 69 =s* [ QG- )+ 2 s) [ QhBan)
S S S
~22(1 - 5) [ CH(GE - G B
S

from which we deduce (A.4), using (A.1), (A.2), and the Cauchy-Schwarz in-
equality.

We now show (ii) for the function ®3,(t) = Cv/Mt* 4 Ct? 4+ Ct* for some
C > 0. Due to convexity of s — [; Qyy( w” 6’), it suffices to show

s§717s

/QO (Gy) <(1—s) /QW (G9) +8/Q0 (GY) + CV M sD?
+ CsD? + Cs*D*. (A.6)

By (A.5) we have G§ = (1—8)G)+sG{ — s(1 —s)Baigr, and then an elementary
expansion yields

(G§)? =(1 - 5)(Gp)? + 5(Gp)?
—(1—5)8(GY — G§)* — 25(1 — 5)*GY Baigr
—25%(1 — 8)G Baig + s2(1 — 5)? Bg.
Thus, by taking the integral and using the Cauchy-Schwarz inequality we get

/S QU (G3) <(1—s) /S Q0 (GY) + 5 /S Q% (G1)

+ Cs(1Goll 25y + 1Go ]l 2¢s)) | Baise | 25y + C*[| Baise [ 72 s -

By using [|G§llr2(s) < [|GRllzz(s) + G — Gille(s), (A1), (A.2), and (A.3) we
get (A.6). This concludes the proof of (ii)
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We are now ready to prove the representation of the local slope stated in
Lemma 4.3(i), which will help us to show that the local slope is weakly lower
semicontinuous and a strong upper gradient.

Proof of Lemma 4.3(i). Let ®' and ®3%; be defined as in Lemma A.1 and note
that lim; o ®!(¢)/t = 1 and lim; o ®2,(¢)/t = 0. This and the property that
(a+b)*T <a™ + b for every a,b € R yields

|8¢0‘Du (y, w, 9)

_ li (¢O(y7w59) B ¢0(g7waé))+
= im sup e
(7,%,0)— (y,w,0) DO((y7w79)7 (y>w79))

< limsup (¢0(y7w7 9) - ¢0('g7 'U~)7 é) - (D?VI(DO((yfwv 9)7 (’gﬂﬂ: é))))jL

(5,®,0)— (y,,0) (Do ((y, w, ), (§,,0)))
(do(y, w,0) — ¢o (3, ,0) — D%, (Do ((y, w, ), (5,9,6)))) "
< sup . —— .
(y,,0)%(§,5,8) €5 1P @ (Do((y, w, ), (§,,0)))

To see the other inequality, we write ug = (y,w, 0) and fix uy := (§, @, f) with
ug # up. Define ug := (1 — $)ug + su;. By Lemma A.1 we obtain the inequality

(po(uo) — olus))™ S (5o (o) — spo(ur) — s®3,(Do(ug, u1))) "
Do(’LLO,uS) - S(I)I(DQ(Uo,Ul)) ’

In view of Theorem 4.2(ii), us — up as s — 0 with respect to the topology
induced by Dy, i.e., by letting s — 0 the left-hand side is smaller or equal to
|0¢0|p, (u0). Taking the supremum on the right-hand side over all u; € 1P,
uy # ug, yields the lower bound for the local slope. O

Similarly to Lemma 5.3, we construct a mutual recovery sequence as a
key ingredient to show weak lower semicontinuity of slopes.

Lemma A.2. (Mutual recovery sequence in the one-dimensional setting) Let
(zk)k C PP be q sequence such that z, — z and u € S . Then there exists
a sequence (uy)r C P such that
(1) lim DO(ZkHuk) = DO(Z’u);
k—oo

—

() Go(2) — dow) = Jim (60(zx) — dolanc).
Proof. Let zx = (y,wy, Ok) such that 2, — 2 = (y,w,0) € 1P and consider
u = (7,w,0) € .'P. We define the mutual recovery sequence by
g = (k, Bk, O) = (i + § — Y, wi + @ — w, O, + 0 — 0).
Then, by the compact embedding W12(I) cc L4(I), we have
Wi = [0k ]* — Jw'|* = [@']* in L*(I).

Moreover, by construction it holds that 01 (yx)1 — 01(9x)1 = O1y1 — O Th, wy, —

W =w" —@", and @), — ) = 0’ —§'. This implies (i) since
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I . w2 a2
lim Dg((yr, wi, Or), (Z/k,wk,ak QR Oy — g + ——
k—oo 2 2

+ %/Q}%(w” —a",0 - 0.
I

We now address (ii). We only have weak convergence of (91 (yx)1 + 3|w}|?)x
in L2(S), but strong convergence of (91 (k)1 + 5 |@}|* — 01 (yx)1 + 5|w}|?)x in
L?(S). Thus, by adapting the arguments in Step 3 of the proof of Lemma 5.3,
in particular using (5.5), we find as k — oo

/ (ng(al(yk)l + ) — Qb (B + L))
] (abtom + 55 -+ 55
The observation that

/QII/V(U}Z ~// / 9/ /QW w! — " 9/_97)
1

for every k € N concludes the proof of (ii). O
We now proceed with the proof of Lemma 4.3(ii), (iii).

Proof of Lemma 4.3(i1), (iii). We first show (ii). As the local slope is a weak
upper gradient in the sense of Definition [4, Definition 1.2.2] by [4, Theo-
rem 1.2.5], we only need to show that for an absolutely continuous curve
z: (a,b) — 1P satisfying [0¢o|p, (2)|'|p, € L*(a,b) the curve ¢ o z is abso-
lutely continuous. It is not restrictive to assume that (a, b) is a bounded interval
and that the curve z is extended by continuity to [a,b]. Thus, .Z!P = z([a, b])
is compact and we define diam(.7!”) := sup; (4.5 Do(2(s), 2(t)) < +oc.
Thus, by Lemma 4.2(ii) we find an M > 0 such that ¢o(z(s)) < M for every
s € [a,b]. Since ¢g is Dp-lower semicontinuous by Lemma 4.2(ii) and (iv), the
global slope

I = sp  ol0) o)

vEWES P DO(va)

is a strong upper gradient with respect to .7} by [4, Theorem 1.2.5]. Thus,
it holds for all a < s <t < b that

160(=()) — do(=(s))] < / Ly (2(r)) ||y (r) dr,

see Definition 3.1(i). The claim follows once we bound Iy, (2)|2'|p, with an
integrable function. To this end, we define the constants

PL(t o3, (t
Cy = sup 1) <400 and C(Cy:= sup 2 (t) < +o009,

te[0,diam(#1P)] t tefo,diam(#2P)] 1t
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where ®! and ®2, are given in Lemma 4.3(i). Hence, for every v € .#}P it
holds that

(d0(v) — po(w) — B2, (Do (v, w))) " &L (Dy(v, w))

Iy, (v) < sup

vwes 1D (Do (v, w)) Do(v,w)
+
(B0
vAWES P Dy (UV ’LU)

<C1|0¢o|p, (v) + Ca.

By using the assumption that |d¢o|p, (2)|2|p, € L'(a,b) we get the absolute
continuity.

We now show (iii). Let (yx,wy, 0x)x C P be such that (yg,ws,0r) —
(y,w, ) for some (y,w,0) € P, We let £ > 0 and define zj, := (yx, wy, O),
2= (y,w,0), and M := ¢o(z). By Lemma 4.3(i) there exists u € ' such
that

(d0(2) — do(u) — @3 (Do(z,u))) "
<I>1(D0(z,u))

00D, (2) < +e.

Let (ug)r C P be the sequence given by Lemma A.2. Since ®! and ®2, are
continuous, we obtain

(¢o(z1) — do(ur) — @3, (DO(Zk7uk)))+
q)l(Do(zk,uk))
Slikrgigf |0¢o|D, (21) + €,

|0¢0| D, (2) Slikminf te

where the last step follows again by Lemma 4.3(i). The statement follows by
sending ¢ — 0. O

We close this section by proving the fine representation for the local slope
given in Lemma 6.3.

Proof of Lemma 6.3. To simplify the notation, we will write (7, @, é) — (y,w,0)
instead of Dy((7, 10, 8), (y,w,8)) — 0. Recall the definitions in (6.1) and (6.3).
The embedding W12(I) cc L*(I) yields |G (y, w, 8) — G(¢,w, é)HB(S;RS) —0
as (g, w0, é) — (y,w, 0). Then, by the positivity of Qr we get

fS QW(G(Q, wve) B G(~v wvé)) <O|‘G(y’w’ 6) B G(~,’ll~), é)H%Q(S;R‘}) _
0,0

- 0.
(Js Qr(Gly,w,0) — G(G,@,0)"* ~ Gy, w,0) = G(§.@,0) | r2(sm9)




11 Page 38 of 42 M. Friedrich and L. Machill NoDEA

This along with the expansion (5.5) and Lemma 6.2 yields
[0d0|D, (v, w, 0)
. (Js 3@w Gy, w,0) — 50w (G(5,,0)) "
= im sup — i3
@@.0)—wwo)  ([sQr(Gly,w,0) —G(7,d,0)))
= im sup — 1
(9,%,0)—(y,w,0) (fS QR(G(vav 9) - G(y7w7 0)))
_ limsup (fS @W[G(vave)vH(y_gaw_w79_é|w) 1((w’—u~1’)2,0,0)})+
(§:5.0)— (y,1.0) (fs Qr(Gly,w,0) — G(§,@,0)))"/>

where the last equality follows from (6.2). Due to (4.1), (6.2), and Lemma 6.2,
we find that

)

Js Qr(G(y, w,0) — G(7,0,0))
Js Qr(H(y — §,w — 0,0 — flw))
fs(w/
(J5 Qr(Gly,w,0) = G(7.,6))) "
as (g],u?,é) — (y,w, 0). Thus, we obtain

([5 CwlG(y,w,0), H(y — §,w — @,0 — Olw)]) "
1/2

— 0

|0¢0o| D, (y, w, 0) = lim sup — -

@ —wwo)  ([sQr(H(y —g,w—1,0 - 0lw)))

We introduce the space of test functions P := BN (S, R?) x W02’2(I) X

VVO1 ’2(1 ). Since the operator H is linear, we can simplify this expression by

substitution with sequences that converge to 0. Moreover, as the enumerator

and denominator are positively homogeneous of degree one, we derive the
representation

CwlG 0), H(j,w,00w))) "
10¢0|p, (y,w,0) = sup Us W,[ (y’fU7A)l (5,1, 01w))) ,
0#(g,w,0)€P H V CRH(yaw79|w)||L2(S;R3)

where we have used the definition of \/Cpg. We now want to show that the
supremum is attained by considering the minimization problem

min _F(y,w,0),
(9,w,0)€P

(A7)

F(y, w,0) : /‘FH /CW (y,w,0), H(j,w,0lw)].

The existence of a solution can be guaranteed by the direct method of the calcu-
lus of variations. The functional F is weakly lower semicontinuous as \/@ and
H are linear operators and |-|? is convex. To show coercivity, we consider a con-
stant C' > 0 such that F(7,w,0) < C. Since Cr[H (y,w, 0|w), H(y,w,0w)] >
c|H (5, w, 0|w)|? by the positivity of Qr, we obtain by Cauchy-Schwarz

|1H (5, @, 8lw)| 2(sm3) < C,
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where C depends on y, w, and 6. Arguing similarly to the proof of Lemma 4.2(ii),
we find that ||1Z)||W2,2(]) < C, ||§||W1,2(]) < C, and ||37||W1’2(S;]R2) < C. Thus,
there exists a unique minimizer (y.,ws,0.) € P. By computing the Euler-
Lagrange equations, we observe that the minimum satisfies

/S \/aH(y*>w*79*|w) ’ \/aH<¢y7¢W7¢‘9|w)

_ /S Cw |Gy, w,0), H(dy, bu, do|w)]

for all (¢, pw, s) € P. This equation can also be formulated as

[ £000.6) 16y 601 0l) =0 (A8)
for all (¢, pw, s) € P, where we define the operator £ by
ﬁ(yv w, 9) = CRH(y*v Wi, 0. "UI) - CWG(yv w, 6)

By (6.1) and the regularity of the functions, we find L(y,w,6) € L?(S;R?).
By (A.7), (A.8), and the definition of £ we then get

fS(CWG(y,’LU,G) + E(vaa 0)) i H(y*aw*70*|w)
H\/@RH(y*,w*,H*m)‘

_JsVCr(Cw Gy, w,0) + £y, w,0)) - VERH (ye, w-, 0-w)
H\/ CrH (ys, e, 0*|w)‘

|a¢O|DU (yv w, 9) >

L2(S;R3)

L2(S;R3)
- H ‘ (CRH(y*,w*,G*\w)‘ L2(5;R3)
—1 _
= |[VCar  (CwG(y,w,6 57,9‘ .
[Ver @wew w0+ cwwon|,,

On the other hand, by a similar argument, in view of (A.7) and (A.8), we find
[4(CwG(y,w,0) + L(y,w,0)) - H(§,w,0|w)

\0¢0|D0 (y’wae) = sup ~ H
0#(@,@,9)67’ H\/@H(g7w’9|w)‘ L2(S;R3)
—1 _
< H\/@ ((CWG(vaﬁe) + ‘C(y’w’g))‘ LQ(S-R:B)’

where we again distributed y/Cpg suitably to the two terms and used the
Cauchy-Schwarz inequality. This concludes the proof. O
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