Nonlinear Differ. Equ. Appl. (2021) 28:57
© 2021 The Author(s)

1021-9722/21/060001-40 . . . .
published online August 18, 2021 Nonlinear Differential Equations

https://doi.org/10.1007/s00030-021-00717-4 and Applications NoDEA

Check for
updates

Anisotropic 1-Laplacian problems with
unbounded weights

Juan C. Ortiz Chata, Marcos T. O. Pimenta® and
Sergio Segura de Leon

Abstract. In this work we prove the existence of nontrivial bounded vari-
ation solutions to quasilinear elliptic problems involving a weighted 1-
Laplacian operator. A key feature of these problems is that weights are
unbounded. One of our main tools is the well-known Caffarelli-Kohn-
Nirenberg’s inequality, which is established in the framework of weighted
spaces of functions of bounded variation (and that provides us the neces-
sary embeddings between weighted spaces). Additional tools are suitable
variants of the Mountain Pass Theorem as well as an extension of the
pairing theory by Anzellotti to this new setting.
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1. Introduction

In the celebrated paper [13], Caffarelli, Kohn and Nirenberg established an
interpolation inequality involving weighted Lebesgue norms of functions and
their first derivatives. This inequality, in turn, allows one to show continu-
ous and compact embeddings theorems dealing with weighted Sobolev spaces.
Furthermore, this inequality and the connected embeddings have been ap-
plied to analyze several elliptic and parabolic problems involving weighted
Laplacian and p-Laplacian operators (for elliptic problems, see for instance
[1,2,9,12,14,36] and the references therein).

Regarding anisotropic problems involving the 1-Laplacian operator, we
refer to [32] as the first paper which studies the existence and uniqueness of
the anisotropic total variation flow. On the other hand, in [29], the author
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finds the Euler-Lagrange equation for the anisotropic least gradient problem

inf {/Q ¢(z, Du) : uw € BV(Q), ulgq = f} . (1.1)

We could also cite [37], where the author studies questions about the existence
and the regularity of minimizers of (1.1), where ¢(z, Du) = a(x)|Du| and the
weight function a(-) is a smooth bounded function.

As a common hypothesis in all of these articles, we have the fact that
the weight w satisfies 0 < o < w(z) < < oo. This assumption implies that
the natural space to analyze the corresponding problem is BV, the space of
functions of bounded variation (as in the isotropic case).

The aim of this paper is to consider some anisotropic problems with
unbounded weights related to the Caffarelli-Kohn—Nirenberg inequality. More
precisely, we study existence of positive solutions to the following problem

1 Du 1
div [ — 2 ) =~ fw) in O,
(|x|a |Du> ! (1.2)
u =20 on 092,

where ) is a bounded open set in RV (with N > 2) containing the origin and
having Lipschitz boundary 02, and the two parameters satisfy 0 < a < N —1
and a < b < a + 1. Hypotheses on function f : R — R will be listed further
below.

To the best of our knowledge, this work is the first attempt to deal with
anisotropic problems having unbounded weights. In this situation, BV () is
unsuitable and it cannot be the natural space to analyze this problem. Now,
the energy space turns out to be a weighted BV —space. In the first step this
weighted space, denoted by BV, (), is introduced. Since our weights are relat-
ed to the Caffarelli-Kohn—Nirenberg inequality, one of our main endeavors is
to adapt this inequality to our setting. More specifically, we prove the following
result.

Theorem 1.1. Let 0 <a < N —-1,0< 60 <1 anda < b < a+ 1. Then there
exists a constant Con > 0 such that

1 ™
(/ |u|7-9dx) ’
q |z[or
1 1 9 1-6
< CoknN (/ = Dul +/ a|u|dHN_1> </ u|d:c> (1.3)
a || oa || Q

holds for all uw € BV,(Q2), where o = 0b and 19 = W. Here BV, ()
denotes the appropriate weighted BV —space, which was introduced in [10] (see
Sect. 2.3 below).

The concept of solution to problems involving the 1-Laplacian operator
lies on the theory of L*°—divergence-measure vector fields (see [7,18]). It pro-
vides tools to handle bounded vector fields and gradients of BV —functions,
including a Green’s formula. Since in our context this theory can no longer
be used, it follows that we must extend it to establish the necessary tools to
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deal with it. This extension is far from being trivial, since the weight which is
included in the vector field is unbounded. Using this tool, we may introduce
the concept of solution to problem (1.2) (see Definition 4.9 below) and broach
its study.

Before stating our main result in this paper, we list the assumptions on
function f in problem (1.2):

(fl) fECO([O, +OO)>R)§
(f2) f(0) =0;

(f3) There exist constants ¢j,co >0 and 1 < ¢ < m, such that

If(8)] < ¢+ cs77h, s€0,+00);
(f1) There exist p > 1 and sy > 0 such that
0 < uF(s) < f(s)s, Vs> so,

where F(t) = fot f(s)ds;
(fs) f is increasing on [0, +00).

Remark 1.2. Some consequences of (fy) are in order. It is not difficult to de-
duce from (fy) that there exist two positive constants d; and ds satisfying

F(S) Z dls” — d2

for all s > 0. Applying (f4) again, we get f(s) > u(dis*~! — dos™1) for all
s > sg and so, having in mind p > 1, it yields

li = .
L, F(8) = oo

Remark 1.3. Since we are looking for nonnegative solutions, we may (and will)
extend f(s) as usual defining f(s) = 0 if s < 0. As a consequence, we have
F(s) =0 for all s <0.

Our main result is the following.

Theorem 1.4. Suppose that f satisfies conditions (f1)— (f4). Then there exists
a nontrivial nonnegative solution to problem (1.2). This solution is actually a
ground-state solution (i.e., that solution which has the lowest energy among
all nontrivial ones) if we further require condition (fs).

Two different approaches will be used to prove this result. In each case a
suitable variant of Mountain Pass Theorem (see [3]) is applied. In the first
of them, we consider approximate solutions to problems involving the p—
Laplacian operator and next we let p go to 1. Then we find a hindrance due
to the assumptions on the function f which are needed to find solutions to
p—problems. Indeed, in the literature on the p—Laplacian setting, our assump-

tion (f2) is too general to get a solution and a hypothesis as hII(l) fgs) : =
S5— S

is required. The difficulty is overcome by modifying the reaction term in the

p—problems and then control the convergence process. In the second, we work

by using variational methods applied to the problem itself defined in BV, ().

We apply a version of Mountain Pass Theorem suitable for functionals defined
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on this sort of spaces. In addittion, by using this approach, we are able also
to show that this mountain pass solution is in fact a ground-state solution of
the problem, i. e., its energy level is the lowest one among all the nontrivial
solutions.

We briefly explain the plan of this paper. In Sect. 2 we present some pre-
liminary results and define the space BV, (). In Sect. 3 we set the Caffarelli-
Kohn—Nirenberg inequality in the space BV,(€2). In Sect. 4 we extend the
Anzellotti pairing theory to include unbounded vector fields and also define
the sense of solution we deal with. Section 5 is devoted to prove Theorem 1.4 by
using the approximation method by problems involving weighted p-Laplacian
problems. Finally, in Sect. 6 we present the proof of Theorem 1.4 by using the
purely variational approach.

2. Preliminaries

We denote by HV~1(E) the (N — 1)-dimensional Hausdorff measure of a set
E while |E| stands for its N-dimensional Lebesgue measure. We will usually
handle an auxiliary function: the truncation function at level £k defined by

s if [s] < K,
Te(s) =1 k2 it |s| > . (2.4)
s

In what follows, Q ¢ RN (N > 1) is an open and bounded set such that
0 € Q. Moreover, its boundary 90X is Lipschitz—continuous. Thus, an outward
normal unit vector v(x) is defined for HY ~!-almost every = € 9.

From now on, we denote:

e C1(Q), stands for the space of functions with compact support which are
continuously differentiable on )

o (), denotes the space of all functions with compact support having
derivatives of all orders

We will make use of the usual Lebesgue and Sobolev spaces. Lebesgue
spaces with respect to a measure p will be written as L(€2, ). The measure
will be deleted when it is Lebesgue measure.

Sometimes we will need to use convolution with mollifiers. We will denote
by p € C°(RY) a symmetric mollifier whose support is B(0, 1) and its associ-
ated approximation to the identity by p.(z) := ein (%), for € > 0. The main
properties of approximation to identity can be found, for instance, in [4,11].

We explicitly remark that, if not otherwise specified, we will denote by
C several positive constants whose value may change from line to line. These
values will only depend on the data but they will never depend on p or other
indexes we will introduce.

2.1. Weighted spaces

Our objective in this subsection is to study spaces having a weight of the form
x — |z|7% with a > 0. We refer to [25,26,28] as sources for a more extensive
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study on weights and weighted spaces. We begin by introducing some features
of these weights.

Recall that w, a nonnegative locally integrable function on RY, belongs
to Muckenhoupt’s class A if there exists a constant C,, > 0 such that

][ wdz < Cy essinfw,  for all ball B C RY, (2.5)
B

where {, fdx = ﬁfB fdx.

It is well-known that the weight function w(x) = ﬁ belongs to Muck-
enhoupt’s class Ay if and only if 0 < a < N, so that in this case there exists a
constant C, > 0 such that

1
]l ——dy < (C, inf
B

— 2.6
T ye ) Tyl (26)

for all B(x,r) C RY. We point out that this fact implies an inequality con-
necting mollifiers and this weight. Indeed,

1 r—y\ 1 l[plloc| B(z, 1) 1
(pe*w)(x)zi/ p( ) dy < ———— —dy
N JB(ae € |ly|* |B(z,€)] B(ze) 1Y

and, as a consequence of belonging to Aq,

(pe x w)(x) < Callplloc|B(0, 1)] et

holds for all z € Q.
Given a > 0 and s > 1, let us denote by L2(€2) the set of measurable

functions u such that
1 L
/ —ul®dr | < oo.
o |zl

Remark 2.1. Since € is a bounded set, it follows that

. 1
mg = inf ¢ —
zeQ ‘.’E|a

is positive. We note that this implies that the embedding L3 () < L*(2) is
continuous for all s > 1.

Definition 2.2. Let p > 1 and fix 0 < a < %. The weighted Sobolev space

DLP(Q) is defined as the completion of restrictions of C2°(RY) with respect
to the norm given by

1
1 1 P
lallp = / s+ / L \upde
' qQ |z|e q |z|eP

Observe that functions in this space belong to
WEP(Q, 2| ~*P) = {u € LE,(Q); Vu € LY, (Q;RY)}.

Reasoning as in Remark 2.1, we deduce that there is a continuous embedding
Dy () — WHr(Q).
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Remark 2.3. In [27] is proved that the space WP(Q, |z|79P) is equal to the
closure of {¢ € C*°(Q); [Jul|p,a < c0}.

The Sobolev space Dé:g () is defined as the completion of C2°(£2) with
respect to the norm || - ||, Notice that there is a continuous embedding
Dé:g(@) — W, P(Q). A Poincaré type inequality implies that this norm is
equivalent in Dé:g(ﬂ) to the norm given by

1 v
||u||:</Q maqupdx) . (2.8)

This will be the norm we will use in what follows.

For more information on weighted Sobolev spaces, we refer to [27] (see
also [2,36]).

2.2. The space BV (£2)

In this subsection, we just introduce some properties of the space of functions
of bounded variation. As mentioned in the introduction, it is the natural space
to study problems involving the 1-Laplacian operator. This space is defined
as

BV(Q) = {u e L*(Q) : Du is a finite Radon measure }

where Du : Q — RY denotes the distributional gradient of u. Henceforth, we
denote the distributional gradient by Vu when it belongs to L'(Q; RY).
We recall that the space BV (€2) endowed with the norm

lullsy @ = / Dul + / e
Q Q

is a Banach space which is non reflexive and non separable. On the other hand,
the notion of a trace on the boundary can be extended to functions u € BV (),
so that we may write u’ 5o Indeed, there exists a continuous linear operator

BV(Q) — L'(99Q) extending the boundaries values of functions in C'(Q). As
a consequence, an equivalent norm on BV () can be defined:

lull 5vayr = / \Dul + / | A1,
Q o0

We will often use this norm in what follows.
In addition, the following continuous embeddings hold

BV(Q2) — L™(§2), forevery 1 <m < (2.9)

N-1’
which are compact for 1 <m < %

For further properties of functions of bounded variations, we refer to [4]
and [21].
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2.3. The space BV, (2)

In this subsection, we study the definition and main properties of the space
BV, (), which is our energy space. We mainly follow [10] to where we refer
for a wider analysis.

Let us define var,u(Q) as

vargu(€2) := sup {/Qudiv pdr; ¢ € CHOQRY), s.t. |p(z)| < |x1|a} .

We remark that the Riesz representation Theorem implies that var,u(S2)
defines a Radon measure (see, for instance, [21, Section 1.8]).
We point out that the function

T

i O0<a<N-1,

is continuous in '\ {0}, and hence it is lower semicontinuous. Then, appealing
to [10, Theorem 4.1], we obtain the next result.

Theorem 2.4. The following statements are equivalent:

(a) var,u()) < oo;
(b) uw € BV(Q) and -~ € L*(Q, |Dul).

]

Moreover,
1
varau(Q):/ —— |Du.
a lzf®

Definition 2.5. Let BV,(Q) be the space of functions u € L(£) such that
|- |~%|Dul is a finite Radon measure, i.e.,

1
o |zl

BV,(Q) = {u e L'(Q) : | Du| < +oo} .

The space BV, () is a Banach space when endowed with the norm

1
llull Bv, @) ::/ —a|Du|+/ |u|da.
a || Q

Moreover, note that mq [, |[Dul < [, ﬁ|Du| (mg as in Remark 2.1), so that
BV,(Q) — BV(Q).

Then
BV, (Q) — L'(9Q)

and so every u € BV, () has a trace on 9.
We point out that the functional given by
1

. —
u — vargu(Q) = | Dl
o lz|*
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is lower semicontinuous with respect to the L'-convergence since each u —
fQ u div ¢dx is so. Furthermore, similar arguments lead to the lower semicon-
tinuity of the functional

a|Du|+/ z |a\u|dHN ! (2.10)
o0

We also need to use the lower semicontinuity of another functional. For a fixed
nonnegative ¢ € C2°(£2), consider

1
uH/@—\DuL (2.11)
Q |z

As a consequence of [10, Theorem 3.3], we may write

1
/ |x|a|Du\ = bup{/ﬂudiv (p®)dr : ® € CHOQ)N |®| < |x“} (2.12)

from where the desired lower semicontinuity follows.

We end this subsection by showing that just like in the space BV (), we
can have an equivalent norm in BV, () which involves an integral over 9.
Its proof is a consequence of being equivalent || - || gy (o) and [ - || pv(0),1, and
using that the positive quantities

1 1
M, = sup {} and m, = inf {}
ccon | |2] zcoQ | |z]®

are finite.

Proposition 2.6. The norm || - || gy, is equivalent to the norm given by

lll v, . /| |a|Du|+/ ; |a| udHN 1,

Proposition 2.7. Let u,v € BV,(f2), then max{u, v}, min{u,v} € BV,(Q?) and
the following inequality is valid

| max{u, v}| B, @)1 + [[min{w, v} pv, (@)1 < lullBv, @)1 + V]V, ©@)1-

(2.13)

In particular, choosing v = 0, we have that u™ := max{u,0}, u~ = min{u,0} €
BV,(Q), with u =u" +u~, and it holds

lullBv, @)1 = eI, @)1 + v By, @)1 (2.14)

3. The Caffarelli-Kohn—Nirenberg inequality in BV, (£2)

In this section we are going to present a version of the Caffarelli-Kohn—
Nirenberg inequality [13] in the space BV, (). We do not prove it in its full
generality, but just introduce those cases to be applied. In particular, we em-
ploy them to prove embeddings involving BV, ().

First of all we state the particular cases of the Caffarelli-Kohn—Nirenberg
inequality we are interested in.
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Lemma 3.1. Let p > 1 and consider parameters satisfying 0 < a < M,
0< 60 <1anda<b<a+1. Then there exists a constant Ccxn > 0 such
that the following inequality holds for all u € C°(RN):

1 % 1 g 1—0
rod < ¢ — |VulPd d
(/ e 1! > < Corn </ e V! x) </ [ m) ’

Np
ON—p[0(1+a—b)—N(1-0)]"

where o = 0b and ry =

Now we present the proof of Theorem 1.1.

Proof of Theorem 1.1. Let u € BV,(Q) and consider its extension to RV de-

fined by
oy Ju(z) itz e Q,
i) = { 0if z ¢ Q.
We remark that Dii = Du + ulgq - HY 1L sq (see [4, Theorem 3.87)).
Note also that @ * p. € C°(RY) and so we may apply Lemma 3.1 for
p =1 (so that rp = m). Thus, for every € > 0, we get

1

I ro "o
. W‘U*pe‘ dx
0 1-6
1 N .
< CornN (/}RN |$|(1|V(u*p€)|dx) (/}RN |u*p6|dx) . (3.15)

We will separately take the limit as ¢ — 0 in each integral.
We begin by analyzing the gradient term. Thanks to [4, Proposition
3.2(c)], we write

1 1
/ L9 po)ldz g/ ( m) Dl
Ry 7] 'y \ |7

Moreover, by the continuity of our weight,

1

EEMAT

PR pointwise in RY \ {0} (3.16)

and this fact, jointly with (2.7), allows us to apply the Dominated Convergence
Theorem and obtain

, 1 3 1 3 1 1 Nt
lim (f*pe) D@ = [ calp@i= [ oD [l
2 Jon (e o Tal" o JoF oa Jal"

(3.17)
On the other hand, since
pe U — @ in LY(RY), (3.18)
it follows that
lim |t % pe|dx :/ |@|dx :/ luldx . (3.19)
e=0 JrNy RN Q

Furthermore, we deduce from

pe * (z) — G(z) a.e inRY,
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and Fatou’s Lemma that

1 1 1
/ |u|"dx = / || dx < liminf/ ————|ax*pe|"dx . (3.20)
o fz|ore ry |27 =0 Jpn |2|o7e

Therefore, using (3.17), (3.19) and (3.20), we may pass to the limit in
(3.15) and obtain the desired result. U

In the following results, we denote C = sup{|z| : « € Q}, which is finite
since €2 is bounded.

Theorem 3.2. Let a < b < a-+1 and r =
1 <q<r, the embedding

m. Then for all ¢ € R,

BV,(Q) — Lg(Q)
18 continuous.

Proof. In this proof, we consider several cases. All of them are consequence of
some manipulations involving Holder’s inequality and the version of Caffarelli—
Kohn—Nirenberg’s inequality given in Theorem 1.1.

First of all, let us consider the case ¢ = 1. We apply the mentioned
inequalities to get

1
1 1, \"
/va?'“'d“(/g |m|br“'> &

r— 1 1
< \Q|TIQCKN / ——|Dul +/ a|u|dHN_1 )
o |zl o0 |

Now consider 1 < ¢ < r. In this case, arguing as above, we obtain

1 1 1
/Q fepllde = /Q e a1
1

<qu7b/ u|ldx
=G0 Tapr

_ r—gq 1 G
<clop = ([ o)
o [z”"
1

by r=a 1 1
< OO0 L oy (/ —a|Du|—|—/ a|u|dHN_1> .
o |zl a9 |7

Finally, the case ¢ = r follows from a similar argument.
Therefore, in any case, there exists C' > 0 such that

1 0 1 1
(/ b|u|qu) <C (/ | Dul +/ |u|dHN_1>
o |7l o lz] oq ||

holds for every u € BV,(Q2) and we are done. O

r—1
T

Theorem 3.3. Leta <b<a-+1 andr = m. Then for allq, 1 < g <r
the embedding

BV,(Q) — L{(Q)

18 compact.
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Proof. Let (uy) be a bounded sequence in BV, (2) and note that, since BV, (12)
— BV (), (uy) is also bounded in BV (€2). Then, by the compact embedding
in BV (), there exist a subsequence (not relabeled) and « € BV(Q) such
that

U, —u in L*(Q). (3.21)
Let 1 < g < r. Note that there exists § € (0,1) such that
1 N
0 SIS N_0(0ta-b)

Then, using first Holder’s inequality and then (1.3) we get

1
/Q W|un — u|?dx
1 1

1
Obg—b
<O | ot — e
a

a 1 . 76
A T‘Obre |y, — ul™dx

Tg—4q 0 (1_6)‘1
e el — ul %y (/Q i — u|da:> ,

which tends to 0 as n — oco. Here we have used that (u,), is bounded in
BV, (Q) and (3.21).
It remains to consider ¢ = 1. Note that there exists 0 < # < 1 such that
0(1 + a) > b. Performing similar mampulatlons we get

/| ‘b|un uldr = /|x|b 6b| |9b — ulde
1 o\
: (/Q<x|b—%> ) (/ |x|9br e 9"””)

Observe that, since f(a + 1) > b, it follows that b(1 — 0)

< Ct%q b

rg—1

A= </Q (|xb_9b> > < +o00.

Hence, applying (1.3), it yields

1 1 _
0

_ 1-
< A€ol =l ([ Jon - ulde)
Q

which tends to 0 as above. O

5
Y ‘H
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4. Extension of the Anzellotti theory

In this Section, we extend the Anzellotti theory to a setting which involves
unbounded vector fields. To begin with, we recall this theory. Not only these
results will be applied, but they will also serve us as a guide for its broadening.

4.1. Remainder of Anzellotti’s theory

We recall the notion of weak trace on 92 of the normal component defined
n [7] for every z € L®°(£; RY) such that its distributional divergence div z is
a Radon measure having finite total variation. This trace is a function [z,v] :
00 — R satisfying [z,v] € L>(09Q) and || [z, V] || (a0) < [|2]| L (@r~), being
v(-) the outer normal unitary vector on 9.

In [7], it was also introduced a distribution (z, Du) : C2°(2) — R defined
by

<(Z,Du),<p>:f/ugodivzf/qucpdz, (4.22)
Q Q
where

uw€BV(Q)NL®Q) and divze LY(Q), (4.23)

among other possible pairings. It is then proved

[((z, Du), )| < H%O||<><>||Z||L°°(U)/U|Du‘ (4.24)

for all open sets U C Q such that supp¢ C U. As a consequence, (z, Du) is a
Radon measure whose total variation satisfies

(2, Du)| < [|z]|oc| Dul - (4.25)

Finally, a Green formula involving the measure (z, Du) and the weak
trace [z, v] is established in [7], namely:

/ (z, Du) +/ udiv z = / wlz,v] dHN ! (4.26)
Q Q o9
being z and u as in (4.23).

4.2. Weighted theory
In this subsection, we consider weights w(z) = |z|7%, with 0 < a < N — 1.
Nevertheless, we point out that most of the results holds for more general
weights.

We define the space

DM, () = {z € L= (Q,RY); div (IJ}I“Z> € Ll(Q)} :

Note that, if 2 € DM, (Q), then div z € L'(Q2). Indeed, choose ¢ €
C (), mollify the function ¢|z|* and have in mind [1, Lemma 1.5] to get

e (e e = = [ e el v
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Thus,

/cp|x“d1v< > /<p|x|“z V( ! >dac
|| ||
) 1 .
:/ —zV(gp|z|“)d:rf/ <p|z|“z~V< )-/ zVdz,
Q |z Q || Q

and this fact means that

divz = |z|*div <|1| > oleloz -V <|1| > eL(Q).  (427)
€T a a

On the other hand, the following equalities are valid in the sense of distribu-
tions

div(Tk (|$1|)z> :Tk(|1a>dlv( )42 vn( e ) k> 0. (4.28)

Hence, letting k — oo, it also holds

div ( 1|az) - ﬁdiv(z) 42V <|x1|a) , (4.29)

in the sense of distributions. This last identity implies that

@div(z) € LY(Q) (4.30)

Then Anzellotti’s theory supplies us with the weak trace [z,v] on 9Q and
the Radon measure (z, Du) for every v € BV (Q) N L>(£2) (and so for every
u € BV, (2) N L>(R)).

It is easy to compare [ﬁz, V} and ﬁ[z, v]. To see that they are equal,

we just employ the inequality

! < M,, forall x e 09.

[e]e =

for certain finite constant M,.

Lemma 4.1. For every z € DM, () we have that

le V:l L[z: v] HN 7'~ a e 0Q.

)
|t ||

Proof. For each k > 0, by the Proposition 2 of [15], we obtain

{Tk(b}a> } Tk<|1|a)[z,u] HNL — ae 00

Now it is enough to take k > M, to get our result. (
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4.3. Measures (I N Du) and # (z, Du)

In this subsection, we take z € DM, (Q) and u € BV,(Q2) N L>*(Q), and
(2, Du), which turn out to be
equal. Finally, we will prove a Green’s formula that connects them to traces

L;‘az 1/} |£|a[z v].
We begin by observing that (T;C (I |”> z Du) =T ( 1‘a) (z,Du) as
z) e L'(Q).

introduce two distributions (I B Du) and

\wl"

measures for all £ > 0. In order to do so, first notice that div

Then (Tk ( 2 ) z Du) is defined as in (4.22) by

(7 () =20) )
== fyueaw (1 () o) o= ot () - v

On the other hand, T}, (

\w\“

) (z, Du) is such that

R

(8 () t0w0) = [0 () o0

It is not difficult to connect both distributions. To this end, denote w(zx) =
Ty (‘ |a) and consider the mollification of pw. Then

pe * (pw) — pw uniformly in
V (pe * (pw)) — V(pw) strongly in L'(;RY)

and so

[ otom

= hm p6 (pw) (z, Du)

e—0

=— lin(lJ u(pe * (pw))div z dx — hII(l) uz -V (pe * (pw)) dz
«=0Jq =0 /q

/ungk< ! )divzdx—/uz~V(goTk< 1@)) dz .
) || ) ]

We stress that (4.27) implies that both distributions are equal. So, we have
proved the following lemma.

Lemma 4.2. For every z € DM () and u € BV,(Q2) N L>(Q), we have that
1 1
(Tk <| |a> z,Du) =T} <|x|a> (z,Du)  as Radon measures in Q,Vk > 0.

We define the weighted pairings as the limit of the above functionals.
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Definition 4.3. Let z € DM,(Q2) and u € BV,(Q2) N L>°(2). Then we define
the functional (ﬁz,Du) :CX(Q) - Ras

<(|1I“Z Du) > /de (||> /lellauz Vdz

Lemma 4.4. For every z € DMy (Q) and u € BV, (2) N L>(R2), we have that

1 1
( z Du) = z |a(z ,Du) as distributions.

|zfe

As a consequence, since ﬁ(z, Du) is a Radon measure in §Q, so is ( z Du)

EIR

Proof. We point out that ﬁ € LY(Q, (2, Du)), since |(z, Du)| < ||]|oo| Dyl
and u € BV, (2) N L>(9). Moreover, we have

(prt=pu-e)
=/ngﬁ<z7m>

:—/ucpidiv (z) da — /wpz V( ! gp) dzx.
a |z Q ||

Thus, having in mind (4.28), both distributions are equal. O

Theorem 4.5. Let z € DM, () and u € BV,(Q) N L>(Q). For all open sets
U C Q and for all functions ¢ € C°(U), it yields

1 1
——2z,Du ,cp>‘§ ?lloo|l2|| L /—Du.
(= 20) 0| < Welelislimoy [ sl

Proof. Note that, from (4.24) we have that

(=) )

= /Uﬁgo(z,Du)
1
< | mlelieDw) (.32

(4.31)

1
< lellsolzlle) / L \Dujdr,  (433)
U ‘5U|
what proves the result. U

Corollary 4.6. The measures <‘w%z, Du) and ’ (ﬁz, Du)‘ are absolutely con-

tinuous with respect to the measure ﬁ|Du| and the inequality

1 1 1
/ < —=2, Du)‘ < (az7Du> < ||Z||Loo(U)/ —|Dul
5 \z] 5| \z| B ||

holds for all Borel sets B and for all open sets U such that B C U C Q.
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Theorem 4.7. Let z € DM, (Q) and u € BV, (Q2) N L (). Then we have
, 1 1 1 N-1
udiv dx + (z,Du) = [z, V] udH
Q \$| q |zl oq |7[*
Proof. Tt follows from (4.26), jointly with Lemmas 4.1 and 4.2, that
. 1 1
wdiv | T z)de+ [ Ty | —= | (2, Du)
Q |33\ Q ||
= / Ty <) [z, V] udHN 1. (4.34)
o9 ||

for all £ > 0. Since = +— ﬁ is a bounded function on 0f2, then for k large

enough, Ty (III“) = Iév\“' Hence,

lim Tk< ! )[z,l/]udHNl/ ! [z, V] udHN 1. (4.35)
k—+eo Ja || o0 |z]*

On the left hand side of (4.34), we will apply the Dominated Convergence
Theorem. In the first term, we may pass to the limit as in the proof of the

Theorem 4.5, taking into account (4.27), (4.29) and V (Irla) € L'(Q2). On the

other hand, we denote by 6(z, Du) the Radon—-Nikodym derivative of (z, Du)
with respect to |Dul, so that |8(z, Du)| < ||2||cc. Then

Tk<| 1|a>(z Du) = <| e ) 0(z, Du)| Dyl

and
1
(Lot < .
|| ||
Owing to Iw\“ € LY(Q,|Dul), we are allowed to use the Dominated Convergence

Theorem. Therefore, when k — oo, identity (4.34) becomes

/udw< o )der/Q|1|a (2, Du) = /8Q |wl‘a [z, ] udHN !

as desired. O

Remark 4.8. Note that, by Lemmas 4.1 and 4.4, the last identity can also be
written as

/udiv( ! )dx+/ (1z,Du>:/ { L zu}udHN !
Q || || oa Lz

4.4. Concept of solution to problem (1.2)

Once we have the weighted theory available, we may introduce the definition
of solution to problem (1.2).
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Definition 4.9. We say that u € BV, (2)NL> () is a solution of problem (1.2)
if there exists a vector field z € L>°(Q, RY) with [|2]|s < 1 and such that

(1) —div (Wz) 5 f(w), in D(Q),

@ (@ Du) = e
(3) [z, V] sign (—u) on OfL.
We will need a variational formulation of our concept of solution. We

begin with the following equivalence, whose proof in the non weighted setting
can be found in [6, Proposition 2].

L_|Du| as measures on €,

m

Proposition 4.10. For u € BV,(Q2) N L>=(R), the following assertions are e-
quivalent.

(a) u is a solution to problem (1.2).
(b) there exists a vector field z € L>=(Q,RY) satisfying ||z]|o < 1,

. 1 1 o
—div (|x“z> = Wf(u), in D'(Q),

and

1 1 1
/wa(u)(v—u)daz:/QW(z7Dv)—/m WU[Z I AHY Y | gy

(4.36)
for allv € BV,(Q) N L>().

Proof. To see that (a) = (b), just take v € BV,(Q) N L*>(2), multiply the
equality (1) of Definition 4.9 by v—u and apply Green’s formula and conditions

(2) and (3).
The reverse implication (b) = (a) is deduced by taken v = u in (4.36). Indeed,
we obtain
[ull Bv ()1 < / —( / %u[z,y] dHN 1
Jae] o0 ||
and conditions (2) and (3) follow since ||z]|s < 1. O

Corollary 4.11. If u is a solution to problem (1.2), then

1
/Q /W = wde < lsve)r = sy, (4.37)
holds for every v € BV,(Q).

Proof. When v € BV, (2) N L>(
4.10 and the condition ||z]je <
inequality to Ty (v) to get

1
/QJ:V’f(u)(Tk(U) —u)dz < || T(v)| Bv(a)a — llullBvo)a

< IllBv@y — llullBv @) - (4.38)

Now, on account of Theorem 3.2, v € Lé (©2) and so we may let k go to oo on
the left hand side of (4.38). O

Q), it is an easy consequence of Proposition
1. For a general v € BV,(Q), apply this
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Corollary 4.12. Every solution to problem (1.2) is nonnegative.

Proof. Let u be a solution to problem (1.2). By Proposition 2.7, we may take
v =u" in Corollary 4.11 obtaining

1 - _
/Q (=) < et v = el v =~ Lavia

On the left hand side, the integrand vanishes (recall that f(s) = 0 for all s < 0)
and we get

! )= i u)(—u) =
/wa(w(—u >—/{u<0} el (=) =o.

Therefore, ||u™ | gy ()1 < 0 and so u = u™ > 0. O

To characterize the sub-differential of the norm, we could try to adapt
the proof of [6, Section 5] to our weighted framework. Nevertheless, for our
purposes, the following result will be enough.

Proposition 4.13. Let h € L' () and assume that problem

1 Du
—div [ — =L ) =h inQ
<|x |Du|) R
u=0 on 09,

(4.39)

has a bounded solution w. (By a solution to problem (4.39) we mean that w
satisfies Definition 4.9 with the obvious replacement of ﬁf(w) by h.)

If u € BVy(Q) N L>®(Q) and h € 9||ul|pv(a),1, then u is also a solution to
problem (4.39).

Proof. Let w € BV, () N L>=(§) be a solution to problem (4.39). Then there
exists a vector field z € L>(Q, RY) such that ||z]|. < 1 and

—div (|1z) =h in D'(Q2)
:r/- a

jointly with conditions (2) and (3). Taken w — u as test function, it yields

/Qh(wfu)dm
/Qula(z,Dw)/lel'a(sz“)

—/ iw[z,l/] dHN71+/ iu[z,y] dHN !
a0 |z|* d

o |zl
[lwl]] / ! (z, Du) +/ ! ulz,v] dHN ™Y (4.40)
= BV(Q),1 — Toqa % Ta ) .
@1 g Jale o0 [

On the other hand, assumption A € 0||ul|gy (q),1 implies

/ hw — ) dz < syt — llul sy (4.41)
Q
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Hence, gathering (4.40) and (4.41), it follows that

1 1 _
7/9 ‘x|a(z ,Du) + /89 WU[Z’ v]dHN 71 < —|lull Bv ()1

and the result is a consequence of being ||z]|oo < 1. O

5. Proof of Theorem 1.4 through p—Laplacian problems

This section is devoted to prove Theorem 1.4 assuming conditions (f1) — (f4)
by an approximating approach. We first consider problems involving the p-
Laplacian operator and, following the arguments of [31], we prove a priori
estimates which allow us to find the solution w of Problem (1.2) as p — 17.

5.1. Approximating problems involving p-Laplacian operators

First of all, we consider 1 <p<2andsop <N < ;7.—-Since0 <a < N—1,
p>land1<g< m, we may assume that p also satisfies
< P <N -1 >p d p<g<qg+p—-1< N
a — an — _
, K>D pP<q<q+p N_(+a=0)
This implies that, denoting g =q+p — 1,
N N —p _ Np
< < , > d << .
lta-0 ° D p=poand P4 N—-p(l+a-10)
for every 1 < p < p. Now, for each 1 < p < p, we consider the problem
_di p—2 _
div (| o [Vul Vu) B |bfp( u) in Q, (5.42)
u=20 on 0f),

where f,(s) = f(s)|s|P~!. Observe that, as a consequence of (f1) — (fa), the
function f, satisfies:

(fip) fp € CO((0, +00). R);
(fop) tim 22) .

o+ Js|p—1

(f3p) There exist constants ¢i,co >0 and p < § < %, such that
|fo(s)| < c1 +casTt forall s €[0,+00).
(fap) There exists p > p such that
0 < puky (5) < fp(s)s, Vs> sq,
where F,(t) = [5 f,(s)

Remark 5.1. The conditions (f1,) — (fsp) are straightforward to check. To
prove the condition (fy,), just integrate by parts to obtain

fo(s)s _ fs)lslP~ts _ f(S)S

Fp(s) F(S)|S|p_1 — (p— 1) f(; F(o) do F(S) - p | ‘p T fos ‘5‘(20),; do

o>~
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when s > 0. Hence,

for s large enough.

Problem (5.42) has been studied in [12] using the lower and upper—
solutions method. Nevertheless, we need to obtain a solution applying the
Mountain Pass Theorem to get estimates independent of p and thus be able
to pass to the limit as p — 1.

In order to get a nontrivial solution to (5.42), we work in the space
Dézfj(ﬂ) that is defined in Sect. 2.1. Moreover, the functions of this space
satisfy the following Caffarelli-Kohn-Nirenberg inequality.

Theorem 5.2. Let 0 < a < ?, 0<bd<landa <b<a+1. Then there

exists a constant Coxn > 0 such that the following inequality holds for all
Lp
u € Dy’ ")

1, o 1 » 1-6
/ ——|u|"*dx < CckrnN / | VulPdz / luldx ,
q |z|orer a lz|* Q

Np
ON—p[0(1+a—b)—N(1-0)]

where o = 0b and rg, =

Proof. The proof follows as that one of Theorem 3.1, with the difference that
pe*ii— @ in DyP(Q) ase— 0, (5.43)
as showed in Theorem 2.5 of [27]. O

Thanks to this version of the Caffarelli-Kohn—Nirenberg inequality and
using the arguments of the proofs of Theorems 3.2 and 3.3, we can show the
following embedding result. Probably this result already has been proved in
the literature (for a related result, see [36, Theorem 2.1]). However, we state
it here for the sake of completeness.

Np

Theorem 5.3. Let 0 < a < =7F, a <b<a+1andr, =7r1yp = gatap-

Then the embedding

N—
p

Dy(Q) = L ()
is continuous for all ¢ € [1,r,] and compact for all ¢ € [1,ry).

The functional associated to problem (5.42) is given by

1 1 1
Jp(u :7/ —Vupdxf/ —F,(u)dz for all u € Dy?(Q).
p(u) > Q\xl“’" | o Tl p(u) 0. ()

By the conditions (fap), (f3p), (fap) and the Theorem 5.3, the functional J,
satisfies the geometric conditions of the Mountain Pass Theorem (see [35]),
which imply that there exists a (PS). sequence (wp)nen in Dé:g(ﬂ), ie.,

Jp(wn) = ¢, and  J)(wp) — 0, asn— oo,
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where

¢p = inf e Jp Jp((t))

and
[ = {7 € C(10,1], Dy (); 7(0) = 0, J,(7(1)) < 0}.

Well-known arguments can be used to show that (w,)nen is a bounded
sequence in Dé:s (Q) and consequently, that there exists w, € Dé:g () in such
a way that

wy —w,  in Dk (), as n — oo.
Since J, € C’l(D(l):Z (€2)) the previous convergence implies that
Jp(wy) =c¢, and  Jy(w,) =0
and consequently w,, is a nontrivial solution in Dé:g(Q) to problem (5.42).
Once we have got the family of approximate solutions (wp)i<p<p, our

main concern is to get bounds of this family which do not depend on p. To
this end, let us consider the functional I,, : Dé:g (©) — R defined by

1 1 p—1
I = - VulPd —Q|.
o) = [ s+ L)

It is straightforward to see that p — I,(u) is a nondecreasing function, for
every u € Wol’p(Q, |£]7%). Indeed, let 1 < p; < ps < P and note that, by
Young’s inequality,

1
I (u) = — v
() p1/ Iw\“pl‘ !

p1
(/ |VulP2dz + P2 p1|Q>
|| P2
*Ipz( ).

Moreover the critical points of J, are the same of those of u — Ip(u) —

Jo ep d u)dz.
Next we show that there exists e € C2°(€2) such that

Jp(e) <0, foralll<p<p.
Fix a nontrivial ¢ € C¢°(Q) such that ¢ > 0 and ||¢||c < 1. This fact leads to

1 _ 1 1
/Q lolds < /2 lolds < /2 el (5.44)

for every 1 < p < p. Moreover, the Lebesgue Dominated Convergence Theorem
implies

1 1
lim —qﬁpdx:/—gzﬁdm
o TP = )

p—1t

and, as a consequence, we may assume that

1/ 1 1 _
= —¢d$</—¢pdx. 5.45
2 Jo |$|b‘ | Qlﬂflb| | (545)
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Analogously, there is no loss of generality in assuming that

1 1
/ | Vlda < 2 / L V4| de (5.46)
a lz| a |zl
for every 1 < p < p.
Now let ¢ > 1. Then, owing to 1i£1 f(s) = 400, given
Jo eIVl da
Jo 2ol dz

we can find M > 0 such that f(s) > K, and consequently f,(s) > KsP~!, for
all s > M. Hence, if s > M, then

K =16 (5.47)

s sP MP sP _
Fy(s) > / f(s)sfPtds > K>~ - K— > K— — K(1 + M)P.
M p p p
Denoting K7 = K(1 + M)?P fQ ﬁ dx and taking t large enough such that
1 1 -
7/ Tplelfdr < / i |p|Pd (5.48)
2 Jo || {6>M/t} |93|

we deduce

1
Fy(t¢) dzx > / Fy(t¢) dzx > K bPdz — K,
/ [ {¢>M/t} [EE (6> M/t) leb
> K—/ L gPde - Ky > K—/ —b|¢|’_’dz ~ K,
P Jigsmyey |7 2p Jo ||

tP 1 tP 1
7/ *|¢‘d$—K1=4*/7\V¢|daE—K1,
4p Jo lxl’ ||

where have also used (5.47). Therefore, from (5.46)

b1 [ o
w1
<O [ mlVelrde—at [ Voot Ky
p Jo o o Jo

t
SKl—QE/ Iz |a|V¢\d33
Q

< K, —t/ L \vg|de,
o lzl®

since p < 2 and ¢t > 1. Thus, choosing ¢ large enough, we find e = t¢ satisfying

e <o - [ o

Py Fy(e)de <0, foralll<p<p. (5.49)
Q

Since e does not depend on p, thanks to the Mountain Pass Theorem, we
know that w,, satisfies

() = [ sFwis = int max (560) - [ JsR60).
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where

T, ={y € C([0,1],Dy7(Q)) : 4(0) = 0, (1) = e}.

5.2. Estimate of the family {'wp}

We claim that the sequence ( — Jo = e b »(wp d:c) is bounded by
1<p<p

a constant which does not depend on p. Indeed, let 1 < p; < pa < p and
let us apply the monotonicity of I, and the fact that I'y), C I',, (because

D07p2 Q) c DO’pl(Q)). Then

Ip, (wp,) / mb Fyy (wp, )dz 771&51 tren[aa%( / |33|b Fin )

< inf max (L, ((t) = | —5F, (3(8)de
(30000 - [ Ftatoie)

V€T, te[0,1]
1
< inf 1, t)— | —F t))dx | .
< 5t e (1m00) - [ i 20))
It yields
1
Ipl(wlh)_ QWFpl(wpl)dx
< inf 1p,
AR, B / Eaa

+ [ mpFeO@)s = [ ok, G)ds
< P2(w}72)_/ Wsz(wPQ)
inf
B (/ IO+ [ GplEn (01

< IP2(wp2) _/ wsz(wZDQ)

|)d d
sy (o0 + [ 1 ool
where o(t) = te. Now, for 1 < p < p, it is straightforward to see that
1 1
| apttes < [ CaFaeel e < (el + 177" [ PG
Q
and so

1 1
max ( [ i Gatnhas+ [ |9[/,|b|Fpl<vo<t>>clac)
P~ max ! e
<201+ el e [ 5 Flee)de

t€[0,1]
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It follows that if 1 < p < p, then

Ip(wp)/ﬂlxﬂpr(wp)dx

1 _ 1

and the claim is proved. Thus, there exists C' > 0 such that

1 1 1
Iy (w )zf/—|Vw |pda:—/—F (wp)dx < C, for all p € (1,p)
PP p Jg fafert o |zl PP
(5.50)
where the constant C' is independent of p.
Let Q, = {z € Q : |wy(x)| < so}, for any p € (1,p). Then, by (f3,), we

have
R < | [ @l
and so

1
/Q,, WF (wp)dx<cl/ z |b|wp\dx+ / iz |b|wp\qd$
cl/| |bsod:v+ /| |bsodx Ci. (5.51)

By the condition (fs,) and since w, is a solution of (5.42), it holds

1 1 1
/ by (wp) dx < — / bfp(wp)wp dx
o\Q, |z| Q |

\Qp |z

I _
< cals| + =7
q

1
/ B [Vw,|P dz — / z ‘bfp(wp)wp dx. (5.52)
On the other hand, note that condition (fs,) also implies

1 1 5 1
—/Q Wfp(wp)wpdx < C1So/Qx|bd$+Czsg/Qx|bde:C2 (5.53)

Thus, by (5.52) and (5.53), we get

1 1 1
—F (w dng/—Vw Pdx + Cy. 5.54
foo, e <, [ it G G
Gathering together (5.50), (5.51) and (5.52), we have
1 1
(—)/ |[Vw,Pde < C+ Cy+Cy, Vpe(1,p).
p o n)Jolzlow

Moreover, since 1 < p < p < u by the last inequality we have that there exists
C' > 0 independent of p such that

T ‘ap|pr| dr <C, Vpe(1,p). (5.55)
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Now, using the previous estimate, Young and Holder’s inequalities we
have

1 1 1 -1 1
/—G|pr|da:§ 7/ —Q|pr|pdx+L/ —dx
o |z pJo |zl [P
1 5L
< f/ —|Vw,|[Pdz + (/ adx) Q5"
o lz|® [P

<C+ (/| |a_dx—|—1> (|Q/+1) =C, (5.56)

where C' is a constant independent of p.

5.3. Convergence of (wp),

Recalling that wp’(m =0, it follows from (5.56) that the sequence {wp}1<p<p
is bounded in BV, (£2). Then, up to a subsequence, there exists w such that,
by Theorem 3.3,

wp —w in L{(Q), (5.57)
for all g € [1, M) as well as, by (2.9),
w, —w in L*(Q), (5.58)

for all s € [1, yoa 1) Up to a further subsequence, by [11, Theorem 4.9], w
may also assume

wp(x) — w(z) a e ze. (5.59)
and that there exists g € L{(Q2), 1 < ¢ < m, such that
lwp(x)] < g(xz) a.e.ze (5.60)

holds for all p € (1,p]. Finally, the lower semicontinuity of the functional
u— fo ﬁ|Du| guarantees that w € BV, ().

5.4. Boundedness of the limit
Let k> 0 and let w, € D(l):g(Q) be a solution of problem (5.42). Define
App ={z € Q; |lwp(x)| > k a. e. in Q}.

Lemma 5.4. Let p > 1 be small enough. For each € > 0 there exists kg > 0
(which does not depend on p) such that

/

where q is as in (fsp).

1 i
W(l +|wy|T ) FaTrde < € for all k> ko,
k,p

Proof. Note that

1 1 1
/ —dr < 7/ —w,| T d (5.61)
Ag.p |JZ| kN=TFa=0) JA, , |.’L‘|
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Now we denote o = w and [ = e which satisfy 0 < a < 1

and [ > 1. Using (5.61) and Holder’s inequality, we obtain
1
I (Ll
<ot / / @iy
< <A,ﬁ T T el
" l—a
<ot T b|wp‘A T de / lbdx
|I| Akp || A, 17
-1 L L Yoty
<2 . - wy| F0a da
kN=—(+a—t) JA,, ||
@ l—a
gl—1 ! Nraw ! ! Narew
+ — lwpl o da — oy lwp| ¥ Oren da
Ak,p le kN-Q+a—b) JA, |‘Z“

-1 1 1 1 YGieT
<2 N + N(-a) ﬁlwpl ~Qte-t d
kN—(ita-b) ke N—(1ta—b) Agp |z

Hence, we have got

1
/ = |b(1—|—|wp|q Ylde < w(k) / |x|b|wp|N Wrao d (5.62)

where w(k) stands for a quantity independent on p that tends to 0 as k — +oc.
On the other hand, by the Caffarelli-Kohn—Nirenberg inequality, the Holder
inequality and the estimate (5.55) we obtain

N
1 N % 1 N—(1fa—b)
/ W|wp|N_(l+”'_h) dr < @glﬂifr‘l b (/Q vapldx)

< e O (5.63)

due to (5.56).
Therefore using (5.63) in (5.62) we get

1 —_—
/ | |b(1 + Jw, |7 Wldg < w(k)@:gK(JV“ B O N=riren 7

which tends to 0 as k — oo. O

Now, let us deduce from Lemma 5.4 that w € L*°(2). To this end, given
k > 0, we define the auxiliary function Gy : R — R as

s—k if s>k,
Gr(s) = 0 if |s| <k, (5.64)
s+k if s < —k.

Choosing Gy, (wp) as a test function in problem (5.42), we get

VG (w,)Pda = / 7 ) G, )

Q |x|ap
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Set 1* = m. Then the previous identity, Caffarelli-Kohn—Nirenberg’s,

Young’s and Holder’s inequalities and the condition (f3,) lead to

(Lr |b'Gk (w)l dx) a
<co ([ amlGitwitias)

SC/ i|VGk(wp)|alw
a |zl

C 1 Cp-1)
< — — VG (w,)|Pde + ————|Q
| VG ol
o Clo-1)
= | Gt Getwp)ds + o
1 _ Clp—1
<C [ o+l Gyl + S2= g
Q |33i p
1+a b
<C / L1 T (/ Gty dm) :
o, Tl B
C _
N (Pp Yl (5.65)

On the other hand, by Lemma 5.4 there exists kg € N such that

1 - 1
/ (L + |wp|q_1)1+z;]fb de < ———  for all k > ko. (5.66)
Akp ixi (20) Tfa—b

Using (5.66) in (5.65) we get

1 p w2 p—1
([ ctentupiian) ™ < 2€=Dig) (5.67)

Since wy,(z) — w(z) a. e. in  when p — 17, Fatou’s Lemma implies
1 x
/ —b|Gk(w)\1adm =0 forall k> k.
Therefore ||w]|oo < ko.

5.5. Existence of the vector field
We begin by using the notation of Remark 2.1 and observing that (5.55) yields
mﬁ/ |V, |? dz < C Vp € (1,p)
Q

and then

P
/ |Vw,|P de < (1—|— ) Vp e (1,p).
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So, we may apply the same argument than that in [30, Theorem 3.5.] and
obtain a subsequence (not relabeled) and z € L°°(Q; RY) satisfying [|2]|0 < 1
and

|Vw,|PVw, — z weakly in L*(Q;RY), foralll<s<oo. (5.68)

In order to pass to the limit in the following stages, these weak conver—
gences must slightly be improved. Fix 1 < s < o0 buch that 1 < s’ < & and
take p small enough to have 1 < s < 2=, so that fQ B I‘”“ —srdr < oo. Slnce

1 1
fofor = Tl

for all 1 < p < p, Lebesgue Convergence Dominated Theorem implies

J

Thus, the convergences Tale® L

o7

weakly in L*(Q; RY) lead to

’
S

1 1
dr —0 asp— 1T, (5.69)

EERER

ﬁ strongly in L* (Q) and |Vw, [P~2Vw, — z

1
e weakly in L'(Q;RY). (5.70)

5.6. w satisfies condition (1) of Definition 4.9
Let ¢ € C2°(£2) and take it as test function in (5.42) to obtain

2
| or |Vw, [P~ Vw, —

! - 1
/Qw|va|p 2pr~V80dx:/QWfp(wp)godm. (5.71)

Our aim is to let p — 17 in (5.71). On the left hand side it is enough to apply
(5.70), while in the right hand side, just observe that

fplwp(x)) = fw(z)) a.e.xeQ
due to (5.59). Moreover, by (fs,) and Young’s inequality, we get

| fo(wp ()| < 1 + calwp ()T
<ep+cag(x)?t
1, g-1
<ec +—cd+ qu(x)q
q q

and g € Lg(Q). Hence, the Lebesgue Dominated Convergence Theorem implies

i [ o pueds = [ G fw)eds. (5.72)

Therefore, letting p — 17 in (5.71), we obtain

| /| ‘bf w)p dr (5.73)

and thus item (1) of Definition 4.9 is verified.
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5.7. w satisfies condition (2) of Definition 4.9

In this subsection, we show that the identity

1
<| C Dw) - il

holds as Radon measures.
Firstly note that we may apply Corollary 4.6 (since ||z]|o < 1) getting

/(lxllz D“’) f/Q <|1|a2 Dw)‘/g| Dl

Now let us check the opposite inequality, i. e.,

<(| 1|Z Dw) >> <| =Dl so> (5.74)

for all p € CL(Q) such that ¢ > 0.
Fix 0 < ¢ € C}(Q) and choose k > ||w]|oo. Taking Ty (wp)p € Dé:g(ﬂ) as
test function in (5.42), we get

1 —
/Q|ac|ap“”'w’€(“”’| dat [ T Tw,) VP2V, - Ve ds

- / o iy Tty ) d (5.75)

Moreover, applying Young’s inequality, one deduces
1 1 1 p—1
=@ VT (wp)|dz < 7/ T | VT (wp) [P odx + 7/ pdx
/Q || g p Jo lz|* g p Jao

1 1 _ 1 1
S —*/ WTk(wp”vaP Qpr ! Vgpdx—i— EAWfp(wp)Tk(wP)wdx

1
—&-7 pdzx . (5.76)
p Q

Our next objective is to let p — 17. On the left hand side, since T} (w,) —
Ty (w) in LY(£2), the lower semicontinuity of (2.11) may be applied:

1 . 1
/QW@IDTk(w) Sll;n_}{lf/glwgo|VTk(wp)|d:v. (5.77)

We turn to analyze the right hand side of (5.76). The convergence of the first
integral is a consequence of (5.59) and (5.70). Thus,

/| ok )z V(pdx—hm/| ar Ty (w,)|Vw, [P~ 2Vw, - Vodz. (5.78)

We deal with the second integral applying the Lebesgue Dominated Con-
vergence Theorem as in the previous subsection. So, we obtain

1 . 1
/Q Wf(UJ)Tk(w)cp dr = 11)1_)ml /Q Wfp(wp)Tk(wp)cp dx . (5.79)

The last term on the right hand side, obviously, tends to 0.
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Therefore, from (5.77), (5.78) and (5.79), inequality (5.76) becomes

/ eIDT )]+ /Q \1|“T( w)z Vodr < /Q @ﬂwm(w)@dz.

Our choice of k leads to

1 1
/ a<p|Dw\+/ Tawz - Vepdr < / T f(w)wpdr,
o || o || ]

so that (5.73) implies
1
z) — / wz - Vipdz
a lz[®

[, et <= [ et (5
= ((=re) )

Thus (5.74) holds.

5.8. w satisfies condition (3) of Definition 4.9

It only remains to check
[z,v] € sign(—w)  on ON. (5.80)

It is equivalent to show that

1 1
/ —|w|+w—[z,v] | dHN ! = 0. (5.81)
oo \ || ||

Indeed, ||z]jo < 1 yields
1 1 N-1
—w Wz,u < — 7] 12| oo |w] H — a. e on 0f) (5.82)
x a a

and so the integrand is nonnegative. Then (5.81) implies le” |w|+w 2= e [z,v] =
0 and it follows from (5.82) that (5.80) holds. Actually, due to the nonnega-
tiveness of the integrand, it is enough to check

! \w|+wi[z,y] dHNT <. (5.83)
o0 ||

||

In order to do so, we take w, as a test function in (5.42) obtaining

1 1
/QW|pr|pdx:/QWfp(wp)wpdm.

Using Young’s inequality and the boundary condition wp| a0 = 0, we get
[ malVudde sy [ —olulan® < [ oVl o+ (- Dl
p | —|Vw,|dx+p —|w < [ —|Vw x+ (p—
qlzle P o |zle " q |z’ T

_ /Q ﬁfp(w,,)wp dz + (p — 1)|Q. (5.84)
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Our aim is to let p — 17 again. The lower semicontinuity of the functional
n (2.10) gives

1 1
/—|Dw|+/ — |w|dHN !
o |zl o0 |7/

1
< lim inf (/ W|VwP|da:+/ - |a|wp|dHN 1). (5.85)
Q

p—1t

On the other hand, we may apply the Lebesgue Dominated Convergence The-
orem on the right hand side of (5.84), owing to

To(wp(x)wy(x) — flw(x)wx) a. e xze

and the following consequence of condition (fs,):
| fo(wp(2))wy ()] < erfwy ()] + eafwy ()| |wy ()]
<z +cag(x)?.
Thus,
[t =im [ = fy )0, (5:56)
— =1lim [ — .
o ooV fg e IR

and the remainder term tends to 0.
Consequently, using (5.85) and (5.86) in (5.84) we get

1 1 1
—— | Dw —|—/ —wd’HN_lg/— w)w dx. 5.87
/QW' o T o Tz ) (5:87)

Applying (5.73) and Green’s formula (Theorem 4.7), we arrive at

ot = v (=)
== [ e et [ o
=[] e [ 6

Gathering together (5.87) and (5.88), we obtain

/ w{ ! z u} dHN T / lw|dHN ! <0, (5.89)
oo Llz[*7 Q |z

and we are done.
Therefore, since w satisfies conditions (1), (2) and (3) of Definition 4.9,
we conclude that w is a solution to problem (1.2).

5.9. w is a nontrivial solution of (1.2)

Now, what is left to do is to show that w # 0. In order to do so, we should
introduce the energy functional ® : BV, () — R given by

1 1 1
u) = Du —|—/ udHN_l—/—Fudx
- e P S T e
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First of all, let us prove that

i (1,00,) - [ Z5Fwis ) = o) (590)

p—1t
Indeed, since w satisfies (1), (2) and (3) in Definition 4.9 and w, satisfies
)

(5.42), it follows from Remark 4.8, (5.57), (fs,) and the Lebesgue Dominated
Convergence Theorem that, as p — 17

1 1 _
wllBv, @)1 =/ ﬁIDwIJr/ —|w|dHN !
a || oq |7

1 1
:/ (z,Dw) —/ ——aw [z, v] dHN !
o \l|z|* aa |z|*

|
—
BN
=
&
S
=y
8

1

1
= 5/0 W|pr|pdl' —+ Op(l). (591)

Moreover, again by (fsp), (5.57) and the Lebesgue Dominated Convergence
Theorem, as p — 17, we have that

/Q @F(w)dx = /Q ﬁFp(%)dfﬂ + 0p(1). (5.92)

Then, (5.91) and (5.92) imply in (5.90).
We remark that, by (f1) and (f2), given ¢ > 0, we may find § > 0
satisfying

[f(s)] <e  V]s[ <6
so that (f3) implies that there exists a positive constant C. > 0 such that
If(s)] < e+ Cels|9! Vs € R.
Integrating this inequality, we deduce
|F(s)| < e|s| + Ccls|? Vs eR, (5.93)

for certain constant C'¢ > 0. Thus, by Theorem 3.2,
1
b(0) = [ullav, @ ~ | opF@ds
o |zl

1 1
> lullv, @)1 — e/ — |u| dx — Ce/ — |u|? dx
@ o lef? o lef’

> (1 - 6Cl)Hu”BVa(Q),l - Cecq”u”gava(g)}y



NoDEA Anisotropic 1-Laplacian problems with unbounded weights Page 33 of 40 57

Let us consider € > 0 small enough such that 1—eCy > 1/2. So, if |[u| gy, )1 <

o172 1/2) " , then

p, where 0 < p < ( c.C,

O(u) > M (5.94)

On the other hand, for all 1 < p < p, Young’s inequality implies that
I (u)— g ‘Q#Fp(u)dx > ®(u)+o0,(1). Then, for all v € ', from the continuity
of t — L(y{t) — Jo ﬁFp(’y(t))daﬂ and from the fact that
I(e) = [o ﬁFp(e)da: < 0, it follows that there exists ¢y € [0, 1] such that
[7(to)ll BV, (2),1 = p- Then,

)~ [ T Fytw) = inf (Ip(v(t))— / gqupwu))dx) >

NI

veT', t€]0,1]
Hence, from the last inequality and (5.90), it follows that
O(w) >0

and then w is a nontrivial solution of (1.2). It remains to prove that w is a
nonnegative solution of (1.2), but Corollary 4.12 does the job. This finishes
the proof of Theorem 1.4.

As a consequence of Proposition 4.13, we deduce the following result.

Corollary 5.5. If u € BV,(2) N L>®(2) and ﬁf(w) € dl|lullpy ()1, then u is
a solution to problem (1.2).

6. Existence by variational methods

First of all, let us consider the energy functional ® : BV, () — R, given by

1 1 1
d(u :/—Du —|—/ —udHNfl—/—Fuda:
@)= Jo TP fog T o Jop -
= Ja(u) — Fp(u),
where
Ja(u) = |ul| By, @)1

and
fb(u):/ﬂﬁF(u)daa

It is straightforward to see that F; is a smooth functional. Moreover,
by the same arguments of [8], it is possible to show that the functional 7,
admits some directional derivatives. More specifically, given u € BV,(Q2), for
all v € BV, () such that (Dwv)?® is absolutely continuous with respect to (Du)?,
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(Dv)® vanishes a e on the set {x € Q: (Du)%(x) =0} and v = 0, HN " -a.e.

on {x € 90 : u(z) = 0} it follows that
(Dv)®
= d
/ |x|a Du I
1 Du Dv 1
+ ——(m)—(xﬂ(Dv)\é—&—/ —sgn(u)vdHN_l.
a |z|* [Dul > 7| Dol aq ||

(6.95)
In particular, note that, for all u € BV,(Q),

Ta(wu = Ta(u). (6.96)

Then, the directional derivatives ®'(u)u exist and

1
' (u)u = ||ull pv, (@)1 — /Q Wf(u)udx. (6.97)

Note that ® can we written as the difference between a Lipschitz and a
smooth functional in BV, (). Taking into account the theory of subdifferen-
tials of Clarke (see [16,17]) , we say that w € BV,(Q) is a critical point of ® if
0 € 0®(w), where 9P (w) denotes the generalized gradient of ® in w. It follows
that this is equivalent to F’'(w) € 0J,(w) and, since J, is convex, this can be
written as

Ju(v) = Ta(w) > F'(w)(v —w), Yve BV,(Q). (6.98)
Henceforth, every w € BV, () such that (6.98) holds is going to be called a
critical point of ®.
Let us prove that ® satisfies the first geometric condition of the Mountain
Pass Theorem (see [22]). Note again (see inequality (5.93)) that, by (f1), (f2)
and (f3), it follows that for all € > 0, there exists A. > 0 such that

|F(s)| < el|s| + Acls|?, VseR. (6.99)

Note also that, by (6.99) and the embeddings of BV, () (see Theorem
3.2), it follows that

1
P(u) = Hu||BVa(Q),1 —/ 7bF(U)d33

> |lullzv, @)1 —€||U||Lg(9) Ae Hu||Lq(Q)
= Jullpv, @ (1= C = esllullfyl o)
>,
for all u € BV,(Q), such that |[ul|gy, )1 = p, where 0 < e < 1 is fixed,
1
1—eC\a T
0<p< ( <
C3

Now let us check that & satisfies the second geometric condition of the
Mountain Pass Theorem. Recall (see Remark 1.2) that condition (f4) implies
that there exists constants dy,d> > 0 such that

F(s) > di|s|" —d2, Vs€R. (6.100)

and a = p(1 — eC — c3p?™ ).
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Let ¢ € C2°(£2) be nontrivial and nonnegative and let ¢ > 0. Since p > 1,
it follows that

o(t¢) < tllllsv. @)1 — dit"l|@lLug + dasupp(¢)] — —o0,

as t — 400, and so we can choose e € BV, () such that ®(e) < 0.

Then, the Mountain Pass Theorem (see [22, Theorem 4.1]) implies that
there exist sequences 7, — 0 and (w,) C BV,(Q) satisfying the following
conditions

(1)
nler;o O(wy,) =c (6.101)

where c is given by

c=1inf sup P(y(¢
inf swp (v(1))

o and T' = {y € C°([0, 1], BVa4()); 7(0) = 0 and (1) = ¢}.
2

vl Bv, @),1 — lwall BV, ()1

1
> /Q Wf(wn)(v —wy)dx — Tpl|v — wa || By, ()1, (6.102)

for all v € BV, ().

Let us prove that the sequence (w,) is bounded in BV, (Q2). First of all,
note that by taking v = w,, + tw, in (6.102), dividing by ¢ and letting ¢ — 0%,
we have that

1
/ Wf(wn)wndx — Tn”wnHBVa(Q)’l S ||'LU77(HBV&(Q)’1
Q

1
g/ o e 7 v, o (6.103)
Q

Then, by (f4) and (6.103), note that
c+op(1) > O(wy)

1 1
=wwmmm—/ mem—/ Flw,)dz

Qn[wn<so 1210 QN[ >so] [21°

1 1
zw%mmg,—C—f/ L ) wnde
(@ K Jan[w,>so) |$|b

1 1
> |lwn |l By, —C—f/—fwnwndx
|| ||BV (2),1 o Jo |gj|b ( )

1 T,
> (1 - == n) lwn |l BV, (@)1 —C
poop

> CllwnllBv, (@)1 — C 4+ on(1),

for some C' > 0 uniform in n € N. Then it follows that (wy) is bounded in
BV,(9Q).
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By the boundedness of (w,) C BV,(2) and Theorem 3.3, we find w €
BV, () such that

- N
Wy — W 1 L (Q) for all r € |:1, ]\7—(1—'—@—())) . (6104)

Then, by (6.104) and the lower semicontinuity of 7, with respect to the
L'(Q) convergence, calculating the limsup on both sides of (6.102), it yields
that w satisfies (6.98). Moreover, by taking v = w+tw in (6.98) and considering
the sign of ¢, we obtain

1
lwll v, @)1 :/ T f(w)wdz. (6.105)
a |zl

On the other hand, taking the limit as n — +oo in (6.103), it follows that

lwn |l BV, (2),1 / E |bf (wp)wndz + oy, (1). (6.106)

Hence, from (6.104), (6.105), (6.106) and the Lebesgue Dominated Conver-
gence Theorem, it follows that

c=d(w)

and then w is a nontrivial critical point of ®.

Our next concern is to check that w € L*(§2). To this end, consider k& > 0
and the function Gi(s) defined in (5.64). Taking v = w + Gi(w) in (6.98), it
yields

1
i/ﬂ Wf(w)Gk(w)dm < lw £ Gr(w)llBv, @)1 — vl sy, @),1 < IGR(w) BV, (@)1
and we infer that

|G (w)] BV, (@)1 /| |bf w)Gy(w)dx

Setting 17 again and reasoning as in Sect. 5.4, we obtain

= Nty

1 . o\TE
([, pplcmtoras)
1 Z
<C / 1+wq11+abdx (/ Gi( 1dx> .
( (lwl>k) |.I‘|b( | | ) > | ‘b| k? ‘

Since

1
lim T (L w]? Ydx =0,
k—oo J1|w|>k} |z
we may find ky > 0 such that

1+a—b
N

1
C / (1 | ) <1
{lw|>ko} |z|
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1 Lo\ TS
<‘/Qx|b|Gk(’LU)|ladl') =0

holds. Therefore, G, (w) = 0 and so |w| < ko.

As a consequence of Corollary 5.5, since w € BV, (£2) N L*>°(§) satisfies
(6.98), it also satisfies all the conditions of Definition 4.9 and, moreover, it is
nonnegative thanks to Corollary 4.12.

It just remains to justify that w is a ground-state solution, i.e., that w
has the lowest energy level among all nontrivial bounded variation solutions.
In order to prove it, we have to recall [23], where it is proved that we can
define the Nehari set associated to ®, given by

1
N ={u e BUO\O) + lullvios = [ sy}

It can be proven as in [23] that N is a set which contains all nontrivial bounded
variation solutions of (1.2). Then, if we manage to prove that the solution w
is such that ®(w) = infxr ®, then w would have the lowest energy level among
the nontrivial solutions.

By using the same kind of arguments that Rabinowitz in [33], which
consists in studying the map ¢t — ®(tv) and verifying that it has a unique
maximum point ¢, > 0, which is such that t,v € N ((f5) is mandatory to
prove the uniqueness); in the light of (f1) — (f5), one can see that A is radially
homeomorphic to the unit sphere in BV, () and also that the minimax level
c satisfies

and then

c= inf max ®(tv) = inf ®(v).
vEBV,(Q)\{0} t>0 veN
Since w is such that ®(w) = ¢, it follows that w is a solution which has the
lowest energy among all the nontrivial ones.
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