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Existence and orbital stability of standing
waves to a nonlinear Schrodinger equation
with inverse square potential on the half-line

Elek Csobo

Abstract. In our work, we establish the existence of standing waves to a
nonlinear Schrédinger equation with inverse-square potential on the half-
line. We apply a profile decomposition argument to overcome the difficulty
arising from the non-compactness of the setting. We obtain convergent
minimizing sequences by comparing the problem to the problem at “in-
finity” (i.e., the equation without inverse square potential). Finally, we
establish orbital stability/instability of the standing wave solution for
mass subcritical and supercritical nonlinearities respectively.

Keywords. Nonlinear Schrodinger equation, Hardy’s inequality, Standing
waves, Orbital stability.

1. Introduction

We study the existence and orbital stability of standing waves for the following
nonlinear Schrédinger equation with inverse square potential on the half line

z2 (1.1)

iug +u” + ¢ u2 + [uP~tu =0,
u(0) = ug € Hg(R™),

where u : R x RT - C,up: Rt - C,1 <p<oo,and 0 < ¢ < 1/4.

There has been considerable interest recently in the study of the
Schrodinger equation with inverse-square potential in three and higher dimen-
sions. Classification of the so-called minimal mass blow-up solutions, global
well-posedness, and stability of standing wave solutions were studied in [1,6,8,
22]. In the papers by Bensouilah et al. [1], and by Trachanas and Zographopou-
los [22] the authors establish orbital stability of ground state solutions in the
Hardy subcritical (¢ < (N — 2)?/4) and Hardy critical (¢ = (N — 2)?/4) case
respectively for dimensions higher that three. In both cases, orbital stability is
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proved by showing the precompactness of minimizing sequences of the energy
functional on an L? constraint. Local well-posedness was established for the
two-dimensional space by Suzuki in [21], and in three and higher dimensions
by Okazawa et al. in [18]. The presence of the inverse square potential in one-
dimensional space has also attracted attention. In [13] H. Kovarik and F. Truc
established dispersive estimates for 9% + ¢/22.

The dynamics of the equation is closely related to Hardy’s inequality (see
[7)

oo 2 o0
c/ ﬂdm < / [u'|*dx for all u € C§°(0,0), (1.2)
0 0

x2

where ¢ < 1/4. We introduce the Hardy functional

Hwy = [ (WP = S uP) de
| (= S)

which is closely related to our problem. We will mainly focus on the case
0 < ¢ < 1/4, when the natural energy space associated to (1.1) is Hg(R*),
and the semi-norm ||u’ ||2L2 is equivalent to H(u).

Let us consider the operator
0? c
a2 a2
acting on C§°(RT). Owing to the Hardy inequality, if ¢ < 1/4 the qua-
dratic form (H.p, ¢) is positive definite on C§°(R™). It is natural to take the
Friedrichs extension of H,, thereby defining a self-adjoint operator in L?(R*),
which generates an isometry group in Hg(RT).

Local well-posedness for parameters 1 < p < oo and 0 < ¢ < % follows

by standard arguments (see e.g. in [3] Chapter 4). In particular, the following
holds.

H, = -

Theorem 1.1. Let 1 < p < oo and ¢ < 1/4. For any initial value uy €
HY(RT), there exist Tinin, Tmax € (0,00] and a unique mazimal solution u €
C((—Trmins Trmax), HE(RY)) of (1.1), which satisfies for all t € (—Tiin, Tmax)
the conservation laws

lu(®)ll g2 = lluoll 2, E(u(t)) = E(uo), (1.3)
where the energy is defined as

1 2 cl|ul|?
B(u) = 5 wlze = 5||5]| |, = =5 Iullfih s forue HY®S).  (14)

2 P —+ ]_
Moreover, the so-called blow-up alternative holds: if Thmax < o0 then
limy 7, ||w' ()] 2 = 00, (01 Timin < 00 then limy_ 7 ||/ (t)|| 2 = c0).

In this work we address the existence of standing wave solutions and their
orbital stability /instability. By introducing the ansatz u(t,z) = e“%p(zx), the
standing wave equation to (1.1) reads as

o' + <p we + P o = 0. (1.5)
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First we will prove regularity of standing waves and the Pohozaev identities.
To establish the existence of standing waves we carry out a minimization pro-
cedure on the Nehari manifold for the so-called action functional

1 c w 1

S) = 5 I0lze = 5 ||5 | . + 5 Iollze = g I v e HO®R™).

Owing to the non-compactness of the problem, we have to use a profile decom-

position lemma, in the spirit of the article by Jeanjean and Tanaka [11]. To

establish strong convergence of the minimizing sequence on the Nehari mani-

fold we compare the minimization problem with the problem “at infinity”, i.e.
when ¢ = 0. Hence, we obtain that the set of bound states is not empty:

A={uec H R\ {0}:u" + cu/z? —wu+ [ulP"'u =0} £ 2.

We are in particular interested in the orbital stability /instability of ground
states, i.e., solutions which minimize the action functional. We denote the set
of ground sate solutions by

G={ueA:S(u)<Sw) for all v € A}.

U112

X

12

We use Lions’ concentration-compactness principle to obtain a variational
characterization of ground states on an L2-constraint, thereby establishing
the orbital stability of the set of ground states for nonlinearities with power
1 < p < 5. Finally, for p > 5 we establish strong instability by a convexity
argument.

2. Existence of bound states

We start by investigating the standing wave equation,

"+ So—wp+ Pl =0,
¢ € Hy(RT)\ {0}.

First, we prove the regularity of solutions to (2.1) by a bootstrap argument.

(2.1)

Proposition 2.1. Let w > 0 and ¢ < 1/4. Assume p € HE(RT) is a solution of
(2.1) in H-1(R*). Then the following statements are true

(1) ¢ € W2 ((e,00)) for all 7 € [2,+00) and € > 0, in particular ¢ €
C((e,00));
(2) The solution is exponentially bounded, that is eV (|| +|¢'|) € L®°(RT);

Proof. (1) For p € H}(RT) we have ¢ € LI(R*) for all ¢ € [2,00]. We get
easily that |p[P~1p € LI(RT) for all ¢ € [2,00). By (2.1) we have for any
€ > 0 that ¢ € W2((e,00)) for all ¢ € [2,00). By Sobolev’s embedding we
get o € C10((e,00)) for all § € (0,1), hence |¢(z)| — 0, and |¢'(z)| — 0 as
T — 00.

(2) Let w > 0. Changing o(z) to ¢(z) = w/P~Vp(\/wz) we may assume
that w = 1 in (2.1). Let € > 0 and 6. (z) = e==, for z > 0. It is easy to see
that 6. is bounded, Lipschitz continuous, and |0.(x)| < 6.(x) for all x € RT.
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Additionally, 0.(x) — e* uniformly on bounded sets of RT. Taking the scalar
product of the equation (2.1) with 6. € H}(RT), we get

2
Re/ o ( / 0. | dx—i—/ 0-|¢| d;v—/ 0| p|P da.
R+

Using the inequality Re(¢'(0-¢)") = 0-|¢’|* — 0:|¢||¢’| and

/egwwdx /em dz+ 1 /ewdx
R+
we obtain

1 1 2
,/ 96‘¢/|2dx+ */ 05‘<P|2d:cfc/ GE%dI g/ 95|90|p+1dx.
2 Jr 2 Jr+ R+ X R+

Let R > 0 such that if z > R, then -5 < % and |o(z)[P~t < é. Then we get

0 |<p|2d 0 p+1
e~ dr + |l
R+ T R+

R |S0‘2 R 1
< el / c—2dx+/ P dx —l—f/ 0. |¢|?dx.
o 0 4 Jr+

From the last two inequalities it follows that

1 2 1 2 R |<»0|2 p+1
0| |7dx + Oc|pl7dx < e ——dx + |g0\ dx | .
2 Jr+ 4 Jr+ 0

By taking € | 0 we get

1 1
7/ em|ga'|2da:—|—f/ e”|p|?dr < .
2 Jas 1 Jus

Since both ¢ and ¢’ are Lipschitz continuous we deduce that |p(x)e* and
|’ (x)|e* are bounded. O

We now prove that there exists a solution to (2.1). We define the action
functional associated to (2.1) as follows

1 w 2 1 1
Stu) = GH() + 5 [ulfs - — s

for ¢ < 1/4 and u € HE(R™). Clearly, we have
c _
S'(u) = —u" — Ut wu— |ulP~ .

Therefore, to prove the existence of a solution to (2.1) amounts to show that
S has a nontrivial critical point. A simple calculation yields the following
identities.

Lemma 2.2. Assumep > 1, w >0 and ¢ < 1/4. Let ¢ € HY(RT) be a solution
of (2.1) in H=Y(RT). Then the following identities are true:

2 ©|1? 2 1
Iz | £, + ||so||L2 ~llpllzth =, (2:2)

2 p— +1
I¥/lize c\ sy Ielih = o (2.3
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Proof. We obtain the first equality by multiplying (2.1) by ¢ and integrating
over RT.
To prove the second equality, let us put @y (z) = A\/2p(A\x) for A > 0.
We have that
A2
2

W a APTL2

9 ||<PHL2 - ﬁ H<P||Lp+1 )

Slen) = 2 1)
(2) = 5 Il [
from which we get

p—
(p+1

spse] = (5052 ).

= 1o +a¢ is in H'(RT), since ¢ and ¢’ are exponentially

1
] lell i -

0 2
55| _ = Il |2

We also have that

9
Now Y

decaying atzinﬁnity by Proposition 2.1. We obtain that the right hand-side
is well-defined. Since ¢ is a critical point of S, we obtain S’(¢) = 0, which
concludes the proof. O

Remark 2.3. Since (2.2) and (2.3) hold for solutions of (2.1), it follows for
w # 0 that

p+3
3+ 1)

Hence, non-trivial solution of (2.1) exists only if w > 0.

pt+1

2
WH@HH = 1) ||<PHLP+1 > 0.

Let us define for all u € H}(R™) the following functional:

T(u) = (8" () u) g1 gy = H(u) + w72 = lulf35

It follows from Lemma 2.2, that N' = {u € Hg(R*)\ {0} : J(u) = 0} contains
all nontrivial critical points of S. We aim to show that the infimum of the
following minimization problem is attained

= inf{S(u):ue N} = inf{||lul?T s ue N} (2.4)

(+1)

First we prove the following lemma.
Lemma 2.4. N is nonempty, and m > 0.
Proof. Let u € H}(R*)\ {0}. Take
1/(p—1)
_ [ H@) +wllu)s
t(u) = o1 .

[l

By simple calculation, we get that J(t(u)u) = 0, hence t(u)u € N. We see
that

_ _ 1 __r=1 2
m—ulg}i/S(u) _ulgjf\/ (S(u) p+1J(u)> =3t D) Jg/{[(H(U)‘FW““HB)
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It follows from Sobolev’s and Hardy’s inequalities, that there exists C' > 0
such that

H(u) + wlulls = lullfre < CH(u) +w|lul|7) /2,
for all u € N. Hence,

2/(p—1) )
() < H(u) +w|ul. for all u € Hy(RY),

C
2/(p—1)
p—1 1
> — | = 0.
PRy <C) g

which implies that

Lemma 2.5. Let ¢ < 1/4, and p > 1. Then if u € H}(RT) is a minimizer
of (2.4), then |u| is also a minimizer. In particular, we can search for the
minimizers of (2.4) among the non-negative, real-valued functions of H}(RT).

O

Proof. Let u € H}(RT) be a solution of the minimization problem (2.4). It
is well-known that if uw € Hj(R™) then |u| € Hj(RT) and |[|ul||;2 < [|o/] -
Moreover, |||u|l o+ = ||t|lfp+:. Therefore, J(Ju|) < J(u). Hence there exists
a A € (0,1] such that J(Au|) = J(u) = 0. Then

p— +1 pH+1
S(Alul) = 7”/\ o < lull o =
2p+1) ( ) e
Hence A =1, J(|u|) = 0, and S(|u|) = m. O

Let m € R. We say that {u,},cn is a Palais-Smale sequence for S at
level m, if

S(up) —m, S'(u,) —0in H(RT),
as n — oo.

Lemma 2.6. Let ¢ < 1/4, and p > 1. There exists a bounded Palais-Smale

sequence {up}tnen C N for S at the level m. Namely, there is a sequence
{tn}nen C N bounded in H'(RT) such that, as n — oo,

S(up) —m, S'(un) — 0 in H H(RT).

Proof. Since N is a closed manifold in H}(RT), it is a complete metric space.
Hence, Ekeland’s variational principle (see pp. 51-53 in [20]) directly yields
the existence of a Palais-Smale sequence at level m in N.

We now show that if {u, }nen € N and ||u,|/3; — oo, then S(u,) — co.
Indeed, since u,, € N from Hardy’s inequality we get that

p—1 2
S(un) = W(H(Un) +w Hun||L2)

p—1
“2p+1)

Therefore, any Palais-Smale sequence {u, },en is bounded in H} (RT). O

. 2 2
(min{1, (1 —4)} Jug [l + w fJun12)-
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Before proceeding to our next lemma, let us recall some classical results,
see e.g. [3], concerning the case ¢ = 0. It is well-known that the set of solutions
of

¢ —wqg+lgPrtq=0 w>0, qc H'Y(R) (2.5)
is given by {eq(-+y) : y € R,6 € R}, where ¢ is a symmetric, positive
solution of (2.5), explicitly given by

q(z) = <(p+21)wsech2 (Wx))l/(p_l) . (2.6)

Moreover, up to translation and phase invariance, it is the unique solution of
the minimization problem

m™ = inf{S>(u) : u € H'(R)\ {0}, J>®(u) = 0}

1 ) N
_ 2? =y mf{HUIILPH(R) we HY(R)\ {0}, J=(u) = 0},

where the functionals S * and J° are defined by

[eS) +1
5% (u) = Hu IILz(R)+ el 72 gy _p+1 1wl gy »
0o 1

T=() = ||u 2y + 0 Ny — Nl -

Lemma 2.7. Let 0 < ¢ < 1/4, and p > 1. Then m < m®™>

Proof. 1t is not hard to see that m < m®, we only need to prove that m # m>
Let us first note that if u € H}(R*)\ {0} and J(u) < 0, then m < S(u), where

S(u) = 2(7;;11) (F(w) + o ful2s).

Indeed, if J(u) < 0, then let us define

1/(p—1)
_ (H@) +wlulz.
t(u) = o1 .

||U||Lp+1

Hence t(u) € (0,1), t(u)u € N, and
m < S(t(u)u) = t2(u)S(u) < S(u).

Now let us define 4 (x) = g(z + A) — q(x — A) for x > 0. For large enough A
we obtain the following estimates (see Lemma 5.1 in the Appendix):

oo oo 1
! 2dm:/ q 2dac—|—O<(2A+> 6_2‘/5‘4),
A -
oo oo 1
al?dx :/ q|?dz + 0O (<2A+ > 62‘/5‘4),
| 1ol 7OO| | =
/°° WAde < / \q| dx + O e~ VwA
0 .'172 A2 A ’

/ [palPHde = / lq|PTtdx + O (e_QﬁA> .
0 —00
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Since 0 < ¢ < 1/4, we obtain for A > 0 large enough
2 2 +1 _
I6) < 14 e + Nl = Wl ey = 55 Nl + O (e

4c 2 1 _ ]
= e lallz2my + O <Az€ \FA> <0,

and
§(a) < 2= (112 + o lal? S lall? +0 Vel
S5+ e AUr2mw) ~ Az UL (r)
e p—1 Adc 2 —JGA oo
=m WMHQHB(R)*O(AQQ <m

Since J(¢4) < 0, we get
S(tha) <m™,
which concludes the proof. ]

We need the following lemma, which describes the behavior of bounded
Palais-Smale sequences. We note that Hg(R*) functions can be extended to
functions in H!(R) by setting « = 0 on R™. The proof of the following state-
ment is presented in the appendix.

Lemma 2.8. Let {uy}nen C HY(RT) be a bounded Palais-Smale sequence for

S at level m. Then there exists a subsequence still denoted by {un}tnen, a
ug € H}(R) solution of

o+ 2<p we + [Pl =0,

an integer k > 0, {z¢ }¥_, C RT, and nontrivial solutions q; of (2.5) satisfying

U, —ug weakly in  H}(RY),

k
S(un) = S(uo) + Y _ 5> (ai),

i=1
— (up + qu(x — ) — 0 strongly in H'(R),

2| =00, oy, —al| >oo for 1<i#j<k
where in case k = 0, the above holds without q; and x,.

We only need to show that the critical point of S provided by Lemma 2.8
is non-trivial.

Theorem 2.9. Let 0 < ¢ < 1/4. Then there exists u € N\ {0}, v > 0 a.e., such
that S(u) =
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Proof. We only have to prove that the {u,},en bounded Palais-Smale se-
quence obtained in Lemma 2.6 admits a strongly convergent subsequence. As-
sume that it is not the case. Using Lemma 2.8 we see that £ > 1 and wu,, is
weakly convergent to ug in Hg(R™") up to a subsequence. Then

m= lim S(u,) = S(uo) + S (¢) = S(uo) + m™

Now, S(ug) = 0since J(ug) = 0. Thus m > m®°, which contradicts Lemma 2.7.
Hence k = 0 and u,, — ug in Hi (R). O

Lemma 2.10. Let p > 1 and w > 0. There exists a p > 0 such that

/ |u|?dx = p, for everyu € G.
0

The mass of ground state solutions is p = %% Moreover, we have
P
1
JulPtE, = 2(p +1 ) m, and H(u) =m for every u € G.
p

Proof. Since u € G is a solution of (2.1), it satisfies (2.2) and (2.3). By sub-
tracting the two identities we get

p+3
2p+1)

Additionally, since u is a ground state solution, it also solves the minimization
problem (2.4). From (2.4) and (2.3) we get

p—>5

2 +1
w ||ullz2 = lullzr - (2.7)

2 +1
ol + 5 s = 2m (2.
From (2.7) and (2.8) it follows
2 mp+ 3
= MPTO Ly,
a3 = 225 >

Thus, let u = %i Now it follows from (2.4) and (2.3) that
1
[l 2L, = 2p +1 )m and H(u) =m for every u € G.
p
which concludes the proof. O

3. Stability

In this section we consider nonlinearities with 1 < p < 5. Our aim is to
prove orbital stability of the standing waves. To do so, we investigate the
minimization problem:
I =inf{E(u) :ueTl}, (3.1)
where
D= {ue HYR): [ul2: = u}.

and the energy E is defined by (1.4). We will rely on a of Lions’ concentration-
compactness principle [15] and the arguments by Cazenave and Lions [4], see
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also in [3]. The main problem is to obtain compactness of minimizing sequences
owing to the absence of translation invariance. We define the problem at in-
finity by

I%° = inf{E®(u) : u € H'(R) and |jul3, = pu}, (3.2)

1 1
= 7/ |u'|2dx77/ lu[PTd.
2 Jr p+1Jr

We recall some well-known facts about the minimization problem (3.2) (see
[3, Chapter 8.]). For every p > 0, there exists a unique, positive, symmetric
function ¢ = q(u) € H'(R), such that

lall e = p, E(q) =1,

and ¢ solves the nonlinear equation

where

¢" =g+ ql" g =0,
where A = A(u). Moreover, there exists M > 0 such that
eV Ml g(2)] < M and eV |/ (z)| < M.
We proceed by proving the following lemma:
Lemma 3.1. If 0 < ¢ < 1/4, then the following inequality holds:
I<I™.

Proof. For A > 0, let C(A) be a normalizing factor specified later. Let us
define

Uy(z) =C(A)(¢(x + A) — q(x — A)) for z > 0.

Since ¢ is even, we obtain W4 € H (R') and

[ warar =2 ([ k- [ it gt - e

We estimate the second integral by (see Lemma 5.1)

/_O; gz + A)g(z — A)dz = O (<2A+ \%) 6_2\/XA) '
We define

1/2
I
ci) = <u 7 qlz+ A)g(z A)da:) '

C(A) is a continuous function of A, C(A) > 1, and C(A) — 1 exponentially
fast as A — oo. Thus, |[¥4||,. = p for all A > 0. By Lemma 5.1 in the
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Appendix, we obtain for A > 0 large enough that

/ W, Pz = C2(A )/ I/|dz + O <(2A+\%) eMA),
0 —o00
0, AW [ i
<
/0 2 TS 0 [Vaf'do+0 A2 ’
/ (W 4|+ de = CPH(A)/ P lda + O(e 2V,
0 —00

Hence for A large enough we get

o0 2 o0
e A A = LR

1 [e’e) p—lA o0
<o (5 [ pae- S [ grna)

c4C?(A) 2 e~ VAA
S [T o (e ).

Owing to the exponential decay of the last term, for large A we get
2c 2c
E(Va) SE(q) — mu=1% - p
Since 0 < ¢ < 1/4 we get that E(V,4) < I°°, which concludes the proof.

54

O

We need the following version of the concentration-compactness principle.

The proof follows the same way as in the classical case (see [15]).

Lemma 3.2. Let0 < ¢ < 1/4, and {u, }nen C HE(RT) be a sequence satisfying

lim ||Jun|[3. = M and lim H(u,) < oo.

n—oo

Then there exists a subsequence {uy fnen such that it satisfies one of the fol-

lowing alternatives.
(Vanishing) lim,, o ||, ||, — 0 for all p € (2, 00).

(Dichotomy) There are sequences {vp }nen, {wn tnen in Hi(RY) and a

constant o € (0,1) such that:
(1) dist(supp(vy), supp(wn)) — 00;
[n| + [wn| < |unl;

(2)
(3) s
(4) [[onl2 = aM and ||w, |32 — (1 —a)M asn — co;
(5)
(6)

liminf, . o{H (u,) — H(v,) — H(wy)} > 0.

My oo | [y |un|?de — [ [va|%dz — [ |wn|%da| = 0 for all g € [2,00);

(Compactness) There exists a sequence y, € RT, such that for any e > 0

there is an R > 0 with the property that

/ [un|? > M —e.
(yn—R,yn+R)NRT

for all n € N.

We are now in a position to prove the following lemma.
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Lemma 3.3. Let 1 < p < 5,0 < ¢ < 1/4, and w > 0. Then the infimum in
(3.1) is attained. Additionally, all minimizing sequences are relatively compact,
that is if {un}nen satisfies |unl7> — p and E(u,) — I then there exists a
subsequence {uy }nen which converges to a minimizer u € H} (RT).

Proof. Step 1. We first show that 0 > I > —oco. Let u € T'. For A > 0, we
define uy(z) = \'/?u(\z) € T. Clearly,
A2 9 )2 0 |U|2 )\(pfl)/Q 41
E(uy) = - (|72 — o) SR ([l
Since 1 < p < 5, we can choose a small A > 0 such that E(uy) < 0. Hence
I <0.
Since ¢ € (0,1/4), we have H(u) ~ ||u’H2Lg We get from the Gagliardo-
Nirenberg inequality that there exists C' > 0 such that for all u € H}(R™)

0o B e 1+p771
/ [Pt de < CH(u)"+ (/ |u|2dac> .
0 0

Since 1 < p < 5, this yields that there exists 6 > 0 and K > 0 such that
E(u) =6 ||lul?: — K for all u e T, (3.3)

from which follows that I > —oo.

Every minimizing sequence is bounded in H}(R*) and bounded from
below in LPT1(RF). Indeed, let {u,},en C T be a minimizing sequence, then
by (3.3) it is bounded in Hg(R™). Furthermore, for n large enough we have
E(uy) < I/2, thus

ol > -2 (3.4
Now I < 0, hence the result follows.

Step 2. We now verify that all minimizing sequences have a subsequence
which converges to a limit u in H}(RT). Let {up }nen satisfy ||un||ig — pand
E(uy) — I. Since every minimizing sequence is bounded in H (RT), {un }nen
has a weak-limit u € LP(RT) . We can apply the concentration-compactness
principle (see Lemma 3.2) to the sequence {u, }nen. We note that since the
sequence is bounded from below in LP!(R™) vanishing cannot occur.

Now let us assume that dichotomy occurs. Let o € (0,1), {vp}nen and
{wn }nen sequences as in Lemma 3.2. It follows from (5) and (6) of Lemma 3.2
that

liminf(E(u,) — E(v,) — E(wy)) = 0,

n—oo
hence
lim sup(E(vy,) + E(wy,)) < I. (3.5)

n—oo

Observe that for u € Hi(R*"), and a > 0, we have

1 aP~l —1 [ Pl
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Let a,, = \/i/ ||[vnll ;2 and b7 = \/i/ |wn || 2. Hence, a,v, € T and byw, €T,

which implies
I p=l _ 1 [
LA e,
n p+ 1 0
I 1 [
E(wn) 2 5 + ”7/ |[w,, [P da.
bn p+ 1 0
Therefore
E(vy) + B(wn) = I(ay® +b,%) + - /DOI [P+ i /OOI [Pt
Un, wy) = 1(a, N - Un, - wy, .
p+1J p+1J

Now we observe a,? — « and b,? — (1 — a) by (4) of Lemma 3.2. Since
a € (0,1), we get that # = min{a~P~1/2; (1 —a)~P=1/2)} > 1. Property (5)
of Lemma 3.2 and (3.4) implies

6—1 o 6—-1
liminf(E(v,) + E(wy)) > I + . liminf/ lun [Pz, > T+ > I,
which contradicts (3.5). Hence the following holds: there exists a sequence
yn € RT, such that for any € > 0 there exists R > 0 with the property that

/ [un|? = p — €. (3.6)
(yn_Rayn"l‘R)mR_'—
for all n € N.

We now show that {y,}nen is bounded in R*. First we show that if
Y — 00, then
> Jun |

lim
22

n—oo 0

dz = 0. (3.7)

Let us assume by contradiction that

o] 2
/ a1 > 6 > 0, (3.8)
0

22
which implies together with Hardy’s inequality that
H(uy) > (1/4 = ¢)é. (3.9)

Let us take § € C°°(R™), such that for R >0and a > 0 we have that £(r) = 1
for 0 <r < R, &(r) =0forr > R+ a, and ||¢']|;,« < 2/a. We introduce
Un1 = Up - € and up 2 = uy, - (1 = §). Clearly, u, 1 € Hi(RY), u,2 € HF(RT)
and u, = Up,1 + Up,2. Moreover, the following inequalities hold

[up 1 |* < 204072 un|? + |uj, ),

[un, of* < 2040 un | + |u, ).

We obtain by direct calculation that
E(Un) = E(un,l) + E(un,Q) + Pn
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where
1 [t 2 2 2 ¢ 2 2
/ / /
po=g [ [ =l = o) = S5 = a1 = o) o
1 RJra
w1 /e (el P = P e
R

We show that there exists R > 0 and a > 1, such that for n large enough
lpn| < (1/4 — ¢)$. First we observe by the properties of the cut-off that

1 R+a 5 R+a 8 R-‘r{l
3 [ P =P = aPydel < 5 [ e+ 5 [ e,
R R a” JRr

)
We claim that there exist R > 0 and a > 1 such that for a subsequence {u,, }
we have

RJra 1
/ lup, [Pde < —(1/4 — ). (3.10)
i 20

Suppose that this claim does not hold, that is for all R > 0, a > 1 there exists
k € N such that for all n > k the following holds

R+a 5 1
"Pde > —(1/4 — ¢)é.
| hpae = g/a—0)

Let (Ry, Ry + a1). There exists k1 € N, such that for all n > k; we have

Ri+ay 1
/ ol P > o (1/4 - )5

Ry

Now let Ry > Rq1+aq and as > 1. Then by our assumption there exists ko € N,
such that for all n > ko it holds that

Ra+as2 1
[ e > /- os

Ro

Hence, there exists a subsequence {vy, }ren such that for all j € {1, 2} it holds
that

Rj-‘r(lj 1
/R \u;kﬁdx 2—(1/4—0)

i
for all k& € N. Therefore, we can construct for all [ € N a subsequence {uy, }ren,
such that for all 1 < j <[ there are disjoint intervals A; = (R;, R; +a;), such
that

1
r2
d —(1/4 —
[, e > g5/
Hence for all I € N there exists a subsequence {u,, }ren, such that for all k € N
we have

o l
l
2 r2
/0 |y, |“dx > JE:l /Aj |, |“dx > 20(1/4 — ¢)d.
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This implies that [ |u],, [*dz — oo, which is a contradiction since {un}nen
is bounded in H{(R™). Hence the assertion (3.10) is true. Now we note that

R L R
[ e < a2 [ P

Since {uy, nen is bounded in L= (R™), in view of (3.6) we obtain for R > 0
given in (3.6) that

R R
/ |ty |?dz — 0 implies / [, [P da — 0. (3.11)
0 0

For large n we have R+ a < y, — R, since y, — oo by our assumption. Now
(3.11) implies

8 R+a R+a c
o wPda | [ Gl s = e
R R
1 fira +1 +1 +1
+ | — Un|PTH — Jun 1 [P — |un2|P™ " )dx
P = P = o)
8 Frta 2 c fita 2 2 2
< |—= U, dx+~—/ Up (1 =& — (1 — dx
S bar v [ P - - a - 07
1 fita +1 +1 +1
- AIPTH(1 — Pt (1 — )P4
g [ -t = - e
1/4 — ¢)é
< % (3.12)
for large n. Now (3.10) and (3.12) implies
1/4 —¢)d
joul < U222 (3.13)

Let us observe that ||ty 1]/;,+1 — 0 by (3.11). Hence
1
E(up1) = §H(un1) +o(1).

Now let us notice that supp(u, 2) C (R, c0). Moreover, in view of (3.6),

/ (o2 :/ ltn o[2dz + o(1).
0 Yn—R

n—

|y, 2|? /DO [ty 2| L
2 dx = 2 dr4o0(1) € ———.
/0 @2 -k T A Py

Hence

Now 4, — oo implies that
E(up2) = E*(un2) + o(1).
Thus,

Blun) = 5 Hun) + E(un2) + pu+o(1).
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From the properties of the cut-off and (3.6), we get
) ) ) R'+a
Junale = unl3 = umallFe = 2Re [ wnrinade — .
R/

Since $H (un,1) + pp > 0 by (3.9) and (3.13), we obtain
I=lim E(u,) > lim E%(uyq) > I

n—oo

which is a contradiction, hence (3.7) follows.
Now, from (3.7) we obtain

1 o0 o0 " 2 1 o0
lim f/ |u/n\2dxfg/ [un| dr — —— |u, [P dz | =
n—oo \ 2 Jo 2)y a? p+1Jo
. 1 >~ /2 1 >~ +1
= lim | = lu, |“de — —— [un [P dx ) .
n—oo \ 2 /g p+1Jy

I>1%,

which is again a contradiction. Thus {y, }nen is bounded and has an accumu-
lation point y* € RT. Therefore, it follows that for any € > 0 there is R > 0

such that
R
|tz e
0

for all n € N. Hence u,, — u strongly in L?(RT). Moreover, since {u,} is
bounded in Hg(RT) it is also strongly convergent in LP*1(R*). By the weak-
lower semicontinuity of H (see [17]), it follows that F(u) < lim,— o E(u,) = I.
Hence E(u) = I, and E(u,) — E(u) implies that H(u,) — H(u), which
concludes that proof. O

Hence

Remark 3.4. If ¢ < 0, the infimum is not attained on the L? constraint. Indeed,
let us assume that there exists v € HE(R™), such that ||v||2LQ =pand E(v) = 1.
Then taking translates of v, i.e. v(- — y) for y > 0, we get E(v(- —vy)) < I,
which is a contradiction.

Lemma 3.5. Let 0 < ¢ < 1/4, w > 0 and 1 < p < 5. Let pu be defined by
Lemma 2.10. Then u € H}(R') is a ground state solution of (2.1) if and only
if u solves the minimization problem

{“ eh, (3.14)
S(u) = inf{S(v) :veT}.
Proof. Step 1. Let us first define
m = inf{S(u) : u € A},
and
mr = inf{S(u) : v € T'}.

If w € G, then S(u) = mp. By Lemma 2.10 we know that v € I', hence
ma < mr.
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Step 2. We claim that every solution of (3.14) belongs to A. Indeed, let us
consider a solution u to (3.14). There exists a Lagrange multiplier A; € R such
that S’(u) = Au. Hence there exists A € R such that

c -
—u” - Ut wu = |ulP~ . (3.15)
Indeed, since u is a solution of (3.14), and for A > 0 let
ux(z) = M 2u()x).

We have uy € T'. Since u; is a solution of (3.14), we get from (3.15) and
Lemma 2.2 that

0 2 +1
SShar = e =2 = P It =0 (316)
We can deduce directly from (3.15) and (3.16) that
p+3
Aop = ——H
W P (u),

which implies that A > 0. Let us define v by
u(z) = A/ PO\ 2g),
By (3.16), v € A, hence
S(v) = ma.
We obtain simple calculation that

mr = S(u) = \Y@-DF/28() 4 (1 — )\)%.

Hence,

ma > AT Imy + (1 — A)%.
Since u is a solution of (3.15), we obtain from Lemma 2.2 that m4 > 0. By

Lemma 2.2 and Lemma 2.10 we have that

hence

2 1 2 1 2 3
>t oz £ ).
: (Z+2) (53

The right hand side is always strictly positive, except if A = 1. Thus, A = 1,
which implies together with (3.16) that u € A.

Step 3. It follows from Step 2, that mp < m4, hence mr = m 4. In particular,
it follows that if v € G, then u € T' and S(u) = m4, thus u satisfies (3.14).
Conversely, let u be the solution of (3.14). Then by Step 2 u € A, and S(u) =
mr = my4, hence u € G. O
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Theorem 3.6. Let 0 < ¢ < 1/4, w > 0, and 1 < p < 5. If ¢ is a ground state
solution of (2.1), then the standing wave u(t,x) = e*“*o(x) is an orbitally stable
solution of (1.1), i.e. for all e > 0 there is 6 > 0, such that if u(0) € Hi(RT)
satisfies || — w(0)|| 1 < 0, then the corresponding mazimal solution u of (1.1)
satisfies

'9
sup inf [[u(t) — |, <<

Proof. Assume by contradiction that there exist a sequence {¢y, }nen C Hg (RT),
a sequence {t, }neny C R, and & > 0, such that

Jim flon = ¢l =0,
and the corresponding maximal solution u,, of (1.1) with initial value ,, sat-

isfies

inf [lun(tn) = €| s > €

Set v, = up(tn). Applying Lemma 3.5, we obtain
lim mf lvn — @l 1 > €. (3.17)

n—oo Lp

By the conservation of charge and energy, we obtain
lonllZe = 1, and E(v,) — 1.

Hence {v,, }nen is a minimizing sequence of (3.1). It follows from Lemma 3.3,
that there exists a solution u of the problem (3.1), such that |jv,, — ul| ;1 — 0.
By Lemma 3.5 we obtain that u € G, which contradicts (3.17). O

4. Instability

In this section we assume that p > 5. Let us define for v € Hg(R") the
functional

a2 v?

Q(’U) - HU HL2 - CH*‘ 12 (p+ 1)

x
In Lemma 2.2 we have shown that if v is a solution of (2.1), then Q(v) =
First, we prove the virial identities.

+1
[l g

Proposition 4.1. Let ug € HE(RT) be such that zug € L*(R™) and u be the
corresponding mazimal solution to (1.1). Then xu(t) € L?*(RT) for any t €
(—Tmin, Tmax)- Moreover, the following identities hold for all v € HE(RT):

9 qu(t)”iz = 4Im/ u(t)zu (t)dx,
0

62
5 lult )72 = 8Q(u(1)).

Proof. The proof follows the same line as in [6]. O
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Proposition 4.2. Let p > 5 and let ug € Hi(R™") be such that
xug € L*(RY) and E(up) < 0.
Then the mazimal solution u to (1.1) with initial condition uy blows up in

finite time.

Proof. First, let us note that
5—p +1
u(t)) = 2B(u(t)) + —— |lu@®)||F 11 -
Qut) = 28u(t)) + 5= F 55
Since p > 5, we get by the conservation of the energy that
Q(u(t)) < 2E(up) < 0 for all t € (—Timin, Tmax)-
Hence, Proposition 4.1 implies that
2
% zu(t)]|32 < 16E(ug) for all t € (—Tmin, Tmax)-
Integrating twice, we get

lzu(t)|?. < 8E(ug)t? + <4Im/0 aoxugdm> t+ lzuglz,  (41)

The main coefficient of the second order polynomial on the right hand side is
negative. Thus, it is negative for |¢| large, what contradicts with ||J;u(t)||2Lz >0
for all t. Therefore, —Ti,in > —o0 and Tiax < +00.

Theorem 4.3. Assume that w > 0 and p = 5. Then for any solution ¢ €
HY(RT) of (2.1) the standing wave e o(z) is unstable by blow-up.

Proof. Since p = 5, we have for all v € H}(RT), that 2E(v) = Q(v). Hence
from Lemma 2.2 we get that

E(p) =0.

Let us define ¢, = (1+21)¢p. It is easy to see that E(p,0) < 0. By
Lemma 2.1 we know that z¢,, o € L?(R™). The conclusion follows from Propo-
sition 4.2. m

Theorem 4.4. Let p > 5. Then for any ground state solution ¢ to (2.1), the
corresponding standing wave €*“'¢(x) is orbitally unstable.

We need to prove a series of Lemmas to establish Theorem 4.4.

Lemma 4.5. Let v € H}(RT)\ {0} such that Q(v) < 0, and set vy(z) =
A/2y(Ax) for X > 0. Then there exists \* € (0,1] such that the following
assertions hold:
(1) Qur-) = 0.
) A* =1 if and only if Q(v) = 0.
3) #xS(vx) = 3Q(va).
) ZS(vx) >0 for all X € (0,\*), and Z-S(v)) <0 for all X € (X*, +00).
) The function (A\*,+00) 2 XA +— S(vy) is concave.
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Proof. We get that by the scaling properties of A — @Q(vy) that
2
- sl -
Q) 11z Nzl 2(p+1)

We get from the Hardy inequality that for ¢ € (0 1/4)

=1 p—1 1
2 7““”1;;1-

2 p—1
(1= 40)A? [[v'[| 72 — A= 2( )II H’ﬂfil

2 p—1 - —+1
< Q) < R Wl = AT s Il
Since p > 5, there exists A € (0, 1] small enough, such that Q(vy) > 0. Hence,
there exists A* € (0, 1], such that Q(vx~) = 0. This proves (1). To prove (2),
we first note that if \* = 1, then clearly Q(v) = 0. Now assume that Q(v) =0
Then

2 o ety p—1 p+1
Q(or) = MQU) + (0 = \"F) 5o ol
p—1 —1
O e P iy 37 5

2(p+1)

which is positive for all A € (0, 1), since p > 5. Hence, (2) follows. (3) follows
form simple calculation:

é _ n2oo_ vz ety p— L il
53 = Al = e[ 2] - T ) lolZth,
1
= XQ(UA)-
To show (), we note that
Qos) = 2 QUoar) + 4% (W) A5 ) 2z
Mz A 2(p +1) Lot

Since p > 5 and Q(vy+) = 0, we get that A > A\* implies Q(vy) < 0, and A < \*
implies Q(vy) > 0. This and (3), implies (4).
Finally, we get by simple calculation that

0? 1 ps [(p—1 p—1
S5 = 35Q) - 37 (25— 2) gEs

ON? A2 (p+1)
Since p > 5, we obtain for A > A* that 8>\2 S(’U)\) < 0 which concludes the
proof of (5). O

To prove orbital instability we prove a new variational characterization
of the ground state. Let us define the following set

M = {v € Hy(R")\ {0} : Q(v) = 0,J (v) <0},
and the corresponding minimization problem
d= inf S(W).
Wwem

Then we have the following.
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Lemma 4.6. The following equality holds:
m=d,
where m is defined by (2.4).

Proof. Let v € G. Since v solves (2.1), by Lemma 2.2 we have that Q(v) =
J(v) =0, hence G C M, and

d<m.
Let now v € M. Assume first, that J(v) = 0. In this case v € N, and m < S(v).
Let us assume that J(v) < 0. Then for vy(z) = AY/?v(\z) we have
Tr) = R 050 = X |2 +wloll2 ~ 20 ozt
and limy o J(vy) > w \|U||iz7 thus there exists A\; € (0, 1), such that J(vy,) = 0.
By Proposition 2.9
m < S(va,)-
From Q(v) = 0 and Lemma 4.5 we have
S(vy,) < S(v),

hence m < S(v) for all v € M. Therefore m < d, which concludes the proof.
O

We now define the manifold
J ={ue Hy(RT)\ {0} : J(u) < 0,Q(u) < 0,S(u) < d}.
We will prove the invariance of 7 under the flow of (1.1).

Lemma 4.7. Let ug € J and u € C((—Tiin, Tmax), He (RT)) the corresponding
solution to (1.1). Then u(t) € J for all t € (—Tiin, Tmax)-

Proof. Let ug € J and u € C((—Trmins Tmax), HE (RT)) the corresponding max-
imal solution. Since S is conserved under the flow of (1.1) we have for all
t € (= Tinin, Tonax) that

S(u(t)) = S(ug) < d.

We prove the assertion by contradiction. Suppose that there exists
t € (—Thmin, Tmax) such that

J(u(t)) = 0.

Then, since J and u are continuous, there exists tg € (—Tmin, Tmax) such that
J(u(to)) =0,

thus u(tg) € N. Then by Proposition 2.9 we have that
S(u(ty)) = d,

which is a contradiction, thus J(u(t)) < 0 for all t € (—Tiin, Tmax)- Let us
suppose now that for some ¢ € (—Tnin, Tmax) We have

Q(u(t)) = 0.
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Again, by continuity, there exists t1 € (—Tin, Tmax) such that
Q(u(t1)) = 0.
Hence we that Q(u(t1)) =0, and J(u(t1)) < 0. Therefore, by Lemma 4.6
S(u(tr)) = d,
which is a contradiction. Hence,
Q(u(t)) <0
for all t € (—Timin, Tmax), which concludes the proof. O

Lemma 4.8. Letug € J and u € C((—Tmin, Tmax), HE (RT)). Then there exists
e > 0 such that Q(u(t)) < —e for all t € (—Twin, Tmax)-

Proof. Let ug € J and let us define v := u(t) and vy(z) = A\/?v(\zx). By
Lemma 4.5, there exists A\g < 1 such that Q(vy~) = 0. If J(vx«) < 0, then by
Lemma 4.7 we get S(vy=) = m. On the other hand, if J(vy~) > 0, there exists
A1 € (A, 1), such that J(A;) = 0 and we replace A* with A;. In this case, by
Lemma 4.6 we get S(vx~) = m. In conclusion, in both cases we obtain

By Lemma 4.5 we know that A — S(vy) is concave on (A\*, +00), thus
o 0
S(v) = S(va+) = (1 — A )55(’(},\) et (4.3)

From Lemma 4.5 we have

0

TS|, =ow). (1.4)
Moreover, since Q(v) < 0 and A\* € (0, 1), we have

(1=A)Q(v) > Q(v). (4.5)

Combining (4.2)—(4.5), we obtain
S(v) —d > Q(v).

Define —e = S(v) — d. Then ¢ > 0, since v € J. Owing to the conservation of
the energy and mass, € > 0 is independent from ¢, which concludes the proof.
O

Lemma 4.9. Let us take ug € J such that zug € L*(R"). Then the mami-
mal solution u € C((—Tmin, Tmax), HE (RT)) corresponding to the initial value
problem (1.1) blows up in finite time.

Proof. From Lemma 4.8 we know that there exists € > 0 such that
Q(u(t)) < —e for t € (—Tmin, Tmax)-

From Proposition 4.1 we know that 2 ||a:u(t)Hiz = 8Q(u(t)), and by integra-
tion we get

lzu(t)||3, < —4et? + Cyt 4 Cs. (4.6)
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The right hand side of (4.6) is negative for large ||, which contradicts with
qu(t)HQLQ > 0 for all t. Therefore, T\ni, > —o0 and Tihax < 0o and by local
well-posedness it follows that

i Jul0)l0 = oo, and lim (O =+

min max

O

Proof of Theorem 4.4. Let ¢ € G. Owing to Lemma 4.9, it suffices to show
that there exists a sequence {px} C J, which converges to ¢ in Hj(RT).
Let us put oy (x) = A\/2p(\z). By Lemma 4.5 {p\} C J for all A € (0,1).
Additionally, by Proposition 2.1, ¢ decays exponentially at infinity, and so does
©x. Therefore, zpy € L2(RT). Clearly, o) — ¢ as A — 0, and by Lemma 4.9
the maximal solution of (1.1) corresponding to ¢y, blows up in finite time for
all A € (0,1). Hence, the conclusion follows. O

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

54 Page 24 of 32 E. Csobo NoDEA

5. Appendix
We prove the following Lemma:

Lemma 5.1. Let ¢a(x) = q(v + A) — q(z — A), where q is (2.6). Then 14 €
H}(RY) and for large A > 0, we have the following approzimations:

/OOQ AR /jo |d'|2dz + O (<2A + \/15> 62@4> . (5.1)

/Ooo AR /jo lg|*dx 4+ O (<2A + \/1&) 62ﬁA> , (5.2)

< |pa(z)? 1 [ 1 _ 5
[T < L [ s o (e ), (53)
| wa@ptar = [ japtis s oo, (5.)

Proof. We will use the fact that q(z) < Me~ V¥l and ¢/(z) < Me V¥l for
some M > 0.
We get (5.1) by using the symmetry of ¢ and ¢’

| wnpae= [ igPas— [ s a1 - A
0 —00 —00
We estimate the second term by

/OO ¢ (x+ A)d (x — A)dx

— 0o

< /OO e~ VwletAl—Vwlz—A| 7. ((ZA + 1) 6—2\/514) ,
o Vw

hence (5.1) follows. We get (5.2) the same way.
We now show (5.3). From Hardy’s inequality we get

A2 2 A/2
[ e < [ o = 0,
0 0

Moreover, we have

> [pa(@))? 4 /°° 2 4 /°° 2 L za
2 de < — S VWA
/,4/2 z? s A? A/2 alde A? —oo‘q| o Aze

Hence
o 2 AJ2 2 o 2
/ [V4] dx:/ [Y4] dm+/ [l da
0 0

22 x2 A T2

4[> 1
<o [ lPasro( e,
which is the estimate in (5.3).
To show (5.4), we use the fact that

lg(x — A) —q(z + A)|PT! =P (z — A) — (p+ 1)¢"(z — A)g(z + A) + O(¢*(z + A)).
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We get

/OOO (@ — A)de = /DO ¢ (@) d /_A ¢+ (@)dz

—00 — 00

:/ T (x)dx + O(e~VertAy,

o0

/ qp(x — A)q(x + A)dm < / e~ Vwplz—Al=Vwl|z+A| 1. — 0] (6—2\/5A> ’
0 0

/ O(¢*(x + A))dx = O(e”2Ve4),
0
Hence

| a@ptiae= [ jartids + o,
0 —oo

This concludes the proof. O

We now state the proof of Lemma 2.8. The proof follows the arguments
of the paper [11], with some important modifications. We introduce the norm

nmﬁ—/’<u” '+wmﬁdx
0

which is equivalent to the standard norm on H}(R*) if 0 < ¢ < 1/4.

Proof of Lemma 2.8. Step 1. There exists ug € Hg(R™Y), such that, up to a
subsequence, u, is weakly convergent to ug in H}(RT), and S'(ug) = 0.

Since {uy }nen is bounded in HE(RT), it admits a weakly convergent subse-
quence in H}(RT) with a weak limit ug € Hs(R™). We only need to show that
S’ (ug) = 0. Since by our assumption S’(u,) — 0, it suffices to show that for

all o € C§°(R™) we have
S (un)p — S (ug)p — 0.
Indeed, we have

S (un)p — S'(uo)p = Re/ (up — up)@'dzr — cRe/ (u";izuo)@dx
0 0

oo
—|—wRe/ (up, — ug)pdx
0

—Re/ (|un|p_1un— |u0|p ug)pd.
0

pax
Since u, — ug in H}(RT) and strongly in L (RT) for all ¢ > 1, our statement
follows.
Let us set v,, = u,, — ug.
Step 2. Assume that
sup / |vp |2dz — 0, (5.5)
z€RT J By (2)

where By (2) is the unit ball centered at z. Then u, — uq strongly in Hi(RT),
and Lemma 2.8 holds with k = 0.
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Using the fact that S’(ug) = 0, we get

Uy Up

S’ ()0, :Re/ u’ni‘);ldx—cRe/ 5 dm—i—wRe/ U O dT
0 o T 0

oo
— Re/ [t [P~ M O dir =
0

o0
— lonll* +Re [ (ol 0~ [unl?~ )
0

Hence,

9 oo

ol = 8" (wn)on + Re [ (ual?~ s = fuol? o)
0
We recall that S’(u,,) — 0. Holder’s inequality implies that
o0
/ [t [P~ v di
0

Assumption (5.5) and Lemma 1.1 in [16] implies that ||v,||;,+1 — 0. Hence

< llnll Lo lonll o -

o0
Re/ |t [P~ D die — 0.
0

We obtain similarly that Re [ |uo|P~'ugt,dz — 0, hence llvn]|* — 0, which
completes the proof of Step 2.
Step 3. Assume that there exist {2, }nen CRY and d > 0, such that

/ lon [2dz — d. (5.6)
Bi(zn)

Then, up to a subsequence, we have for ¢ € H*(R), that (i) z, — oo, (ii)
Un(- + 2,) = q # 0 in HY(R), and (iii) S°'(q) = 0.

To show (i), let us assume by contradiction that {z,},en has an accu-
mulation point z* € RT. Then for a subsequence of {v, }neny we have

/ v, |2 dx > d.
Ba(z*)

Since v, — 0 in H(R™*), we have v, — 0 in L?(By(z*)), which implies that

d < lim v, |2dx = 0,
n—00 B, (2
which is a contradiction, hence (i) holds.
Since u, (- + 2,) is bounded in H*(R) the re exists ¢ € H'(R) such that
Uy (- + 2,,) converges weakly to ¢ in H'(R). We only need to show that ¢ # 0.
Since ug (- + z,) — 0 in H(R), we have that v, (- + 2,) — ¢ in H}(R), and in

L% (R) in particular. Hence
/ lq(2)[dz = lim |on (@ + 2)[da = / on(y)Pdy = d > 0.
B1(0) o0 JB1(0) Bi(2zn)

This implies that ¢ # 0.
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We finally show (%ii). We define 4(-) = un (- + 2,). We obtain, similarly
as in Step 1, that for any ¢ € C§°(R),

S (in)p — 5% (q)¢ — 0.
It remains to show that S°°'(i, )¢ — 0. For any fixed ¢ € C§°(R), (- — 2,,)
is in Hg(R™) for sufficiently big n € N. Hence, we obtain

S (un)p(- — zn) = Re/

—Zn

oo o0

uly (2 + 20) @ () da — cRe/ un(@ +20)0(x)

—Zn (SU + Zn)2

+ wRe/ Un (T + 2n)P(x)dx

—Zn

fRe/ [t (2 4 20) [P un (2 + 2,) () da.

—2Zn

Since S’ (up) — 0 and ¢(- — z,) is bounded in H(R), it follows
Re/ a;(ac)@L(x)dx—cRe/ Mdm

—Zn —Zn (':E + Zn)2
oo

+wRe /OO U ()p(x)dr — Re/ |t ()P i (2)p(2)dz — 0.

—Zn —Zn

Moreover, since u,, is bounded in L*°, and ¢ is compactly supported, we get

‘Re Ja e

(x4 2,)?
 up(z)p(r — 2p) ‘ 1
= Re/ — " dx < . Un o 07
e | 22 Gon — it supp(p) P2 171
Thus
S (i) p = Re/ ., (z)@), (x)dx + wRe/ U ()@ (z)dz

~ e /°° [t () [P i (2) () dew — 0,

— 00
which concludes the proof of Step 3.
Step 4. Suppose there exist k > 1, {z}} C RY, ¢; € HY(R) for 1 <i < k, such
that
x;, = 00, |z, —a}| = oo if i # j,
U (- + %) — q; 0, forall 1 <i <k,
Soc/(qi) =0.
Then
(1) I sup.egs [, o) ltn — w0 = X4y i — i) 2da — 0 then

— 0.

k
Un =g — Y qi(+ — )
=1

H1
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(2) If there exist {z,} C RT and d > 0, such that

/Bl(zn)

then, up to a subsequence, it follows that

2
un—uo—Zqi(-—x;) dx — d,

(i) 2, — 00, and |z, —z'| — oo for all 1 <i < k,
(i0) wn (- + 2n) = i1 (ii0) S°(gi1) = 0.

Suppose assumption (1) holds. We introduce §,, = u,, —ug — Zle (- —
xt), where ¢¢ is a suitable cut-off of g;, such that supp(¢®) C (0, 00). This
is possible owing to the exponential decay of ¢; at infinity, and x! — oo as

n — oo for all i. We get

S'(un)én = Re /OO ul € d — CRG/ Unén

0 0 2

oo —
dr +w Re/ Un&ndr
0

—Re/ |un|p_1un§_nd9c
0

=||£n||2+R€/ uo+zq $)E da

+Re/00o (w—;) (uo—l-qu _ >§ndx

—Re/ [ [P €.
0
Since S’ (ug)&, = 0, we get

S (un)en = [[€0]]* + Re / (0P~ 1tp — [t [P 1)l
0
~ k )
4 Re / qu’tfx;)s‘;dx

+Re/ (w7—>2ql —2)€,dx.

Using the fact that ||€,]|;,+1 — 0 by Lemma 1.1 in [16], we get that the second
term of the right hand side converges to zero. Now, from the weak convergence
of &, to zero and that S’(u,) — 0,we obtain that ||&,| — 0.

Suppose now that assumption (2) holds. Then (i) and (ii) follows as in
Step 3. To show (i), let us set @, = up(- + 2,,). We note that

5% (n) — 5 (q)p — 0,

for all p € C5°(R). Now S°’(@,,) — 0 follows similarly as in Step 3, which
concludes the proof.

Step 5. Conclusion By Step 1 we know that u,, — up and S’(ug) = 0. Hence (i)
of Lemma 2.8 is verified. If the assumption of Step 2 holds, then Lemma 2.8
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is true with k& = 0. Otherwise, the assumption of Step 3 holds. We have to
iterate Step 4. We only need to show that assumption 1 of Step 4 occurs after
a finite number of iterations. Let us notice that

2

k
Un — g — Y qi(- — 27"
i=1

H1
k k
2 2 2
= iz + luollz + > Naslln —2 <un,uO +> ail - w?)>
i=1 i=1 H

Moreover, since u, — ug and u, (- + ') — ¢;, we get for the last term that

k k
2 2
<uu > al —x?>> — Mol + 3 Nl
=1

HL 1=1
Now since u,, converges weakly to ug, we obtain for £ > 1 that
2

> 0.
H1

k
=0 = 3 (-~ a?)
i=1

k
) 2 2 2 i
T a2~ [luoll: — Z} lgil[pn = lim
—

Since ¢; is a nontrivial critical point of S, it is true that ||g;|| ;1 = € > 0.
Hence, after a finite number of iterations assumption 1 of Step 4 must occur.
Finally, we have to verify that

k
S(un) — S(uo) + ), 5%(:)-
i=1
We first show that
S(upn) — S(up) + S (vy). (5.7)
A straightforward calculation gives

* ug (T, — o)

5 dx

S(un) = S(ug) + 8> (vn) + Re/ ug (@, — tg)dr — cRe/
0 0

> B B c [ |u, —ugl?
—I—wRe/O uo(un—uo)da:—i/o wa

T

1 1 1 1
g (o = w0285 — w25 + w75 )

From a lemma by Brezis and Lieb (see e.g. Lemme 4.6 [12]) we have

o0 oo (oo}
/ |ty — uo|PTda — / |, [P da —I—/ luo|P T dx — 0.
0 0 0

Hence (5.7) follows. It only remains to show that

k

S®(vn) = Y 5% (q:).

=1
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We calculate

k 2 2
S(n) = 5 [vn = > ai(- —}) (=)
i=1 H1 H1
k k p+1
+<vn—zqz‘(~—x?)72qi(-—x?)> - i
i=1 =1 H! Lp+1
p+1
—— Ioallfi +
p Lp+1

We have shown that v, — Ele ¢;(- — 2') — 0 strongly in H'. Hence the
first and third term above converges to zero as n — oo. By using Sobolev’s
inequality and ||A — BJ| > | [|A|| — || B||| we have

p+1

(- — i) — loall7sis =0,

Lpt+1

which concludes the proof. O
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