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Abstract. In this paper we consider a linear elliptic equation in divergence
form

ZD]-(% ()Dju) =0 in €. (0.1)

Assuming the coefficients a;; in W™ (Q) with a modulus of continuity
satisfying a certain Dini-type continuity condition, we prove that any very
weak solution u € L1, (Q) of (0.1) is actually a weak solution in W,)(Q2).
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1. Introduction

Let n > 2 and 2 C R” be a bounded open set. In this paper we study regularity
properties of very weak solutions to the linear elliptic equation

> Dj(aij(x)Diu) =0 in Q, (1.1)
1,7
where the matrix-field A : @ — R™", A(x) = (a;;(x))i,;, is elliptic and
belongs to W1 (Q, R™ ™) N L>(Q,R"™*"), i.e.
) 'Sup Hainwl,n(Q) S M (12)

i,j=1,....,n

and

NP <D aij(@)6& < AEPP VE=(&,...,&) €ER™, ae inQ,  (1.3)
0]

for some positive constants A, A, and M. Moreover, the matrix A is symmetric,
that is a;; = a;; a.e. in Q for all ¢, j € {1,...,n}.
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Finally we assume that the coefficients (a;;(x)); ; are double-Dini contin-
uous in €, i.e. a;; € C°(Q) and

Aq(r) = Z sup |ai;(z) —aii(y)|, >0,

T,yeQ

CVAESIES
satisfies ‘
/ e 1 / Al) 4 (1.4)
; i) s s 0. .

A common type of double-Dini continuous functions are, of course, w(r) = r<,
0 < o < 1, thus an example of a matrix-field A satisfying (1.2) and (1.4) is
A € WhP(Q,R™"), with p > n. On the other hand, condition (1.4) occurs
not only for w(r) = r*, but more generally for w(r) = log? (%), 6 < —2.

Given a measurable matrix A(x) = (a;;(x)); ; satisfying (1.3), a function
u € Wlf)cz(Q) is called a weak solution of (1.1) if

Z/aij (x)DjuDjodr =0, Yo e CF(Q).
0.

The celebrated result by De Giorgi in [5] states that if u is a weak solution
of (1.1) then w is locally Holder continuous.

Subsequently, J. Serrin produced in [14] a famous example, constructing
an equation of the form (1.1) which has a solution v € WP(Q), with 1 <
p < 2, and u ¢ L{< (). Serrin conjectured that if the coefficients a;; are
locally Holder continuous, then any solution (in the sense of distributions)
u € Wlicl(Q) of (1.1) must be a (usual) weak solution, ie. u € Wlf)cz((l)
Serrin’s conjecture was established by Hager and Ross [9], and then in full
generality by Brezis [2] (see also [1] for a full proof) starting with u € W2 (Q),

loc
or even with u € BVjc(Q2), i.e., u € L (Q) and its derivatives (in the sense
of distributions) being Radon measures. Let us remark that in Brezis’s result
the coefficients a;;, satisfying (1.3), are Dini continuous functions in €. The
Dini continuity of the coefficients is optimal in some sense: for the unit ball By
and continuous coefficients, Jin et al. [10] constructed a solution (in the sense
of distributions) u € WI})CI (Bl)\WI})’Cp(Bl) for every p > 1.

For A(z) = (a;;(x)); ; satisfying (1.2) and (1.3), we will consider a very
weak solution v € L™ () of (1.1), namely

loc
- [ u@Dilas@)Dyela)) da =0, Vpecx(@, (1)
with n/ = <.

Remark 1.1. Tt is not difficult to prove that the test functions ¢ in (1.5) can
be taken in W27 (Q) N WH>(Q), with supp ¢ € Q. Indeed, one can argue by
density to show that given a function ¢ € W2m(Q) N W12 (Q) with compact
support, we may find a sequence @i € C°(Q2) such that ¢ — ¢ strongly in
W2 and supy, ||@k|1.00 < 00 (s0 that Dy converges to Dy weakly* in L>°)
and then taking the limit as k goes to infinite in the Eq. (1.5) for ¢.
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The main result of the paper is the following.

Theorem 1.2. Let u be a very weak solution of (1.1), with A(x) = (ai;(x))i,;
satisfying (1.2), (1.3) and (1.4), then u belongs to VV&E(Q) and thus it is a
weak solution.

Remark 1.3. It is worth noting that, under hypotheses (1.2) and (1.3), one
can consider a very weak solution u € LI”OIC(Q) to (1.1), but when dealing
with the regularity properties of u some extra conditions on the coefficients
a;; must be considered. The counterexample constructed in [10] provides in
fact continuous coefficients a;; which belong also to W (By), showing that
one can not expect a very weak solution u € L{})’C(Q) to be a weak solution in
W,22(Q) under just conditions (1.2) and (1.3). For the sake of completeness,
we will propose the example given in [10] in the “Appendix B”, underlining
that the constructed coefficients belong also to W1 (By).

On the other hand, in Sect. 4 we propose an alternative to double Dini
continuous coefficients which again bypasses the counterexample. In particular,
under hypotheses (1.2) and (1.3) we consider a very weak solution in L{ (),

loc
with ¢ > n'.

Remark 1.4. In [15] Zhang and Bao deal with the case of very weak solutions
u € LL (Q) of (1.5), interpreting the coefficients as Lipschitz functions, due

loc
to the assumption made on the solutions. Thus our result represents a natural

extension from their research.

2. Notation and preliminary results

We collect here the main definitions and notation and some useful results that
will be needed in the sequel.

2.1. Notation

In the following, we denote by B, (z) = {y € R" : |y — x| < r} the ball of radius
r centered at x.

We indicate by {ei,...e,} the canonical basis of R™. Given h € R\ {0},
for a measurable function ¥ : R™ — R and for £ = 1,...,n, we introduce the
notation

P(x + hey) —(x)
h

for the incremental quotient in the /-th direction. We recall that for every pair
of functions ¢, 1), we have

Al (o) = Abp )+ @(x + heg) AR (2.1)

The following result pertaining to difference quotients of functions in
Sobolev spaces is well known t (see [8, Proposition 4.8] for example).

Ajtp =
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Theorem 2.1. Let p > 1; if p € WLP(Q), then ALy € LP(Y) for any Q' € Q

. /
w, and we have

ALY Loy < || Detd|| Lo (a)-
If ¢ € LP(Q) and there exists L > 0 such that, for every h < dist(Y',00),
{=1,...,n, we have

satisfying h <

ALY ooy < L,
then 1 € WHP(Q), || Do oy < L and Aj1p — Dygtp in LP(Q) as h — 0.
Finally, given p > 1, we denote by p’ = ﬁ the conjugate exponent of p.

2.2. Dini continuous functions
We say that a continuous function f on € is Dini continuous if the modulus
of continuity fq : [0, diam(Q)] — RT defined by

fa(r) == sup |f(z) - f(y)|
z,yeN
le—y|<r

satisfies

dt < oo.

diam(Q2) fQ (t)
LA

We also denote by CP(€2) the space of Dini continuous functions; it turns
out to be a Banach space equipped with the following norm:

diam/(2) fTQ (t)

Iflen@ = Ifle+ [ 22
0

where || - || is the usual uniform norm.

Let us remark that by the uniform continuity, any function in CP(2) may
be extended up to the boundary of Q with the same modulus of continuity.
Moreover,

o () € CP(9),

for any 0 < o < 1, where C%%(Q) denotes the space of Hélder continuous
functions.

The space CP () will denote the set of functions in CP () with compact
support in €.

Lemma 2.2. The space C°(2) is dense in CP(Q).

Proof. Let f € CP(Q) that we extend to zero on R™\Q and set f.(z) =
(pe * f)(x), where p. is a standard mollifier. Then, if ¢ is sufficiently small,
fe € C2°(Q); we will prove that

f-— f inCP(Q). (2.2)

It is easily seen that f. uniformly converges to f in 2, thus in order to
prove (2.2) we will just show that

/diam(Q) (f = f)alt)
t

0

dt — 0,
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as € tends to 0. Observe that

(f = fe)alr) = s {lfe(@) = f(z) = fo(y) + f(W)I} < falr) + (f)alr)

oyl <r

and

(fo)alr) = sup. {Ife(@) = f()]}
|wiyy€\<r

—:iglﬂf%wﬂﬂw—@—f@—@wz
lz—y|<r

g/m@kmw:mm,

which together yield

|

(fe = Da(r) < 2fa(r).
On the other hand, since (f- — f)q — 0 pointwise, the dominated convergence
theorem implies

— 0,

/Wmkafm@)

t
which concludes the proof of (2.2). O
Remark 2.3. The previous result ensures that CCD(Q) is a separable space,

noting that C}(Q) is separable with respect to the usual norm ||f[|; 0 =
i<t 1Daflloos CHQ) C CP(Q) and fqo(r) < 7||Df]lw, for every f € CL(Q).

Lemma 2.4. Let f, f., and g belonging to CP () such that f. converges to f
in CP; then gf. converges to gf in CP.

Proof. As before, it is enough to prove the convergence of the seminorm since
the uniform convergence is immediate. Then, writing the definition of the
modulus of continuity, we have

g(fe = Nita(r) = sup A{lg(z)(fe(z) — f(x)) —g(m)(f-(y) = FW)I} (2:3)

z,ye
lz—y|<r

< s {lo@)] |(fe(x) = (=) = (F-lw) = F W)}
<

+ sup {lg(z) — 9| f(v) — f-()|}

z,ycf)
lz—y|<r

<Hlglloo (f = fo)a(r) + ga(r)If = felloo-

Hence,
diam($2) [m]g(t) diam(2) (m)g(t)
[ e g g [ e

diam(Q2) ~
gal(t

HIF = Aol | Oy,

0
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which goes to zero as € tends to zero. 0

2.3. C'-Dini regularity of solutions to divergence form elliptic equations with
Dini-continuous coefficients

For the proof of our result, we will need the following extension of the Schauder
regularity theory for elliptic equations in divergence form with Dini continuous
coefficients (see [12, Theorem 1.1] and [6, Theorem 1.3], see also [11] which is
inclusive of the parabolic case.). For the LP-regularity theory we refer to [7],
where the general case of VMO coefficients is treated (see also [13, Theorem
5.5.3 (a)] or [3, Theorem 2.2. Chapter 10] for the case of continuous coeffi-
cients).

Theorem 2.5. For Q@ C R", let a;; satisfy (1.3) and (1.4); we consider f =
(fis f2yy fn) with fj € C(Q) forallj € {1,...,n}. Assume thatu € H' ()
18 a weak solution of the equation

;Dj (aijDiu) = ;Djfj in Q (2.4)

Then u € CHP(Q), for any bounded open set ', Q' € Q.

Moreover, let Q@ a CY' bounded open subset of R™, let a;; satisfy (1.2)
and (1.3), and let f; € LP(Q), for every j € {1,...,n}, with 1 < p < oo, then
there exists a unique solution u € Wol’p(Q) to the problem

Z/ aijDiuD;p dr = Z/ fiDjpdx Vo€ W' (),
i Je 5 JQ

and
lullwrr@) < C Y Ifillee (2.5)
J
holds, where C' depends on n, X, A,p, 02, || Allw1.n(qrnxn).

Remark 2.6. The first conclusion of Theorem 2.5 comes with an estimate of
the Dini modulus of continuity of Dwu involving the Dini modulus of conti-
nuity of a;; and f;. Actually, in [12, Theorem 1.1] and in [6, Theorem 1.3]
only the continuity of Du is proved and these results are obtained with a
weaker assumption on the coefficients a;;. Assuming (1.4) for the coefficients
we are able to prove also the Dini continuity of the gradient of the solution. In
“Appendix A” we will resume in broad terms the proof of [12, Theorem 1.1],
developing it in order to get the needed Dini continuity result.

2.4. C?-regularity of solutions to non divergence form elliptic equations with
Dini-continuous coefficients

Let us first recall the W2P-solvability of the Dirichlet problem for non diver-
gence elliptic equations with discontinuous coefficients (see [4, Theorem 4.2
and Theorem 4.4]).

Theorem 2.7. The Dirichlet problem
Z a;j(x)Diju=f a.ein
]

u=20 on 02
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where 0 is a CY1 smooth and bounded subset of R, f € LP(Q2) with 1 < p <
00, and a;; satisfies (1.2) and (1.3), admits a unique solution u € W2P(Q) N
W,y P(Q) and

[ullw2r) < C (lullpe@) + [ fl2r@)) » (2.7)
where the constant C' depends on n,p, A, A, 0Q, || Al[w1.n (o rnxn).

The next result specifies estimate (2.7); its proof is quite standard but
we prefer to write it for the sake of completeness.

Proposition 2.8. Suppose u is a solution of the elliptic Dirichlet problem (2.6)
with aij, f,p and § as above. Then

lullwze ) < ClIfllze () (2.8)

Proof. Let
L= {L =Y aiDijysup|aij|lwrin o) < 2M, NEP <) ai(2)6i€; < A|§|2};
i, “J i,j

having in mind Theorem 2.7, if we prove that for any operator L € £ and for
any f € LP(Q), the solution u of

Lu=f a.e. in
u=0 on 092,

satisfies

l[ullLr @) < CllfllLr @),

we are done. Suppose it is not the case, then this is equivalent to say that for

every N € N, there exists an operator Ly = Zij G%Dij € L and a function
fn € LP(£2) such that the corresponding solution uy to the Dirichlet problem

Lyuy = fy a.e. in )
un =0 on 0,

satisfies
llunllzr@) > NI llLe()- (2.9)

Let us define vy = un/[|un||zr(0) and gy = fn/|lun|Lr (), so that vx
solves (2.6) with Ly and gy. By the W?2? estimate (2.7),

1
lonllw2r@) < C (lonlle@) + lgnllr@) < C (1 + N) :

where C' does not depend on N and hence,

llonllwze@) < C. (2.10)

Thus vy is a precompact sequence: up to a non relabeled subsequence, we can
suppose vy — u* weakly in W2P(Q), for some u* € W?2P(Q), moreover u* €
W2P(Q) N Wol’p(Q). Similarly, we can also say that, for every 7,7 = 1,...,n,
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af}’ a;; weakly in Whn(Q) and aﬁ}[ — aj; strongly in L4(Q) V1 < g < oc.

Thus, the operator L* =3, - a;;D;; belongs to £ and for ¢ € LP (Q) we have

/ (Lyoy — L*u™*) pdx
Q

<2 {/Q

N * UN * 82’[}]\] 82u*
N _ g d : - d
(a’lj GJU) axiﬁxj plaet ’./Q ¥ <8$L81‘J 83:,»8@ v

|

Zj_l
. 82vN 0*u*
<CZ | (a el @) + Z {’/Q%‘” (ax»am _6x0xl>dm}'
3,5=1 4,g=1 B o

Therefore, L vy converges weakly in LP(Q) to L*u*. On the other hand, using
(2.9), we have

lonllr@) < —
INIILr(Q) N

Passing to the limit in the equation satisfied by vy, we discover that the limit
ut € W2P(Q) N W) P(Q) satisfies L*u* = 0 a.e. in . By the uniqueness
properties of the solutions to (2.6), it follows that u* = 0. Thus vy converges
to zero and the argument becomes contradictory since ||vn||zr(q) = 1. O

In [6, Theorem 1.5] it is shown that solutions to elliptic equations in
non divergence form with zero Dirichlet boundary conditions are C? up to the
boundary when the leading coefficients are Dini continuous functions.

Theorem 2.9. Assume that Q is a C*' smooth and bounded open subset of R,
f € CP(Q) and aj; satisfies (1.2), (1.3), and (1.4). Let u € W>2(Q)NW, ()
be a solution of the Dirichlet problem

Za” z)Dijju=f ae inQ

u-O on 0S,

(2.11)

then u € C%(Q).

Remark 2.10. The assumption in [6] about the coefficients is weaker then (1.4),
since they assume that the modulus of continuity

Aq(r) := Z Sup][ laij(y) — (aij) B, (2)nel dy
B, ()N

ij v€2
with (aij) B, (z)ne :][ a;;, satisfies

B, (z)NQ
A
/ Q(r)dr < 0.
0 T
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3. Proof of the main theorem

We use a duality argument in conjunction with the regularity properties for
elliptic equations in divergence and in non divergence form, stated in Theorems
2.5 and 2.9.

Proof. Let Q' € Q be an open set and choose a C%! open set )y with ' &
Qo € Q; let d(Y,090) =d > 0. Let hg = d/4, and 0 < |h| < ho.
For the sake of clarity, we divide the proof into two steps.

Step 1 For ¢ =1,...,n, we claim that A% u is bounded in the dual space
of Dini continuous functions with compact support (C2('))".

Given a Dini continuous function w € CP (), according to Theorem
2.9 combined with Theorem 2.7, the solution v € W?24(Qq), Vg > 1, to the
Dirichlet problem

Zaij(ac)Dijv =w a.ein

i (3.1)
v=2>0 on 0,
enjoys the C?-regularity up to the boundary of €.
We consider a partition of unity: let x1,...,25 € Q and n1,...,n;5 €
C*>°(R™) be such that
B J J
VcQc U Bysg(wr), 0<n, <1, Vk=1,...,J, and an =1in ¢,
k=1 k=1

and
supp 7 is compact and supp nx C Bg/g(wr).

We fix one of these balls and the related function n; we omit to indicate the
center x and the index k for ny for simplicity.
In view of Remark 1.1, we can insert ¢ = nA® v in (1.5), getting

0= Z/uDi(aiij(nAéhv)) dx

2

= Z/uDiaiij(nAﬂhv) dac—&—Z/uaijDij(nA{hv) dx
2 i,J

= Z/uDiaiijnAfhv dw—i—Z/unDiaiij(A{hv) dx
] ]
+Z/nuaijDij(Ae,hv) d:c—I—Z/uaiijnDi(A{hv) dz
—|—Z/ua” DD (A" v dx—i—Z/ua” AL v da.
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We can rearrange the previous equation in order to have
Z/nuaijDij(A‘ihv) dx = — Z/uDiaiijnA{hv dx
i,j 2%}
_ Z/unD aijDj(AL ) dx
— Z / Ua,'ij’I]Di(AZ_h’U) dx
4,J
— Z / wai; DD, (AL ) dz
4,J
— Z/UaijDijnAZ_hv dz.

i,J

With a simple change of variables, we get

Z/nua” (AL v dx*Z/ nua;; AZ(Di;v) de
= Z AZ (nuai;)Divde
:Z/AflunaijDijvdx
2
+ Z/ u(x + heg) A} (nai;)Dijv da,
where we also used (2.1). Thus, we finally have
Z/nAfLuaijDijvdxz —Z/uDiaiijr]A[‘_hvdx
%] .3
— Z/unDiaiij(AZ_hv) dx
(]
- Z/uaiijnDi(Az_hv) dx
.3
— Z/UCL”DZ’I]D](AZ_;LU) dx (32)
.3

_ Z/ (x + heg) Al (nai;) Dijv dx

=D +1y+1I3+ 1y + 15 + Ls.

Now, we estimate the six terms Z,,.
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The use of Hélder’s inequality gives
‘Il| < Z/ |UDiaijD]"l]Ag_h'U| dz
Bays
< (1Dl oo @n o) || Al 0 monxmy ]| s o) AL 0l [ Lo (B,5)
< Cl[Dvl[ Lo (9,rm) < Cllwl|zoe @y,

combined with Sobolev’s embedding and Proposition 2.8 in the last inequality.
Analogously

ol < | Allwrn @rmxm [ull Lo ) 1D* 0] Lo (29 R -

The terms Z3 and Z, can be treated in the same way. Using Holder’s inequality,
Theorem 2.1 and Proposition 2.8, we have

|Zs], | Z4| < AHU’”L"’(QO)||D77||L°°(R"R")

Again, for Z5 we have

[v]lwzm ) < Cllwl

L ()

1Zs| < Allull o (00 1Dl Loe (e mrxny [ DO 20 1y < Cllwllzn ()

We finally estimate Zg. From (2.1), we get
T = — Z/u(x + heg) nAYa;; Dijv da
.

—Z u(x + hey a”(x—i—heg)Ahanvdx

The second term can be estimated as Zs and Zy, thus:

|Zs| < Z/ x—l—heg)nAha”DUva+C||wHLn(Q/
By (3.3)

< CllAwrn(mrem [l por o) 1D?0]| Lo (0 rxmy + Cllw]

L‘IL(Q/).
Here we have used once more Theorem 2.9.

Finally, combining the estimates found for Z,,,, m € {1,...6}, from (3.2)
we get

Z/ nAhua”DUdeE <,
Bays

where ' depends on A\, A, || Dl poo @ gnys [ D1l oo @ mrxnys [ull ot ()
[ Allw1.n (@ rnxny, |[w]| Lo (@) and [[D?v]| s (g rnxn), as well as on the mod-
ulus of continuity of the coefficients a;; and of the datum w. Summing over
k=1,...,J, since v is the weak solution to the Dirichlet problem (3.1), we

finally have
/ nwAbuds

/ wAS udz

<C,

and we get

<C,
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for every w € CP(Q'). By the uniform boundedness principle this means that
{Afbu} n is a family of equibounded elements in the dual space of Dini contin-
uous functions (CP(€2))". Since (CP ()’ is separable, we have that, up to a
subsequence,

Afu =t € (CP(@)).

Step 2. We prove that u € W,""' (Q), with p > n.

loc

Using the previous Step we can easily deduce from (1.5) that

> (u',aijDjp) =0 Vo € C2 (), (3.4)

(2]

where the duality pairing is between (CP ()" and CP ().
For je{l,...,n}, let f=(f1,...,fn) with f; € C2(Q') be such that

S il <1,
5

with p > n. Introducing as before a regular set ¢ between ' and Q we can
possibly assume that Q is a C™! set. Let v € Wy"*(€2) be the weak solution of
the problem

Z/aijDiUngOdZ‘:Z/Dj(pfj dx Ve e OSO(Q) (35)
4,3 J

By Theorem 2.5 we have that v € W, ?(Q) and

[ollwre ) < CllfllLr @ rny-

Note that, since p > n, this means also that the function v is Holder continuous.

We take Br/, C Br C ' a pair of concentric balls centered at zo € '
and we consider £(z) = £(|x — z¢|) a smooth function such that £(¢) = 1 for
te[0,R/2] and {(t) =0fort > R .

We would like to use ¢ = &v as test function in (3.4). We first observe
that, by Theorem 2.5, the function {v belongs to C1P (). Moreover, prov-
ing Lemma 2.2, we actually proved that a mollification of a Dini continuous
function with compact support strongly converges in C” to the function itself.
Thus, combining this fact with Lemma 2.4, we have that a;;D;(£v). strongly
converges in CP to a;;D;(&v), where (€v):(x) = (pe * £v)(x), pe being a stan-
dard mollifier. This in turn implies that the use of ¢ = &v as test function in
(3.4) is admissible:

Z(ui, a;jDjve) + Z(ui,aiijJf) =0. (3.6)

0,J 4,J
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Let us come back now to the equation satisfied by v. Let u. be a mollifi-
cation of the solution wu, that is u. = pe *u, with p. a standard radial mollifier.
We use &u. in (3.5):

Z/aiijjuEDivdm—i—Z/aiijﬁueDivdx
1,7 2
- Z/gfjpjug dx—f—Z/uaDjﬁfj dz.
J J

Now we claim that this implies, when we pass to the limit as ¢ — 0, that

> (, ai€Dy) + Z/aijDZ{uDjvdm = (W Ef) + Z/upjgfj dx.
1,9 J

i J

(3.7)
Note that the most delicate terms are the two involving the gradient of w..
For a Dini continuous function w (the domain of w is not specified since the
function will be multiplied by a function with compact support) we will show
that

. . j B _
;1_1)%}1}26 Ay (ue —u)wdr =0,

or, in other terms, recalling that p/ is the limit in the weak* topology of
(CP(Q"))" of the incremental quotient of u

lir%/DjuEwgdx = (W, wé).

We have:
lim lim Afugw € d
= 31_1)1% %%/g(x)w(x) pe( — 2) u(z + he}i) —ul(2) dzdx
~ g iy [HEEED M) [ o eute) de d:
= ;lg(l) }lg% ulz + he}i) —u(z) /pg(z —z)¢(z)w(z) drdz
_ ;E}% %li% u(z + he;L') —u(z) (w&):(z)dz = 313% }ILLHB/A?LU (wé)edz

= lim (4, (w€).) = (i, w),

where in the last equality we used again that a mollified function of a Dini
continuous function with compact support strongly converges in C” to the
function itself. Thus we obtain (3.7).
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From it, exploiting the symmetry of a;; and using (3.6) we get

D oWEf) ==Y (W' aizDigv) + Y / a;DiguDjvdr — Y / uD;éf; dx
(2% J

J ]
=L+ 1L+ Is.
(3.8)
We now estimate the three terms I,,, m = 1,2,3. We have

L] <> il @y laiDiéllen -

i,J

By the definition of the norm in the space of Dini continuous functions we
have

diam(') (a;;0D;€)er (1)

r

laijoDiéllor @y < MvllLe @) 1Dl Lo (8r) +/0 dr.

By simple computation we have

(aijvDi€)er (1) < ||vl| Loy (@i Di&)or (1) + ||laij Di€|| Lo (o Do (1),

and, using the properties of the solution v (recall that p > n), the right hand
side can be estimated as

(aijvDi)er (r) < C(aijDi€)ey ()| f || Lo (e n)
+Cr' 7 Jlag D€l Lo o) 1DVl o (s ey

To summarize, we have

I < Cll flloer rry-

The estimate of I and I3 simply comes by Holder’s inequality and again by
the properties of the solution v:

[Ia] < Z
,J

< Cllullpnr @y 1 D€l oo (B mm) Allvllwinar)

/ ailequjU dzx

<Ol fllzr o rmy,

and

< Nl o @y 1D€] oo (g 2 [ [l v (02 en)-

Ll <)
J

/ uD;&fida
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At the end, the estimates proved for I, I and I3 lead to
> W e85) < Cllfllpeier mys

J
as well

D W& £i) < ClIf lor e mn)-

J

Since f is an arbitrary smooth function in LP(£2',R™), we conclude

Z 7€l Lo ey < O,
J

which means, using a finite covering argument, that p/ is a function in LfO/C(Q)

and then u € le’cp/ (), since, for every ¢ € C2°(2) and for h small enough,
we have

/Aiugpdazz/uAihgodaz;

passing to the limit as A — 0, we derive
(W, 0) =/<puj do = —/uDjstx~

Since u € VVﬁ)f l (€2), Brezis’s result implies that u is a weak solution of

the equation (1.5), i.e. our statement. O

4. Sobolev coefficients

As pointed out in the Introduction, very weak solutions in Lﬁ)’C(Q) associated
to coefficients in W1 () are not weak solutions, due to the counterexample
found in [10]. The quoted references on this problem have suggested us to
consider Sobolev coefficients with a modulus of continuity satisfying the double
Dini condition.

On the other hand, another way to get around the counterexample is
to deal with very weak solutions in L{ (), with ¢ > n’. The result is the

loc
following.

Theorem 4.1. Let w € L (Q), ¢ > n’, be a very weak solution of (1.1), with
A(z) = (a;;(x)); ; satisfying (1.2) and (1.3), then u belongs to Wﬁ)’f(ﬂ) and

thus it is a weak solution.

Proof. The proof rests on a duality and a bootstrap argument.

(522
Step 1 We claim that u € VVIOC(‘Z*" ) ().
We proceed as in the Step 1 of the proof of Theorem 1.2 to arrive to (3.2).
Now we estimate the six terms Z,,,. We use Hélder’s inequality and Proposition

2.8 to get
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[Z1] < 1Dl Lo &) [ Allwin (@ zmxn) lull Lacag) 1DV _owr < Cllwll
La=n" ($0,R"™) La=n" (Q0)

ol < ||Al|lwr. wxny || w D?v < Cllw

[Zal < IAlw oz ulla@ D0l e, < Cllwl e,

Zs], 1Za| < AllwllLocag) 1Dl Lo @ o) 1D20]] ot (g mnxny < Cllwllpor oy < Clel =y’

2
1Zs] < Allull Lo D™ 0l Lo r gy 1DVl L (0 1ny < Cllwllpe oy < Cllwl] L

and finally, as for (3.3),

|I6| < CHU)” _qn’_ + C”wHLQ’(Q , :
La=n"(Q) - ()

So, arguing as in the Step 1 of Theorem 1.2, we deduce

’/ wA udx
Q/

which in turn implies, thanks also to Theorem 2.1, that u € W, C( ) ().

Let us note that thanks to this, the equation batlbﬁed by u may be rewritten
as

<Clwll
—n/ (Q/)

Z/aij(x)Diungo dz =0, (4.1)

.3

where the test functions ¢ can be taken in Wwhatw (©2) with compact support.
On the other hand, the summability of the solution u is not improved by its

. . : '\ _ __qn
belonging to this Sobolev space, since (q_n,) = - q+n, and the Sobolev

conjugate of W is q.

Step 2 We prove that u € W,24(Q).
As in the Step 2 of the proof of Theorem 1.2, for j € {1,...,n} let
f="(f,...,fn) with f; € C(Q) be such that

Z ||fj||L<I’(Q’) <1
J
For every p > 1, let v € Wy (Q) be the weak solution of the problem

Z/aijDﬂ)ngo dr = Z/Dj(pf] dx VQD € WOLP,(Q). (42)
.3 J

By Theorem 2.5 we have in particular that

H“HWM’(Q') < C”fHLq'(Q/,]R")'
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As before, we take Br/, C Br C 2 a pair of concentric balls centered
at zg € ' and we consider £(x) = £(Jz — zo|) a smooth function such that
&(t) =1fort € [0,R/2] and &(t) = 0 for t > R . We can choose ¢ = v in
(4.1) and ¢ = u€ as test function in (4.2), so that

Z/aijDiuDjvfdx + Z/aijDiungv dr = 0,
1,7 %]

and

Z/aijDiijugdm—i—Z/aijDiijgudx
.7 2
- Z/fjpjugderZ/ijjgudx.
J J

Subtracting the two equations and using the symmetry of a;; we get
Z/ijjufdx = — Z/ij]fu dx + Z/aijDivD]fu dx
J J 4,J
— Z/aijDiuDjﬁv de =1, + Iy + I3.
]

We estimate the three terms I,,,. We have
1] < llullzs@) D€l Lo (Br&m) 1f 1l Lo (@ mry < CISfI L (2 mmy
2| < A D€l Lo (B rm) l[ull Lo 1DV Lo (@ mey < ClI I Lo (0 mm)»
and finally

Tl < Al oy Wl e < Cllolrarary
w o N\a=n"/ (1) La—n" ()
where the last inequality derives from the fact that the Sobolev conjugate of
qn’

g To sum up we have obtained

| [ #¢Dude] < Il ooy
J

q is

as well
€ Dul| pa(or rry < C,

and, using a finite covering argument, this implies that u € Wlf)cq(Q) Let
us observe that this Sobolev regularity improves the summability of u. In
particular, u € quo*c(ﬂ), where ¢* is the Sobolev conjugate of g.

Step 3 We claim that if ¢ > n then u is a weak solution.

By the previous step, we deduce that if ¢ > n then the solution u is in
L2 (£2). At this point, it is not difficult to prove, arguing as in Step 1, that
u € Wigl ().

Step 4 We prove that v € L. (Q).
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We just observed that if ¢ > n we are done. Let us consider now ¢ < n.
The solution w is in Wli)cq(Q) and by the Sobolev’s embedding u € Lﬁ:C(Q),
where ¢* = nq—fq if ¢ < n and any number greater then 1 if ¢ = n. Arguing
exactly as in the Step 2 we derive that u € VVlif(Q), which in turn implies
that v is in L2 (Q) if ¢* > n. We already noticed in Step 3 that this gives the
desired result. Let us observe that if ¢ = n, ¢* is any number greater then 1
and so this can be chosen greater then n, while if ¢ < n, ¢* > n is equivalent
to ¢ > 5. We can iterate this procedure. Given ¢ > n' = 25 after (at most)
n — 1 times we deduce that u is locally bounded.

By Step 3 the locally boundedness of the solution gives the desired result.

O
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Appendix A: The C!-Dini regularity of solutions to divergence
form elliptic equations with Dini-continuous coefficients

As announced in Remark 2.6, we will specify the modulus of continuity of
the gradient of solutions to (2.4) in the proof of [12, Theorem 1.1]. We will
consider only the main points of the proof referring for the rest to [12]. The set
Q is supposed to be the ball B, centered at 0 and ' = B;. The improvement
regards Proposition 1.1 in [12]: for the sake of completeness we will sketch the
proof, modifying the original when needed.
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Proposition A.1. For By C R", n > 1, let a;;, defined on Ba, satisfy (1.3)
and (1.4) and let f = (f1, fa,..., fn) with f; € C°(By) forall j € {1,...,n}.
Assume that uw € HY(By) is a weak solution of (2.4), then there exist a € R
and b € R"™ such that

][ lu(z) = (a+b-x)[de < ré(r)[|lull L2y + I fllcrsn)],  Vr € (0,1), (A1)

where 6(r), depending on n, A\, A, and on the modulus of continuity of a;; and
f, is a monotonically increasing positive function defined on (0,1) satisfying

1
/ Md7“<—&-oo.
0

r

Remark A.2. As shown in [12, Proposition 1.2], §(r) will be the modulus of
continuity of Du.

Proof. The proof is carried out for f = 0. We use the same notation of [12],
denoting by ¢ the modulus of continuity such that

(f T |AA<0>2)é < (),

where A = (a;;);;. Observe that in our case, assuming (1.4), ¢(r) has the
following form

(érm A(0 ) ( Ag, (lz) dx)
( / Ap ()20 1dp> —: (1),

which is double-Dini continuous since ¢(r) < Ag, (r), and satisfies

<
e ©(s) W(r%

with 1 > 1. As in [12], by induction, one will find, for k > 0, wy, € H'(Bg/4r+1)
such that

Z D (1” D wk) =0 in Bg/4k+1 (AQ)

k(n+2)

[wrllL2(B, ) ) < C47 P(A75), IDwll Lo (B, s &) Cp(475),

(A.3)
1D Wil L (5, i1 Rrxmy < C4"p(47F), (A.4)
k
_ (kD) (n+2) _
lu =D wjllezim, ) 47 2 @ D), (A.5)
7=0
and
[willoe (B, pia) < C4™F(47"), (A.6)
/

see [12, (14), (15), (16), (17), and (18) of Proposition 1.1]. Here and in the
sequel C' will denote a universal constant.
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For x € By 4x+1, using (A.3), (A.4), (A.6) and Taylor expansion,

k o o)
1> wi(w) = > w;(0) = Dw;(0) -z
j=0 j=0 j=0

oo k
< D (wiO) + 1Dw;O)lz]) + Y 1D*w;ll o= (5, s oy |21
j=k+1 j=0 AT
<SC Y @)+l + CY_ Y )a)
j=k+1 J=0

4=k 1
< C’4_(’f+1)/ LY) dr + C|$|2/ | QOT(;“) dr
0 5

We then derive from (A.5) and the above, using Holder’s inequality, that

/ lu(z) — ij ZDw] - x| dx
Bl/4k+1 7=0
k oo
j=0

<Y wi@) ~ Y, ZDwJ ) Ly )

Jj=0 J

+ ||U—ZU)J ||L 1/4k+1)

4k 1/4k+1 1
< C47 Dy / 20 gt o / P / 20) 4rdp
0 4

2
r r
0 2

+ C4—(k+1)(n+l)@(1/4k+l).

Proposition A.1 follows from the above with a = Z w;(0), b= Z Dw;(0) - z,
Jj=0 ]

6(r>z/or #) 4 nH/ "*1/ 2) s dp+ (),

the symbol ~ standing for = up to a constant. It remains to prove that 6(r)
is a Dini modulus of continuity. Thanks to assumption (1.4), it occurs if we
show the Dini continuity of the second term in the previous sum. It yields

1 r
e [ [ i< [ 1A,

so that, integrating by parts,
T
+ / #(3) dr.
0 o /4

and

1
d zr/ (p(j)ds
T S
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It is easy to see that lim,_qr f} %ds = 0, and thus the thesis follows by the
2
Dini continuity of ¢. 0

Appendix B: The counterexample

To construct the example, one first considers, for r € (0,1) and for 8 > 1, the
function

alr) = —fn BB+1)
O @) ke ()

for some 7y > 1. One takes then A(x) = (a;j(x));,; defined by

ZT; T4
a1y(@) = 85 + alJa]) (&j - ) |

|2

with ro large enough so that o > —%7 A being then uniformly elliptic.
Let us check now that A € W (B, R"*"). Simple computation gives
8aij
6@3

for every i,7,¢ = 1,...,n (the symbol < stand for < up to a constant). On
the other hand

< Jo’ (2] + \a<|x|>|ﬁ,

1 1
o ()] 2 ———
|| log (%) || log (‘%‘")
which in turn implies
da;; 1 1 1 1
25 + + S :
Ty || log (ﬁ) || log? (%) |z| log® (%"‘) || log (%)

if 79 is big enough. Thus, the belonging of A to W™ (B, R"*") is provided
by the estimate

n 1
/ dx,S/ ;dx:/ %mdr<+oo.
B By |z|" log" (L‘]) o rlog" (%)

|z
With such an A, which is continuous but not Dini-continuous, in [10] the
authors construct a solution of (1.1) (in the sense of distributions) u €
WL (B)\W,LP(By) for every p > 1. In particular, let us observe that such a

loc c

solution belongs to LI (By).

loc

6&1‘]‘

5‘@

References
[1] Ancona, A.: Elliptic operators, conormal derivatives and positive parts of func-
tions (with an appendix by Haim Brezis). J. Funct. Anal. 257, 2124-2158 (2009)

[2] Brezis, H.: On a conjecture of J. Serrin. Rend. Lincei Mat. Appl. 19, 335-338
(2008)



43 Page 22 of 23 D. A. L. Manna et al. NoDEA

[3] Chen, Y.Z., Wu, L.C.: Second Order Elliptic Equations and Elliptic Systems.
Translations of Mathematical Monographs, vol. 174. American Mathematical
Society, Providence (1998)

[4] Chiarenza, F., Frasca, M., Longo, P.: W~ solvability of the Dirichlet problem
for non divergence elliptic equations with VMO coefficients. Trans. Am. Math.
Soc. 336, 841-853 (1993)

[5] De Giorgi, E.: Sulla differenziabilita e lanaliticita delle estremali degli integrali
multipli regolari. Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. Nat. 3, 25-43 (1957)

[6] Dong, H., Escauriaza, L., Kim, S.: On C*,C?, and weak type-(1,1) estimates
for linear elliptic operators, part II. Math. Ann. 370, 447-489 (2018)

[7] Di Fazio, G.: LP estimates for divergence form elliptic equations with discontin-
uous coefficients. Boll. Un. Mat. Ital. A (7) 10, 409-420 (1996)

[8] Giaquinta, M., Martinazzi, L.: An Introduction to the Regularity Theory for
Elliptic Systems. Harmonic Maps and Minimal Graphs. Edizioni della Normale,
Pisa (2012)

[9] Hager, R.A., Ross, J.: A regularity theorem for linear second order elliptic diver-
gence equations. Ann. Sc. Norm. Sup. Pisa 23, 283-290 (1971)

[10] Jin, T., Maz’ya, V., Schaftingen, J.V.: Pathological solutions to elliptic problems
in divergence form with continuous coefficients. C. R. Acad. Sci. Paris Ser. I 347,
773778 (2009)

[11] Kuusi, T., Mingione, G.: New perturbation methods for nonlinear parabolic
problems. J. de Math. Pures et Appl. 98(4), 390-427 (2012)

[12] Li, Y.: On the C" regularity of solutions to divergence form elliptic systems with
Dini-continuous coeflicients. Chin. Ann. Math. Ser. B 38(2), 489-496 (2017)

[13] Morrey, C.B.: Multiple integrals in the Calculus of Variations. Grundlehren der
mathematischen Wissenschaften, vol. 130. Springer, New York (1996)

[14] Serrin, J.: Pathological solutions of elliptic differential equations. Ann. Sc. Norm.
Super. Pisa (3) 18, 385-387 (1964)

[15] Zhang, W., Bao, J.: Regularity of very weak solutions for elliptic equation of
601 divergence form. J. Funct. Anal. 262, 1867-1878 (2012)



NoDEA On the regularity of very weak solutions Page 23 of 23

Domenico Angelo La Manna

Department of Mathematics and Statistics
University of Jyvaskyla

P.O. Box 35 (MaD)40014 Jyvaskyla
Finland

e-mail: domenicolamanna@hotmail.it

Chiara Leone and Roberta Schiattarella

Dipartimento di Matematica e Applicazioni “R. Caccioppoli”
Universita di Napoli Federico II

Via Cintia

80126 Naples

Ttaly

e-mail: chiara.leone@unina.it

Roberta Schiattarella
e-mail: roberta.schiattarella@unina.it

Received: 10 March 2020.
Accepted: 3 July 2020.

43



	On the regularity of very weak solutions for linear elliptic equations in divergence form
	Abstract
	1. Introduction
	2. Notation and preliminary results
	2.1. Notation
	2.2. Dini continuous functions
	2.3. C1-Dini regularity of solutions to divergence form elliptic equations with Dini-continuous coefficients
	2.4. C2-regularity of solutions to non divergence form elliptic equations with Dini-continuous coefficients

	3. Proof of the main theorem
	4. Sobolev coefficients
	Acknowledgements
	Appendix A: The C1-Dini regularity of solutions to divergence form elliptic equations with Dini-continuous coefficients
	Appendix B: The counterexample
	References




