Nonlinear Differ. Equ. Appl. (2018) 25:46
(© 2018 Springer Nature Switzerland AG

1021-9722/18/050001-33 . . . .
published {mli/ne August 24, 2018 Nonlinear Differential Equations

https://doi.org/10.1007 /s00030-018-0537-3 and Applications NoDEA

@ CrossMark

Robust Stackelberg controllability
for the Navier—Stokes equations

Cristhian Montoya and Luz de Teresa

Abstract. In this paper we deal with a robust Stackelberg strategy for
the Navier—Stokes system. The scheme is based in considering a robust
control problem for the “follower control” and its associated disturbance
function. Afterwards, we consider the notion of Stackelberg optimization
(which is associated to the “leader control”) in order to deduce a local
null controllability result for the Navier—Stokes system.
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1. Introduction

The theory of robust control began in the late 1970s and early 1980s for finite
dimensional systems. Since then, many techniques have been developed to
deal with systems with uncertainties. In the late 90s the papers of Bewley
et al. [4] presented the first rigorous generalization of the concepts in the
case of partial differential equations. What could we understand by robustness
in a control system? Well, informally, a controller designed for a particular
set of parameters is said to be robust if it also functions correctly under a
uncertainty: the controller is designed to work assuming that certain variable
will be unknown. In this sense, one could think in the worst-case disturbance
of the system, and design a controller which is suited to handle even this
extreme situation. Thus, the problem of finding a robust control involves the
problem of finding the worst-case disturbance in the spirit of a non-cooperative
game (when there is not cooperation between the controller and disturbance
function), which is from the mathematical point of view to reach a saddle point
for the pair disturbance—controller.
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The research on robust control for PDE systems is in an early stage.
Much of the literature deals with numerical aspects and much of the theory
has been developed for fluid mechanics and for some elliptic problems. See e.g.
[1,4,5,20,22]. In this paper we will present a hierarchic strategy to deal with
robust control and, simultaneously, with null control for incompressible fluids
modelled by the Navier—Stokes equations with Dirichlet boundary conditions.

We will work in the setting of a Stackelberg competition, see [24]. This
consists in a non-cooperative decision problem in which one of the participants
enforce its strategy on the other participants. We assume that we can act on
the dynamics of the system through a hierarchy of controls. In our case the
controls are external forces acting on the system, where the leader control has
a local null controllability objective while the follower control and perturbation
solve a robust control problem.

To be precise: let  be a nonempty bounded connected open subset of RV
(N =2o0r N =3)ofclass C*. Let T > 0 and let w and O be (small) nonempty
open subsets of  with w N O = (. We will use the notation @ := Q x (0,7,
Y =00 x (0,T) and n(z) will denote the outward unit normal vector at the
point x € 0N).

Let us consider the Navier—Stokes system with homogeneous Dirichlet
boundary conditions

Yy — Ay +(y-V)y+Vp=hl, +vxo +9¢ in Q,

V.-y=0 in @,
y=20 on %, (1)
y(70) = yO() in Q7

where h = h(z,t) € L?(0,T;L*(w)") is called the “leader control”, v =
v(z,t) € L?(0,T; L3(0)N) is the “follower control”, v € L*(Q)Y is an un-
known perturbation and yy an initial state in a suitable space. Here 1,, is the
characteristic function of the set w and yo is a smooth non-negative function
such that supp xo = O.

To our knowledge there are not results in the literature concerning a ro-
bust Stackelberg strategy for system (1). As far as we know, the first paper on
robust Stackelberg controllability is [19], which develops the concept of control
for a semi-linear parabolic equation. However, there exist several papers which
treat independently robust and hierarchical control for the Navier—Stokes sys-
tem. In the context of robust control [that is A = 0 in (1)], the works [4,6] show
the existence and uniqueness of the solution to the robust control problem for
the N-dimensional case of system (1), and present an appropriate numerical
method to solve it. In their works the authors have used an abstract scheme
throughout Leray projection and classical techniques of optimal control theory.
In [22], some theoretical and numerical aspects are presented for the optimal
and robust control of the Navier—Stokes equations. Additional information on
optimal and robust control theory for linear and nonlinear systems can be
found in [5,14,22], and references therein.
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In the context of hierarchical control [that is ¢ = 0 in (1)], some recent
works such as [2,3,17,19,21] show a strategy with a leader and follower con-
trols for different equations. Some older results on a Stackelberg—Nash control
strategy were proved by Diaz and Lions [9] for a linear parabolic problem and
by Limaco et al. [21] for a linear parabolic problem with moving boundaries. In
both cases, the objective of the leader control is an approximate controllability
result. In the case of linear fluid models some approximate controllability of
Stackelberg—Nash strategies started with the result of Guillén-Gonzalez et al.
[17] for the Stokes system, and were extended by Araruna et al. [2] for lin-
earized micropolar fluids. In [2] the main arguments are based on a Fenchel-
Rockafeller dual variational principle [25]. For semilinear parabolic equations,
a Stackelberg—Nash strategy with exact controllability for the leader control
is proved in [3] using Carleman inequalities.

In the case of nonlinear fluids there are not, as far as we know, results
concerning a Stackelberg control strategy. In this paper we will fill this gap
giving an answer for the case of a incompressible fluid flow described by means
of Navier—Stokes equations with no-slip boundary conditions, see Theorem 1.3.
More precisely, system (1) with ¢ = 0 and Theorem 1.2 with v = vy = 0 will
allow us to deduce a local null controllability result for the leader control when
we apply a Stackelberg minimizing strategy for the Navier—Stokes system. The
arguments should be carried out following the schemes of Proposition 1 and
Theorem 3.5.

In our work, we follow the ideas introduced in [19] for the Navier—Stokes
equations with Dirichlet boundary conditions. However the nonlinearity of
(1) will allows only to obtain a local null controllability result for the leader
control.

Let us now introduce the usual spaces in the context of incompressible
fluids [23]:

H:={uel?(QN:V-u=0,inQ, u-n=0ondN},
Vi={ue H}(Q)N :V-u=0in Q}.

Following the scheme for the robust control problem given in [1,6], the
general space for the control functions and the disturbance v in the right-hand
side of (1) is L2(0,T; H).

Now, we focus our attention on the control problem we are interested in.

1.1. The main problem

Given h € L?(0,T; L?(w)"™) a (leader) control, we consider the secondary cost
functional

52 2
Jr (¢, v; h) // ly — ya|>dadt + 5//Xo|v|2dxdt - %/ |2 dxdt,
0ax(0,T) Q Q
(2)

where £,v,u > 0 are constants, Oy is an open subset of ), which represents
a observability domain, and yq € L?(0,7T; L?(O4)") is given. The constant
arises from the physical parameters that govern the motion of fluids such as
viscosity, characteristic length and characteristic velocity. The parameters ¢,y
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are included to make the cost functional consistent and to account the relative
weight of each term. Note that the sign of the term associated to the distur-
bance is opposite to the sign used for the control, this is because we minimize
with respect to the control v meanwhile simultaneouly maximize with respect
to the disturbance 1. From another perspective, the term —72||¢H%2(Q)N con-
strains the magnitude of the disturbance function in the maximization with
respect to 1 and, the term associated to 2 ||U||2L2(Q)N constrains the magnitude
of the control in the minimization with respect to v.

To explain the robust Stackelberg control problem, we will consider the
following two subproblems:

(i) First problem For every fixed leader control h, solve the robust control
problem for the nonlinear system (1), that is, find the best control v in
the presence of the disturbance v which maximally spoils the follower
control for the Navier-Stokes system (1). The robust control problem to
be solved is given in the following definition.

Definition 1.1. Let h € L?(0,T; L?(w)") be fixed. The disturbance ¢ €
L*(Q)V, the control v € L*(Q)", and the solution § = y(h,v(h), ¥ (h))

of (1) associated with (¢/(h),v(h)) are said to solve the robust control

problem when a saddle point (¢(h),5(h)) of the cost functional defined
in (2) is reached, that is, if V(v,v) € L2(Q)N*VN

Jr (4, 5(h); h) < T ($(h), B(h); h) < T ($(h), v(h); ). (3)
In this case,
Jr(1p(h),v(h); h) = o omin Jr(1h, v h)
= min max  J.(¢,v; h).
veL2(Q)N YeL?(Q)N

(if) Second problem Once the saddle point has been identified for each leader
control h, this is, once the existence of the saddle point (¢)(h),v(h)) for
every leader control h is guarantied, we deal with the problem of finding
the control A of minimal norm satisfying null controllability constraints.

More precisely, we look for an optimal control i such that
— 1
J(h) = min = // |h|?dzdt, subject to y(-,T) =0 in Q. (4)
h 2 ) Juxor)

Our main result on the robust hierarchic control is given in the following
theorem.

Theorem 1.2. Assume that w N Og4 # 0. Then, for every T > 0 and O,w C
open subsets such that O Nw = 0, there ewist vg,%y,0 and a positive function
p = p(t) blowing up t = T such that for any v > v0, £ > Lo, yo € V and
ya € L2(0,T; L2(04)N) satisfying

lwollv <6 and [[ e)lgaPdndt < -+ (5)
OdX(O,T)
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we can find a leader control h € L2(0,T; L*(w)N) and an unique saddle point
(¥,v) € L2(Q)N x L2(0,T; L>(O)N), for the functional given by (2), and an
associated solution (y,p) to (1) verifying y(-,T) =0 in Q.

As mentioned in the introduction, we have an additional result when
1) = 0. That is, when we consider a Stackelberg strategy for

ye — Ay + (y-V)y+Vp=hl, +vxo in Q,

V-y=0 in Q,
y=20 on X, (6)
y('a 0) = yo() in Qa

and we define as the follower functional

2
Jr(v; h) = B // ly — ya|*dadt + £ // Xol|v|*dzdt. (7)
2 JJoux 1) 2 JJoxor)

We have the following result.

Theorem 1.3. Assume that w N O4 # (. Then, for every T > 0 and O,w C
Q open subsets such that O Nw = 0, there exist £y, > 0 and a positive
function p = p(t) blowing up t = T such that for any £ > by, yo € V and
ya € L2(0,T; L*(04)N) satisfying

lvollv <6 and // () |yal2dadt < +o0, (8)
04 x(0,T)

we can find a leader control h € L2(0,T; L*(w)N) and an unique follower
control© on L*(0,T; L*(O)N) minimizing (7) and an associated solution (y, p)
to (6) verifying y(-,T) =0 in Q.

In order to prove Theorem 1.2, we shall mainly consider two steps: a) the
robust control results established in [6] allow us to solve the mentioned-above
first problem. Here, as consequence of the nonlinearity given by the convection
term, constrains either over small data or small time are necessary in order to
obtain the robust control; b) The hierarchical control (second problem), where
the main tools will be news Carleman estimates and fixed point arguments for
solving the local null controllability associated to the leader control.

The rest of the paper is organized as follows. In Sect. 2, we present the
general scheme of the robust control problem for the system (1). In the first
subsection we present the existence and characterization of the robust control
for the linearized system (Stokes equation) and in the second subsection the
same result for the nonlinear case. In Sect. 3, we solve the robust Stackelberg
strategy for the Stokes case. That is, we prove the null controllability for the
coupled Stokes system that arises as characterization of the robust control
problem. In Sect. 4, we end the proof of Theorem 1.2 throughout an inverse
function theorem of the Lyusternik’s kind.

2. The robust control problem

As mentioned in the previous section, the main objetive in robust control is to
determine the best control function v € L2(0,T; L?(O)") in the presence of the
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disturbance ¢ € L?(Q)" which maximally spoils the control. In this section
we present some lemmas on the existence, uniqueness and characterisation of
a solution to the robust control problem established in Definition 1.1.

The proof of the existence of a solution (1, 7) to the robust control prob-
lem is based on the following result. The interested reader can see [10] for more
details.

Lemma 2.1. Let J be a functional defined on X x Y, where X and Y are
non-empty. closed, unbounded convex sets. If J satisfies

(a) VY € X, v+— J(¢,v) is convex lower semicontinuous.
(b) Yo €Y, ¥ — T (¥, v) is concave upper semicontinuous.
(c) Fpo € X such that limy,|, —oc J (0, v) = +00.
(d) vg €Y such that limjy|| ;oo J (¥, v0) = —00.

Then the functional J has a least one saddle point (1, v) and
J (¥, v) = min sup J(¥,v) = max inf J(,v).
veEY yex

PYeX veY

2.1. Linear problem

In this section we will treat the corresponding robust Stackelberg strategy for
the linearized system. That is we will consider the Stokes system

yr — Ay +Vp=hl, +vxo +¢ in Q,

V-y=0 in Q,
y=0 on X, (9)
y(-,0) = yo(") in .

We have the following result:

Lemma 2.2. Let h € L*(0,T; L?(w)") be fized. There exists v > 0 such that
for every v > o, there exists a saddle point (1, T) and the corresponding
solution y(h,,v) of (9) such that

Jo (1,3 h) < Jp (0,05 h) < Jo(h,vih),  V(,v) € LX(Q)N x L*(0,T; L*(O)M).

The proof of Lemma 2.2 follows as in [6] where the authors used Lemma
2.1 with X =Y = L?(Q)" to prove the existence of a saddle point for a slightly
different cost functional 7. As consequence of this result, the existence of a
solution (1, ¥) to our robust control problem is guaranteed.

Remark 1. In Lemma 2.2, if the condition on 7 is not met, we cannot prove the
existence of the saddle point. On the other hand, it is known that the existence
of a saddle point for the functional J, implies that for any v € L?(Q)Y, v €
L*(0,T; L*(O)V)

T, — _ Ay — _

a¢(¢7v)¢:07 v (1/)71))"0:07

where

aJ, — _
" (), D) - = — dadt — ~> dxd
0 (¥, ) -4 //OdX(O’T)(y Ya)wydxdt — //OX(O’T) Yipdadt
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and
0Jyp — _ 2 _
—((,v) v = (y — ya)wypdadt + £ xovvdxdt,
v 0ax(0,T) Ox(0,T)
and wy, w, are the Gateaux derivatives of y solution to (9) in the directions
¥ and v respectively.

Finally, in order to characterize the robust control problem, we introduce
the linear adjoint system to (9) with right-hand side related with J,., that is,
we consider

—2 — Az + V7, = p(y — ya)xo, in Q,

V.-z2=0 in Q,
z=0 on X,
z(-,T)=0 in Q.

In the following result we characterize the saddle point (7, ) in terms of z.
The interested reader can consult [4] for more details.

Lemma 2.3. Let h € L?(0,T; L?(w)™) and yo € V be given. Suppose that (1,v)
18 the solution to the robust control problem stated in Definition 1.1. Then

— 1 1

Y= ?z and T = —z¥Xo;

where v is sufficiently large and the pair (y,z) solves the following coupled
system:

Yy — Ay + V7, = hl, + (—02xo +7 )z in Q,

—2t — Az + V1, = pu(y — ya)xo, mn Q,
Vy=0,V-z2=0 m Q, (10)
y=2=0 on X,
y(,0) =wo(), 2(~T)=0 in Q.

2.2. Nonlinear problem

The analysis is similar to the previous one for the linear case. However, it is
well known that the theory of the Navier—Stokes equations is complete in two-
dimensional spaces, which do not occur in three-dimensional spaces. Roughly
speaking, in three dimensions, the existence of a robust control is restricted to
cases of either small data or small T'. Additionally, the nonlinearity will require
new assumptions on the parameter £. Under the constraint of small data, we
need to impose the following condition: there exists § > 0 such that, for every

(vxo, ) € L2(Q)N*N and yo € V
lvxollzz@@n + 1¥llL2yy <0 and  |yolly <6 (11)
holds.

Lemma 2.4. Let h € L?(0,T; L*(w)N) be fized.

(i) Case N =2. There exist constants o > 0 and Ly > 0 such that for every
v > 70 and £ > Ly, there exists (,7) on L2(Q)N x L%(0,T; L*(O)N) and
the associated solution to (1) y = y(h,v,1) such that

Jo(,05h) < Jp (4,05 h) < Jp($,03h), Y (,v) € LX(Q)N x L*(0,T; L*(O)M).
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That is, (1,v) is a saddle point of J,..
(ii) Case N = 3. Under the hypothesis of the case N = 2, and that either
Yo € V and (vxo,¥) € L2(Q)N*N satisfies (11), or that t = T is small,

then there exists (1,7) € L2(Q)N x L(0,T; L*(O)N) a saddle point of
Iy

Analogously to the linear case, we give the characterization of the robust
control problem in the following result.

Lemma 2.5. Let h € L?(0,T; L?(w)N) and yo € V be given. Then, there exist
positive constants Yo, o such that if v > o, £ > o, the solution (V,1) to the
robust control problem stated in Definition 1.1 exists and is unique. Further-
more, (0,v) is characterized by

— 1 _ 1
@[J:?z and v:—ﬁzx(g,

where z is the second component of (y,z) solution to the following coupled
system:

Yo — Ay+ (y-V)y+ Vry =hl, + (0 *xo +7 %)z in Q,
2z —Az+(z-Vy — (y-V)z+Vr, = uly —va)xo, in Q,

Vy=0,V-2=0 mn Q, (12)
y=z=0 on X,

The proof of Lemmas 2.4 and 2.5 can be found in [6].

3. Controllability

In the previous sections we saw that the robust control is characterized in
such a way that a coupled system needs to be solved. In order to establish a
Stackelberg strategy requiring the leader control to drive the equation to zero
we need to find h € L2(0,T; L?(w)") such that the corresponding y solution
to (10) (in the linear case) or to (12) (in the nonlinear case), satisfies y(T") = 0.
To achieve this objectives, we will obtain first the result in the linear case. To
this aim we will prove an observability inequality for the adjoint system to
(10) by means of Carleman estimates. The nonlinear case will be obtained by
a fixed point argument. The next subsection will be devoted to the obtention
of the Carleman inequalities.

3.1. Carleman inequalities

We first define several weight functions which will be useful in the sequel. Let
wo be a nonempty open subset of RY such that wy CC wN Oy and n € C?(Q)
such that

[Vn| >0in Q\wg, 7>0inQ and n=0 on .
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The existence of such a function 7 is proved in [13]. Then, for some positive
real number A, we consider the following weight functions:

el2Mnllee — A (10[I7llos +n(2)) eA10[n][ o +n(z))
t) = ="
a*(t) = maxa(x,t), £°(t) = miné(x,t), (13)
e e

at) = mina(z,t), &(t) = max&(a,t).
€N €
These weight functions have been used by Gueye [16] and Guerrero [15] to
obtain Carleman estimates for a Stokes coupled system similar to the presented
in our work.
We consider now the non homogeneous adjoint system to (10):

—pr — Ap + V7, = g1 + pbxo, in @Q,
0p — AO + Vg = go — L %px0 + 7 %¢ in Q,
Vip=0,V-0=0 in @, (14)
p=0=0 on 3,
e, T) =¢r(-),0(-.0)=0 n Q,

where g1, 92 € L?(Q)Y and pr € H.
Our Carleman estimate is given in the following proposition. In what
follows, the constants ag and mg are fixed, and satisfy

)
Z§a0<ao+1<mo<2a0, mo < 2+ ag. (15)

Proposition 1. Assume that w N Oy # O and that ¢ and v are large enough.
Then, there exist a constant X\ = \(Q,w, Oq) such that for any X\ > X there
exist two constants 5(A) > 0 and C = C(\) > 0 depending only on Q and
w such that for any g1,9o € L*(Q)N and any or € H, the solution of (14)
satisfies

// e—2sa—2agsa” (SA25|V(V % 0)|2 + 83)\4§3|V X 9|2)d$dt
Q

+ [ emBemen (N2 eIVol? + SAE P + (56) AP dodt
JJQ
<C 815/\24 // 674a05a*+2(m072)5a*(5)15‘(,0|2d$dt
- wx(0,T)

+s5A6//e—%d—“usa*(é)ﬂgl|2dxdt+// e‘“”sa*lgzﬁdxdt), (16)
JJQ JQ

for any s > 5.

Before giving the proof of Proposition 1, we recall some technical re-
sults. We first present a Carleman inequality proved in [12] for a general heat
equation with Fourier boundary conditions. Let us introduce the system

—up—Au=fi +V-fr in Q,

(Vu+ f2) - n=fs on X, (17)
u(+,T) = ur(") in Q,
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where f1 € L3(Q), f2 € L*(Q)Y and f3 € L*(X). We have:

Lemma 3.1. Under the previous assumptions on f1, fo and fs, there exist pos-
itive constants X\, 01,09 and C, only depending on Q and w, such that, for any
A> A, any s >3 = 01(e72 T +T?) and any ur € L*(Q), the weak solution to
(17) satisfies

// e 25 [SSNE3 |u)? + sAZE| Vul?|dadt
Q

<O ([ e + 2Pt (18)

+ s)\// e 25| f3|*dodt + 3\ // e 2503 | dadt | .
b)) wox(0,T)

The second result holds for the solutions of a Stokes system with Dirichlet
boundary conditions. The interested reader can see [11] for more details.

Lemma 3.2. Let ug € V and f; € L*(Q)N. Then, there exists a constant
C(Q,w,T) > 0 such that the solution u € L*(0,T; H>(Q)NNV)NL>®(0,T;V),

p € L%0,T; HY(Q)), with / p(z,t)dr =0, of

wo

u — Au+Vp=f, in Q,

V-u=0 in Q,
u =0 on X,
u(+,0) = ug() m Q,

satisfies

// e 25 (SN2 Vul? + 3N |u)?) dadt
Q

<C 516/\40 // e—Ssd+6sa*(£)16|u|2dxdt
wx (0,T7)
+ §19/2)20 / /Q et EeaT (£)10/ 2|f4|2dacdt>, (19)

for any X > C and s > C(T° +T1).

Remark 2. In [11,12] slightly different weight functions are used to prove the
above results. However, the inequality remains valid since the key point of the
proof is that « goes to 0 when ¢ tends to 0 and T'.

The next result concerns the regularity of the solutions to the Stokes
system, see [15,23] for more details.

Lemma 3.3. Let a € R and B € RY be constant and let f5 € L?(0,T;V).
Then, there exists a unique solution

we L0, T; H*( QN nV)n HY0,T;V)
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for the Stokes system
u —Au+au+ B-Vu+Vp=f; in Q,
V-ou=0 n Q,
u=0 on X,
u(-,0) =0 in €,

for some p € L*(0,T; H*(Q2)), and there exists a constant C > 0 such that

(20)

lull 20,7513 () v) + Ul 10,7502 v) < Cllfsll L2070 ()N )- (21)

Moreover, if we assume that a = B = 0 and f5 € L*(Q)N, u is actually,
together a pressure p, the strong solution of (20), i.e.,

(u,p) € L*(0,T; H*(Q)N) N L>(0,T; V)N H(0,T; H) x L*(0,T; H*(Q)).
Furthermore, there exists a constant C > 0 such that
llull 20,7512 )v) + lull oo 0,75v) + lull 510,720~y < Cllfsllzzyy- (22)
Now, we give the proof of Proposition 1.

3.2. Proof of Proposition 1

Proof. Carleman estimate for 6
Let define 6* := p*@, =* := p*m, where p* = p*(t) = e~%**" and ayg
fixed satisfying (15). From (14), (6*,7*) is the solution of the following system

0 — A0* + Vr* = p*ga + p* (=L *px0 + 7 2¢) +pj0 in Q,

V0" =0 in @,
0*=0 on X,
0*(-,0) =0 in €.
Now, we decompose (6*,7*) as follows:
(67, 7%) = (6,7) + (6,7), (23)

where (,7) and (0, 7) solve respectively

0 — NG+ V7 = pga + p* (L 2px0 + 77 %p) in Q,

V-0=0 in Q
~ ’ 24
9~=0 on X, (24)
0(-,0) =0 in Q,
and . A
Oy — A+ Vi =p;f in Q,
V-0=0 in Q
N ’ 2
0=0 on X, (25)
6(-,0) =0 in Q.

For system (24) we will use Lemma 3.3 and the regularity result estimate (22),
meanwhile for the system (25) we will use the ideas of both works [15,16].

We apply the operator V x - to the Stokes system satisfied by 6. Then,
we have

(Vx0), —A(Vx0)=p;(Vx0) inQ.
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Using Lemma 3.1 with f; = p;(V x ), there exists a positive constant C' =
C(2,wp) such that

// =20 (N2E[V(V x )2 + SNEHY x 0]2)dudt
Q

<C (// e 725 pr 2|V x 0| dadt
Q

NP
n s)\// ¢~2sag |9V X 6) dadt+s3)\7/ e~ 250631V x f2dadt |
D) 0 wox(0,T)

(26)
for any A\; := A > C and s > C(T'° + TY).

Now, using the inequality (a — b)? > % — b2, for every a,b € R with

a=0* and b= 0, we get (recall that 6 = 6* — 6):

%// e 2507200507 (472¢|V(V x 0)|% + A3 |V x 0|?)dadt
Q
—// e (sAEV(V x )2 + *A1E3IV x 0P dzdt  (27)
Q

< // =230 (N2 |V (V x )]2 + SNEFV x 0]2)dadt.
Q

The fact that s3A*e=252¢3 and s)\2e*2soi£ are upper bounded allow us to es-
timate the terms associated to |V(V x 6)|? and |V x 6|? through (22). More
precisely, we have:

% // e 23|V x 0)2dadt + sN? // e~ 2%V (V x 0)|?dadt
Q Q

N2
< Co Ol 720,7,00 () )L (0,13 H2 () N)

< Conllp*g2ll72g)x + Conllo® (=€ %0x0 +7729) 720y

(28)

where C » is a positive constant depending on s and A. i.e., Cs\ = Cs3\2,

On the other hand, taking into account that |pf| < CsTp*(¢*)%/% for
every s > (', it follows that

// e—25a|p:|2‘v ~ 9|2d$dt < CS2T2 // e—25a—2aosa* (f*)12/5|v % 9|2dl‘dt,
Q Q

which can be absorbed by the first term in the right-hand side of (27), for
every A>1, s> C.
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From the identity 6% = 0 + 6 (recall (23)) and (28), it is easy to estimate
the local term that appear in the right-hand side of (26) by:

$2A // e™ 23|V x 0)2dadt
UJDX(O,T)

< COs3\t // e"2B3(|V x 0 + |V x 0*)dzdt
wox(0,T) (29)

< O3t // eV x 0 Pdxdt + Cs al|p* 92172y
wOX(O,T)

+ C’s,A||P*(—€_2<PXO + 7_280) H%Q(Q)N .
Putting together (26), (27) and (29), we have for the moment

// e~ 2sa—2a0sa’ (sAEV(V x 0)]? + s°A1EP |V x 0]?) dadt
Q

<C|s°A // e 200200507 317 5 O dadt
on(O,T)

o f[ o |21

2
———~| dodt
+ Cs)\

on

1" 92ll72(yn + Copllo™ (=02 ox0 + 7 20) 22y

for every s > C and A\ := )\ > C.
The last step will be to estimate the boundary term

SA //E e 25

To this end we follow the arguments of [16].
We consider ¢ € C?(€) such that

A(V x 0)

2
o dodt.

% =1, (= constant on ).
on
Observe that
.12 NIE:
// e—2sa£ M dodt = // €_QSQC§ M dodt.
. on - on

Through integrating by parts and using Cauchy—Schwartz’s inequality, the
previous boundary term can be estimated by

Is, := s\ // e~ 25¢
b

T
<O\ [ el sy s oy
0

~ 12
w dodt

(31)
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Additionally, taking into account that H2(Q)" =(H' ()", H3()N)1 /2,2,
(31) can be replaced by

Iy := s\ // e 2o
b

sa™ 1/2 3/2
< Cs / S 1] T 17 S

2
dodt

A(V x 0)
on

From (31), (32) and Young’s inequality we have
T * A A
I <C [ o (€)1 + 5 N0y ) dre (33)
0

Usir}g the divergence free condition A 0, the Dirichlet condition boundary
for 6 and also the relationship
0=0"—0,
we obtain
”é”Hl(Q)N <OV x éHLQ(Q)”’*?’ (34)
S C(IV x 0l[2@)zn-s + [V X 07| p2(0)2nv-3).

Observe that the first term in the right-hand side of (34) can be estimated
like in (28). Respect to the second term, it can be absorbed by the left-hand side
of (30). Let us estimate the second term in (33). This is done by a bootstrap
argument based on a regularity result of the Stokes system. Let (©,7g) =

(n(t)0,n(t)r), where
n(t) = s Zemo T (€)1 i (0,7),
Thus, (O, 7g) satisfies the Stokes system
O, — AO + Ve = npi0 +n:0 in Q,

V-06=0 in @,
0=0 on X, (35)
0(-,0)=0 in Q.

It is easy to prove the right-hand side of this system belongs to L2(0,T;V).
Therefore, Lemma 3.3 allows us to conclude that the solution of (35) satisfies
© € L2(0,T; H3(Q)N NV). Furthermore,

181 20,713~y + 1Ol 11 (0,75 22 () ) < Clinpi 0 + nté”LZ(O,T;Hl(Q)N)- (36)
Putting together (33)—(36), there exist Cs » > 0 such that

Is < Conllp* g2ll7zgpn + Conlle™ (=€ 20x0 +7720) 122y~

+e (// e~ 2sam2a050" (4)\2€|V(V x 0)|2 + s2A1E3|V x 9|2)dxdt> .
Q

for every € > 0.
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From the previous inequality and (30) we conclude the following Carle-
man estimate for 6:

// e 2007200507 (SN2 LIV(V x 0) 7 + s* A3V x 0] )dadt
Q

< Callp*gellfzg)n + Cs°At // e 2007200507 E37 5 ) davdlt
wo X (0,T)
+ Canllo* (=2 ex0 + 72022y
(37)
for every s > C(T° +T'9) and A\ := X > C.
Carleman estimate for ¢
First, assuming that 6 is given, we look at ¢ as the solution of

—pr — Ap+ Vmy, = g1 + pbxo, in Q,
V.-p=0in Q,
p=0o0n%,
(-, T) =¢r(-) in Q.
Now, we choose m, such that wa medr = 0 and we apply Lemma 3.2 with

fa = g1 + u0xo, and use the weight function moa (instead of «), where
ap+1 < mgy < 2ag and mo < 2+ ag. We obtain

[ el e AP + sl + SN o s
Q
< C 516)\40 // 678mosd+6moso¢* (5)16\<p|2dxdt
u}()X(O,T)
+ 515/2)\20 // 674mosd+2mosa* (5)15/2|9|2dxdt
OdX(O,T)

1 415/2)20 // e4mosol+2mosoz*(5)15/2|gl|2d$dt> )
Q

for any Ao := A > C and s > C(T° + T19).

Taking into account that [|0||.2q)v < Cf|V x 0]|12(q)2~-s and the in-
equality (66) with € = %, Ml = _m and M2 = —m,
the second term in the right-hand side of (38) can be estimated by

// e 2807 20050717 o G2 dudt
Q

and therefore it can be absorbed by the left-hand side of (37).
From (37) and (38) we have

(38)

// e~ 250720507 ((N\26|V(V x 0)|2dxdt + s3\*¢3|V x 0)?)dxdt
Q
b [ s i AR + NIV + s ldad
Q

< 0816)\40 // o 678m05d+6m05a* (5)16|g0‘2d117dt
wo X (0,



46 Page 16 of 33 C. Montoya and L. de Teresa NoDEA

+Canllp™ (= ox0 + 77 20) 1320y

#0190 [ cmimusisma @152 vt + Cl gy
Q

+Cs3\ / / e~ 2sam2a050 ¢3|7 ¢ 0|2 dydt, (39)
on(O T

for any A3 := max{\i, 2} > C, s > C(T° +T'9) and C;  depending on s, \.

Choosing ¢ and ~ large enough (i.e., £,y >> CgT3O/4eC4/Tm, where
(3, Cy are positive constants depending on ag, mg, s.), we can absorb the sec-
ond term in the right-hand side of (39) by the left-hand side.

Let us estimate the local term concerning V x 6 in terms of ¢. To do this,
we use the first equation of (14) since w N Oy # O and wy C O4. We have

—(Vxe)—AVxp)=Vxg+uVx0), inwx (0,T).

Then,

I:=s3)\* // o) 67250‘72“050‘*53|V x 02 dxdt
wo X 0,

=N [ T )7 x - AT )
WOX(O T

—(V X g1))dzxdt.

We introduce an open set w; CC w such that wy C w; and a positive
function ¢ € C?(w;) such that ¢ = 1 in wy. Then, after several integration by
parts in time and space we have:

T=s\ // 2507200507 3(7 5 9)(—(V x )y — A(V x )
w0>< 0 T
—(V x g1))dzdt

< st / / (e 250 20050 €3 (7 9)(V x o) dadt
w1>< 0 T

+ s\ // e 250720507 €3((7 % ), — A(V x 0))(V X @)dadt
w1 X(O T)

— s\ / / A(Cem 2507200507 £3)(7 5 9)(V X )dadt
w1 X(O T)

—2s3)\4 // V(Ce™2507200507 ¢3) (7(V x 0))(V x p)dxdt

UJ1><(O T

— s\ / / Cem 250720057 ¢3(7 5 9)(V x gy )dadt.
(.d1><(0 T
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From the second equation in (14), we have that

I <\ / / COp(e™ 2507200507 £3Y (T x )(V x @)dxdt
w1><(O,T)
+ S3>\4’7_2 // e—23a—2aosa*£3|v « (p|2dl'dt
w1><(0,T)

— 3\ // A(Ce25072a0507 €3 (7 % 0)(V X @)dadt

w1 X (O,T)

— 25321 / / V(Ce™ 2507200307 ¢3) (7(V x 0))(V X )dadt
wlx(O,T)
— s34 / / Cem 280720507 €3(Y % 0)(V x gy )dadt
le(O,T)

—e // (e 20200507V % 9)(V x go)dudt.
(4}1><(0,T)

(40)
Using the estimate

|8t(€—2so¢—2aoso¢*§3)| < C«Tse—Qsa—ansa* (£)4+1/5, for every s > C

and Young’s inequality, we can deduce the following inequalities:

Lomet¥t [ e O )9 e
w1 X (0,

<orsy ff o GG OV
w1 X (0,

<es’ / / e 280200507 317 5 2 dadt
wlx(O,T)

reEsx [[ oy T QY ot
w1 X (0,

for every s > C' and every ¢ > 0.
Now, using the estimate

|A(C672sa72agsa*£3)| S 6182)\26728(172(10805"557 for every s 2 C

and again the Young’s inequality for the third term in the right-hand side of
(40), we obtain

Iy = —s3)\4 // A(Cem 250720507 ¢3) (7 x 9)(V x )dxdt
w1 X(O,T)
< OO\ // e~ 250200507 €517 5 0||V X o|dadt
w1 X(O,T)
< 683 // 672sa72agsa*£3‘v % 9|2dl'dt
(.AJ1><(0,T)

reesae [ oy € TN ot
w1 X (0,
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for every s > C and every ¢ > 0.

Analogously, we can estimate the fourth term in the right-hand side of
(40) by

I = —2s3)\1 // V(Ce 250200507 ¢3) (Y (V x 0))(V x @)dxdt
w1 X(O,T)
< es)\? // e~ 2507200307 €|7(V x 0)2dxdt
UJ1><(0,T)

veEs [ oy €T X e,
w1 X (U,

for every s > C and every € > 0.

Additionally, through another integration by part and Young’s inequality we
can obtain

I5 = —s3\* // o Cem 2807200507 3(Y 5 0)(V x gy )dadt
wi X 0,

<e (s/\2 // e~ 2507200507 £|7(V x 0)2dadt
le(O,T)

+ 83>\4 // 672sa72aosa*€3|v > 9|2d.’£dt>
UJ1><(07T)

+ 0(6)85)\6 // ef2sa72aosa*£5|gl ‘2d{Edt,
Q
for every s > C and every € > 0.
fo 1= =2 // Gem 2020050 €3( 5 ) (V X go)dadt
u}lX(O,T)

<C ||p*g2||L2(Q)N + 57212 // 6_2‘90_2“08a*§7|V¢\2dxdt
le(O,T)

+ 508 // o O S| R <p)|2da:dt> :
w1 X (0,

We use Lemma 6.2 in the Appendix in order to obtain an appropriate up-
per bound for the last term in the right-hand side on the previous inequality
through the following terms:

sTAL2 // 67250‘72%30‘*57\V¢|2d$dt and es”? // emeUsaffl\Agde:cdt,
w1 X(0,T) Q

for every € > 0.
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Putting together (39) and the previous estimates, we have

[ ez (39T x 0) Pt + SN  07)dads
Q
+// e 2o [sT LT Ap)? + sAPE |Vl + s* AP o dadt
Q
< C's'6)%0 // e~ 8mosa+6mosa” (é)l6|ap|2d1‘dt + C// e_2a°sa*|gg|2d$dt
wox(0.T) Q
+ 0815/2)\20 // e—4mosd+2mosa* (5)15/2|gl|2dwdt
Q

+ CS7A12 // e—2$a—2aosa*€7|v % (p|2d$dt,
w1 X (0,T)

(41)
for any A3 > C, s > CT'0,
On the other hand, considering open sets ws, w3 CC w such that wy, CC
wo CC wg C w, we can deduce that

87)\12 // e—25a—2%sa*g7|v « (p|2dl‘dt
UJ1><(O,T)
< 0(6)815)\24 // 62(m0—2)sa*—4a05a* (é)l5|g0‘2d$dt
ng(O,T)

we ([ et g + VT + SNl ).
Q
for any A3 > C, s > CT'? and any ¢ > 0. By defining
/~71 (t) — 516>\40678sm0d+65mgo¢* (5)16’ [)g(t) _ 515/\2462(m072)so¢*74a05a* (5)15

and taking into account that mg > ag + 1, there exists a constant C' > 0 such

that
/ / i (O)oPdedt < C / / pa(t) Pt (42)
wo % (0,T) w3 x(0,T)

From (41)—(42), we conclude the proof of Proposition 1. O

3.3. Null controllability of the linear system

In this section we are concerned in the null controllability of the linear coupled
Stokes system

yr — Ay +Vp=fi +hl, + (" 2x0 +7 3z in Q,

—zt — Az + V71 = fo+ pu(y —ya)xo, in Q,
Vey=0,V-2=0 in Q, (43)
Yy=z= 0 on E,
y(~,0) = yO(')’ Z('vT) =0 in €,

where the functions f; and f; are in appropriate weighted spaces. We look
for a control h € L?(0,7T;L*(w)Y) such that, under suitable properties on
f1, f2, the solution to (43) satisfies y(-,7) = 0 in Q. To do this, let us first
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state a Carleman inequality with weight functions not vanishing in ¢ = 0. Let
¢ € C1([0,T]) be a positive function in [0,7') such that:

U(t) =T?/4vt €[0,T/2] and 0(t) = t(T —t) Vt € [T/2,T).

Now, we introduce the following weight functions

el2Anllec — A(10[In]loc+n(x)) eA(10[nlloc +n(x))
Bla,t) = = y 1@ t) =
65(t) 65(t)
ﬁ*(t) - ma;(ﬂ(:c,t), T*(t) = miBT(xat), (44)
e e
B() = minf(z,1),  7(t) = maxr(z,t).
zeQ zEQ

Lemma 3.4. Let s and X\ like in Proposition 1. Then, there exists a constant
C > 0 (depending on s, \,w,Q,T and p) such that every solution (p,0) of
(14) satisfies

wmwm@w+[éeMWﬁﬂmﬂwMt

+// e_Q(C‘OH)Sﬁ*(T*)3|9|2dxdt
Q
. . (45)
<C (// e~ 20s0 (%)15\91\2dxdt+// e 20050 | gy [Pddt
Q
// —4aosﬂ +2(mo— 2)35( )15|<p|2dxdt
x(0,T)

Proof. By construction « = 8 and £ = 7 in Q x (T/2,T), so that

T
/ /e*ﬂao“)m )16 da:dt+/ / —2moa” (43 o] ) dadlt
T/2JQ T/2
T * - *
:/ /@”m“MWﬁmW+e%mﬁwWWWM@
T/2JQ

Therefore, it follows from Proposition 1 the estimate

T
J /@“WMWWWW%M*WWWWWme
T/2
< C <// —2agsa™ |gl|2d:vdt—|— // 6_2a08a*|92|2d$dt
Q
+ // e—4aosa*+2(mg—2)sa(é)15|(p|2dxdt )
wx(0,T)

Since £(t) = t(T —t) for any ¢ € [T'/2,T] and

o—2a0sB" >0, e—2aosﬁ*( ) >(C and e~ a0 +2(mo— 2)s6( )15 > C'in [0,7T/2],



NoDEA Robust Stackelberg controllability Page 21 of 33 46

we readily get
T * *
/ /(6—2(a0+1)sﬁ (T*)3|9‘2+€—23m05 (T*)3|Lp|2)d$dt
T/2J0Q

<C ( / / e 20055 (7)| gy 2wt + / / e 200 |go *dudt (46)
Q Q

+// 674aosﬁ*+2(m072)s[3(7¢)15|<p|2dxdt )
wx(0,T)

Now, we introduce a function v € C*([0,77]) such that v =1in [0,7/2], v =0
in [37'/4,T]. It is easy to see that (vp,vn,) and (v0,v7,) satisfies the system

—(vp) — Alvp) + V(vmy) = v(g1 + pxo,) —v'¢ in Q,

(10); — A(vh) + V(vmg) = v(ga — £ 20x0 + 7 20) + /0 in Q,

V- -(vp)=V- @) =0,V-¢gq=01in Q, (47)
vpop=vf=0o0n3,

(ve)(T) =0, (v9)(0) =0 in Q.

Using classical energy estimate for both vy and v, which solve the Stokes
system (47) we get

IO Z2(yn + 12M172 0,772,112 ™)
1
<C (T2||90||2L2(T/2,T/4;L2(Q)N)
+ ”9”%2(0,3T/4;L2(Od)”) + |91||2L2(o,3T/2;L2(Q)N))
and
2 1 2
||9HL2(0,T/2;H%(Q)N) <C ﬁ”0”LQ(T/2,3T/4;L2(Q)N)
+ [[v(—=020x0o + 7_2<P)H%2(o,3T/4;L2(Q)N) + Hg2H%2(O,3T/2;L2(Q)N)) :

Taking into account that

em2molT (793 > 0 > (0 e 20t )BT ()3 > 0 >0, Vi e [T/2,3T7/4]
and

e7200507(7)5 > 0 >0 e 5 gm0 > 050, Vit e[0,37/4],
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we have

T/2
6(0) 2oy + / [T e 0 d

3T/2
<o ( [ e el 0o (Pl
o (48)
+ ||1/,LL672a08ﬁ 9||L2(0,3T/4;L2((9d)N)

+ (= %0x0 + 72022087 /4:22 ) V)

3T/4 . .
+/ / [6—211055 (T*)5|gll2+e—2aosﬁ |g2|2] dxdt | .
0 Q

Thus, from (46) and (48) we have at this moment

IO sy + [ (72005 () 4 e (e

< C (// 720,08,8 \gl|2dmdt+// 672a085*‘92‘2d1}dt
Q

+// e—4aosﬁ +2(m0_2)86(7ﬁ)15|g0|2d.’1?dt
wx(0,T)

+ lvpe 2P 9||i2(o,3T/4;L2(od)N)

+ (=€ ox0 + 7’%)IIiz(o,gT/4;L2(Q)N)) :

Observe that if £ and v are large enough (again, £,y >> CyT30/4¢C4/T"
where Cs5, Cy are positive constants depending on ag, mg, s), the last term in
the right-hand side of (49) can be absorbed by the left-hand side. In addition,

considering 0*(z,t) = e~2%7"0(x,t) instead v in (47) and using standard
energy estimate for the system associated to 6, we obtain

3T/4 )
/ /u2,u26_4“055 0|2 dadt
0 )
] I N
<C // e~ daosh |gg|2dxdt+£—4/ / e~ 420887 |2 dadt (50)
+ 7// a0 o dxdt—i—// a0t (72)6/5) )2 da:dt)

Putting together (49), (50) and taking again ¢ and ~ large enough (as above),
we obtain the desired inequality (45). O

Remark 3. In order to establish a null controllability result for the system (43)
we need adequate weight functions, see Theorem 3.5. As consequence of the
inequalities ag + 1 < mg < 2ag, ag > 2 observe that on the left-hand side of
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(16) it is possible to add the term

[[ et ) 0P dade.
Q

Now, we are ready to prove the null controllability of system (43). The
idea is to look a solution in an appropriate weighted functional space. Let us
introduce the following space

Ei={(zmmeh) e (3) Py e QN e 2 e (@Y,
e2a056*7(m072)53(%)715/2}11“} c L2(Q)N7
e (7)1 2y ¢ L2(0,T; HA(Q)N) N L>(0,T; V),
™ B ()02 e L2(0,T; H2(Q)N) N L™¥(0,T; V), co > g
e (#) 72 (e — Ay + Vmy — (£ x0 +77)z — hlw) € LX(Q)Y,
220507 (#) 72—z — Az + V. — u(y — ya)xo,) € L2(Q)N} -
It is clear that E is a Banach space for the following norm:
% () =52yl La(qyv + €0 2]l L2 (gyn
+ ||€2aos[3*—(mo—Q)SB(f_)—15/2h1w||L2(Q)N
+ [|eof” (72)_15/2yHL2(0,T;H2(Q)N) + ||€a0$5*(%)_15/2y||L°°(0,T;V)
4 [|esos?” (7) 2 2o sy + 058" ()= 2|| e 0137
+ [|lemo% (74) 732 (y, — Ay + Vr, — (=02 x0 + 77 %)z — h1u)| L2(Q)~
+ (€290 (7%) 732 (2 — Az + Ve — u(y — ya)xou)llz2(@)-

Remark 4. Observe in particular that (y, z,my, 7., h) € E implies y(-,T) =0
in Q.
Theorem 3.5. Assume the hypothesis of Lemma 3.4 and

Yo € ‘/, emgsﬁ*(T*)—3/2f1 e L2(Q>N, eZagsﬁ* (T*)_3/2f2 c L2(Q)N. (51)
Then, we can find a control h € L*(0,T; L?(w)N) such that the associated
solution (y, z, my, ., h) to (43) satisfies (y, z,my, 7, h) € E.

Proof. Let us introduce the following constrained extremal problem:

(// 22058™ (2) 75|y 2 dzdt + // 21058 | 2|2 ddt
Q Q
+// e4aosﬂ*—2(m0—2)sB(7A_)—15|h|2dxdt
wx (0,T)

subject to h € L*(Q), supph C w x (0,7T), and (52)
Yy — Ay + Vmy = fi + hxo + (0 *x0 +77 3z in Q,
—2 — Az + V7, = fo+ u(y —va)xo, in Q,
V-y=0,V-2=0 in Q,
y=2=0 on X,
y(-,O) = yO(')v y("T) =0, Z(vT) =0 in €.

1
2
inf
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Assume that this problem admits a unique solution (g, 2, 70, 7, iL) Then,
from the Lagrange’s principle there exists dual variables (¢, 9 ,g) such that
§= e 2005 ()5 (—p, — Ap+ Vi, —pbo,)  in Q,

2 =e 20057 (, — NG+ Vg — (—(*xo + 7~ 2)¢) in Q, (53)
iL e*4aos,@ +2(mo— 2)56( ) SD in Q,
y=2=0 on X.

Now, following the arguments established in [11], we introduce the space Py
of functions (y, z, m,, 7.) € C*(Q)?*V 2 such that

(i) V-y=V-2=0 in Q.
(ii) y=2=0 on X.
(i) / Tpda = 0.
wo
We also consider the bilinear form a(-,-) over Py x Py defined by:
a((¢7 év ﬁ-iﬁh 7%0)7 (wa Za Tw, 7TZ))

- // 720" (2)3(— @y — A+ Vi — po,)(~ye — Ay + Vmy — pzo,) dadt
Q
-I-// e 2908 (0, — NG+ Vg — (=0 *xo + 7 )@) (2t — Az + V)
Q
- // e 2% (0, — A+ Vitg — (—0*x0 + 7)) X0 + 7 *)w) dadt
Q

+// ef4aosﬁ*+2(mof2)sﬁh( )ISQZ?wdl'dt
wx (0,T)

for every (w, z, 7y, m.) € Py, and a linear form

(G (w, 2,7, 7)) - // flwda:dt+/ fgzdxdt—i—/ o()-w(-,0) dz. (54)

Taking into account this definitions, one can see that, if the functions g, Z and
h solve (52), we must have V(w, z,m,,7,) € Py

a((@,é,ﬁ'@,frg), (w, 2, Ty, 7m2)) = (G, (W, 2, T, T2)). (55)

Observe that Carleman inequality (45) holds for all (w, z, 7y, 7,) € Py. Con-
sequently,

// em2mosB” ()3 dacdt+// 20a0 088" (43| 2dzdt  (56)
Q

+ / /Q e=20055" (7B Pzt + [0(0) |20 (57)
< Ca((w,z,ﬂw,ﬂz),(w,z,ﬂw,ﬂz)), (58)

for every (w, z, 7y, 7.) € Pp.

Therefore, a(-,-) : Py X Py — R is symmetric, definite positive bilinear
form on FPy. We denote by P the completion of Py for the norm induced by
a(-,-). Then, a(-,-) is well-defined, continuous and again definite positive on
P. Furthermore, in view of the Carleman inequality (45), the assumption (51)
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and (56), the linear form (w, z, my,, 7,) — (G, (w, 2, Ty, 7)) is well-defined
and continuous on P. Indeed, for every (w, z, 7, 7,) € P,
(G, (w, 2z, Ty, T2))
< |lelaotss” (T*)73/2f1||L2(Q)N |~ (a0 1) (T*)3/2wHL2(Q)N
+ €m0 ()2 fol pa gy le 0 () P2 pa gy + llyoll lw(0)
< [lemos " (7) 72 full 2y le Ot (1) 2| 2 gy
+ (€290 (7) 732 fa pa gy e (1) 22 pa gy + llyollr lw(0) | ar-
Using (56) and the density of Py in P, we find
(G, (w, 2,10, m)) < C (Il ()2 o 12

112 ()2 |y + lyolla ) I(w, 2w s) .

Hence, from Lax-Milgram’s Lemma, there exists a unique (,0, T, Tg) € P
satisfying V(w, z, my, 7,) € P:

a(($,0, 70, 7), (W, 2, T, 72)) = (G, (W, 2, Ty, 1)) (59)

Let us set (9, 2, iL) like in (53) and remark that (g, 2, 7t, 7, iz) verifies
(9.0, ), (9.0, 0)) = [ | 057" () 3|
Q

+// e2aosﬁ*|g|2dxdt+// ea0sB™=2(mo=2)sB () =15 ) dzdt < +oo.
Q wx (0,T)

Let us prove that (g, 2) is, together with some (7, 7.), the weak solution
of the Stokes system in (52) for h = h. In fact, we introduce the (weak) solution
(9,2, 7y, 7) to the Stokes system

i — Aj+ Vi, = fi + hly + (0 2x0 +772)% in Q,

—Z — AZ+ V7, = fo+ pu(§ — Ja)Xo. in Q,
V.g=0,V-2=0 in Q, (60)
y=2=0 on X,
9(-,0) =yo(-), 2(T)=0 in Q.

Clearly, (7,2) is the unique solution of (60) defined by transposition. This
means that, for every (a,b) € L?(Q)?",

((9,2), (avb)>L2(Q)N = <?!0790(0)>L2(Q) +((fr+ illwa)a (9079)>L2(Q)Na (61)

where (¢, 0) is, together with some (7, 7g), the solution to

L*(¢,0) = (a,b) in Q,
V-p=0, V-0=0 in Q,
p=60=0 on X, (62)

o(,T)=0, 0(-,00=0 in Q,
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and L* is the adjoint operator of L given by:
L(§,2) = (s — AJ + Vi, — (0 2x0 + v 2, —% — AZ + V7,
—(J = Ja)Xxo,)-
From (53) and (55), we see that (g, 2) also satisfies (61). Consequently, (¢, 2) =

(9,2) and (g, 2) is, together with some (7, 7,) = (7, 7.), the weak solution
to the system (60).
Finally, we must see that (g, 2, Ty, 7., h) € E. We already know that

058" (71)—5/2(@’ eaosﬁ*é, eZagsﬁ*—(m0—2)sB(7¢)—15/2iL1w c LQ(Q)N
and [see hypothesis (51)]
emosB” (79)73/2 1 e [2(Q)N and €208 (7)73/2f, € L2(Q)V.
Thus, it only remains to check that
e (7)TI8/2g, e®03B (1) 0 € L2(0,T; H*(Q)N) N L>(0,T; V),
where ¢g > %
1. We define the functions

y* = 6agsﬁ* (7:)715/22;/7 ¥ = eaosﬁ* (7_* —co3

Ty = eaosﬁ*(f')_m/zfry, k= eaosf” (%) coR,

and
Frim 9088 (F)TIS/2(F 4 B, 2 = e %08 (7)715/2( g2y 4+ 4 2)2
fa = e®0sB" (1) C0 fy, Y = e (17%) 70 (y — ya) X0,

Then (y*,my, 2", 77) satisfies:

yi = Ayt + V= [+ 2 (Y20 (3)72) g in Q,
—z; = A VT = fEy (V20 (5)) 2 i Q,
V. .y =0,V-2*=0 in Q, (63)
yr=z"=0 on X,

y*(zo) = 63/235*(0)(%(O))_ls/QyO(')v Z*(aT) =0 in €.
2. Now, we prove that the right-hand side of the main equations in (63) is
in L2(Q)N.
|ex0s0” (F) IO/ fy| < CetosP |7| 71921 f1] < Cemosh|r| 3/ fy].

°

° |eagsﬂ* (72)—15/2h1w| < CeZaosﬁ*—(mo—2)sﬂ* (7A_)—15/2|h|1w-

o |27 = et (7) T2 (— P x0 + 4 72)z] < Ceno 2.

o |(e¥2F(7)718/2) g| < Csemost ||/ || < CemoBT |72 ).
o |f5r] = [emos T (77) 70 fo < Celoot VBT x| mco| fo.

o [(eM2F(F)T) 5] < Cetost ).

[ ]

ly™| = le0*™ (%)~ (y — ya)Xo|
< e |7 752]g| + Cetos || ~<0fyql.

Observe that y** € L*(Q)" thanks to the hypothesis (5).
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Taking into account a) — b) and yo € V, we have y*, 2* € L2(0,T; H2(Q)V) N
L>(0,T;V) (see Lemma 3.3 in Sect. 3.1).
This concludes the proof of Theorem 3.5. 0

Remark 5. Before starting the last section, it is important to consider small
data in order to prove our main result, Theorem 1.2. Thus, we impose that

[emos8” (7Y 732 f1 || 2 yn + [1€20% 7 (77) 732 fol L2 gyv + llyollv < 6, (64)

where § is a small positive number.

4. Proof of the main result

In this section we give the proof of Theorem 1.2 throughout classical arguments
such like in [11]. The results obtained in the previous section allow us to locally
invert a nonlinear operator associated to the nonlinear system

Yy —Ay+ (y-V)y+Vmy, =hl, + ({20 +772)z  in Q,
—2 = Az + (2,Vy — (y, V)2 + V7. = u(y — ya)xo, in Q,

V-y=0,V-2=0 in Q,
y=2=0 on X,
y(ao) = yO(')7 Z(vT) =0 in Q.

To do this, we will apply an inverse function theorem of the Lyusternik’s kind
[18], which will allow us to complete the proof of Theorem 1.2. More precisely,
we will use the following theorem.

Theorem 4.1. Suppose that By, By are Banach spaces and
.A : Bl — BQ

is a continuously differentiable map. We assume that for b € By,b9 € By the
equality
A(BY) = b (65)

holds and A’ (b)) : By — By is an epimorphism. Then there exists § > 0 such
that for any by € Ba which satisfies the condition

12 = b2ls, <&
there exists a solution by € By of the equation
A(by) = ba.
Proof. We apply Theorem 4.1 for the spaces By := E and
Bo = {(f1, fo,y0) € X7 x X5 x V: f1, fa,yo satisfies (64)},
where X7 := Lz(em"sﬁ*(T*)’i”/Q((),T);L2(Q)N) and
X = L2 ()20, T); L)),
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We define the operator A by the formula
A<ya Z,7Ty,7l'z7 h') = (yt - Ay + (y . V)y + Vﬂ—y - (Z_QXO + ’7_2)2 - hlwv
- 2t — Az + (Zavt)y - (y7 V)Z + Vﬂ-z - /‘L(y - yd)XOda y(a 0)) )

for every (y,z,my, 7., h) € Bi.

Let us see that A is of class C*(By, By). Indeed, notice that all the terms
in A are linear, except for (y - V)y and z, V')y — (y, V)z, then, we only have
to check that these nonlinear terms are well-defined and depend continuously
on the data. Thus, we will prove that the bilinear operator

((yl, Zla W;a ﬂ;a hl)a (yza 22’ W;a ﬂfa hz)) — (yl : V)y2
is continuous from B; x By to X{, and the bilinear forms

((ylazl 771 771 hl)v(y2722 7T2 ﬁ§7h2)) — (yl 'V)Z27

s s Tz s My
((y1721aﬂ—;7ﬂ—;7h1)7 (9272277T§;7T§>h2)) — (Zl : Vt)yQ

are continuous from B; x By to X;.
In fact, notice that (see the definition of the space E):

™07 (7)715/2y € L2(0,T; L (Q)V)
and
V(e (7)71%/2y) € L0, T; L ()N V).
Consequently, we obtain
™o (7*) 72 (- W)y |2 gy
< O| (e ()12t - W)e 0B () 71292 | 1 gyn
< Cle*? (%)_15/2y1||L2(0,T;L<x>(Q)N) [|e®0sh” (%)_15/23/2”L°°(0,T;V)-
On the other hand, for ¢ > 5/2,
e (r%) 70z € L*(0,T; L= ()
and
V(e®8" (1)~ 2) € L=(0,T; L2(Q)V*N).
Then,
€% ()2 (" 9)2 | za e
< Cfeos?” (7) 710/ 2yt 20,1550 () ) [ (T) 72 || oo 0,731
and analogously,
22057 () =32 (21 - W)y L2 gy
< Cle™ (T*)_CozlHL2(0,T;L°°(Q)N)Heaosﬁ* ()29 || Lo (0,751 -
Notice that A’(0,0,0) : By — Bs is given by
(ye — Ay + V7, — ((2X0 +7 3z — hly, —2 — Az
+Vm. — 1y — ya)xo.,y(:,0)),
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for all (y,z,my, 7., h) € By. In virtue of Theorem 3.5, this functional satisfies
Im(A(0,0,0)) = Bs.

Let ) = (0,0,0) and b3 = (0,0). Then Eq. (65) obviously holds. So
all necessary conditions to apply Theorem 4.1 are fulfilled. Therefore there
exists a positive number § such that, if ||y(-,0)|ly < ¢, we can find a control
h € L*(0,T; L*(w)") and an associated solution (y, z,m,, ) to (1) satisfying
y(-,T) = 0 in Q. This finishes the proof of Theorem 1.2. O

5. Conclusion and open problems

We omitted the proof of Theorem 1.3 since it can be done following the proof
of Theorem 1.2 an adapting the proof for v = 0.

In this article, we mentioned the main results on robust control for the N-
dimensional Navier—Stokes system with Dirichlet boundary conditions. These
results has also allowed us to characterise the follower control v and its dis-
turbance function ¥ through a nonlinear coupled system. Once this step has
finished, we used the robust pair (v, ) to prove the null controllability of the
leader control h. The main novelties are the Carleman inequalities for coupled
Stokes system, which involves new relationships between the weight functions
and the robustness parameters ¢,, see Proposition 1 and Lemma 6.1. To
conclude, we present now some open problems arising from our study:

e If instead of considering in the hierarchical strategy a zero objective for
the leader control h in (1), the objective may be a trajectory (7, 7) of the
uncontrolled system:

U~ AY+ (@ V)g+VE=0 in Q,

V-5=0, in @,
y=0 on X,
y(+0) =¥o(") in €,

So we may ask if is it possible to prove the local exact controllability to
trajectories of system (1). That is, does there exist a control h such that
for the corresponding solution to (10) satisfies y(T') = 5(T)?

e  Some null controllability results for the N-dimensional Navier—Stokes sys-
tem [7,8] allow to act on the system by means of few controls. Is it possible
to extend these results to a robust Stackelberg strategy? Is is possible to
ask the leader control h to have one vanishing component?

e Is it possible to extend the results in this paper to Navier-slip boundary
conditions? In other words, can we say something about the existence and
uniqueness of saddle points for the Navier—Stokes system with Navier-slip
conditions? Does we have the null controllability for the leader control
h?

e From a numerical point of view, the implementation of the Stackelberg
strategy even for the linear coupled system (10) shows a challenge to
overcome.

e Finally, it would be interesting to study the problems proposed in this
paper to other models such as water waves (Korteweg—de Vries equation),
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interaction fluid-heat (Boussinesq system), micropolar fluids, models of
turbulence, among others.

6. Appendix: Some technical results

In the following results, it will be assumed that N =2 or N = 3.
From the relation between o* and &, it is possible to prove the following
inequality.

Lemma 6.1. For any € > 0, any My, My € R, there exists \g > 0 and C =
C(e, My, My) > 0 such that

3" < OsMi\M2 (€)M gs(1te)a (66)
for every A > Ag.
Proof. Recall that
a*(t) == max a(z,t), a(t) :=mina(z,t) and &(t) := max&(x, b).
zeQ zeQ zeQ

From the definition of o* and @, a(t) = F(\)a*, where

2 mollee _ oMlmoll oo

2 ol — 1

It is easy to check that F(A\) — 1 to A — +o00 and F(A\) — 1/2 to A — 0F.
Additionally, by construction of F'(A), for any £ > 0, there exists A\g > 0 such
that, for every A > A\

FA) +eF(\) > 1.
In consequence, exists a positive constant C' = C(S,Ml,MQ) such that the
inequality
)\Mze(l—(l+s)F()\))so¢* < CsM (é)Ml

holds for any M, M € R.
This completes the proof of Lemma 6.1. O

As a consequence of Lemma 6.1, for ag, mg satisfying 2 < ag < mg < ag + 2,
we can deduce the next result:

Lemma 6.2. Under the hypothesis of Lemma 6.1, for any w CC Q and any
u €V, there exists A\g > 0 and C = C(e, M1, Ms) > 0 such that

le)\M2// (37450}2‘“’“‘*(5)Ml |Aul|?dxdt < C’sfl// e~ 2mose’ (e Aw2ddt.
wx(0,T) Q

2 M; +1
Proof. Sketch Taking ¢ = — — 1, M; = L and My =
~ mo — ap 2(m0 — ao)
My +1
et in (66), the proof is direct. O
2(m0 — ao)
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