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Abstract. In this paper we study the global (in time) existence of small
data solutions to semi-linear fractional σ-evolution equations with mass
or power non-linearity. Our main goal is to explain on the one hand
the influence of the mass term and on the other hand the influence of
higher regularity of the data on qualitative properties of solutions. Using
modified Bessel functions we prove some polynomial decay in Lp − Lq

estimates for solutions to the corresponding linear fractional σ-evolution
equations with vanishing right-hand sides. By a fixed point argument the
existence of small data solutions is proved for some admissible range of
powers p.
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1. Introduction

Recently, in [3] the authors studied the following Cauchy problem for semi-
linear fractional wave equations

∂1+α
t u − Δu = |u|p,

u(0, x) = u0(x), ut(0, x) = 0,
(1.1)

where α ∈ (0, 1), ∂1+α
t u = Dα

t (ut) with

Dα
t (f) = ∂t(I1−α

t f) and Iβ
t f =

1
Γ(β)

∫ t

0

(t − s)β−1f(s) ds for β > 0.

Here Dα
t (f) and Iβ

t f denote the fractional Riemann–Liouville derivative and
the fractional Riemann–Liouville integral of f on [0, t], respectively. Moreover,
Γ is the Euler Gamma function. The authors proved the following results.

For the first author the financial support was provided by Erasmus+ project KA 107 -
collaboration with Algeria.
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Proposition 1.1. Let

p > p := max
{

pα(n);
1

1 − α

}
, where pα(n) := 1 +

2(1 + α)
(n − 2)(1 + α) + 2

.

Then there exist positive constants ε and δ such that for any u0 ∈ L1(Rn) ∩
L∞(Rn) with ‖u0‖L1∩L∞ ≤ ε and for any δ ∈ (0, δ) there exists a uniquely
determined global (in time) Sobolev solution

u ∈ C
(
[0,∞), L1+δ(Rn) ∩ L∞(Rn)

)
to (1.1). The solution satisfies the following estimate for any t ≥ 0:

‖u(t, ·)‖Lq ≤ C(1 + t)−βq+α‖u0‖L1+δ∩L∞ , q ∈ [1 + δ,∞], (1.2)

where

βq = βq(δ) := min
{

n(1 + α)
2

(
1

1 + δ
− 1

q

)
; 1
}

.

Proposition 1.2. Let p ∈ (1, pα(n)] and u0 ∈ L1(Rn) be such that∫
Rn

u0(x) dx > 0.

Then there does not exist any global (in time) Sobolev solution

u ∈ Lp
loc

(
[0,∞) × R

n
)
.

This paper is devoted to the Cauchy problem for the semi-linear fractional
σ-evolution equations with mass or power non-linearity

∂1+α
t u + (−Δ)σu + m2u = |u|p,

u(0, x) = u0(x), ut(0, x) = 0,
(1.3)

where α ∈ (0, 1), m ≥ 0, σ ≥ 1, (t, x) ∈ [0,∞) × R
n. Our main goal is to

understand on the one hand the improving influence of the mass term and
on the other hand the influence of higher regularity of the data u0 on the
solvability behavior.
First of all we explain Cauchy conditions. We will construct solutions u =
u(t, x) in evolution spaces C([0,∞), B), where B is a suitable Banach space.
Different results base on different Banach spaces B. The continuity in t allows
to understand the Cauchy condition u(0, x) = u0(x) as the restriction of the
solution u as an element of the evolution space to t = 0.
Now, let us come to the second Cauchy condition ut(0, x) = 0. This condition
is understood in a very weak sense. To explain it we use the integro-differential
equation

∂tu = Iα
t

(− (−Δ)σu − m2u + |u|p)
= Iα

t

(− (−Δ)σu − m2u
)

+ Iα
t

(|u|p).
We have solutions u in C([0,∞), B), where B stands for a space Lq(Rn) or
a space Hγ

r (Rn). Then, depending on the case with or without mass, we may
conclude

−(−Δ)σu − m2u ∈ C([0,∞), B1), |u|p ∈ C([0,∞), B2),
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where in the massless case B1 stands for Ḣγ−2σ
r (Rn) or for Ḣ−2σ

r (Rn) (depends
on the regularity of the data) and B2 stands for a suitable space Lq(Rn). In the
case of models with mass B1 stands for Hγ−2σ

r (Rn) or for H−2σ
r (Rn) (depends

on the regularity of the data) while B2 stands for a suitable space Lq(Rn).
Using the weak singular structure of Iα

t and the continuity up to t = 0 of the
integrand we verify limt→+0 ‖∂tu(t, ·)‖Bk

= 0 for k = 1, 2.
Consequently, if we interpret ut(0, x) = 0 in this weak sense, then the Cauchy
problem (1.3) may be written in the form of the following Cauchy problem for
an integro-differential equation:

∂tu = Iα
t

(− (−Δ)σu − m2u + |u|p), (1.4)
u(0, x) = u0(x). (1.5)

A solution to (1.3) is defined as a solution of (1.4). For this reason we may
restrict ourselves in the further considerations to the study of (1.4) to obtain
results for (1.3). Our results of global (in time) existence of small data Sobolev
solutions are given in the next section.

2. Main results

2.1. Fractional σ-evolution models

In the first two results we assume low regularity for the data u0. We distinguish
between conditions for the spatial dimension n.

Theorem 2.1. Let us assume 0 < α < 1, α ≤ λ < 1+α
2 , σ ≥ 1 and r ≥ 1. We

assume that n ≥ 2σr
1+α . Moreover, the exponent p satisfies the condition

p > pα,λ,σ,r(n) := max
{

pr
α,λ,σ(n);

1
1 − λ

}
,

where pr
α,λ,σ(n) := 1 +

n(r − 1)(1 + α) + 2σr(1 + λ)
(n − 2σr)(1 + α) + 2σr(1 + α − λ)

.

Then there exists a positive constant ε such that for any data

u0 ∈ Lr(Rn) ∩ L∞(Rn) with ‖u0‖Lr∩L∞ ≤ ε

we have a uniquely determined global (in time) Sobolev solution

u ∈ C
(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞)

to the Cauchy problem

∂1+α
t u + (−Δ)σu = |u|p, u(0, x) = u0(x), ut(0, x) = 0.

Moreover, the solution satisfies the following estimate for any t ≥ 0 and for
all sufficiently small δ > 0 :

‖u(t, ·)‖Lq ≤ C(1 + t)−βr,δ
α,q,σ+λ‖u0‖Lr∩L∞ for all q ∈ [r,∞],

where

βr,δ
α,q,σ := min

{
n(1 + α)

2σ

(
1
r

− 1
q

)
; 1 − δ

}
.

The constant C is independent of u0.
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Theorem 2.2. Let us assume 0 < α < 1, α ≤ λ < 1+α
2 , 1 ≤ σ < α+1

2λ and
1 ≤ r < α+1

2σλ . We assume that 1 ≤ n < 2σr
1+α . Moreover, the exponent p satisfies

the condition

p > pr
α,λ,σ(n), where pr

α,λ,σ(n) := 1 +
n(r − 1)(1 + α) + 2σr(1 + λ)

(n − 2σr)(1 + α) + 2σr(1 + α − λ)
.

Then there exists a positive constant ε such that for any data

u0 ∈ Lr(Rn) ∩ L∞(Rn) with ‖u0‖Lr∩L∞ ≤ ε

we have a uniquely determined global (in time) Sobolev solution

u ∈ C
(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞)

to the Cauchy problem

∂1+α
t u + (−Δ)σu = |u|p, u(0, x) = u0(x), ut(0, x) = 0.

Moreover, the solution satisfies the following estimate for any t ≥ 0:

‖u(t, ·)‖Lq ≤ C(1 + t)−βr
α,q,σ+λ‖u0‖Lr∩L∞ for all q ∈ [r,∞],

where

βr
α,q,σ :=

n(1 + α)
2σ

(
1
r

− 1
q

)
.

The constant C is independent of u0.

In the next two results we assume higher regularity for the data u0 but
with additional regularity L∞. We distinguish between conditions for the spa-
tial dimension n.

Theorem 2.3. Let us assume 0 < α < 1, α ≤ λ < 1+α
2 , σ ≥ 1, 1 < r < ∞ and

γ ≥ 0. We assume that n ≥ 2σr
1+α . The exponent p satisfies the condition

p > pα,λ,σ,r,γ := max
{

pr
α,λ,σ(n);

2
1 − λ

; γ
}

,

where

pr
α,λ,σ(n) := 1 +

n(r − 1)(1 + α) + 2σr(1 + λ)
(n − 2σr)(1 + α) + 2σr(1 + α − λ)

.

Then there exists a positive constant ε such that for any data

u0 ∈ Hγ
r (Rn) ∩ L∞(Rn) with ‖u0‖Hγ

r ∩L∞ ≤ ε

we have a uniquely determined global (in time) Sobolev solution

u ∈ C
(
[0,∞),Hγ

r (Rn) ∩ Lq(Rn)
)

for all q ∈ [r,∞)

to the Cauchy problem

∂1+α
t u + (−Δ)σu = |u|p, u(0, x) = u0(x), ut(0, x) = 0.

The solution satisfies the following estimate for any t ≥ 0 and for all suffi-
ciently small δ > 0:

‖u(t, ·)‖Lq ≤ C(1 + t)−βr,δ
α,q,σ+λ‖u0‖Hγ

r ∩L∞ , q ∈ [r,∞],
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where

βr,δ
α,q,σ := min

{
n(1 + α)

2σ

(
1
r

− 1
q

)
; 1 − δ

}
.

Moreover, the solution satisfies the estimate

‖u(t, ·)‖Hγ
r

≤ C(1 + t)λ‖u0‖Hγ
r ∩L∞ .

The constants C are independent of u0.

Theorem 2.4. Let us assume 0 < α < 1, α ≤ λ < 1+α
2 , 1 ≤ σ < α+1

2λ ,
1 < r < α+1

2σλ and γ ≥ 0. We assume that 1 ≤ n < 2σr
1+α . Moreover, the

exponent p satisfies the condition

p > max{pr
α,λ,σ(n); γ},

where pr
α,λ,σ(n) := 1 +

n(r − 1)(1 + α) + 2σr(1 + λ)
(n − 2σr)(1 + α) + 2σr(1 + α − λ)

.

Then there exists a positive constant ε such that for any data

u0 ∈ Hγ
r (Rn) ∩ L∞(Rn) with ‖u0‖Hγ

r ∩L∞ ≤ ε

we have a uniquely determined global (in time) Sobolev solution

u ∈ C
(
[0,∞),Hγ

r (Rn) ∩ Lq(Rn)
)

for all q ∈ [r,∞)

to the Cauchy problem

∂1+α
t u + (−Δ)σu = |u|p, u(0, x) = u0(x), ut(0, x) = 0.

The solution satisfies the following estimate for any t ≥ 0:

‖u(t, ·)‖Lq ≤ C(1 + t)−βr
α,q,σ+λ‖u0‖Hγ

r ∩L∞ , q ∈ [r,∞],

where

βr
α,q,σ :=

n(1 + α)
2σ

(1
r

− 1
q

)
.

Moreover, the solution satisfies the estimate

‖u(t, ·)‖Hγ
r

≤ C(1 + t)λ‖u0‖Hγ
r ∩L∞ .

The constants C are independent of u0.

2.2. Fractional σ-evolution models with mass term

Theorem 2.5. Let us assume 0 < α < 1, σ ≥ 1, r ≥ 1 and p > 1
1−α . Then

there exists a positive constant ε such that for any data

u0 ∈ Lr(Rn) ∩ L∞(Rn) with ‖u0‖Lr∩L∞ ≤ ε

we have a uniquely determined global (in time) Sobolev solution

u ∈ C
(
[0,∞), Lr(Rn) ∩ L∞(Rn)

)
to the Cauchy problem

∂1+α
t u + (−Δ)σu + m2u = |u|p, u(0, x) = u0(x), ut(0, x) = 0.

Moreover, the solution satisfies the decay estimate

‖u(t, ·)‖Lq ≤ C(1 + t)α−1‖u0‖Lr∩L∞ for all t ≥ 0, q ∈ [r,∞].
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The constant C is independent of u0.

Theorem 2.6. Let us assume 0 < α < 1, σ ≥ 1, γ ≥ 0, 1 < r < ∞ and
p > max{2; 1

1−α ; γ}. Then there exists a positive constant ε such that for any
data

u0 ∈ Hγ
r (Rn) ∩ L∞(Rn) with ‖u0‖Hγ

r ∩L∞ ≤ ε,

we have a uniquely determined global (in time) Sobolev solution

u ∈ C
(
[0,∞),Hγ

r (Rn) ∩ L∞(Rn)
)

to the Cauchy problem

∂1+α
t u + (−Δ)σu + m2u = |u|p, u(0, x) = u0(x), ut(0, x) = 0.

Moreover, the solution satisfies the decay estimate

‖u(t, ·)‖Hγ
r ∩L∞ ≤ C(1 + t)α−1‖u0‖Hγ

r ∩L∞ .

The constant C is independent of u0.

Remark 2.7. If we compare Theorem 2.1 with the corresponding result for
(1.1) from [3], then we feel the improving influence of the power σ and the
order of regularity r in two facts. On the one hand pα,α,1,1(n) = p and on the
other hand u ∈ C

(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q < ∞. In Theorem 2.3 we

explain the influence of the regularity of the data on the critical exponent and
we have pα,α,1,1(n) ≥ p. If we compare Theorem 2.5 with the corresponding
result for (1.1) from [3], then we feel the improving influence of the mass term
in three facts. On the one hand p = 1

1−α , u ∈ C
(
[0,∞), Lr(Rn) ∩ L∞(Rn)

)
and on the other hand βq = 1 in (1.2). In the case of Theorem 2.6 we also
feel the influence of the regularity of the data on the exponent and we obtain
an exponent larger then p. Besides some stronger restrictions to the critical
exponent the statements of Theorems 2.3, 2.4 and 2.6 are regularity results.
If the data u0 is more regular, then we expect more regularity with respect to
the spatial variables for the solution.

3. Some preliminaries

The Cauchy problem (1.4) with σ ≥ 1 and m ≥ 0 can be formally converted
to an integral equation and its solution is given by

u(t, x) = (Gm
α,σ(t) ∗ u0)(t, x) + Nm

α,σ(u)(t, x) (3.1)

with

Gm
α,σ(t, x) =

∫
Rn

eix·ξEα+1

(− tα+1〈ξ〉2m,σ

)
dξ, (3.2)

Nm
α,σ(u)(t, x) =

∫ t

0

(
Gm

α,σ(t − s) ∗ Iα
s (|u|p))(t, s, x) ds, (3.3)

where {Gm
α,σ(t)}t≥0 denotes the semigroup of operators which is defined via

Fourier transform by

̂(Gm
α,σ(t) ∗ f)(t, ξ) = Eα+1

(− tα+1〈ξ〉2m,σ

)
f̂(ξ) with 〈ξ〉2m,σ = |ξ|2σ + m2.
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Here Eβ(z) =
∞∑

k=0

zk

Γ(βk+1) , β ∈ C with �β > 0, denotes the Mittag-Leffler

function (see Sect. 7.2).
A representation of solutions of the linear integro-differential equation associ-
ated to (1.4) or (1.3) with σ ≥ 1 and m ≥ 0 (and without the term |u|p) is
given by

u(t, x) = (Gm
α,σ(t) ∗ u0)(t, x).

Indeed, we put

v(t, ξ) = Fx→ξ(u(t, x))(t, ξ) = Fx→ξ

(
(Gm

α,σ(t) ∗ u0)(t, x)
)
(t, ξ)

= Eα+1(−tα+1〈ξ〉2m,σ)û0(ξ).

By using (1.4) and (7.1) we have

F−1
ξ→x

(
Fx→ξ

(∫ t

0

Iα
s (−(−Δ)σu − m2u)(s, x) ds

)
(t, ξ)

)
(t, x)

= F−1
ξ→x

(
〈ξ〉2m,σ

∫ t

0

Iα
s ( ̂(Gm

α,σ(τ) ∗ u0)(τ, ξ)) ds

)
(t, x)

= F−1
ξ→x

(
〈ξ〉2m,σ

Γ(α)

∫ t

0

∫ s

0

(s − τ)α−1 ̂(Gm
α,σ(τ) ∗ u0)(τ, ξ) dτ ds

)
(t, x)

= F−1
ξ→x

(
〈ξ〉2m,σ

Γ(α)

∫ t

0

∫ s

0

(s − τ)α−1Eα+1(−τα+1〈ξ〉2m,σ)û0(ξ) dτ ds

)
(t, x)

= F−1
ξ→x

(
〈ξ〉2m,σ

Γ(α)

∫ t

0

∫ t

τ

(s − τ)α−1 ds Eα+1(−τα+1〈ξ〉2m,σ)û0(ξ) dτ

)
(t, x)

= F−1
ξ→x

(
〈ξ〉2m,σ

Γ(α + 1)

∫ t

0

(t − τ)αEα+1(−τα+1〈ξ〉2m,σ)û0(ξ) dτ

)
(t, x)

= F−1
ξ→x

((
Eα+1(−tα+1〈ξ〉2m,σ) − 1

)
û0(ξ)

)
(t, x)

= F−1
ξ→x

(
Eα+1(−tα+1〈ξ〉2m,σ)û0(ξ) − û0(ξ)

)
(t, x)

= F−1
ξ→x

(
v(t, ξ) − û0(ξ)

)
(t, x) = u(t, x) − u0(x).

Consequently, we have shown (after application of the Fourier inversion for-
mula in S′) that

u = Gm
α,σ(t) ∗ u0

is a formal solution to

u = u0(x) +
∫ t

0

Iα
s (−(−Δ)σu − m2u) ds.
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In the moment we will not provide any function spaces to which the formal
solution will belong.
But, as pointed out by the referee the continuity of solutions with respect to
the time variable requires a special treatment. Later we will come back to
this issue. But, from the above considerations we can formally conclude the
following relation (if the convolution really exist)

u(t, ·) − u0

=
1

Γ(α + 1)

∫ t

0

(t − τ)α
(
F−1

ξ→x

(〈ξ〉2m,σEα+1(−τα+1〈ξ〉2m,σ)
) ∗ u0

)
dτ.

(3.4)

Later we will use this relation for the discussion of continuity in time of solu-
tions for models with mass.

4. Lp estimates for model oscillating integrals

At first we derive Lp estimates for the model oscillating integral

F−1
ξ→x

(
Eα+1(−t1+α|ξ|2σ)

)
.

Proposition 4.1. The following estimate holds in R
n for σ > 0, α ≥ 0:

‖F−1
ξ→x

(
Eα+1(−t1+α|ξ|2σ)

)
(t, ·)‖Lp � t−

n(1+α)
2σ (1− 1

p ) (4.1)

for p ∈ [1,∞], t > 0 and for all n ≥ 1 satisfying n(1 − 1
p ) < 2σ.

Here and in the following we use for non-negative functions f and g the
notation f � g if there exists a constant C which is independent of y ∈ D such
that f(y) ≤ Cg(y) for all y ∈ D.

Proof. The proof of (4.1) uses the Propositions 5 and 12 of [12]. In a first step
we estimate the following oscillating integrals:

F−1
ξ→x

(
e−c1t|ξ|2ρ

cos(c2t|ξ|2ρ)
)

and F−1
ξ→x

(
e−τt|ξ|2ρ)

,

where c1 = − cos( π
1+α ), c2 =

√
1 − c2

1, ρ = σ
1+α and τ > 0. We prove instead

of (4.1) the polynomial type decay estimates

‖F−1
ξ→x

(
e−c1t|ξ|2ρ

cos(c2t|ξ|2ρ)
)
(t, ·)‖Lp � t−

n(1+α)
2σ (1− 1

p ), (4.2)

‖F−1
ξ→x

(
e−τt|ξ|2ρ)

(t, ·)‖Lp � (τt)− n(1+α)
2σ (1− 1

p ) (4.3)

for all p ∈ [1,+∞] and t > 0. Then, we deduce (see Sect. 7.2)
∥∥F−1

ξ→x

(
exp
(
a1+α(t

1+α
2 |ξ|σ)

)
+ exp

(
b1+α(t

1+α
2 |ξ|σ)

))
(t, ·)∥∥

Lp � t−
n(1+α)

2σ (1− 1
p )

(4.4)

for all p ∈ [1,+∞] and t > 0. It remains to prove that (see Sect. 7.2)
∥∥F−1

ξ→x

(
l1+α(t

1+α
2 |ξ|σ)

)
(t, ·)∥∥

Lp � t−
n(1+α)

2σ (1− 1
p ) (4.5)
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for all p ∈ [1,+∞] and t > 0. Therefore we use the formula (see Sect. 7.2)

l1+α(t
1+α
2 |ξ|σ) ∼

∫ ∞

0

exp
(− t|ξ| 2σ

1+α s
1

1+α
)

s2 + 2s cos((1 + α)π) + 1
ds.

Taking account of the definition of modified Bessel functions (see Sect. 7.1) we
get

F−1
ξ→x

(
l1+α(t

1+α
2 |ξ|σ)

)
(t, x)

=
∫ ∞

0

(∫ ∞

0

exp
(

− tr
2σ

1+α s
1

1+α

)

s2 + 2s cos((1 + α)π) + 1
rn−1J̃n

2 −1(r|x|)dr

)
ds

=
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

×
(∫ ∞

0

exp
(

− tr
2σ

1+α s
1

1+α

)
rn−1J̃n

2 −1(r|x|)dr

)
ds

=
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

(
F−1

ξ→x

(
e−s

1
1+α t|ξ|

2σ
1+α

)
(x)

)
ds.

The estimate
∥∥F−1

ξ→x

(
e−s

1
1+α t|ξ|

2σ
1+α )(t, ·)∥∥

Lp � s− n
2σ (1− 1

p )t−
n(1+α)

2σ (1− 1
p )

implies∥∥F−1
ξ→x

(
l1+α(t

1+α
2 |ξ|σ)

)
(t, ·)∥∥

Lp

� t−
n(1+α)

2σ (1− 1
p )

∫ ∞

0

s− n
2σ (1− 1

p )

s2 + 2s cos((1 + α)π) + 1
ds � t−

n(1+α)
2σ (1− 1

p )

if n(1 − 1
p ) < 2σ. �

Now let us turn to Lp estimates for the model oscillating integral (see
Sect. 7.2)

F−1
ξ→x

(
Eα+1(−t1+α〈ξ〉2m,σ)

)
with m > 0.

At the first glance one might expect an exponential type decay estimate. We
are able to prove a potential type decay estimate only.

Proposition 4.2. The following estimate holds in R
n for σ > 0, m > 0, α ∈

[0, 1) and for all n ≥ 1:∥∥F−1
ξ→x

(
Eα+1(−t1+α〈ξ〉2m,σ)

)
(t, ·)∥∥

Lp � (1 + t)−(1+α) (4.6)

for p ∈ [1,∞] and t > 0.

Proof. The proof of (4.6) uses ideas of [10]. In a first step we estimate the
following oscillating integrals:

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
and F−1

ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
,
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where c = − cos( π
1+α ), κ = 1

1+α ∈ ( 1
2 , 1) and τ > 0. We shall derive the

exponential type decay estimate
∥∥F−1

ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, ·)∥∥

Lp

+
∥∥F−1

ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
(t, ·)∥∥

Lp � e−Ct (4.7)

with a suitable positive C = C(m,α), for p ∈ [1,∞] and t ≥ 0. By using
modified Bessel functions (see Sect. 7.1) we have for n = 3

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

=
∫ ∞

0

e−ct〈r〉2κ
m,σ cos(t〈r〉2κ

m,σ

√
1 − c2)r2J̃ 1

2
(r|x|) dr

= − 1
|x|2
∫ ∞

0

e−ct〈r〉2κ
m,σ cos(t〈r〉2κ

m,σ

√
1 − c2)r∂rJ̃− 1

2
(r|x|) dr

= −
√

2√
π|x|2

∫ ∞

0

e−ct〈r〉2κ
m,σ cos(t〈r〉2κ

m,σ

√
1 − c2)r∂r(cos(r|x|)) dr.

Using twice integration by parts we obtain

−
√

π|x|4√
2

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

=
∫ ∞

0

(
t
(
h1(r)r2σ−2〈r〉4m,σ + h2(r)r4σ−2〈r〉2m,σ + h3(r)r6σ−2

)〈r〉2κ−6
m,σ

+ t2
(
h4(r)r4σ−2〈r〉2m,σ + h5(r)r6σ−2

)〈r〉4κ−6
m,σ + t3h6(r)r6σ−2〈r〉6κ−6

m,σ

)

× e−ct〈r〉2κ
m,σ cos(r|x|) dr,

(4.8)

where hi(r) = ai cos(g(r)) + bi sin(g(r)), i = 1, · · · , 6, g(r) = t〈r〉2κ
m,σ

√
1 − c2

and ai, bi, i = 1, · · · , 6, are constants which depend on α and σ only.
To estimate (4.8) we use the inequality

〈r〉2κ
m,σ ≥ 2κ−1〈r〉2κ

2−1/2m,σ + 2−1m2κ. (4.9)

Then, we get

∣∣F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

∣∣ � e− c
2 tm2κ

〈x〉4m
.

For the oscillating integral F−1
ξ→x

(
e−τt〈ξ〉2κ

m,σ
)

we have

F−1
ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
(t, x) =

∫ ∞

0

e−τt〈r〉2κ
m,σr2J̃ 1

2
(r|x|) dr

= − 1
|x|2
∫ ∞

0

e−τt〈r〉2κ
m,σr∂rJ̃− 1

2
(r|x|) dr

= −
√

2√
π|x|2

∫ ∞

0

e−τt〈r〉2κ
m,σr∂r(cos(r|x|)) dr.
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Using twice integration by parts we obtain

−
√

π|x|4√
2

F−1
ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
(t, x)

=
∫ ∞

0

(
− 2σ(4σ2 − 1)κτtr2σ−2〈r〉2κ−2

m,σ − 24σ3κ(κ − 1)τtr4σ−2〈r〉2κ−4
m,σ

− 8σ3κ(κ − 1)(κ − 2)τtr6σ−2〈r〉2κ−6
m,σ + 24σ3κ2τ2t2r4σ−2〈r〉4κ−4

m,σ

+ 8σ3κ2(κ − 1)τ2t2r6σ−2〈r〉4κ−6
m,σ − 8σ3κ3τ3t3r6σ−2〈r〉6κ−6

m,σ

)

× e−τt〈r〉2κ
m,σ cos(r|x|) dr.

This leads to the estimate
∣∣F−1

ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
(t, x)

∣∣ � e− τ
2 tm2κ

〈x〉4m
.

Summarizing all estimates we proved the statement (4.7) in the case n = 3.
Now, let us study the case n odd and n ≥ 4. Then we carry out n+1

2 steps of
partial integration. We obtain after n−1

2 steps and by applying the rules (see
Sect. 7.1)

J̃μ+1(r|x|) = − 1
r|x|2 ∂rJ̃μ(r|x|)

for real non-negative μ the relation

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

=
∫ ∞

0

e−ct〈r〉2κ
m,σ cos(t〈r〉2κ

m,σ

√
1 − c2)rn−1J̃n

2 −1(r|x|) dr

= (−1)
n−1
2

1
|x|n−1

∫ ∞

0

( ∂

∂r

1
r

)n−1
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)

× J̃− 1
2
(r|x|) dr

= (−1)
n−1
2

1
|x|n−1

∫ ∞

0

( ∂

∂r

1
r

)n−1
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)

× cos(r|x|) dr

= (−1)
n+1
2

1
|x|n+1

√
2
π

×
∫ ∞

0

( ∂2

∂r2

)( ∂

∂r

1
r

)n−1
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)

× cos(r|x|) dr.

All integrals have the form∫ ∞

0

〈r〉ρ
m,σrδe−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2) cos(r|x|) dr

or
∫ ∞

0

〈r〉ρ
m,σrδe−ct〈r〉2κ

m,σ sin(t〈r〉2κ
m,σ

√
1 − c2) cos(r|x|) dr,
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where ρ is a negative integer depending on κ and n and δ is non-negative real
depending on σ and n. For this reason we conclude the estimate

∣∣F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

∣∣ � e− c
2 tm2κ

〈x〉n+1
m

.

Analogously, we obtain the same estimate for

F−1
ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
(t, x).

All together implies the statement (4.7) for odd n ≥ 4.
For n = 2 we have

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

=
∫ ∞

0

e−ct〈r〉2κ
m,σ cos(t〈r〉2κ

m,σ

√
1 − c2)rJ̃0(r|x|) dr.

From the relation (see Sect. 7.1)

J0(s) =
1
s
J1(s) +

d

ds
J1(s)

it follows that

J̃0(r|x|) = 2J̃1(r|x|) + r∂rJ̃1(r|x|) =
1
r
∂r(r2J̃1(r|x|)).

Then, we get

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

= −
∫ ∞

0

2κσtr4σ−1〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)

× J̃1(r|x|) dr

= −
∫ 1

|x|

0

2κσtr4σ−1〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)

× J̃1(r|x|) dr

−
∫ ∞

1
|x|

2κσtr4σ−1〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)

× J̃1(r|x|) dr.

Using the boundedness of J̃1(s) for s ∈ [0, 1] (see Sect. 7.1) the first integral
can be estimated by

e− c
2 tm2κ〈x〉−(4σ+2κ−2)

m .

Remark that 4σ + 2κ − 2 > 2. To estimate the second integral we apply the
following asymptotic formula (see Sect. 7.1) for J̃1(s) for s ≥ 1:

J̃1(s) = cs− 3
2 cos

(
s − 3

4
π
)

+ O(|s|− 5
2 ).
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Consequently, the integral can be estimated as follows:
∫ ∞

1
|x|

r4σ−1〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σO((r|x|)− 5
2 ) dr � |x|− 5

2 e− c
2 tm2κ

.

It remains to estimate

1
|x| 3

2

∫ ∞

1
|x|

r
8σ−5

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)
cos(r|x|) dr,

1
|x| 3

2

∫ ∞

1
|x|

r
8σ−5

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)
sin(r|x|) dr.

We explain only the first integral because the second one can be treated in the
same way. We write the first integral as follows:

1
|x| 3

2

∫ ∞

1
|x|

r
8σ−5

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)
cos(r|x|) dr

=
1

|x| 3
2

∫ 1

1
|x|

r
8σ−5

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)
cos(r|x|) dr

(4.10)

+
1

|x| 3
2

∫ ∞

1

r
8σ−5

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)
cos(r|x|) dr.

(4.11)

The integral in (4.10) is equal to

1
|x| 5

2

∫ 1

1
|x|

r
8σ−5

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)
∂r(sin(r|x|)) dr.

(4.12)

After partial integration and by using (4.9) the limit terms can be estimated
by |x|− 5

2 e− c
2 tm2κ

. The new integral is equal to

1
|x| 5

2

∫ 1

1
|x|

(
c1r

8σ−7
2 〈r〉2κ−2

m,σ cos
(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)

+ c2r
12σ−7

2 〈r〉2κ−4
m,σ cos

(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)

+ c3r
12σ−7

2 〈r〉4κ−4
m,σ sin

(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

)

+ c4r
12σ−7

2 〈r〉4κ−4
m,σ cos

(
t〈r〉2κ

m,σ

√
1 − c2 +

π

1 + α

))
e−ct〈r〉2κ

m,σ sin(r|x|) dr.

It can be estimated by |x|− 5
2 e− c

2 tm2κ

, too. After integration by parts the inte-
gral in (4.11) can be estimated by

1
|x| 5

2

∫ ∞

1

r
12σ−7

2 〈r〉2κ−2
m,σ e−ct〈r〉2κ

m,σ dr.
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The latter integral can be estimated by |x|− 5
2 e− c

2 tm2κ

. Finally, we have for the
oscillating integral F−1

ξ→x

(
e−τt〈ξ〉2κ

m,σ
)

the relation

F−1
ξ→x(e−τt〈ξ〉2κ

m,σ )(t, x) =
∫ ∞

0

e−τt〈r〉2κ
m,σrJ̃0(r|x|) dr

=
∫ ∞

0

e−τt〈r〉2κ
m,σ∂r(r2J̃1(r|x|)) dr

=
∫ ∞

0

2σκτtr2σ+1〈r〉2κ−2
m,σ e−τt〈r〉2κ

m,σ J̃1(r|x|) dr.

Then, we derive the same estimates as we did before for estimating the oscil-
lating integral

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
.

Summarizing all estimates yields the statement (4.7) for n = 2.
Now for the case of even n ≥ 4 we carry out n

2 − 1 steps of partial integration.
In this way we obtain

F−1
ξ→x

(
e−ct〈ξ〉2κ

m,σ cos(t〈ξ〉2κ
m,σ

√
1 − c2)

)
(t, x)

=
∫ ∞

0

e−ct〈r〉2κ
m,σ cos(t〈r〉2κ

m,σ

√
1 − c2)rn−1J̃n

2 −1(r|x|) dr

=
1

|x|n−2

∫ ∞

0

( ∂

∂r

1
r

)n−2
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)
J̃0(r|x|) dr

=
1

|x|n−2

∫ ∞

0

( ∂

∂r

1
r

)n−2
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)

× 1
r
∂r(r2J̃1(r|x|)) dr

=
1

|x|n−2

∫ ∞

0

( ∂

∂r

1
r

)n
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)
r2J̃1(r|x|) dr

=
1

|x|n−2

∫ 1
|x|

0

( ∂

∂r

1
r

)n
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)
r2J̃1(r|x|) dr

(4.13)

+
1

|x|n−2

∫ ∞

1
|x|

( ∂

∂r

1
r

)n
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)
r2J̃1(r|x|) dr.

(4.14)

For the integral in (4.13) we are able to derive the following estimate:

∣∣∣ 1
|x|n−2

∫ 1
|x|

0

( ∂

∂r

1
r

)n
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)
r2J̃1(r|x|) dr

∣∣∣

� 1
|x|n−2

e− c
2 tm2κ

∫ 1
|x|

0

r2σ+1〈r〉2κ−2
m,σ dr � e− c

2 tm2κ〈x〉−(n+2κ+2σ−2)
m .
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For the integral in (4.14) we follow the same arguments to obtain the estimate
∣∣∣ 1
|x|n−2

∫ ∞

1
|x|

( ∂

∂r

1
r

)n
2
(
e−ct〈r〉2κ

m,σ cos(t〈r〉2κ
m,σ

√
1 − c2)rn−1

)
r2J̃1(r|x|) dr

∣∣∣

� e− c
2 tm2κ〈x〉−(n+ 1

2 )
m .

In the same way we can estimate the oscillating integral F−1
ξ→x

(
e−τt〈ξ〉2κ

m,σ
)
. All

together implies the statement (4.7) for even n ≥ 4. To complete the proof it
remains to show∥∥F−1

ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp � (1 + t)−(1+α)

for p ∈ [1,∞] and t ≥ 0. Therefore we use the formula (see Sect. 7.2)

l1+α(t
1+α
2 〈ξ〉m,σ) ∼

∫ ∞

0

exp
(− t〈ξ〉

2
1+α
m,σ s

1
1+α
)

s2 + 2s cos((1 + α)π) + 1
ds.

Taking account of the definition of modified Bessel functions (see Sect. 7.1) we
get

F−1
ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, x)

=
∫ ∞

0

(∫ ∞

0

exp
(− t〈r〉

2
1+α
m s

1
1+α
)

s2 + 2s cos((1 + α)π) + 1
rn−1J̃n

2 −1(r|x|) dr
)

ds

=
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

×
(∫ ∞

0

exp
(− t〈r〉

2
1+α
m s

1
1+α
)
rn−1J̃n

2 −1(r|x|) dr
)

ds

=
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

(
F−1

ξ→x

(
e−s

1
1+α t〈ξ〉

2
1+α
m,σ
)
(t, x)

)
ds.

The estimate

∥∥F−1
ξ→x

(
e−s

1
1+α t〈ξ〉

2
1+α
m,σ
)
(t, ·)∥∥

Lp � e− 1
2 s

1
1+α tm

2
1+α

implies
∥∥F−1

ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp

�
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

∥∥F−1
ξ→x

(
e−s

1
1+α t〈ξ〉

2
1+α
m,σ
)
(t, ·)∥∥

Lp ds

�
∫ ∞

0

e− 1
2 s

1
1+α tm

2
1+α

s2 + 2s cos((1 + α)π) + 1
ds.

For t ∈ (0, 1] we may conclude

∥∥F−1
ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp �
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

ds � 1.
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For t ≥ 1 we have

∥∥F−1
ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp �
∫ ∞

0

e− 1
2 s

1
1+α tm

2
1+α

s2 + 2s cos((1 + α)π) + 1
ds

�
∫ ∞

0

exp
(− C̃1ts

1
1+α
)
ds.

After the change of variables τ := ts
1

1+α it follows

∥∥F−1
ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp �
∫ ∞

0

exp
(− C̃1ts

1
1+α
)
ds

� t−(1+α)

∫ ∞

0

τα exp
(− C̃1τ

)
dτ � t−(1+α).

We deduce for all p ∈ [1,∞] the estimate
∥∥F−1

ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp � (1 + t)−(1+α) for all t ≥ 0.

Summarizing all the estimates we may conclude∥∥F−1
ξ→x

(
E1+α(−t1+α〈ξ〉2m,σ)

)
(t, ·)∥∥

Lp

�
∥∥F−1

ξ→x

(
exp
(
a1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp

+
∥∥F−1

ξ→x

(
exp
(
b1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp

+
∥∥F−1

ξ→x

(
l1+α(t

1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp

� e−Ct + (1 + t)−(1+α) � (1 + t)−(1+α).

This completes the proof. �

The following proposition is helpful for the treatment of σ-evolution mod-
els with a mass term.

Proposition 4.3. The following estimate holds in R
n for σ > 0, m > 0, α ∈

[0, 1) and for all n ≥ 1:
∥∥F−1

ξ→x

(〈ξ〉2m,σE1+α(−t1+α〈ξ〉2m,σ)
)
(t, ·)∥∥

Lp � (1 + t)−(1+α) (4.15)

for p ∈ [1,∞] and t > 0.

Proof. The proof is similar to the proof of the previous proposition. In a first
step we estimate the oscillating integrals

F−1
ξ→x

(〈ξ〉2m,σe−ct〈ξ〉2κ
m,σ cos(t〈ξ〉2κ

m,σ

√
1 − c2)

)
and F−1

ξ→x

(〈ξ〉2m,σe−τt〈ξ〉2κ
m,σ
)
,

where c = − cos( π
1+α ), κ = 1

1+α ∈ ( 1
2 , 1) and τ > 0. Following the approach

from the previous proof we may conclude an exponential type decay estimate
∥∥F−1

ξ→x

(〈ξ〉2m,σe−ct〈ξ〉2κ
m,σ cos(t〈ξ〉2κ

m,σ

√
1 − c2)

)∥∥
Lp

+
∥∥F−1

ξ→x

(〈ξ〉2m,σe−τt〈ξ〉2κ
m,σ
)∥∥

Lp � e−Ct
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with a suitable positive constant C = C(m,α), and for p ∈ [1,∞] and t ≥ 0.
Let us make some comments to the third oscillating integral. Following the
same steps of treatment of the previous proof we may conclude∥∥F−1

ξ→x

(〈ξ〉2m,σl1+α(t
1+α
2 〈ξ〉m,σ)

)∥∥
Lp � (1 + t)−(1+α)

for p ∈ [1,∞] and t ≥ 0. Indeed, we use the formula

〈ξ〉2m,σl1+α(t
1+α
2 〈ξ〉m,σ) ∼

∫ ∞

0

〈ξ〉2m,σ

exp
(− t〈ξ〉

2
1+α
m,σ s

1
1+α
)

s2 + 2s cos((1 + α)π) + 1
ds.

Taking account of the definition of modified Bessel functions we get

F−1
ξ→x

(
〈ξ〉2m,σl1+α(t

1+α
2 〈ξ〉m,σ)

)

=
∫ ∞

0

(∫ ∞

0

〈r〉2m,σ

exp
(

− t〈r〉
2

1+α
m s

1
1+α

)

s2 + 2s cos((1 + α)π) + 1
rn−1J̃n

2 −1(r|x|) dr

)
ds

=
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

×
(∫ ∞

0

〈r〉2m,σ exp
(

− t〈r〉
2

1+α
m s

1
1+α

)
rn−1J̃n

2 −1(r|x|) dr

)
ds

=
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

×
(

F−1
ξ→x

(〈ξ〉2m,σe−s
1

1+α t〈ξ〉
2

1+α
m,σ
)
(t, x)

)
ds.

The estimate
∥∥F−1

ξ→x

(〈ξ〉2m,σe−s
1

1+α t〈ξ〉
2

1+α
m,σ
)
(t, ·)∥∥

Lp � e− 1
2 s

1
1+α tm

2
1+α

implies∥∥F−1
ξ→x

(〈ξ〉2m,σl1+α(t
1+α
2 〈ξ〉m,σ)

)
(t, ·)∥∥

Lp

�
∫ ∞

0

1
s2 + 2s cos((1 + α)π) + 1

∥∥F−1
ξ→x

(
e−s

1
1+α t〈ξ〉

2
1+α
m,σ
)
(t, ·)‖Lp ds

�
∫ ∞

0

e− 1
2 s

1
1+α tm

2
1+α

s2 + 2s cos((1 + α)π) + 1
ds.

As in the previous proof we conclude the desired estimate. �

5. Lr − Lq estimates for the formal solutions from Sect. 3

5.1. Models without any mass term

Proposition 5.1. Let u0 ∈ Lr(Rn) ∩ L∞(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1).
Then the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)
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satisfies the following Lm − Lq estimates:

‖u(t, ·)‖Lq � t−
n(1+α)

2σ ( 1
m − 1

q )‖u0‖Lm (5.1)

for all r ≤ m ≤ q ≤ ∞ provided that n( 1
m − 1

q ) < 2σ.
Let u0 ∈ Hγ

r (Rn) ∩ L∞(Rn), n ≥ 1, 1 < r < ∞, γ ≥ 0, and α ∈ (0, 1). Then
the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

satisfies the following estimates:

‖u(t, ·)‖Hγ
r

� ‖u0‖Hγ
r

and ‖u(t, ·)‖Ḣγ
r

� ‖u0‖Ḣγ
r
. (5.2)

Proof. The inequality (5.1) follows from Young’s inequality and Proposition
4.1. Applying these tools to the relation

|D|γ(G0
α,σ(t) ∗ u0)(t, x) =

(
F−1

ξ→x

(
Eα+1

(− tα+1|ξ|2σ
)) ∗ |D|γu0

)
(t, x)

implies the inequality (5.2). This completes the proof. �
Proposition 5.2. Let u0 ∈ Lr(Rn) ∩ L∞(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1).
Then the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

satisfies the following estimate for any fixed δ > 0 small enough:

‖u(t, ·)‖Lq � (1 + t)−βr,δ
α,q,σ (‖u0‖Lr + ‖u0‖Lq ) for all q ∈ [r,∞], (5.3)

where

βr,δ
α,q,σ := min

{n(1 + α)
2σ

(1
r

− 1
q

)
; 1 − δ

}
.

Proof. To get (5.3) we use ideas of D’Abbicco (cf. with [3]). For t ∈ (0, 1] we
set m = q in (5.1) to get the Lq − Lq estimate

‖u(t, ·)‖Lq � ‖u0‖Lq .

For t ≥ 1 we choose m = r in (5.1) if n( 1
r − 1

q ) < 2σ. Otherwise, in (5.1) the
parameter m is chosen as the solution to

n(1 + α)
2σ

( 1
m

− 1
q

)
= 1 − δ

with a fixed sufficiently small positive δ. In this way, we may conclude the
Lr − Lq estimate

‖u(t, ·)‖Lq � t−βr,δ
α,q,σ‖u0‖Lr .

Gluing both estimates together we derive the desired estimate (5.3). �
Remark 5.3. The last two statements are valid for r = 1, too, in contrary
to the paper [3]. In this paper the authors use estimates in scales of Morrey
spaces from the paper [1], where r = 1 is excluded. For this reason the positive
parameter δ appears in Proposition 1.1.

The statements of the Propositions 5.1 and 5.2 allow to conclude the
following result.
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Corollary 5.4. Let u0 ∈ Lr(Rn) ∩ L∞(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1). Then
the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

belongs to

L∞((0, T ), Lr(Rn) ∩ L∞(Rn)
)

for all T > 0.

Let u0 ∈ Hγ
r (Rn) ∩ L∞(Rn), n ≥ 1, 1 < r < ∞, γ ≥ 0 and α ∈ (0, 1). Then

the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

belongs to

L∞((0, T ),Hγ
r (Rn) ∩ L∞(Rn)

)
for all T > 0.

The next result contains even the continuity property with respect to the
time variable.

Proposition 5.5. Let u0 ∈ Lr(Rn) ∩ L∞(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1).
Then the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

belongs to

C
(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞).

Let u0 ∈ Hγ
r (Rn) ∩ L∞(Rn), n ≥ 1, 1 < r < ∞, γ ≥ 0 and α ∈ (0, 1). Then

the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

belongs to

C
(
[0,∞),Hγ

r (Rn) ∩ Lq(Rn)
)

for all q ∈ [r,∞).

Proof. The second statement follows immediately from the first statement by
using only the higher regularity Hγ

r instead of Lr. The first statement follows
from Proposition 7.9 of the Appendix. �
5.2. Models with a mass term

Proposition 5.6. Let u0 ∈ Lr(Rn) ∩ L∞(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1).
Then the function

u = u(t, x) =
(
Gm

α,σ(t) ∗ u0

)
(t, x)

belongs to

C
(
[0,∞), Lr(Rn) ∩ L∞(Rn)

)
and satisfies the following Lr − Lq estimates:

‖u(t, ·)‖Lq � (1 + t)−(1+α)‖u0‖Lr (5.4)

for all 1 ≤ r ≤ q ≤ ∞.
Let u0 ∈ Hγ

r (Rn) ∩ L∞(Rn), n ≥ 1, 1 ≤ r < ∞, γ ≥ 0 and α ∈ (0, 1). Then
the function

u = u(t, x) =
(
Gm

α,σ(t) ∗ u0

)
(t, x)
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belongs to

C
(
[0,∞),Hγ

r (Rn) ∩ L∞(Rn)
)

and satisfies the following estimates:

‖u(t, ·)‖Hγ
r

� (1 + t)−(1+α)‖u0‖Hγ
r

and ‖u(t, ·)‖Ḣγ
r

� (1 + t)−(1+α)‖u0‖Ḣγ
r
.

(5.5)

Proof. The proof follows immediately from (3.1), (3.2), Proposition 4.2 and
Lemma 7.10. To verify the last inequality we use

|D|γ(Gm
α,σ(t) ∗ u0)(t, x) =

(
F−1

ξ→x

(
Eα+1

(− tα+1〈ξ〉2m,σ

)) ∗ |D|γu0

)
(t, x).

The continuity of solutions follows from (3.4) and Proposition 4.3. This com-
pletes the proof. �

6. Proofs of the main results

6.1. Proof of Theorem 2.1

For any n ≥ 2σr
1+α and sufficiently small δ ∈ (0, 1) there exists a parameter

q = q(δ) ∈ (r,∞) such that

n(1 + α)
2σ

(1
r

− 1
q

)
= 1 − δ. (6.1)

We define the space

X(T ) := L∞((0, T ), Lr(Rn) ∩ L∞(Rn)
)

with the norm

‖u‖X(T ) := esssupt∈(0,T )

{
(1 + t)−λ‖u(t, ·)‖Lr

+(1 + t)1−δ−λ
(‖u(t, ·)‖Lq + ‖u(t, ·)‖L∞

)}
.

For any u ∈ X(T ) we consider for m = 0 the operator

P : X(T ) −→ X(T ), Pu := (G0
α,σ(t) ∗ u0)(t, x) + N0

α,σ(u)(t, x).

We shall prove that

‖Pu‖X(T ) � ‖u0‖Lr∩L∞ + ‖u‖p
X(T ), (6.2)

‖Pu − Pv‖X(T ) � ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
. (6.3)

For the proof of (6.2), after taking into consideration the estimates (5.3), we
have

‖G0
α,σ(t) ∗ u0‖X(T ) = esssupt∈(0,T )

{
(1 + t)−λ‖(G0

α,σ(t) ∗ u0)(t, ·)‖Lr

+(1 + t)1−δ−λ
(‖(G0

α,σ(t) ∗ u0)(t, ·)‖Lq + ‖(G0
α,σ(t) ∗ u0)(t, ·)‖L∞

)}
� ‖u0‖Lr∩L∞ .

It remains to prove that ‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T ). If u ∈ X(T ), then we
derive by interpolation the following estimate:

‖u(t, ·)‖Lq � (1 + t)−βr,δ
α,q,σ+λ‖u‖X(T ) for all q ∈ [r,∞]. (6.4)
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Consequently,

‖|u(t, ·)|p‖Lq � ‖u(t, ·)‖p
Lpq � (1 + t)−p(βr,δ

α,pq,σ−λ)‖u‖X(T )

� (1 + t)−p(βr,δ
α,p,σ−λ)‖u‖X(T ) (6.5)

for any q ∈ [r,∞] and due to βr,δ
α,pq,σ ≥ βr,δ

α,p,σ. Thanks to (5.3) and (6.5) we
can estimate

‖N0
α,σ(u)(t, ·)‖Lq � ‖u‖X(T )Iq(t) for all t ∈ [0, T ] and q ∈ [r,∞], (6.6)

where

Iq(t) =
∫ t

0

(1 + t − τ)−βr,δ
α,q,σ

∫ τ

0

(τ − s)α−1(1 + s)−p(βr,δ
α,p,σ−λ) ds dτ.

We are interested to estimate the function Iq(t) in (6.6). For this we apply
Lemma 7.11. We notice that p(βr,δ

α,p,σ − λ) > 1 if and only if

p > pα,λ,σ,r,δ(n) := max

{
pr

α,λ,σ(n);
1

1 − δ − λ

}
.

Consequently, by using Lemma 7.11 we may estimate Iq(t) as follows:

Iq(t) �
∫ t

0

(1+t−τ)−βr,δ
α,q,σ (1+τ)α−1 dτ � (1 + t)−βr,δ

α,q,σ+α � (1 + t)−βr,δ
α,q,σ+λ,

thanks to the fact that βr,δ
α,q,σ ∈ (0, 1 − δ] and α ∈ (0, 1). Therefore (6.5) gives

‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T ).

Finally, it remains to show (6.3). Let q ∈ [r,∞]. By Hölder’s inequality, for
u, v ∈ X(T ), and if p′ denotes the conjugate to p, then we have

‖|u(s, ·)|p − |v(s, ·)|p‖Lq

�
(∫

Rn

|u(s, x) − v(s, x)|q
(

|u(s, x)|p−1 + |v(s, x)|p−1

)q

dx

) 1
q

�
(∫

Rn

|u(s, x) − v(s, x)|pq dx

) 1
pq
(∫

Rn

(
|u(s, x)|p−1+|v(s, x)|p−1

)qp′

dx

) 1
qp′

� ‖u(s, ·) − v(s, ·)‖Lpq‖|u(s, ·)|p−1 + |v(s, ·)|p−1‖Lqp′

� ‖u(s, ·) − v(s, ·)‖Lpq

(
‖|u(s, ·)|p−1‖Lqp′ + ‖|v(s, ·)|p−1‖Lqp′

)

� ‖u(s, ·) − v(s, ·)‖Lpq

(
‖u(s, ·)‖p−1

Lqp′(p−1) + ‖v(s, ·)‖p−1

Lqp′(p−1)

)

� ‖u(s, ·) − v(s, ·)‖Lpq

(
‖u(s, ·)‖p−1

Lpq + ‖v(s, ·)‖p−1
Lpq

)

� (1 + s)−p(βr,δ
α,p,σ−λ)‖u − v‖X(T )

(
‖u‖p−1

X(T ) + ‖v‖p−1
X(T )

)
.
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Hence,

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Lq � Iq(t)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)

� (1 + t)−βr,δ
α,q,σ+λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

We deduce that

‖Pu − Pv‖X(T ) = ‖N0
α,σ(u) − N0

α,σ(v)‖X(T )

� ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Notice that p > pα,λ,σ,r,δ for all δ > 0 if and only if p > pα,λ,σ,r.

Remark 6.1. All the estimates (6.2) and (6.3) are uniformly with respect to
T ∈ (0,∞) if p > pα,λ,σ,r(n).

From (6.2) it follows that P maps X(T ) into itself for all T and for small
data. By standard contraction arguments (see [5]) the estimates (6.2) and (6.3)
lead to the existence of a unique solution to u = Pu and, consequently, to (1.3)
with m = 0, that is, the solution of (1.3) with m = 0 satisfies (5.3). Since all
constants are independent of T we let T tend to ∞ and we obtain a global (in
time) existence result for small data solutions to (1.3).
Finally, let us discuss the continuity of the solution with respect to t. The
solution satisfies the operator equation

u(t) = G0
α,σ(t) ∗ u0 + N0

α,σ(u)(t).

The above estimates for N0
α,σ(u) and the integral term

∫ t

0
in N0

α,σ(u) imply
for all T > 0

N0
α,σ(u) ∈ C

(
[0, T ], Lr(Rn) ∩ L∞(Rn)

)
with lim

t→+0
‖N0

α,σ(u)(t, ·)‖Lr∩L∞ = 0. (6.7)

Proposition 5.5 gives

G0
α,σ(t) ∗ u0 ∈ C

(
[0, T ], Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞). (6.8)

Consequently,

u ∈ C
(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞)

what we wanted to have.
If the data are large, then instead we get for p > 1 the estimates

‖Pu‖X(T ) ≤ C‖u0‖Lr∩L∞ + C(T )‖u‖p
X(T ),

‖Pu − Pv‖X(T ) ≤ C(T )‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
,

where C(T ) tends to 0 for T → +0. For this reason we can have for general
(large) data a local (in time) existence result of weak solutions only. The proof
is complete.



NoDEA Fractional σ-evolution equations Page 23 of 43 42

6.2. Proof of Theorem 2.2

If 1 ≤ n < 2σr
1+α , then for all q ∈ [r,∞] we obtain

n(1 + α)
2σ

(1
r

− 1
q

)
< 1 − n(1 + α)

2σq
≤ 1.

Hence, we can choose a positive δ such that there does not exist any q ∈ [r,∞]
which satisfies (6.1). For this reason,

βr,δ
α,q,σ = βr

α,q,σ :=
n(1 + α)

2σ

(1
r

− 1
q

)
.

We define the space

X(T ) := L∞((0, T ), Lr(Rn) ∩ L∞(Rn)
)

with the norm

‖u‖X(T ) := esssupt∈(0,T )

{
(1 + t)−λ‖u(t, ·)‖Lr + (1 + t)βr

α,∞,σ−λ‖u(t, ·)‖L∞
}
,

where βr
α,∞,σ = n(1+α)

2σr . For any u ∈ X(T ), we consider for m = 0 the operator

P : X(T ) −→ X(T ), Pu := (G0
α,σ(t) ∗ u0)(t, x) + N0

α,σ(u)(t, x).

We shall prove that

‖Pu‖X(T ) � ‖u0‖Lr∩L∞ + ‖u‖p
X(T ), (6.9)

‖Pu − Pv‖X(T ) � ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
. (6.10)

For the proof of (6.9), after taking into consideration the estimates (5.3), we
have

‖G0
α,σ(t) ∗ u0‖X(T )

= esssupt∈(0,T )

{
(1 + t)−λ‖(G0

α,σ(t) ∗ u0)(t, ·)‖Lr

+(1 + t)βr
α,∞,σ−λ‖(G0

α,σ(t) ∗ u0)(t, ·)‖L∞
}

� ‖u0‖Lr∩L∞ .

It remains to prove that ‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T ). If u ∈ X(T ), then we
derive by interpolation the following estimate:

‖u(t, ·)‖Lq � (1 + t)−βr
α,q,σ+λ‖u‖X(T ) for all q ∈ [r,∞]. (6.11)

Consequently,

‖|u(t, ·)|p‖Lq � ‖u(t, ·)‖p
Lpq � (1 + t)−p(βr

α,pq,σ−λ)‖u‖X(T )

� (1 + t)−p(βr
α,p,σ−λ)‖u‖X(T )

(6.12)

for any q ∈ [r,∞] and due to βr
α,pq,σ ≥ βr

α,p,σ. Thanks to (5.3) and (6.12) we
can estimate

‖N0
α,σ(u)(t, ·)‖Lq � ‖u‖X(T )Iq(t) for all t ∈ [0, T ] and q ∈ [r,∞], (6.13)

where

Iq(t) =
∫ t

0

(1 + t − τ)−βr
α,q,σ

∫ τ

0

(τ − s)α−1(1 + s)−p(βr
α,p,σ−λ) ds dτ.
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We notice that p(βr
α,p,σ − λ) > 1 if and only if

p > pr
α,λ,σ(n) := 1 +

n(r − 1)(1 + α) + 2σr(1 + λ)
(n − 2σr)(1 + α) + 2σr(1 + α − λ)

under the assumptions 1 ≤ σ < α+1
2λ and 1 ≤ r < α+1

2σλ . Consequently, by using
Lemma 7.11 we may estimate as follows:

Iq(t) �
∫ t

0

(1 + t − τ)−βr
α,q,σ (1 + τ)α−1 dτ � (1 + t)−βr

α,q,σ+λ,

thanks to the fact that βr
α,q,σ ∈ (0, 1) and α ∈ (0, 1). Therefore, (6.12) gives

‖Nα,σ(u)‖X(T ) � ‖u‖p
X(T ).

The proof of (6.10) is similar to the proof of (6.3) of Theorem 2.1. Then we
may conclude a uniquely determined solution

u ∈ L∞((0, T ), Lr(Rn) ∩ L∞(Rn)
)

for all T > 0.

As at the end of the proof of Theorem 2.1 we verify that the solution u belongs
even to

C
(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞).

The proof is complete.

6.3. Proof of Theorem 2.3

We define the solution space

X(T ) := L∞((0, T ),Hγ
r (Rn) ∩ L∞(Rn)

)
with the norm

‖u‖X(T ) := esssupt∈(0,T )

{
(1 + t)−λ‖u(t, ·)‖Hγ

r

+ (1 + t)1−δ−λ
(‖u(t, ·)‖Lq + ‖u(t, ·)‖L∞

)}
,

where q is defined as in Sect. 6.2. For any u ∈ X(T ), we consider for m = 0
the operator

P : X(T ) −→ X(T ), Pu := (G0
α,σ(t) ∗ u0)(t, x) + N0

α,σ(u)(t, x).

We shall prove that

‖Pu‖X(T ) � ‖u0‖Hγ
r ∩L∞ + ‖u‖p

X(T ), (6.14)

‖Pu − Pv‖X(T ) � ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
. (6.15)

For the proof of (6.14), after taking account of the estimates (5.3) and (5.2)
we have

‖G0
α,σ(t) ∗ u0‖X(T )

= esssup0≤t≤T

{
(1 + t)−λ‖(G0

α,σ(t) ∗ u0)(t, ·)‖Hγ
r

+ (1 + t)1−δ−λ
(‖(G0

α,σ(t) ∗ u0)(t, ·)‖Lq + ‖(G0
α,σ(t) ∗ u0)(t, ·)‖L∞

)}
� ‖u0‖Hγ

r ∩L∞ .
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It remains to prove for m = 0 that ‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T ). If u ∈ X(T ),
then we derive by interpolation the following estimate:

‖u(t, ·)‖Lq � (1 + t)−βr,δ
α,q,σ+λ‖u‖X(T ) for all q ∈ [r,∞]. (6.16)

Moreover, we have
‖u(t, ·)‖Ḣγ

r
� (1 + t)λ‖u‖X(T ). (6.17)

As in Sect. 6.1 we deduce

‖N0
α,σ(u)(t, ·)‖Lq � (1 + t)−βr,δ

q,σ+λ‖u‖X(T ) for all t ∈ [0, T ] and q ∈ [r,∞],

if and only if

p > pα,λ,σ,r,δ := max

{
pr

α,λ,σ(n);
1

1 − δ − λ

}
.

Now let us turn to the desired estimate of the norm ‖Nm
α,σ(u)(t, ·)‖Ḣγ

r
. We

need to estimate the norm ‖|u(t, ·)|p‖Ḣγ
r
. Applying Proposition 7.6, with p >

max{2; γ}, we obtain

‖|u(t, ·)|p‖Ḣγ
r

� ‖u(t, ·)‖Ḣγ
r
‖u(t, ·)‖p−1

L∞

� (1 + t)λ‖u‖X(T )(1 + t)(p−1)(λ+δ−1)‖u‖p−1
X(T )

� (1 + t)λ−(p−1)(1−δ−λ)‖u‖p
X(T )

� (1 + t)−((p−1)(1−δ−λ)−λ)‖u‖p
X(T ). (6.18)

Then
‖N0

α,σ(u)(t, ·)‖Ḣγ
r

� ‖u‖X(T )Ir(t) for all t ∈ [0, T ], (6.19)

where

Ir(t) =
∫ t

0

∫ τ

0

(τ − s)α−1(1 + s)−((p−1)(1−δ−λ)−λ) ds dτ. (6.20)

If

p > max{p0(λ, δ); γ},

where p0(λ, δ) = 1 + 1+λ
1−δ−λ , then

Ir(t) � (1 + t)α � (1 + t)λ.

We remark that p0(λ, δ) > 1
1−δ−λ and also p0(λ, δ) > 2. Then we deduce that

‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T )

if and only if

p > p1
α,λ,σ,r,γ,δ := max{pr

α,λ,σ(n); p0(λ, δ); γ}.

Finally, we have to show (6.15). From Sect. 6.1 we get for m = 0 the estimate

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Lq

� (1 + t)−βr,δ
α,q,σ+λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
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for all t ∈ [0, T ] and q ∈ [r,∞]. It remains to prove

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Ḣγ
r

� (1 + t)λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

From the above considerations it is sufficient to prove that

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

� (1 + s)λ+(p−1)(λ+δ−1)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

By using the integral representation

|u(s, ·)|p−|v(s, ·)|p = p

∫ 1

0

(u(s, ·)−v(s, ·))Q(ωu(s, ·)+(1−ω)v(s, ·)) dω, (6.21)

where Q(u) = u|u|p−2, we obtain

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

�
∫ 1

0
‖|D|γ((u(s, ·) − v(s, ·))Q(ωu(s, ·) + (1 − ω)v(s, ·)))‖Lr dω.

(6.22)

Applying the fractional Leibniz formula from Proposition 7.8 to estimate a
product in Ḣγ

r (Rn) we get

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

�
∫ 1

0

‖|D|γ(u(s, ·) − v(s, ·))‖Lr‖Q(ωu(s, x) + (1 − ω)v(s, x))‖L∞ dω

+
∫ 1

0

‖u(s, ·) − v(s, ·)‖L∞‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� ‖|D|γ(u(s, ·) − v(s, ·))‖Lr

(‖u(s, ·)‖p−1
L∞ + ‖v(s, ·)‖p−1

L∞
)

+ ‖u(s, ·) − v(s, ·)‖L∞

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� ‖u(s, ·) − v(s, ·)‖Ḣγ
r

(‖u(s, ·)‖p−1
L∞ + ‖v(s, ·)‖p−1

L∞
)

+ ‖u(s, ·) − v(s, ·)‖L∞

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� (1 + s)λ+(p−1)(λ+δ−1)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)

+ (1 + s)λ+δ−1‖u − v‖X(T )

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω.

We apply again Proposition 7.6 to estimate the term inside of the integral. In
this way we obtain

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lrdω

�
∫ 1

0

‖|D|γ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr

× ‖ωu(s, ·) + (1 − ω)v(s, ·)‖p−2
L∞ dω
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�
∫ 1

0

(1 + s)λ‖ωu + (1 − ω)v‖X(T )

× (1 + s)(p−2)(λ+δ−1)‖ωu + (1 − ω)v‖p−2
X(T )dω

�
∫ 1

0

(1 + s)λ+(p−2)(λ+δ−1)‖ωu + (1 − ω)v‖p−1
X(T ) dω

� (1 + s)λ+(p−2)(λ+δ−1)
(‖u‖p−1

X(T ) + ‖v‖p−1
X(T )

)
.

Then

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

� (1 + s)λ+(p−1)(λ+δ−1)
(‖u‖p−1

X(T ) + ‖v‖p−1
X(T )

)
.

Hence,

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Ḣγ
r

� (1 + t)λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

We deduce that

‖Pu − Pv‖X(T ) = ‖N0
α,σ(u) − N0

α,σ(v)‖X(T )

� ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Notice that p > p1
α,λ,σ,r,γ,δ for all δ > 0 if and only if p > pα,λ,σ,r,γ . Then we

may conclude a uniquely determined solution

u ∈ L∞((0, T ),Hγ
r (Rn) ∩ L∞(Rn)

)
for all T > 0.

As at the end of the proof of Theorem 2.1 we verify that the solution u belongs
even to

C
(
[0,∞),Hγ

r (Rn) ∩ Lq(Rn)
)

for all q ∈ [r,∞).

If the data are large, then instead we get for p > 2 the estimates

‖Pu‖X(T ) ≤ C‖u0‖Hγ
r ∩L∞ + C(T )‖u‖p

X(T ),

‖Pu − Pv‖X(T ) ≤ C(T )‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
,

where C(T ) tends to 0 for T → +0. For this reason we can have for general
(large) data a local (in time) existence result of weak solutions only. This
completes the proof.

6.4. Proof of Theorem 2.4

We define the solution space

X(T ) := L∞((0, T ),Hγ
r (Rn) ∩ L∞(Rn)

)
with the norm

‖u‖X(T ) := esssupt∈(0,T )

{
(1 + t)−λ‖u(t, ·)‖Hγ

r
+ (1 + t)βr

α,∞,σ−λ‖u(t, ·)‖L∞
}
,

where βr
α,∞,σ is defined as in Sect. 6.2. For any u ∈ X(T ), we consider for

m = 0 the operator

P : X(T ) −→ X(T ), Pu := (G0
α,σ(t) ∗ u0)(t, x) + N0

α,σ(u)(t, x).
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We shall prove that

‖Pu‖X(T ) � ‖u0‖Hγ
r ∩L∞ + ‖u‖p

X(T ), (6.23)

‖Pu − Pv‖X(T ) � ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
. (6.24)

For the proof of (6.23), after taking account of the estimates (5.3) and (5.2)
we have

‖G0
α,σ(t) ∗ u0‖X(T )

= esssupt∈(0,T )

{
(1 + t)−λ‖(G0

α,σ(t) ∗ u0)(t, ·)‖Hγ
r

+(1 + t)βr
α,∞,σ−λ‖(G0

α,σ(t) ∗ u0)(t, ·)‖L∞
)}

� ‖u0‖Hγ
r ∩L∞ .

It remains to prove for m = 0 that ‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T ). If u ∈ X(T ),
then we derive by interpolation the following estimate:

‖u(t, ·)‖Lq � (1 + t)−βr
α,q,σ+λ‖u‖X(T ) for all q ∈ [r,∞]. (6.25)

Moreover, we have
‖u(t, ·)‖Ḣγ

r
� (1 + t)λ‖u‖X(T ). (6.26)

As in Sect. 6.2 we deduce

‖N0
α,σ(u)(t, ·)‖Lq � (1 + t)−βr

α,q,σ+λ‖u‖X(T ) for all t ∈ [0, T ] and q ∈ [r,∞],

if and only if

p > pr
α,λ,σ(n).

Now let us turn to the desired estimate of the norm ‖N0
α,σ(u)(t, ·)‖Ḣγ

r
. We

need to estimate the norm ‖|u(t, ·)|p‖Ḣγ
r
. Applying Proposition 7.6 with p >

max{2; γ} we obtain

‖|u(t, ·)|p‖Ḣγ
r

� ‖u(t, ·)‖Ḣγ
r
‖u(t, ·)‖p−1

L∞

� (1 + t)λ‖u‖X(T )(1 + t)(p−1)(−βr
α,∞,σ+λ)‖u‖p−1

X(T )

� (1 + t)λ−(p−1)(βr
α,∞,σ−λ)‖u‖p

X(T )

� (1 + t)−((p−1)(βr
α,∞,σ−λ)−λ)‖u‖p

X(T ). (6.27)

Then
‖N0

α,σ(u)(t, ·)‖Ḣγ
r

� ‖u‖X(T )Ir(t) for all t ∈ [0, T ], (6.28)
where

Ir(t) =
∫ t

0

∫ τ

0

(τ − s)α−1(1 + s)−((p−1)(βr
α,∞,σ−λ)−λ) ds dτ. (6.29)

Notice that (p − 1)(βr
α,∞,σ − λ) − λ > 1 if and only if

p > p1
α;λ;σ;r(n) = 1 +

2σr(1 + λ)
(n − 2σr)(1 + α) + 2σr(1 + α − λ))

under the assumptions 1 ≤ σ < α+1
2λ and 1 < r < α+1

2σλ . If

p > p1
α;λ;σ;r(n),
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then

Ir(t) � (1 + t)λ.

We remark that pr
α,λ,σ(n) ≥ p1

α;λ;σ;r(n) > 2. Then we deduce that

‖N0
α,σ(u)‖X(T ) � ‖u‖p

X(T )

if and only if

p > max{pr
α,λ,σ(n); γ}.

Finally, we have to show (6.15). From Sect. 6.1 we get for m = 0 the estimate

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Lq

� (1 + t)−βr
α,q,σ+λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ] and q ∈ [r,∞]. It remains to prove

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Ḣγ
r

� (1 + t)λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

From the above considerations it is sufficient to prove that

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

� (1 + s)λ+(p−1)(−βr
α,∞,σ+λ)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

By using the integral representation

|u(s, ·)|p−|v(s, ·)|p = p

∫ 1

0

(u(s, ·)−v(s, ·))Q(ωu(s, ·)+(1−ω)v(s, ·)) dω, (6.30)

where Q(u) = u|u|p−2, we obtain

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

�
∫ 1

0
‖|D|γ((u(s, ·) − v(s, ·))Q(ωu(s, ·) + (1 − ω)v(s, ·)))‖Lr dω.

(6.31)

Applying the fractional Leibniz formula from Proposition 7.8 to estimate a
product in Ḣγ

r (Rn) we get

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

�
∫ 1

0

‖|D|γ(u(s, ·) − v(s, ·))‖Lr‖Q(ωu(s, x) + (1 − ω)v(s, x))‖L∞ dω

+
∫ 1

0

‖u(s, ·) − v(s, ·)‖L∞‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� ‖|D|γ(u(s, ·) − v(s, ·))‖Lr

(‖u(s, ·)‖p−1
L∞ + ‖v(s, ·)‖p−1

L∞
)

+ ‖u(s, ·) − v(s, ·)‖L∞

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� ‖u(s, ·) − v(s, ·)‖Ḣγ
r

(‖u(s, ·)‖p−1
L∞ + ‖v(s, ·)‖p−1

L∞
)

+ ‖u(s, ·) − v(s, ·)‖L∞

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω
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� (1 + s)λ+(p−1)(−βr
α,∞,σ+λ)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)

+ (1 + s)−βr
α,∞,σ+λ‖u−v‖X(T )

∫ 1

0

‖|D|γQ(ωu(s, ·)+(1 − ω)v(s, ·))‖Lr dω.

We apply again Proposition 7.6 to estimate the term inside of the integral. In
this way we obtain∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lrdω

�
∫ 1

0

‖|D|γ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr

× ‖ωu(s, ·) + (1 − ω)v(s, ·)‖p−2
L∞ dω

�
∫ 1

0

(1 + s)λ‖ωu + (1 − ω)v‖X(T )

× (1 + s)(p−2)(−βr
α,∞,σ+λ)‖ωu + (1 − ω)v‖p−2

X(T )dω

�
∫ 1

0

(1 + s)λ+(p−2)(−βr
α,∞,σ+λ)‖ωu + (1 − ω)v‖p−1

X(T ) dω

� (1 + s)λ+(p−2)(−βr
α,∞,σ+λ)

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Then

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

� (1 + s)λ+(p−1)(−βr
α,∞,σ+λ)

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Hence,

‖N0
α,σ(u)(t, ·) − N0

α,σ(v)(t, ·)‖Ḣγ
r

� (1 + t)λ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

We deduce that

‖Pu − Pv‖X(T ) = ‖N0
α,σ(u) − N0

α,σ(v)‖X(T )

� ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Summarizing we may conclude a uniquely determined solution

u ∈ L∞((0, T ),Hγ
r (Rn) ∩ L∞(Rn)

)
for all T > 0.

As at the end of the proof of Theorem 2.1 we verify that the solution u belongs
even to

C
(
[0,∞),Hγ

r (Rn) ∩ Lq(Rn)
)

for all q ∈ [r,∞).

If the data are large, then instead we get for p > 2 the estimates

‖Pu‖X(T ) ≤ C‖u0‖Hγ
r ∩L∞ + C(T )‖u‖p

X(T ),

‖Pu − Pv‖X(T ) ≤ C(T )‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
,

where C(T ) tends to 0 for T → +0. For this reason we can have for general
(large) data a local (in time) existence result of weak solutions only.
This completes the proof.
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6.5. Proof of Theorem 2.5

We recall that the solution of (1.3) is given by

u(t, x) = (Gm
α,σ(t) ∗ u0)(t, x) + Nm

α,σ(u)(t, x).

Let T > 0. We define the space

X(T ) := C
(
[0, T ];Lr(Rn) ∩ L∞(Rn)

)
with the norm

‖u‖X(T ) := sup
0≤t≤T

{
(1 + t)1−α

(‖u(t, ·)‖Lr + ‖u(t, ·)‖L∞
)}

.

For any u ∈ X(T ) we consider the operator

P : X(T ) → X(T ), Pu := (Gm
α,σ(t) ∗ u0)(t, x) + Nm

α,σ(u)(t, x).

We shall prove that

‖Pu‖X(T ) � ‖u0‖Lr∩L∞ + ‖u‖p
X(T ), (6.32)

‖Pu − Pv‖X(T ) � ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
. (6.33)

After proving (6.32) and (6.33) we may conclude the global (in time) result of
small data solutions in Theorem 2.5. Due to Proposition 5.6 we know that

Gm
α,σ(t) ∗ u0 ∈ C

(
[0,∞), Lr(Rn) ∩ L∞(Rn)

)
.

By using (5.4) we have

‖Gm
α,σ(t) ∗ u0‖X(T )

= sup
0≤t≤T

{
(1 + t)1−α

(‖(Gm
α,σ(t) ∗ u0)(t, ·)‖Lr +‖(Gm

α,σ(t) ∗ u0)(t, ·)‖L∞
)}

� sup
0≤t≤T

{
(1 + t)1−α(1 + t)−(1+α)

}‖u0‖Lr∩L∞

� sup
t≥0

{
(1 + t)1−α(1 + t)−(1+α)

}‖u0‖Lq∩L∞ � ‖u0‖Lr∩L∞ . (6.34)

It remains to prove ‖Nm
α,σu‖X(T ) � ‖u‖p

X(T ). If u ∈ X(T ), then by interpola-
tion we derive

‖u(t, ·)‖Lq � (1 + t)α−1‖u‖X(T ) for all t ∈ [0, T ] and q ∈ [r,∞].

On the other hand, we have

‖|u(t, ·)|p‖Lq ≤ ‖u(t, ·)‖p
Lpq � (1 + t)−p(1−α)‖u‖p

X(T )

for all t ∈ [0, T ] and q ∈ [r,∞].
(6.35)

Thanks to (5.4) and (6.35) we may derive the estimate

‖Nm
α,σu(t, ·)‖Lq � ‖u‖p

X(T )I(t) for all t ∈ [0, T ] and q ∈ [r,∞], where

I(t) =
∫ t

0

(1 + t − τ)−(1+α)

∫ τ

0

(τ − s)α−1(1 + s)−p(1−α) ds dτ.

(6.36)
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We are interested to estimate the right-hand side of (6.36). For this we
need the Lemma 7.11. We put

ω(τ) =
∫ τ

0

(τ − s)α−1(1 + s)−p(1−α) ds.

Thanks to Lemma 7.11 we obtain

ω(τ) �

⎧⎨
⎩

(1 + τ)α−1 if p > 1
1−α ,

(1 + τ)α−1 ln(2 + τ) if p = 1
1−α ,

(1 + τ)α−p(1−α) if p < 1
1−α .

(6.37)

If we assume that p > 1
1−α , then we obtain ω(τ) � (1 + τ)α−1.

Hence,

I(t) �
∫ t

0

(1 + t − τ)−(1+α)ω(τ) dτ �
∫ t

0

(1 + t − τ)−(1+α)(1 + τ)α−1 dτ.

(6.38)

Once more we apply Lemma 7.11 to (6.38) to obtain I(t) � (1 + t)α−1.
Hence, ‖Nm

α,σu‖X(T ) � ‖u‖p
X(T ). Finally, it remains to show (6.33). Let r ∈

[q,∞]. By Hölder’s inequality, for u, v ∈ X(T ), and if p′ denotes the conjugate
to p, then we have

‖|u(s, ·)|p − |v(s, ·)|p‖Lq

�
(∫

Rn

|u(s, x) − v(s, x)|q
(

|u(s, x)|p−1 + |v(s, x)|p−1

)q

dx

) 1
q

�
(∫

Rn

|u(s, x) − v(s, x)|pq dx

) 1
pq
(∫

Rn

(
|u(s, x)|p−1+|v(s, x)|p−1

)qp′

dx

) 1
qp′

� ‖u(s, ·) − v(s, ·)‖Lpq‖|u(s, ·)|p−1 + |v(s, ·)|p−1‖Lqp′

� ‖u(s, ·) − v(s, ·)‖Lpq

(‖|u(s, ·)|p−1‖Lqp′ + ‖|v(s, ·)|p−1‖Lqp′
)

� ‖u(s, ·) − v(s, ·)‖Lpq

(‖u(s, ·)‖p−1

Lqp′(p−1) + ‖v(s, ·)‖p−1

Lqp′(p−1)

)
� ‖u(s, ·) − v(s, ·)‖Lpq

(‖u(s, ·)‖p−1
Lpq + ‖v(s, ·)‖p−1

Lpq

)
� (1 + s)−p(1−α)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Hence,

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Lq � I(t)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
� (1 + t)α−1‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

We deduce that

‖Pu − Pv‖X(T ) = ‖Nm
α,σ(u) − Nm

α,σ(v)‖X(T )

� ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Remark 6.2. All estimates (6.32) and (6.33) are uniformly with respect to
T ∈ (0,∞) if p > 1

1−α .
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From (6.32) it follows that P maps X(T ) into itself for all T and for small
data. By standard contraction arguments (see [5]) the estimates (6.32) and
(6.33) lead to the existence of a unique solution to u = Pu and, consequently,
to (1.3), that is, the solution of (1.3) satisfies (6.34). Since all constants are
independent of T we let T tend to ∞ and we obtain a global (in time) existence
result for small data solutions to (1.3).
If the data are large, then instead we get for p > 1 the estimates

‖Pu‖X(T ) ≤ C‖u0‖Lr∩L∞ + C(T )‖u‖p
X(T ),

‖Pu − Pv‖X(T ) ≤ C(T )‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
,

where C(T ) tends to 0 for T → +0. For this reason we can have for general
(large) data a local (in time) existence result of weak solutions only. This
completes the proof.

6.6. Proof of Theorem 2.6

Let T > 0. We define the space

X(T ) := C
(
[0, T ],Hγ

r (Rn) ∩ L∞(Rn)
)

with the norm

‖u‖X(T ) := sup
0≤t≤T

{
(1 + t)1−α

(‖u(t, ·)‖Hγ
r

+ ‖u(t, ·)‖L∞
)}

.

For any u ∈ X(T ) we consider the operator

P : X(T ) → X(T ), Pu := (Gm
α,σ(t) ∗ u0)(t, x) + Nm

α,σ(u)(t, x).

We shall prove that

‖Pu‖X(T ) � ‖u0‖Hγ
r ∩L∞ + ‖u‖p

X(T ), (6.39)

‖Pu − Pv‖X(T ) � ‖u − v‖X(T )

(
‖u‖p−1

X(T ) + ‖v‖p−1
X(T )

)
. (6.40)

After proving (6.39) and (6.40) we may conclude the global (in time) existence
result of small data solutions in Theorem 2.6. Due to Proposition 5.6 we know
that

Gm
α,σ(t) ∗ u0 ∈ C

(
[0,∞),Hγ

r (Rn) ∩ L∞(Rn)
)
.

By using (5.4) we have

‖Gm
α,σ(t) ∗ u0‖X(T )

= sup
0≤t≤T

{
(1 + t)1−α

(‖(Gm
α,σ(t) ∗ u0)(t, ·)‖Hγ

r
+ ‖(Gm

α,σ(t) ∗ u0)(t, ·)‖L∞
)}

� sup
0≤t≤T

{
(1 + t)1−α(1 + t)−(1+α)

}‖u0‖Hγ
r

� sup
t≥0

{
(1 + t)1−α(1 + t)−(1+α)

}‖u0‖Hγ
r

� ‖u0‖Hγ
r ∩L∞ . (6.41)

It remains to prove ‖Nm
α,σu‖X(T ) � ‖u‖p

X(T ). If u ∈ X(T ), then we derive

‖u(t, ·)‖Hγ
r ∩L∞ � (1 + t)α−1‖u‖X(T ).
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On the other hand, applying Proposition 7.5 with p > max{2; γ} we obtain

‖|u(t, ·)|p‖Hγ
r

� ‖u(t, ·)‖Hγ
r
‖u(t, ·)‖p−1

L∞

� (1 + t)α−1‖u‖X(T )(1 + t)(p−1)(α−1)‖u‖p−1
X(T )

� (1 + t)−p(1−α)‖u‖p
X(T ). (6.42)

Moreover, we have

‖|u(t, ·)|p‖L∞ � (‖u(t, ·)‖L∞)p � (1 + t)−p(1−α)‖u‖p
X(T ). (6.43)

Thanks to (5.5), (6.42) and (6.43) we may derive the estimates

‖Nm
α,σu(t, ·)‖Hγ

r
� ‖u‖p

X(T )I(t) for all t ∈ [0, T ],

‖Nm
α,σu(t, ·)‖L∞ � ‖u‖p

X(T )I(t) for all t ∈ [0, T ],

where I(t) is as in (6.36). We recall that we obtain I(t) � (1 + t)α−1 for
p > 1

1−α . Hence, ‖Nm
α,σu‖X(T ) � ‖u‖p

X(T ). Finally, it remains to show (6.40).
We have

‖|u(s, ·)|p − |v(s, ·)|p‖L∞ � ‖u(s, ·) − v(s, ·)‖L∞
(‖u(s, ·)‖p−1

L∞ + ‖v(s, ·)‖p−1
L∞
)

� (1 + s)−p(1−α)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Hence,

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖L∞ � I(t)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
� (1 + t)α−1‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

It remains to prove

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Hγ
r

� I(t)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
� (1 + t)α−1‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

We have

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Hγ
r

≈ ‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Lr + ‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Ḣγ
r
.

Here f ≈ g means that g � f � g. As above we have

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Lr

� (1 + t)α−1‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

It remains to prove

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Ḣγ
r

� (1 + t)α−1‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ],

that is, it is sufficient to prove that

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

� (1 + s)−p(1−α)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.
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By using the integral representation

|u(s, ·)|p − |v(s, ·)|p = p

∫ 1

0

(u(s, ·) − v(s, ·))Q(ωu(s, ·) + (1 − ω)v(s, ·)) dω,

where Q(u) = u|u|p−2, we obtain

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

�
∫ 1

0

‖|D|γ((u(s, ·) − v(s, ·))Q(ωu(s, ·) + (1 − ω)v(s, ·)))‖Lr dω.

Applying the fractional Leibniz formula from Proposition 7.8 to estimate a
product in Ḣγ

r we get

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

�
∫ 1

0

‖|D|γ(u(s, ·) − v(s, ·))‖Lr‖Q(ωu(s, x) + (1 − ω)v(s, x))‖L∞ dω

+
∫ 1

0

‖u(s, ·) − v(s, ·)‖L∞‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� ‖|D|γ(u(s, ·) − v(s, ·))‖Lr

(‖u(s, ·)‖p−1
L∞ + ‖v(s, ·)‖p−1

L∞
)

+ ‖u(s, ·) − v(s, ·)‖L∞

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� ‖u(s, ·) − v(s, ·)‖Ḣγ
r

(‖u(s, ·)‖p−1
L∞ + ‖v(s, ·)‖p−1

L∞
)

+ ‖u(s, ·) − v(s, ·)‖L∞

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

� (1 + s)−p(1−α)‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)

+ (1 + s)−(1−α)‖u − v‖X(T )

∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω.

We apply again the Proposition 7.6 to estimate the term in the integral. In
this way we may conclude∫ 1

0

‖|D|γQ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr dω

�
∫ 1

0

‖|D|γ(ωu(s, ·) + (1 − ω)v(s, ·))‖Lr

× ‖ωu(s, ·) + (1 − ω)v(s, ·)‖p−2
L∞ dω

�
∫ 1

0

(1 + s)−(1−α)‖ωu + (1 − ω)v‖X(T )

× (1 + s)−(p−2)(1−α)‖ωu + (1 − ω)v‖p−2
X(T ) dω

�
∫ 1

0

(1 + s)−(p−1)(1−α)‖ωu + (1 − ω)v‖p−1
X(T ) dω

� (1 + s)−(p−1)(1−α)
(‖u‖p−1

X(T ) + ‖v‖p−1
X(T )

)
.
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Then

‖|u(s, ·)|p − |v(s, ·)|p‖Ḣγ
r

� (1 + s)−p(1−α)
(‖u‖p−1

X(T ) + ‖v‖p−1
X(T )

)
.

Hence,

‖Nm
α,σ(u)(t, ·) − Nm

α,σ(v)(t, ·)‖Ḣγ
r

� (1 + t)α−1‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
for all t ∈ [0, T ].

We deduce that

‖Pu − Pv‖X(T ) = ‖Nm
α,σ(u) − Nm

α,σ(v)‖X(T )

� ‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(T )

)
.

Remark 6.3. All estimates (6.39) and (6.40) are uniformly with respect to
T ∈ (0,∞) if p > max{2; γ; 1

1−α}.

From (6.39) it follows that P maps X(T ) into itself for all T and for small
data. By standard contraction arguments (see [5]) the estimates (6.39) and
(6.40) lead to the existence of a unique solution to u = Pu and, consequently,
to (1.3), that is, the solution of (1.3) satisfies the desired decay estimate. Since
all constants are independent of T , after letting T tend to ∞ we obtain a
global (in time) existence result for small data solutions to (1.3). If the data
are large, then instead we get for p > 2 the estimates

‖Pu‖X(T ) ≤ C‖u0‖Hγ
r ∩L∞ + C(T )‖u‖p

X(T ),

‖Pu − Pv‖X(T ) ≤ C(T )‖u − v‖X(T )

(‖u‖p−1
X(T ) + ‖v‖p−1

X(X)

)
,

where C(T ) tends to 0 for T → +0. For this reason we can have for general
(large) data a local (in time) existence result of weak solutions only. By the
same argument as above we obtain the desired results. The proof is complete.
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7. Appendix

7.1. Modified Bessel functions

Here we review basic properties of modified Bessel functions. These properties
can be found in [8] and [14].

Definition 7.1. The Bessel function Jμ of first kind and of order μ ∈ R is
defined by

Jμ(s) =
∞∑

k=0

(−1)k

k!Γ(k + μ + 1)

(s

2

)2k+μ

,

where μ is not allowed to be a negative integer. The modified Bessel function
J̃μ(s) is defined by J̃μ(s) := Jμ(s)

sμ .

Lemma 7.2. Let f ∈ Lp(Rn), p ∈ [1, 2], be a radial function. Then the inverse
Fourier transform is also a radial function and it satisfies

F−1(f)(x) =
∫ ∞

0

g(r)rn−1J̃n
2 −1(r|x|) dr, g(|x|) := f(x).

Lemma 7.3. Assume that μ is not a negative integer. Then the following rules
hold:

1. sdsJ̃μ(s) = J̃μ−1(s) − 2μJ̃μ(s),
2. dsJ̃μ(s) = −sJ̃μ+1(s),

3. J̃−1/2(s) =
√

2
π cos(s),

4. we have the relations

|J̃μ(s)| ≤ Ceπ|�μ| if |s| ≤ 1,

Jμ(s) = Cs− 1
2 cos

(
s − μ

2
π − π

4

)
+ O(|s|− 3

2 ) if |s| ≥ 1,

5. J̃μ+1(r|x|) = − 1
r|x|2 ∂rJ̃μ(r|x|), r �= 0, x �= 0.

7.2. Mittag-Leffler function

Here we review basic properties of Mittag-Leffler functions. These properties
can be found in [6] and [9]. The Mittag-Leffler function Eβ allows the following
implicit definition:

λ

Γ(β)

∫ t

0

(t − s)β−1Eβ(λsβ) ds = Eβ(λtβ) − 1. (7.1)

The Mittag-Leffler function Eβ(−tβ〈ξ〉2m,σ) with

Eβ(z) =
∞∑

k=0

zk

Γ(βk + 1)
, β ∈ C with �β > 0,

may be written in the following form:

Eβ(−tβ〈ξ〉2m,σ) =
1
β

(
exp
(
aβ(t

β
2 〈ξ〉m,σ)

)
+ exp

(
bβ(t

β
2 〈ξ〉m,σ)

))

+ lβ(t
β
2 〈ξ〉m,σ),
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where

aβ(y) = y
2
β exp(πi

β ) for y ≥ 0,

bβ(y) = y
2
β exp(−πi

β ) for y ≥ 0,

lβ(y) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

sin(βπ)
π

∫ ∞

0

y2sβ−1 exp(−s)
s2β + 2y2sβ cos(βπ) + y4

ds

= sin(βπ)
βπ

∫ ∞

0

exp(−y
2
β s

1
β )

s2 + 2s cos(βπ) + 1
ds for y > 0,

1 − 2
β for y = 0.

Here β = 1 + α. The proof can be found in the paper [6].

Remark 7.4. We have also the relation

exp
(
aβ(t

β
2 〈ξ〉m,σ)

)
+ exp

(
bβ(t

β
2 〈ξ〉m,σ)

)

= 2et〈ξ〉
2

1+α
m,σ cos( π

1+α ) cos
(
t〈ξ〉

2
1+α
m,σ sin

( π

1 + α

))

= 2e−ct〈ξ〉
2

1+α
m,σ cos

(
t〈ξ〉

2
1+α
m,σ

√
1 − c2

)
, where c = − cos

( π

1 + α

)
.

7.3. Results from Harmonic Analysis

We recall some results from Harmonic Analysis (cf. with [11]).

Proposition 7.5. Let r ∈ (1,∞), p > 1 and σ ∈ (0, p). Let Q(u) denote one of
the functions |u|p,±u|u|p−1. Then the following inequality holds:

‖Q(u)‖Hσ
r

� ‖u‖Hσ
r
‖u‖p−1

L∞

for any u ∈ Hσ
r (Rn) ∩ L∞(Rn). Here we use for γ ≥ 0 and 1 < q < ∞ the

fractional Sobolev spaces or Bessel potential spaces

Hγ
q (Rn) :=

{
f ∈ S′(Rn) : ‖f‖Hγ

q
:= ‖F−1(〈ξ〉γF (f))‖Lq < ∞}.

Moreover, 〈D〉γ stands for the pseudo-differential operator with symbol 〈ξ〉γ

and it is defined by 〈D〉γu = F−1(〈ξ〉γF (u)).

Proof. This result is a special case of the following more general inequality for
Triebel-Lizorkin spaces F σ

r,q:

‖Q(u)‖F σ
r,q

� ‖u‖F σ
r,q

‖u‖p−1
L∞ for any u ∈ F σ

r,q ∩ L∞,

where q > 0, whose proof may be found in [13, Theorem 1 in Section 5.4.3]. �

Proposition 7.6. Let r ∈ (1,∞), p > 1 and σ ∈ (0, p). Let Q(u) denote one of
the functions |u|p,±u|u|p−1. Then the following inequality holds:

‖Q(u)‖Ḣσ
r

� ‖u‖Ḣσ
r
‖u‖p−1

L∞

for any u ∈ Ḣσ
r (Rn) ∩ L∞(Rn), where

Ḣγ
q (Rn) := {f ∈ S′(Rn) : ‖f‖Ḣγ

q
:= ‖F−1(|ξ|γF (f))‖Lq < ∞}.

Here |D|γ stands for the pseudo-differential operator with symbol |ξ|γ and it is
defined by |D|γu = F−1(|ξ|γF (u)).
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Proof. We will use a homogeneity argument. For any positive λ we define
uλ(x) = u(λx). Applying Proposition 7.5 to uλ we get

‖Q(uλ)‖Hσ
r

� ‖uλ‖Hσ
r
‖uλ‖p−1

L∞ . (7.2)

Since for r ∈ (1,∞) we have the decomposition

‖v‖Hσ
r

≈ ‖v‖Ḣσ
r

+ ‖v‖Lr for any v ∈ Hσ
r

and the scaling properties

‖uλ‖Ḣσ
r

= λσ− n
r ‖u‖Ḣσ

r
, ‖uλ‖Lr = λ− n

r ‖u‖Lr and ‖uλ‖L∞ = ‖u‖L∞

diving both sides of (7.2) by λσ− n
r and taking the limit as λ → ∞ we obtain

the desired inequality. �

Proposition 7.7. Let r ∈ (1,∞) and σ > 0. Then the following inequality holds:

‖uv‖Hσ
r

� ‖u‖Hσ
r
‖v‖L∞ + ‖u‖L∞‖v‖Hσ

r

for any u, v ∈ Hσ
r ∩ L∞.

Proof. The result that we want to prove is a special case of the following
inequality for Triebel-Lizorkin spaces F σ

r,q:

‖uv‖F σ
r,q

� ‖u‖F σ
r,q

‖v‖L∞ + ‖u‖L∞‖v‖F σ
r,q

for any u, v ∈ F σ
r,q ∩ L∞, where q > 0, whose proof can be found in [13,

Theorem 2 in Section 4.6.4]. �

Finally let us state the corresponding inequality in homogeneous spaces
Ḣσ

r . For the proof it is possible to follow the same strategy as in the proof of
Proposition 7.6.

Proposition 7.8. (Fractional Leibniz formula) Let r ∈ (1,∞) and σ > 0. Then
the following inequality holds:

‖uv‖Ḣσ
r

� ‖u‖Ḣσ
r
‖v‖L∞ + ‖u‖L∞‖v‖Ḣσ

r

for any u, v ∈ Ḣσ
r (Rn) ∩ L∞(Rn).

The following result was proposed and proved by Marcello D’Abbicco
(University of Bari) and already used in a special case in [4]. We present the
proof to make the paper more self-contained.

Proposition 7.9. Let u0 ∈ Lr(Rn) ∩ L∞(Rn), n ≥ 1, r ≥ 1 and α ∈ (0, 1).
Then the function

u = u(t, x) =
(
G0

α,σ(t) ∗ u0

)
(t, x)

belongs to

C
(
[0,∞), Lr(Rn) ∩ Lq(Rn)

)
for all q ∈ [r,∞).
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Proof. Due to (3.2) we have

G0
α,σ(t, x) =

∫
Rn

eix·ξEα+1

(− tα+1|ξ|2σ
)
dξ.

The estimate (4.1) from Proposition 4.1 implies G0
α,σ(t, ·) ∈ L1(Rn) for all

t > 0. Moreover, G0
α,σ(t, ·) has the following scale-invariant property:

G0
α,σ(t, x) = t−nβG0

α,σ(1, t−βx) with β =
α + 1
2σ

. (7.3)

Consequently, we conclude for all t > 0 the relations

‖G0
α,σ(t, ·)‖L1 = ‖G0

α,σ(1, ·)‖L1 (7.4)

and ∫
Rn

G0
α,σ(t, x)dx =

∫
Rn

G0
α,σ(1, x)dx = 1. (7.5)

Let us choose a positive zero sequence {tl}l. We want to prove for a given
g ∈ Lp(Rn), p ∈ [1,∞), that the sequence {Tl ∗ g}l tends to g, where Tl(·) :=
G0

α,σ(tl, ·). We have liml→∞ Tl = δ0 in the distributional sense. Hence,
liml→∞ Tl ∗ g = g in distributional sense, too. But, this implies the desired
relation

∫
Rn G0

α,σ(t, x)dx = 1. Otherwise, if we would have for t > 0 the rela-
tion ∫

Rn

G0
α,σ(t, x)dx =

∫
Rn

G0
α,σ(1, x)dx = M ∈ C,

then we might conclude liml→∞ Tl ∗ g = Mg in the distributional sense, in
contradiction to liml→∞ Tl = δ0 in the distributional sense.
The scale-invariant property (7.3) implies for all positive δ∫

|x|≥δ

|Tl(x)|dx → 0 for l → ∞. (7.6)

Indeed, the relation (7.6) holds after taking account of∫
|x|≥δ

|Tl(x)|dx = t−nβ
l

∫
|x|≥δ

|G0
α,σ(1, t−β

l x)|dx

=
∫

|y|≥t−β
l δ

|G0
α,σ(1, y)|dy → 0.

Let us choose a function g having the additional regularity g ∈ C(Rn) ∩
L∞(Rn). We prove that the sequence {(Tl∗g)(x)}l tends to g(x) for all x ∈ R

n.
Using (7.5) we obtain

(Tl ∗ g)(x) − g(x) =
∫
Rn

(g(x − y) − g(x))Tl(y)dy.

For a fixed positive ε we choose κ = κ(ε, x) such that |g(x − y) − g(x)| < ε for
|y| < κ. Then,

|(Tl ∗ g)(x) − g(x)| ≤ ε

∫
|y|≤κ

|Tl(y)|dy + 2‖g‖L∞

∫
|y|≥κ

|Tl(y)|dy

≤ ε(‖G0
α,σ(1, ·)‖L1 + 2‖g‖L∞)
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for sufficiently large l = l(κ). This implies the desired relation liml→∞(Tl ∗
g)(x) = g(x) for all x ∈ R

n.
Applying Hölder’s inequality gives

|(Tl ∗ g)(x) − g(x)| ≤ ‖(g(x − ·) − g(x))Tl(·)‖L1

≤ ‖|g(x − ·) − g(x)|pTl(·)‖
1
p

L1‖Tl(·)‖
1
p′
L1 ,

where p′ is the conjugate exponent to p. From this estimate it follows

‖(Tl ∗ g − g)(·)‖p
Lp ≤ cp

∫
Rn

y

|Tl(y)|
(∫

Rn
x

|g(x − y) − g(x)|pdx
)
dy

= cp

∫
Rn

y

|Tl(y)|ϕ(−y)dy = cp(|Tl| ∗ ϕ)(0),

where we introduced

ϕ(−y) :=
∫
Rn

x

|g(x − y) − g(x)|pdx.

The function ϕ = ϕ(−y) is bounded and continuous. Consequently, we get
liml→∞ ‖(Tl ∗ g − g)(·)‖Lp = 0 what we wanted to have for all bounded and
continuous functions g ∈ C(Rn) ∩ L∞(Rn). Taking the set C0(Rn) ∩ L∞(Rn)
of such functions with compact support, then a density argument in Lp(Rn)
completes the proof. �
7.4. Inequalities

First we recall Young’s inequality.

Lemma 7.10. Let u ∈ Lp(Rn) and v ∈ Lr(Rn) with 1 ≤ p, r ≤ ∞. Then
u ∗ v ∈ Lq(Rn), where 1 + 1

q = 1
p + 1

r and

‖u ∗ v‖Lq � ‖u‖Lp‖v‖Lr .

Finally, we recall the following lemma from [2].

Lemma 7.11. Suppose that θ ∈ [0, 1), a ≥ 0 and b ≥ 0. Then there exists a
constant C = C(a, b, θ) > 0 such that for all t > 0 the following estimate
holds:∫ t

0
(t − τ)−θ(1 + t − τ)−a(1 + τ)−b dτ

≤
⎧⎨
⎩

C(1 + t)− min{a+θ;b} if max{a + θ; b} > 1,
C(1 + t)− min{a+θ;b} ln(2 + t) if max{a + θ; b} = 1,
C(1 + t)1−a−θ−b if max{a + θ; b} < 1.

(7.7)
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