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Abstract. Our aim is to verify that the functional in the virial identity
classifies the dynamics for nonlinear Schrédinger equations of local inter-
actions. In particular, we give a condition under that there exist stable
ground states. Our proof of this stability result is based on the ideas in
Colin (Ann Inst H Pincaré 23:753-764, 2006) and Shatah (Math Phys
91:313-327, 1983). However, we emphasize that our argument does not
use the strict convexity of the H'-norm of ground state with respect to
w: a key lemma is Lemma 4.8 below. Furthermore, we discuss the limiting
profile of ground states (see Theorem 4.4).
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1. Introduction

In this paper, we consider the following nonlinear Schrodinger equation:
O
Yot
where 9 is a complex-valued function of space-time R? x R with d > 1, A is the

Laplace operator on R?, and f is a complex-valued function on C satisfying
the following conditions:

(z,t) + Av(x,t) + f(h(z,t)) =0, (z,t) € RY x R, (NLS)

(N1) f is “super-linear around the origin” in the sense that f(z) = o(|z|) as
|z| — 0. In particular, f(0) = 0.
(N2) fis continuously differentiable in the real-sense. Furthermore, there exist
positive numbers p, g and C; such that 2 <p+1< ¢+ 1 < 2* and for
any z € C,
af

0
T+ 5 < Clap + 1=,
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where
g, (oo id=12,
T\ A ifd>3.
(N3) There exists a real-valued function F' on C such that F € C?(C,R) in
the real-sense, F'(0) = 0, and for any z € C,
OF
2&(42) = f(2).
(N4) S[zf(2)] =0 for any z € C.
We introduce a functional K as

K(w) = |Vule =5 [ Glute) o (1.1)

where

G(z) :=zf(z) — 2F(z2). (1.2)
In the study of behavior of solutions to the Eq. (NLS), the following identity,
called the virial identity, plays an important role:

2
5 | laPlote, 0 de = sK(w(o). (13)

Indeed, employing this identity, Glassey proved that some solutions blow up in
finite time (see [13]). Moreover, recently, the importance of the virial identity
has been recognized in the scattering theory (see [1,10,16,17]).

The aim of this paper is to investigate the dynamics for (NLS) under
a certain condition for the functional C, rather than the nonlinearity f. In
particular, we want to clarify that the properties of K determine the dynamics
of the Eq. (NLS) (see Corollary 2.2, Corollary 3.1 and Theorem 4.2).

Now, let us recall basic results for the Eq. (NLS). It is well known that the
Cauchy problem for the Eq. (NLS) is locally well-posed in H*(R) under the
conditions (N1) and (N2) (see, e.g., [6,7,15]). Moreover, the Eq. (NLS) is gov-
erned by the Hamiltonian under the condition (N3). Indeed, the Hamiltonian
H: H'(R?) — R is given by

H(u) = %Hwn; - /R F(u(z)) de, (1.4)

and conserved in time for any H!'-solution. The condition (N3) also gives us
the conservation of the momentum

%/ u(z)Vu(x) dz. (1.5)
Rd
Under the condition (N4), we have the conservation of the mass
1
M(u) = 3 [[ullZ- (1.6)
In addition to these functionals, we also introduce the action S,:

S, = wM+H. (1.7)

Obviously, the action of a solution is conserved in time.
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Next, we recall fundamental notions for solutions. Let ¢ be a solution to
(NLS) with the maximal existence interval (Tinin, Tmax)- Then, we say that ¢
scatters to a free solution in H'(R?) forward in time if T}y = oo and there
exists ¢ € H'(R?) such that

Jim (1) — ¢ ]| 1 = 0. (18)

On the other hand, we say that ¢ blows up (grows up, respectively) forward
in time if Tiax < 00 (Thax = 00, respectively) and

limsup ||V (t)|| 2 = oc. (1.9)

> I max

The corresponding notions for the backward in time are defined similarly. In
addition, we say that 1 is a standing wave of frequency w, if ¢ is of the form
W(w,t) = ™ u(x): it is easy to see that u must satisfy the equation

wu — Au — f(u) =0. (1.10)

Note here that
S (u)¢ = (wu— Au— f(u),d) -1 m (1.11)
for any ¢ € H'(R?). Thus, the existence of solution to (1.10) is equivalent to
the existence of critical point of the action S,,. We want to take this opportu-

nity to remember the notions of ground state and its stability. A function @,
is called a ground state of (1.10) if it is a solution to (1.10) and satisfies

Su(Qu) = min {S,(u): u is a non-trivial H'-solution to (1.10)}.  (1.12)

For each w > 0, we use the symbol G, to denote the set of all ground states
to (1.10). The set G, is said to be stable if for any e > 0, there exists 6 > 0
such that if a function vy € H*(RY) satisfies

inf - <, 1.13
Jnf o= Qlln (1.13)
then the solution ¢ to (NLS) with (0) = 1y obeys
sup inf [[0(t) — Qll <=, (1.14)
t€ Imax Q€9w

where [,.x is the maximal interval where 9 exists.
Now, we shall give an outline of this paper. In Sect. 2 below, we consider
the case where the functional K is non-negative:

K(u) >0  for any u € HY(R?). (K0)
An example of nonlinearity for which (K0) holds is
f(z) = —|z|P 7tz — |27 2. (1.15)

We will see that all solutions to (NLS) is uniformly bounded in H'(R¢) un-
der the condition (K0) (see Corollary 2.1 below). Furthermore, we discuss
the global well-posedness and the scattering problem under some additional
assumptions.



5 Page 4 of 27 T. Akahori, H. Kikuchi, and T. Yamada NoDEA

In Sect. 3, we consider the following condition: for any non-trivial function
u € H'(R?), there exists a unique number A(u) > 0 such that

>0 if0< A< A(u),
K(Thu) ¢ =0 if A= A(u), (K1)
<0 if Au) < A,

where
d
Thu(z) == A2u(Ax). (1.16)
In particular, the condition (K1) implies that
lim G(s) > 0. (1.17)
§—00

Typical examples of such nonlinearity are
F2) = =l 2 + |21 2, (1.18)
f(2) =12l e + 2|77 s, (1.19)

where 2—1—% < p+1 < g+1 < 2*.In [2], the condition (K1) was already discussed
and the existence of ground state to the Eq. (1.10) is proved. Furthermore, it is
shown that for any solution ¢ below “ground state threshold”, if K£(¢(0)) > 0,
then 1) scatters to a free solution both forward and backward in time; and if
K(1(0)) < 0, then 9 blows up or grows up both forward and backward in time.
Recently, we became aware that some condition in [2] is redundant. Hence, we
give a slight refinement of the result in [2] (see Corollary 3.1 below).
Note here that the condition (KO0) or (K1) rules out the nonlinearity

fz) =12lP7 e = 2|77 s, (1.20)

where 1 < p < ¢g. Thus, in Sect. 4, we consider nonlinearities including (1.20).
Precisely, we assume that there exists 0 < s; < s5 such that

>0 if0<s<sy,

G(s) { <0 if sy <s. (K2)
Note here that if 2+ % < p+ 1 in (N2), then (K2) implies that there exists
a function ug € H*(R?) such that K (Thug) changes its sign at least twice
as a function of A. Under this condition (K2), we will see that all solutions
to (NLS) exist globally in time (see Proposition 4.1 below). Moreover, for
d > 3 and w > 0, we discuss the existence and the stability of ground state
(see Theorems 4.1 and 4.2). Here, we emphasize that our argument for the
stability does not need any “strict convexity” with respect to w: a key lemma
is Lemma 4.8 below. Furthermore, we discuss a limiting profile of ground states
as frequencies w tends to w, (see Theorem 4.4).

2. (NLS) under the condition (KO)

In this section, we assume (KO0), so that the virial functional K is non-negative.
Then, we see that

0 < MK (u(X)) = M| Vul|2, — g/Rd G(u) dz (2.1)
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for all u € H*(RY) and all A > 0. Furthermore, taking A — 0, we find that
G(u)dx <0 (2.2)
Rd
for all u € H*(R?). Thus, we could conclude:

Lemma 2.1. Let d > 1, and assume the conditions (N1) through (N4). Then,
the condition (KO) is equivalent to

G(z) <0 (2.3)
for any z € C.

Proof of Lemma 2.1. Obviously, the condition (2.3) implies (K0). The oppo-
site claim would be immediate from (2.2). However, for the sake of complete-
ness, we give a proof. Assume (K0) in addition to (N1) through (N4). Further-
more, suppose for contradiction that (2.3) failed. Then, we could take zy € C
such that

G(Z()) > 0. (24)
Let n be a positive integer, and define the complex-valued function u,, by
20 if |z] < n,
Un(x) =< (n+1—|z[)z0 ifn<|z|<n+1, (2.5)
0 ifn+1<|z|

We consider K(uy,). We decompose K(uy,) = I, — J,,, where
1, = / |V (z)? doe — d/ G(up(x)) dz, (2.6)
n<|z|<n+1 n<|z|<n+1

Jni=d G(un(x)) dx. (2.7)

lz|<n

It is easy to verify that

[1,] < / |z0|* dx + d sup |G(z)|dz <n?t (2.8)
n<lel<n+1 n<Jel<n+1 |21<] 2]

On the other hand, it follows from (2.4) that
In = d/ G(20) dx = G(z0)n. (2.9)
|z[<n

Hence, we see from (2.8) and (2.9) that for any sufficiently large n, |I,,| < Jy,
so that IC(u,) < 0. However, this contradicts the condition (KO0). Thus, we
have proved that (2.3) holds. O

In addition to Lemma 2.1, we have:

Lemma 2.2. Let d > 1. Assume the conditions (N1) through (N4). Then, the
condition (KO0) implies that F(z) <0 for any z € C.
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Proof of Lemma 2.2. Since

0 F(r) G(r)

il = 2.10
or r? r3 (2.10)

for any 7 > 0, Lemma 2.1 shows that 7~2F(r) is non-increasing on (0, o).

Furthermore, it follows from Lemma A.1 that F(z) = F(|z|). Hence, we find

from (A.8) in Lemma A.2 that F(z) <0 for any z € C.

Using Lemma 2.2 and the conservation laws of energy (1.4) and mass
(1.6), we can obtain the uniform boundedness of solutions in H!(R9):

Proposition 2.1. Let d > 1. Assume the conditions (N1) through (N4) and
(KO). Then, any solution v to (NLS) satisfies
sup [[Y(®)[I7n < M(1(0)) + H(4(0)). (2.11)
t€Imax (¢)
Next, we discuss the global well-posedness and the scattering problem.
Let us begin with reminding readers the following result by Nakanishi [19]:

Theorem 2.1. Let d > 1. Assume the conditions (N1) through (N4). Further-
more, assume 2—!—% <p+1<gqg+1<2*in(N2) and

d F(s) G(s)

g =g <0 (2.12)
for any s > 0. Then, any solution to (NLS) exists globally in time and scatters
to a free solution in H'(R?) both forward and backward in time.

The condition (2.12) in Theorem 2.1 is equivalent to (K0) (see Lemma
2.1). Hence, we can rephrase Theorem 2.1 in terms of the virial functional K:

Corollary 2.2. Let d > 1. Assume (N1) through (N4) and (KO). Furthermore,
assume 2+ 5 < p+1 < g+1 < 2* in (N2). Then, any solution to (NLS)
scatters to a free solution in H'(R®) both forward and backward in time.

Remark 2.1. In Corollary 2.2, we could include the case ¢ + 1 = 2* for radial
solutions, using the argument similar to [21] and assuming that

of y_9f of y_9f

8z(z)_8z(w)’+ BZ(Z) 8z(w) <Cy (|z—w\p_1+\z—w|ﬁ>.

3. (NLS) under the condition (K1)

In this section, we consider the Eq. (NLS) under the condition (K1). Our aim
here is to give a slight refinement of the result in [2].
Let us begin with a brief introduction to [2]. In that paper, the following
condition, in addition to (N1) through (N4) and (K1), is assumed:
F
lim (s) = 0. (3.1)

$—00 82+%

Then, for any w > 0, the existence of ground state to the Eq. (1.10) is proved
via the following variational problem

m,, = inf {S,(u): u € H'(R?)\ {0}, K(u) =0}. (3.2)
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Furthermore, it is proved that: if a solution to (NLS) starts from the set

Ayt ={ue HY(RY): S, (u) < my, K(u) > 0}, (3.3)
then it scatters to a free solution; and if a solution starts from

Ay ={ue H'(RY): Su(u) < my, K(u) <0}, (3.4)
then it blows up or grows up. Note here that

{ue H'(RY: S,(u) <my} = A, UA, _ U{0} (3.5)

We became aware that we do not need to assume the condition (3.1).
Indeed, we have:

Lemma 3.1. Let d > 1. Assume the conditions (N1) through (N4) and (K1).
Furthermore assume that 1 < p in (N2). Then, (3.1) holds.

Proof of Lemma 3.1. Let u € H'(R%)\ {0}. Then, we shall show that

lim ¢~2"4 G(tu(z)) dx = oo. (3.6)

t—o0 R4

We see from the assumption (K1) that for any a > 0, there exists A(au) > 0
such that for any A > A(au),

K(Tx(au)) = a®\?||Vul3, — )\_dg/ G(/\%au(aj)) dz < 0. (3.7)
Rd

Hence, we find that for any A > A(au),

d
-

(f%HVuH%Z < ()\%a) 5

/ G\ au(z)) da. (3.8)
Rd

Since a is arbitrary, we obtain (3.6).
Next, let t > 0, and use Lemma A.2 to obtain

F) _ -4 /tG(S)dS_ti /t Grl8) o 44 /t Gils) - Gls) ds,
0 0 0

t2+% 83 83 33
(3.9)
where G4 (s) := max{G(s),0}. Note here that the assumption (K1) implies
that there exists sy > 0 such that

0 < inf G(s). (3.10)

§>54

Moreover, it follows from G(s) = G4(s) for s > sy, (A.1) and (A.2) with
p+1> 2 that

L Gi(s) — Gls) T G(s) —G(s)
/0 D ds < /0 a8 ds < C(sy) (3.11)

for all ¢ > 0, where C(sy) > 0 is some constant depending only on s, p, ¢
and the constant C; in (N2). Using (3.9), (3.11), substitution of the variables

s=t(14+7)""F and G < G, we see that
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F(t) _ s [1G4(s) —4
2+3 =t 0 8 ds = Cls4)te
> L1y / Go(t(1+7)"F) i r = Cs)t 8 (3.12)
0
> %f%%/ G(t(1+ |x|)7%) dx — C(5+)t7%-
]Rd

Since u(x) := (1+ \z|)’% € HY(R%)\ {0}, we find from (3.12) and (3.6) that
(3.1) holds. O

Now, we restate the result in [2] without assuming the condition (3.1):

Corollary 3.1. Let d > 1. Assume the conditions (N1) through (N4) and (K1).
Furthermore, assume 2 +§ <p+1<qg+1<2 in(N2). Then, for any
w > 0, there exists a ground state Q,, to the Eq. (1.10) such that S,(Q.) = my,.
Furthermore, if g € A, 4, then the corresponding solution v scatters to a free
solution in H'(RY) both forward and backward in time; and if 1o € A, _, then
the corresponding solution ¥ blows up or grows up both forward and backward
m time.

4. (NLS) under the condition (K2)

In this section, in addition to (N1) through (N4), we always assume (K2). Our
aim here is to prove the existence and stability of ground state to the Eq. (1.10).
Moreover, we discuss a limiting profile of ground sate under an additional
condition which still includes the nonlinearity (1.20) (see Theorem 4.4).

4.1. Statement of main results

In order to state our main results (Theorems 4.1 and 4.2), we need some
preparations. Let us begin with the following easy fact:

Lemma 4.1. Let d > 1. Assume (N1) through (N4) and (K2). Then, F(s)/s?
is strictly increasing on [0, s1), positive on (0,s1), and strictly decreasing on
(s9,00). In particular, the function F(s)/s® takes the positive mazimum on
[0, 0).

Proof of Lemma 4.1. The claim follows from the condition (K2), (A.7) and
(A.8) in Lemma A.2. O

Using this lemma, we immediately obtain the uniform boundedness in
H'(R?):
Proposition 4.1. Let d > 1. Assume (N1) through (N4) and (K2). Then, any
solution ¢ to (NLS) satisfies

Fs(f ))MW(O)) +2H((0).  (41)

sup [v(&)]%: < 2(1+ max
€ Lmax (V) 520

In particular, if ¢ +1 < 2* in (N2), then any solution exists globally in time.
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Proof of Proposition 4.1. We see from Lemmas A.1 and 4.1 that

1 F(s)
jwwwﬁe=HW@D+AﬁWWﬁmdeHW@»+§% RIS
(4.2)
Thus, the desired result follows from the mass and the Hamiltonian conserva-
tion laws. g

In order to describe our main results, we need more preparations. Assume
d > 3. Then, any solution @Q,, to the Eq. (1.10) necessarily satisfies the following
“Pohozaev identity” (see [4]):

1 w
V@l = oM@ + [ FQo == [ {$10.F - F(@.)} dn

(4.3)
From the point of view of (4.3), we introduce

wy i=sup { w > 0: ;Izlg [ws® —2F(s)] <0} . (4.4)

Since maxs>q F'(s)/s? is finite and positive (see Lemma 4.1), the following
lemma tells us that w, is finite and positive:

Lemma 4.2. Let d > 1. Assume (N1) through (N4) and (K2). Then,

F
Wy = 2max (s)
s>0 8

(4.5)

Proof of Lemma 4.2. Tt follows from Lemma 4.1 that there exists spmax €

[51, 82] such that F(smax)/s2 . = maxs>o F(s)/s?. Thus, if
F F(Smax
w < 2max @):2(2 ), (4.6)
s>0 S Shax
then we have
F max
inf [ws? — 2F(s)] < 82, {w - 2(2)} < 0. (4.7)
520 Sax
On the other hand, if
F(Smax
w > 2max (2): iz a)7 (4.8)
then we have
F(s)  F(s)
2 2
ws” —2F(s) > 2s {2135(52 -2 >0 (4.9)
for any s > 0. Hence, we find that (4.5) holds. O

Now, we are in a position to state our main results:

Theorem 4.1. Assume d > 3, (N1) through (N4) and (K2). Then, for any
w € (0,w,), there exists a ground state Q,, to the Eq.(1.10), that is S, # 0.

Remark 4.1. See [14] for the existence of ground state in the dimension 2.
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Theorem 4.2. Assume d > 3, (N1) through (N4) and (K2). Then, there exists
a sequence {wy} in (0,w.) such that lim, .. w, = w. and the set G, is stable
for all n.

Remark 4.2. If the ground state is unique up to the phase shifts and the
space-translations, then Theorem 4.2 corresponds with the orbital stability of
the standing wave. It is known that the uniqueness holds for the nonlinearity
(1.20) (see [20]).

We give proofs of Theorems 4.1 and 4.2 in Sect. 4.2 and Sect. 4.3, respec-
tively. Moreover, we discuss a limiting profile of ground state in Sect. 4.4.
4.2. Existence of ground state

In this section, we shall prove Theorem 4.1. From the point of view of (4.3),
we introduce the Pohozaev functional P, to be that for all u € H'(R?),

1
Pw(u) = ||VU||L2 + = / {w|u|2 —2F }dx
(4.10)
= ;\\Vu\liz + wM(u) —/ F(u) dz.
Rd
Note here that
Puu(r)) = A~ [”wnm 41 / ol — 27 }dx}
(4.11)

— [AQ [Vull72 + Po(u )}

for any A > 0 and any v € H'(R?). Then, we consider the following variational
problem:

d(w) == inf {S.,(u): w e H'(RY)\ {0}, P.(u) = 0}. (4.12)
A significance of the variational problem (4.12) is as follows.
Proposition 4.2. Assume d > 3, (N1) through (N4) and (K2). Then, any

minimizer of the variational problem (4.12) becomes a ground state to the
Eq.(1.10).

Thus, Theorem 4.1 follows from the following proposition:
Proposition 4.3. Assume d > 3, (N1) through (N4) and (K2). Then, for

any w € (0,w,), there exists a non-trivial function Q, € H*(R?) such that
Pu(Qu) =0 and d(w) = S8,(Q.), that is, Q, is a minimizer for (4.12).

Before proceeding to the proofs, we give a result immediately follows from
these propositions:

Corollary 4.3. Assume d > 3, (N1) through (N4) and (K2). Then, any ground
state to the Eq.(1.10) is a minimizer of the variational problem (4.12).

Proof of Corollary 4.3. Let Q. be a ground state to (1.10). Since Proposi-
tion 4.2 shows that any minimizer is a solution to (1.10), we have d(w) >
S (Qy,). Furthermore, it follows from the Pohozaev identity (4.3) that P, (Q.,)
= 0. Then, we also have d(w) < 8,(Q.). Hence, Q,, is a minimizer. O
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We will give proofs of Propositions 4.2 and 4.3 after some preparations.
First, we note that

§ulw) =~ Pulu) = [ Vul? (4.13)

for any function v € H'(R?). Considering this relation, we introduce a varia-
tional value

d(w) := inf {;Vuﬁz: u € HY R\ {0}, P,(u) < O} : (4.14)

Lemma 4.3. Assume d > 3, (N1) through (N4), and (K2). Then, for each
w >0,
d(w) = d(w) > 0. (4.15)

Proof of Lemma 4.3. Using (4.13), we can verify that d(w) < d(w). Let u €
H'(R?) \ {0} be an arbitrary function with P,(u) < 0. Then, we see from
(4.11) that there exists Ag(u) > 1 such that

Pu(u(Xo-)) = 0. (4.16)
Thus, it follows from the definition of d(w), (4.13) and A\g > 1 that

() < Su(u0)) = SIV@O) I3 < 5“2 S IVuls < 5IVala,
(4.17)
which implies d(w) < d(w). Hence, d(w) = d(w). It remains to show that
d(w) > 0. Let u € H'(R%) \ {0} be a function with P,,(u) < 0. Then, we see
from (A.8) in Lemma A.2, (A.2) and Sobolev’s embedding that

g IVule + Slulfe < [ Pludde < Sl + CIVults (@13)
where C' > 0 is some constant depending on w, but not on u, so that

2% < O Vu|2, 2 (4.19)

This implies that d(w) > 0. O

Now, we are in a position to prove Proposition 4.2:

Proof of Proposition 4.2. Since any solution to the Eq. (1.10) satisfies the Po-
hozaev identity (4.3), it suffices to show that any minimizer becomes a solution
to (1.10). Suppose for contradiction that the claim was false, and let @, be a
minimizer. Then, we can take a function ug € H'(R?) such that

SL(Qu)ug = (WQuw — AQu — [(Qu), uo) -1 1 = —1. (4.20)
For a given A > 0, we put Q, x(x) := Qu(Ax). Then, it follows from P, (Q,) =
0 that

>0 ifo<A<l1
d—2 ’
(Qw,)\) = 7)\7(d+1) ()\2 - 1)T”VQW”%2 =0 if A= 17
<0 1<,

d
oS
(4.21)
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Hence, we find that
Su(Qu) = max S (Qu,n)- (4.22)

Moreover, since S,, is of class C', we can take dy € (0, §) such that if A —1| <
607
3 1
L s Quam < L. (4.23)
Let 1 denote the even function on R such that

[ —r41 if0<r<l1,
n(r) = {0 if1<r. (4.24)
Moreover, let 6 € (0,0¢) be a constant to be chosen later, and put
A—1
Uons = Qua + 677( )uo. (4.25)

Then, we see from P, (Q.) = 0 that

Po(Ui1-56) = PulQuyi—s) = {(1 = 8)* " = (1 - 48)~ }*IIVlele <0,
(4.26)

PoUs456) = PolQuyivs) = {(1+68)*77 = (1+6)~ d} L IVQulz: > 0.
(4.27)

Thus, we can take A\g € (=9, ) such that P, (U, r,.s) = 0. Hence, we see from
the definition of d(w), (4.23), elementary calculations and (4.22) that

d(©) < SulUsro.s)
= 50(Qu) + S0 Q)0 Yot 0(Tr0 — Q)

§u(@ura) — 3on( 2 0) +olon(22)

<8.(@) - 3on(*57)

< 8,(Qu) = d(w).

(4.28)
However, this is a contradiction. Hence, the claim of Proposition 4.2 is true. [

Next, we give a proof of Proposition 4.3. Considering a minimizing se-
quence of the variational problem (4.12), we see that Proposition 4.3 immedi-
ately follows from the following lemma:

Lemma 4.4. Assume d > 3, (N1) through (N4) and (K2). Let w > 0, and let
{un} be a sequence in H(R?) such that
lim S, (uyn) = d(w), (4.29)

n—oo

lim P, (u,) = 0. (4.30)
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Then, there exists a subsequence of {uy} (still denoted by the same symbol), a
non-trivial function us, € H*(R?) and sequence {y,} in R such that

Hm (- 4 Yn) = oo strongly in H*(R?). (4.31)
n—oo
In particular, us is a minimizer of the variational problem (4.12).

Remark 4.3. We will also use this lemma in the proof of Theorem 4.2 (see
Sect. 4.3). This is the reason why we consider the condition (4.30), rather
than P(u,) = 0 for all n.

Proof of Lemma 4.4. We see from (4.13) and the assumptions (4.29) and (4.30)
that

1
lim ||Vun||L2 = hrn Sw(un) — lim Py (u,) = d(w). (4.32)
Thus,
1 1
— < Z 2, < .
(@) < LV, < 2aw) (4.33)

for any sufficiently large n.
Fix 1 < gy < d+2 . Then, it follows from (A.8) in Lemmas A.2 and 4.1
(or Lemma 4.2) that there exists Cy > 0 such that for any z € Z,

F(z) < %\z|2 + Cylz|+1, (4.34)

Recall that d(w) > 0 (see Lemma 4.3). Hence, we see from the assumption
(4.30), (4.34) and the Gagliardo-Nirenberg inequality that for any sufficiently
large n,

1 w w 1
Po(tn) > QillvunH%Q + 5”“%“%2 - *HUWH%? - COHUnH%Dq—gH
(4.35)

w 41-¢ d(tzo 1)
> L llunlzz = Cllunl |72 R

where C is some positive constant independent of n. Since go+ 1 — (q02 D 2,
this inequality (4.35) together with the assumption (4.30) and (4.33) 1mphes
that

unllZe S 1, (4.36)

~

where the implicit constant may depend on w, but is independent of n. More-
over, we find from the first line in (4.35) and (4.33) that

Po(un) 2 dw) — CHUnH%Oqtiu (4.37)
which together with the assumption (4.30) yields
d(w) S JJun | % (4.38)

for any sufficiently large n. Thus, Lemma B.1 can apply to {u,} with p; = 2,
P2 = qo + 1 and ps = 2*: there exist constants C' > 0, n > 0 such that

{x € RY: |uy(x)| > n}| > C (4.39)
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for any sufficiently large n. Since {u,} is bounded in H'(R?), it follows from
Lemma B.2 that we can extract a subsequence of {u,} (still denoted by the
same symbol), a non-trivial function u., and a sequence {y,,} in R? such that

lim uy, (- + Yn) = Uoo weakly in H'(R?). (4.40)
Furthermore, we see from Lemma B.3 that
lim [[Vun|* = [V{un — oo }* = [Vuos || dz =0, (4.41)
n—od Rd
lim {Py,(un) = Pu(tn — Uoo) — Pultico) } = 0. (4.42)

Suppose here that P, (us) > 0. Then, we see from (4.42) and the assumption
(4.30) that
lim P, (ty, — tUso) = —Pu(teo) < 0. (4.43)

Thus, it follows from the definition of d(w) and d(w) = d(w) (see Lemma 4.3)
that

1
d(w) < =[[V{un = uoc} 72 (4.44)
for any sufficiently large n. This together with (4.41) and (4.32) shows that
1 1.,
LIVl = 5 m {1 Vunle ~ [ Fun +yn) ~ Vel }
<d(w) —d(w) = 0.

However, this contradicts the non-triviality of u... Hence, P, () < 0. Then,

(4.45)

we see from the definition of d(w), d(w) = d(w), ||[Vuse|/rz < liminf, o
|[Vun| L2 (see (4.40)) and P, (us) < 0 that

1
d(w) < ~l|Vus| < d(w), (4.46)
so that
1 . 2 1 2
L im [Vl = dw) = 5| Vueel. (4.47)
This together with (4.40) implies that
Hm (- + Yn) = Uoo strongly in H'(R%). (4.48)
We also find from (4.36) and (4.48) that for any r € (2,2%],
Hm (- + Yn) = Uoo strongly in L"(R?). (4.49)
Moreover, since P, (us) < 0, we see from (4.11) that there exists Ao > 1 such
that
P (too(Aso-)) = 0. (4.50)
Thus, it follows from the definition of d(w), (4.13) and (4.47) that
1 _
d(w) < Su(uoe(Noe)) = [V {tteo Moo )72 = A d(w), (4.51)

so that Ao = 1. Hence, P, (us) = 0, which together with (4.42) and the
assumption (4.30) yields that

lim P, (un, — uss) = 0. (4.52)

n—oo
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Furthermore, this together with (4.47) and (4.49) gives us the convergence in
L?(R%). O
4.3. Stability of standing wave

In this section, we shall prove Theorem 4.2. To this end, we introduce sets

Ap 4 1= {u € H'(RY): S, (u) < d(w), éHVquLz < d(w)}, (4.53)
Ay — = {u € HY(RY): S, (u) < d(w), %||Vu||%z > d(w)}. (4.54)

Lemma 4.5. Assume d > 3, (N1) through (N4) and (K2). Then, for any w €
(0,wy), the sets Ay, 4+ and A, — are invariant under the flow defined by the
Eq. (NLS).

Proof of Lemma 4.5. We shall show the invariance of A, ;. Let ¢y € A, 4+,
and let ¢ be a solution to (NLS) with ¢ (0) = t)g. Then, it follows from the
conservation law of the action that

Su(¥(t)) < d(w) (4.55)
for all t € R. Moreover, it follows from the identity (4.13) that

%IIWJ(t)Hsz = Su(¥(t)) = Pu(i(t)) < d(w) = Pu(¥(1)) (4.56)

for all ¢ € R. Thus, it suffices to show that P, ((t)) > 0 for all ¢ € R. Since

LIVihol|2. < d(w), we see from the definition of d(w) and d(w) = d(w) (see
Lemma 4.3) that P,(¢9) > 0. Suppose for contradiction that there exists
t_ € R such that P,(¢(t—)) < 0. Then, the continuity of solutions in time
implies that P, (¢ (t.)) = 0 for some ¢, between 0 and ¢_. Furthermore, we see
from the definition of d(w) that

Su(@(t) = d(w). (4.57)
However, this contradicts (4.55). Similarly, we can prove the invariance of
Aw,—. O

Lemma 4.6. Assume d > 3, (N1) through (N4) and (K2). Then, we have
lim d(w) = 0. (4.58)

W— Wi

Proof of Lemma 4.6. Put

F(s) —w—

52"

¢(w) :=sup (4.59)

s>0

Then, we see from (A.8) in Lemma A.2 and Lemma 4.2 that lim,,_.,,, ¢(w) = 0.
Furthermore, we see that

1 w 24 b
= IVullte < [ (Pl = FluP}do 5 o) Vul: (4.60)
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for all u € H'(R?) with P, (u) < 0. Hence, Lemma 4.3 together with (4.60)
gives us that

lim dw) = lim dw)> lim c(w)” 7 = oo. (4.61)
Thus, we obtain the desired result. O

Lemma 4.7. Assume d > 3, (N1) through (N4) and (K2). Then, there exists a
constant C(d) > 0 with the following property: let 0 < wy < wy < wy, and let
Qu, and Q., be minimizers of the variational problems for d(w1) and d(ws),
respectively. Moreover, assume that

V@
2wy —w1) < W(Qi) (4.62)
Then, we have
2
o) < dwn) = M(Qua)o =) + COZ 322l — w2, (4:63)
d(ws) < d(w1) + M(Qu, ) (wa — w1) + C(d)/\/ld((%:;)zm —wi? (4.64)

In particular, d(w) is continuous and strictly increasing on (0, ws).

Proof of Lemma 4.7. Let us begin with a proof of (4.63). Put Qu,.» = Qu,
(v/A-) for A > 0. Since P,,,(Q.,) = 0, we see that

)\1“ u
Par(@us) = 5 [V Quallfe + A1 M(@) =374 [ F(Qu )
x% )
= S5 { AIVQualiF = 2 (2 — ) M(Qun) — VQunll3 } :
(4.65)
We define A\, > 1 by
2*(002 - WI)M(Qw2)
A =1+ . 4.66
V0.2 (4.66)
Then, we see from (4.65) that P, (Qw,,x,) = 0. Thus,
~ 1 d
A(r) = d(r) < 51V, . 32 = X ELIVQu, 30 = A7 T d(wa). (467

Moreover, it follows from Taylor’s expansion that there exists 6, € (0,1) de-
pending on w; and ws,

—ds2 (wg — w)M(Qu,)
Ae 2 =1—

LIVQu, 12

2* 2% (wy — w1 )M(Quy) | =% (w2 — w1)M(Qu,) \ 2
146,

S ath VQu.l b IVQu 2. )

M QUJZ M sz 2
§ 1— dEWZ) )(UJQ — wl) + C(d) dEw2)2) |(U2 — w1|2’

(4.68)



NoDEA Nonlinear Schrodinger equations of local interactions Page 17 of 27 5

where C'(d) > 0 is some constant depending only on d: note here that we do
not need any assumption like (4.62). Putting (4.67) and (4.68) together, we
obtain the desired inequality

M(Qu,)?
d(w2)

Next, we prove (4.64). Put Q,, » := Qu, (V\) for A > 0. Since P,, (Q.,,)
= 0, we see that

d(w1) < d(w2) = M(Qu,) (w2 — w1) + C(d) wp —wi . (4.69)

)\1" 4
Pas(@unr) = 2o [V Qur |25 + A F s M(Quy) — A~ / F(|Qu, )
x% )
= S { AIVQu e + 2" (@2 — ) M(Qu) — [V Qu 12 } :
(4.70)
Here, by the assumption (4.62), we can define \, € (%, 1) by
2% (wp — w1 )M(Qu,)
A =1 — . 4.71
M (.7)
Then, we see from (4 70) that P,,(Qu,,x,) = 0. Thus,
_dal _d—2
d(wp) = d(wz) < = A lVQu e = A0 T dwn). (472)

Moreover, it follows from Taylor’s expansion that there exists 6, € (0,1) de-
pending on w; and ws,

)\:% =1+ (w21_ wl)M(QQU-H)
a”val ”LQ
2 2" (w2 — w)M(Qun )\ 5 [ (W2 — w)M(Quy )\ 2
+231-0, : =)
4 { IVQu, 117 } ( alIVQu 117 )
(4.73)
which together with the assumption (4.62) gives us that
—42 M(le) (le) 2
L7 < - - .
A <1l+4+—-> “dwr) (wg —wy) + C(d)———5— (w12 lwa — w17, (4.74)

where C'(d) > 0 is some constant depending only on d. Putting (4.72) and
(4.74) together, we obtain the inequality

M(Qu)?
d(w1)
Hence, the claim (4.64) holds. O

d(w2) < d(w1) + M(Qu, ) (w2 — w1) + C(d) wa —wi?. (4.75)

Lemma 4.8. Assume d > 3, (N1) through (N4) and (K2). Then, there exist a
sequence {wy} in (0,w,) and a sequence { My} in (0,00) such that lim, . wy,
= w,, and

d(w) > d(wn) + Mp(w — wp) (4.76)
for alln and all w € (0,w,) \ {wn}. Furthermore,
lim M, = oo, (4.77)

n—oo
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and
M(Qu,) = M, (4.78)

for any n and any Q.. € G, -

Proof of Lemma 4.8. Define a sequence {a,} by

an = 21— 27" ) (4.79)

Wy

Note here that Lemma 4.6 and the continuity of d(w) (see Lemma 4.7) imply
lim a, = occ. (4.80)

We shall show that for each number n, there exists a minimizer of d(w) —
anw — w? on (0,w.). Put y,(w) = d(w) — a,w — w?. It follows from d(w) > 0
n (0,w,) (see Lemma 4.3) and the definition of a, (see 4.79) that for any
we (0,(1—2""w,),
Yn (W) > —apw — w?
> —an(1—2"")w, — {(1 - 2*n)w*}2
an(2—n _ 2—n—1)w* _ an(l _9—n-— 1 _ { _9—n— 1 }2

= yn((1 = 27" Nw.).
On the other hand, it follows from Lemma 4.6 and the continuity of d(w) (see
Lemma 4.7) that

(4.81)

lim y,(w) = oo, (4.82)

W W
so that for any n, we can take v, € [(1 — 27 ™)ws,w,) such that y,(w) >
yn((1 =277 Hw,) for all w € (7, w.). Moreover, we can take a minimizer of
Yn(w) on the compact interval [(1 — 27™)w,,7,]. Hence, we are able to take
a minimizer w, of y,(w) on (0,w,). In particular, we see from (4.81) that
wp > (1 — 27™)w, and therefore

lim w, = ws. (4.83)

n—oo

Next, we shall show that
d(w) > d(wn) + (an + 2wp) (W — wy) (4.84)

for all n and all w € (0,w.) \ {wn}. Since a,w + w? is convex as a function of
w, we see that

Anw + W? > apwn + w2 + (an + 2wn) (W — wy) (4.85)

for all w € (0,wy) \ {wy}. This together with the fact that w, is a minimizer
of yp(w) = d(w) — apw — w? shows

dw) = d(w) — apw — W? + apw + w?
> d(wp) — apw, — wi + anwy + wfl + (an + 2wy (w — wy) (4.86)
=d(wp) + (an + 2wy ) (W — wy)

for all w € (0,wy) \ {wn}. Thus, we have proved (4.84). Furthermore, putting
M,, := 2w, + a,, we find from (4.84) and (4.80) that (4.76) and (4.77) holds.
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Finally, we shall prove
My = M(Qu,,) (4.87)

for all @, € G, . Take an arbitrary ground state @,, € G,,,. Then, it is also a
minimizer of the variational problem for d(w,,) (see Corollary 4.3). Hence, we
see from (4.63) in Lemma 4.7 and (4.76) that @, satisfies that for any w < w,

sufficiently close to w,,
M(Qn)(wn —w) < d(wn) — d(w) + o(wy, —w)
< My (wy — w) + o(wy, — w). (4.88)

Dividing the both sides above by w, — w, and then taking w — w,, we find
that

M(Qn) < M. (4.89)
Similarly, the opposite inequality follows from (4.64) in Lemma 4.7. Hence, we
have completed the proof. O

Lemma 4.9. Assume d > 3, (N1) through (N4) and (K2). Let wy € (0,w.),
and let Qu, be a ground state to the Eq.(1.10) with w = wy. Moreover, assume
that

d(w) > d(wp) + M(Quy)(w — wp) (4.90)

for all w € (0,wy) \ {wo}. Then, for any e € (0,wy), there exists 6 > 0 such
that if a function vy € H'(R?) satisfies

||1/)0 - QonHl < 6’ (491)
then the solution ¢ to (NLS) with ¥ (0) = 1 obeys that
1
d(wo —¢€) < &||V1/J(t)||%2 < d(wo +¢) (4.92)
for all t € Iax, where 1.y denotes the mazimal existence interval of 1.

Proof of Lemma 4.9. Let € € (0,wp), and let 6 > 0 be a constant to be chosen
later. Furthermore, let 1)y be a function in H'(RY) satisfying

||1/Jo - QonHl < J. (493)
Since P,y (Qu,) = 0, we see from (4.13) and (4.93) that
1 1
Aen) = 8o (Qu) = S VQuulfs = F IVl +0(G).  (494)
Furthermore, it follows from Corollary 4.3, (4.63) in Lemma 4.7 and the as-
sumption (4.90) that if ¢ is sufficiently small dependently on ¢, then
1
d(wg —¢€) < g||vw0||iz < d(wy+¢). (4.95)

Thus, from the point of view of the invariance of A, 4+ and A, —
(see Lemma 4.5), it suffices for the desired result (4.92) to show that

Suo+e(to) < d(wo +¢), (4.96)
SU_,O,E(’L/)Q) < d(wo — 8). (497)
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We shall prove (4.96). To this end, we put
n(e) == d(wo +€) — d(wo) — eM(Quy)- (4.98)

Then, it follows from the assumption (4.90) that n(¢) > 0. Furthermore, we
see from Taylor’s expansion around @, and the assumption (4.90) that

Suote(th0) = Swpre(Quo) + Sl 12 (Quo ) (0 — Qui) + 0([[1h0 — Qug || 1)
= Su (Quy) + M (Quy)
+ ((wo + €)Quy — AQuy + f(Quy), Yo — Qug) 1,11 + 0(9)
= d(wo) + eM(Quy) +(Qugs Yo — Quy) 2., +0(5)

real

< d(wo) + eM(Quy) + €0 Quyll L2 + 0(0)

= d(wo +¢) —n(€) + €6[|Quyll L2 + 0(5).
(4.99)
Thus, taking ¢ sufficiently small dependently on £ and wy, we find that (4.96)
holds. Similarly, we can verify that if § is sufficiently small dependently on e
and wy, then (4.97) holds. Hence, we have completed the proof. O

Finally, we give a proof of Theorem 4.2:

Proof of Theorem 4.2. Let {w,} be a sequence found in Lemma 4.8, so that
lim,, oo Wy, = ws and

d(w) > d(wp) + M(Q)(w — wy,) (4.100)

for any n, any w € (0,w,) \ {w,} and any @ € G, . We shall prove that for
each n > 1, the set G, is stable in the sense described in Sect. 4.1. Suppose for
contradiction that there exists a number m such that G, is unstable. Then,
we could take g > 0 with the following property: for any positive integer k,
there exists 1y 0 € HY(R?) and tj, € Ipax k such that

1
inf — < = 4.101
ko — @l < 7, (4101)
and
St () = Qlln = <o (4.102)

where 9y, is the solution to (NLS) with ¢4(0) = 9,0, and Inax k is the maximal
existence interval of 1. Since

Su, (Q) = d(wm) (4.103)

for all @ € G, (see Corollary 4.3), we see from the conservation law of action
and (4.101) that

S (i (tr)) = S, (Vi,0) = d(wim) + 0k (1). (4.104)

Moreover, we see from (4.101), Lemma 4.8, 4.9 and the continuity of d(w) (see
Lemma 4.7) that

é”vwk(tk)”%ﬂ = d(wm) + ox(1). (4.105)
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Thus, we find from (4.104), (4.105) and (4.13) that

Peo (Un(tr)) = S, (Yr(tr)) — é”vl[}k(tk)n%z = ox(1). (4.106)

Hence, it follows from Lemma 4.4 and Proposition 4.2 that there exists a
subsequence of {¢y(tx)} (still denoted by the same symbol), a ground state
Qs and a sequence {y} in R? such that

klirglo V(- + Yr, tr) = Qoo strongly in H(RY). (4.107)

Since Qoo (- — yi) is still a ground state for any number k, we see that
Jm 191 (tk) = Qoo (- — yi) |1 = 0. (4.108)
However, this contradicts (4.102). Hence, the claim of Theorem 4.2 is true. [

4.4. Limiting profile of ground state

In this subsection, we discuss the limiting profile of ground states. To this end,
we introduce a function H,, on [0,00) as

L o _Loayp F(s)
H,(s):= Sws F(s) = 35 {w 2 2 }7 (4.109)
so that
1
Po(u) = 2—*HVU||%2 +/ H,(|ul) de. (4.110)
Rd

Recall here that the maximum of the function 2F(s)/s? is w, (cf. Lemma 4.2),
so that for any w € (0,w,),

;gg H,(s) <0. (4.111)
Moreover, we see from Lemma 4.1 and Lemma 4.2 that
2F
w1 = lim gs) <w, (4.112)

s—oo 8§

and therefore for any w € (w1, ws), we can take r(w) > 0 such that

inf H,(s) > 0. (4.113)

s>r(w)

This together with (4.111) implies that for any w € (w1, ws), H, has its mini-
mumn.

Lemma 4.10. Assume d > 3, (N1) through (N4) and (K2). Furthermore, let
w € (w1,ws), Qu be a ground state to the Eq.(1.10), and s(w) be a point for
which

H,(s(w)) = rsnzigHw(s). (4.114)

Then, we have
1Qullze < s(w). (4.115)
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Proof of Lemma 4.10. Since @, becomes a minimizer of the variational prob-
lem (4.12) (see Corollary 4.3), we see from Lemma 4.3 that

~ 1
d(w) = EHVQ“”%Q‘ (4.116)
We define
D, (z) := min{|Qy|, s(w)}. (4.117)
Then, it is easy to verify that ® € H'(R?). In particular, we have
_ I VIQul(z)  when |Qu(2)] < s(w),
V(@) = {o when () < |Qu(x)]. (4.118)
Furthermore, we see that
Pu(Qu)
1 2
>Vl [ Qe [ Q) de
{1QuI<s(w)} {s(w)<1Qul}
1 2
> 5 VIQu|[*de+ HL(1Qu]) da
2" J{1Qul<s@)} {1Qu|<s(w)} (4.119)

+ / Ho(s(w)) da
{s(w)<|Qu}

1 vquiﬁ/ Ho, (D) dz = Pu(®y).
Rd

This together with P,,(Q.) = 0 shows that P, (®,) < 0. Hence, it follows from

the definition of d(w) (see (4.14)) that
d(w) < $||V<I>w|\%2. (4.120)
Moreover, we see from (4.116) and (4.118) that
éIIV%H% < %IIVQUJIIQB = d(w). (4.121)
Thus, we find from (4.120) and (4.121) that

/ V|Qu||* dz = 0. (4.122)
{s()<IQul}

This implies that the measure of {s(w) < |Qu]|} is zero, or V|Q,|(z) = 0 when
$(w) < |Quw(x)]. In the former case, we have the desired result (4.115). We
consider the latter case. To this end, we define

U, (2) := max{|Qu| — s(w),0}. (4.123)

Then, we can verify that
0 when |Q, ()] < s(w),

V¥, (z) =
D ={ 5011 when o) 2 oo
Since (4.122) implies that V|Q,|(z) = 0 a.e. when s(w) < |Qu(x)], we find
from (4.124) that V¥, = 0 a.e. in R Furthermore, since ¥,, € L?(R?), we

conclude that ¥, (x) = 0. This means that |Q.(z)| = s(w) when {s(w) < |Qu[}
and therefore we obtain the desired result (4.115). O

(4.124)



NoDEA Nonlinear Schrodinger equations of local interactions Page 23 of 27 5

Now, we give the main result in this subsection.

Theorem 4.4. Assume d > 3, (N1) through (N4) and (K2). Furthermore, as-
sume that 2F(s)/s? takes its mazimum at only one point, say s., that is,

{s >0 2E6) _ w*} = {s.). (4.125)

52
Then, we have the followings:

(i) Let smax(w) = sup{s > 0: H,(s) = min,>oHy(r)} and Smin(w) =
inf{s > 0: H,(s) = min,>o H,(r)}.

lm $pax(w) = Hm  spin(w) = sk (4.126)

W W

(ii) Let w € (0,ws), and let @, be a ground state to the equation (1.10) with
the following properties: ®, is non-negative; radially symmetric about the
origin; and strictly decreasing in the radial direction, that is, x-V®,(x) <
0 for x € R\ {0}. Then, for any compact subset 2 of RY,

lim @, = s, (4.127)

W—Wx
uniformly in €.
Remark 4.4. (i) The nonlinearity (1.20) satisfies the conditions of Theorem 4.4.
(ii) We can prove in a way similar to the proof of Proposition 2.1 in [3] that
for any ground state @, to (1.10) there exist § € R, y € R? and a ground
state @, to (1.10) which is positive, radially symmetric about the origin and

strictly decreasing in the radial direction, such that Q,,(z) = € ®,,(z —y) for
all z € R?.

Proof of Theorem 4.4. Lete > 0. lfw € (w.— (3*2%)27“’*) and s < s, +¢, then

H,(s) > 182(w — W) > %(s* +6)%(w —wy) > —¢. (4.128)

2
Moreover, it follows from Lemma 4.1 and the assumption (4.125) that there
exists a(e) € (0,w,) such that when |s — s.| > ¢,

2F(s)/s* < afe). (4.129)

Hence, if w € (a(e),ws) and |s — s.| > €, then
1
H,(s) > 552(w —afe)) > 0. (4.130)

Put §(g) := max{2¢/(s.+¢)?, wi—a(e),ws—wi }, where wy := lim,_ o 2F(s)/s?
(see (4.112)). Then, it follows from (4.130) and H,(s.) < 0 that if w €
(ws — 6(g),wy), then

Sx — € < Smin (W) < Smax(w) < 54 + €. (4.131)

Since we can take an arbitrarily small € and lim._,¢ d(e) = 0, the first claim
follows.
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It remains to prove the second claim. We find from (4.128) and (4.130)
that for any w € (w. — d(e),wy),

0= Py(d,)

1
> Tqu)wH%? +/ H, () dx
2 {s.—e<®,<s.+e}

1

> ||V, |? —/ edx
2* H ||L2 {S*_Eg(bwgs*_,’_e} (4.132)
d—2~

> ——d(w) —/ edx
2 {5.—c<®,}

d—2
= Td(w) —e|{s. —e < DL}
Since ®,, is strictly decreasing in the radial direction, there exists R, () > 0

such that

{reR: 5, —c <O (2)} = {z € R |z| < R,(e)}. (4.133)
In particular, || < R, (¢) implies
—e < Py (x) — ss. (4.134)
Furthermore, it follows from (4.132) and (4.133) that
R,(e) = {e Yd(w)}7. (4.135)

On the other hand, Lemma 4.10 together with (4.131) shows that for any
w € (ws —(e),ws),

1Pyl < Smax(w) < si + €. (4.136)
Putting (4.134) and (4.136) together, we find that when |z| < R, (¢),
|D, — 4| <e. (4.137)

Since ¢ is arbitrary, the claim (4.127) follows from (4.135) and (4.137). O
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A. Elementary properties of nonlinear terms

We collect well-known facts derived from assumptions (N1) through (N4).
We see from the conditions (N1) and (N2) that

[f(2)] < Ci([21” +12]7) (A1)
for any z € C. Furthermore, we see from (N3) and (A.1) that
|F(2)] < 201 (2P + |2]97) (A.2)

for any z € C.
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Lemma A.1. Let d > 1. Assuming the conditions (N3) and (N4), we have that
for any z € C,
F(z) = F(2)). (4.3)
Moreover, under the condition (N3), the condition (N4) is equivalent to that
for any z € C,
2f(2) = 2|1 (l2)- (A4)
In particular, under the conditions (N3) and (N4 ), we have that for any 0 € R
and any non-zero z € C,

f(e2) =€ f(2). (A.5)

Lemma A.2. Let d > 1, and assume the conditions (N3) and (N4). Further-
more, assume f(0) = 0. Then, we can regard f as a real-valued function on
R. Moreover, for any s € R,

dF
W6 = 10o) (4.6)
d F(s) G(s)
e Rl (A7)
Assuming (N1) further, we have that
F(z) =o(|z|*) as|z| — 0. (A.8)

B. Tools for compactness

Lemma B.1. (Frohlich, Lieb and Loss [11]) Let d > 1, 1 < p1 < p2 < p3, and
let C1,Cs, C5 be constants. Then, there exists constants C' > 0 and n > 0 such
that for any measurable function u on R? satisfying

[ullze < Ch, (B.1)
Cs < llullrs, (B.2)
[ullzes < Cs, (B.3)
we have
{z € R: |u(x)| > n}| > C. (B.4)

Lemma B.2. (Lieb [18]) Let {u,} be a bounded sequence in H'(R?). Assume
that there exists C' > 0 and n > 0 such that
o € R [u ()] > n}| = C (B.5)

for all n. Then, there exists a subsequence of {un} (still denoted by the same
symbol), a non-trivial function us, € H'(R?) and a sequence {y,} in R? such
that

nan;o Un(+ + Yn) = Uoo weakly in H'(R?). (B.6)

Lemma B.3. (Brezis and Lieb [5], Coti Zelati-Rabinowitz [9]) Let {u,} be a
bounded sequence in H'(R?) such that

lim () = oo () almost all z € R? (B.7)
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for some function us, € H*(R?). Then, for any 2 <r < 2%,

lim [t |" = |t — tioo|” = Juce|"| dz =0 (B.8)
n—oo ]Rd
and
lim [Vt |* = [V{un — tio}* = [Vuoo|*| dz = 0. (B.9)
n—od Rd
Furthermore, if we assume (N2) and (N3), then
lim {Py(tn) = Puw(tn — o) — Pul(tie)} =0 (B.10)
for all w > 0.
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