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Multi-bump bound states for a Schrodinger
system via Lyapunov—Schmidt Reduction

Marcello Lucia and Zhongwei Tang

Abstract. Motivated by problems arising in nonlinear optics and Bose—
Einstein condensates, we consider in RY (N < 3) the following n x n
system of coupled Schrodinger equations

—e®Au; + Vi(2)us = ui 3y, Bieus,
u; > 0, 1iIIl|gC|_>Oo UZ(CE) =0,
where € > 0 is a parameter, §;; are constants satisfying 8;; > 0, and V;
are positive potentials that admit some common critical points a1, ..., ax
satisfying certain non-degenerate assumption. Then for any subsets J C
{1,2,...,k}, using a Lyapunov—Schmidt reduction method, we prove the
existence of multi-bump bound solutions which as ¢ — 0 concentrate on
Ungaj.
Mathematics Subject Classification. 35J60, 35B33.
Keywords. Nonlinear Schrodinger systems, Non-degenerate critical points,
Multi-bump bound states, Variational methods.

1. Introduction

In this paper, we consider the following n x n system of coupled Schrodinger
equations in RV

—e?Au; + Vi(2)u; = u; 22:1 ﬂifu%7 .

w; >0, im0 ui(2) =0, i=1,...,n, (Se)

where ¢ > 0 is a parameter, N < 3, 3;; are physical constants satisfying

Bii >0, Bi; = Bji-
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Problem (S;) arises in the Hartree-Fock theory for a double condensate i.e. a
binary mixture of Bose—Einstein condensate in two different hyperfine states
|1) and |2)(see [11]). This system can be described by considering the con-
densate amplitudes (u1,us), and the B;; and (1o are the intraspecies and in-
terspecies scattering lengths. The sign of the scattering length 315 determines
whether the interactions of states |1) and |2) are repulsive (812 > 0) or attrac-
tive (ﬂ12 < 0)

For n = 1, the system (S;) reduces to a scalar semilinear problem with a
subcritical nonlinearity

—2Au+V(z)u=u?, xRV, (1.1)

which has been extensively investigated under various assumptions. In [12],
Floer and Weinstein considered Problem (1.1) in R with a bounded function
V' having a non-degenerate critical point. Using a Lyapunov—Schmidt reduc-
tion, they established for small € > 0 the existence of solutions u. to (1.1)
which concentrate near the given non-degenerate critical point of V' as € tends
to 0. Their method and results were later generalized by Oh [19,20] to the
higher-dimensional case who also obtained the existence of multi-bump solu-
tions concentrating near several non-degenerate critical points of V' as ¢ tends
to 0.

This strategy of finding solutions using a Lyapunov—Schmidt reduction
has been applied successfully for bounded potentials by Ambrosetti et al. [1],
Del Pino and Felmer [9,10], Cao et al. [6], Ambrosetti et al. [2], Cao and Heinz
[7]. In [13] Li and in [14] considered Problem (1.1) on RY with a potential
allowed to be unbounded. By pushing further the Lyapunov—-Schmidt reduction
used previously, they proved existence of multi-bound solution for the scalar
case.

The system (S:) with n = 2 with trap potentials (possibly unbounded)
satisfying

0 < inf Vi(z) < liminf V;(z), i=1,2

zeRN |z|—o00
has been considered by Lin and Wei [17]. In a range of the parameter (12

—00 < B2 < fo,

where 3y € (0,v/311522) is a constant depending only on N, they proved ex-
istence of a least energy solution and study also its asymptotic behavior as
€ — 0. They proved how trap potentials and the interspecies scattering length
affect the locations of spikes. They used the Nehari’s manifold to construct
least energy solutions and derive their asymptotic behaviors by some tech-
niques of singular perturbation problems.

Several results have also been obtained for the system (S.) with constant
potentials V; = \;. Firstly, almost the same condition on 3, Lin and Wei [15]
obtained the least energy solution by minimizing the certain Nehari manifold.
For Ay = 1, Sirakov [24] discussed the problem for all 815 € R and analyzed for
which (312 Problem (S.) admits a least energy solution. We also refer to Lin
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and Wei [16], Bartsch et al. [4] for the existence of bound states of Schrédinger
systems.

For more recent work, we first want to refer the readers to work by Long
and Peng [18], where segregated vector solutions were obtained for a class of
Bose—Einstein systems related to (S:). One also can refer to the work by Peng
et al. [22], where the authors considered the existence of multiple solutions
for linearly coupled nonlinear elliptic systems with critical exponent. For more
results related to elliptic systems, one can refer the work by Peng et al. [23].

In the present paper, we aim to prove existence of multi-bump bound
states to system (S ) for potentials V4, ..., V, that admit some common critical
points which satisfy certain non-degenerate assumption, but without assum-
ing any behavior at infinity. More precisely, we will work under the following
assumptions:

(A1) V; € C2(RY,R) and inf,cpny Vi(z) > 0;
(A2) There exists a finite set A C RY for which

VVi(a)=---=VV,(a) =0, VaeA,

and for each a € A, we can find a non-degenerate solution U,(x) =
([{\?71(@, oy Uan(2)) in [HYRM)]™ to the following n x n system in
. —Au; + Vi(a)u; = u; Yy Bieud,

u; >0,  4;(0) = max,cpny wi(z), (1.2)
(x) =0;
(Asz) For each a € A, the matrix Y, (||[Ua||2. D*Vi(a)) is invertible.

hm‘ﬂ*,w Uj

Remark 1.1. We say that a solution U := (Uy,...,U,) of (1.2) is
non-degenerate, if the set of solutions f € [H%(RY)]" to the following n x n
linear system:

Afi=Vila)fi+ | 36uU7 + D Buug | fi +2U: Y BuUefe =0,  (1.3)

t#i (i
are given by f € span {%, ey gg; }

Remark 1.2. (i) When (1.2) is a 2 x 2 system, it is known by a result of
Dancer and Wei [8] that Problem (1.2) has a non-degenerate solution for
all 5 € (0, 4+00)\(I*UE®) for some interval I* and countable set E® that
depend on the values of (V1(a), Va(a)).

More recently, for constant potentials V; = 1 (i = 1,2), Peng and Wang
[21] have proved that Problem (1.2) has a non-degenerate solution for all
B12 € (0,+00)\I, where I = [a,b] is an interval with a = min{31, fa22}
and b = max{(1, f22}. Furthermore, one can check that system (1.2)
admits no positive solution when 312 € (a, b).

(i) Assume D?V;(a) is positive definite (resp. negative definite) for some
i € {1,...,n}, and D?*V;(a) is semi-positive definite (resp. semi-negative
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definite) for j # i. Then in this case the condition (Aj) is satisfied since
we easily verify

n
ZtiDQV,»(a) is positive definite, V¢; > 0 (resp. negative definite).
i=1

Under these assumption, we will prove that for € small enough, the sys-
tem (S-) admits solutions u. that are small perturbation of Y-, , Uq (222).
More specifically, given n > 0, we introduce a cut-off function X, : R™ — [0, 1]

that satisfies

1 for x € B,(0), C
Xy € C¥(R), Xy(o) = V@< T, (14
0 for z € RV\By,(0), n
with 7 := n(e) > 0 chosen in such a way to ensure the supports of the functions
X, (2)U, (22%) to be disjoint.
Using a Lyapunov—-Schmidt reduction method, we will be able to use the
family of compactly supported function (x,Uq)eca to construct solutions to
Problem (S.) that concentrate at the points a € A as ¢ — 0. Our main result

reads more precisely as follows.

Theorem 1.3. Suppose that assumptions (A1) to (As) hold. Then, there exists
g0 > 0 such that for each 0 < & < g¢ the system (S:) admits a solution of the
form

u(z) = ) aalxyUa) (”3 — Pa) +we ()

a€A c
with

|0471|2+Z/ {IVwe|® + Ve(ex)wi} = O(e*)  and [P, = O(e). (1.5)
=1 /RY

Since the assumptions (A4;)—(Ajs) also hold with each non-empty subset
Ao C A, Theorem 1.3 can be applied with A4y and provides the following
multiplicity result.

Corollary 1.4. Suppose that (Ay) to (As) hold. Then (S:) has at least 2141 — 1
solutions.

Henceforth, the same C will stand for a various positive constant, and
we will use the asymptotic notation f = O(t) to denote a quantity such that
[fl<cC.

2. Functional framework and decomposition lemma

By considering the rescaled function u(ex), one easily check that Problem (S;)
is equivalent to the following n x n system

{ —Au; + Vi(ex)u; = u; Yy, Biu?,

i=1,...,n. (2.1)
wg >0, limy,| oo ui(z) =0,
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This nonlinear problem will be handled by working in the functional
space

E. = {ue[Hl(RN)]" : /RN%(sx)uf<oo we{l,...,n}},

endowed with the inner product
(u,v). = Z/ {VueVue + Ve(ex)upve} .
RN

The associated norm will be denoted |||, and we easily verify that (E., (-,)¢)
is a Hilbert space that embeds continuously in H!(R™). In this space, by setting

/ Z ﬂ”ul uj, Problem (2.1) is the Euler-Lagrange equation of

the following actlon functional:
1 / 2 2
=_ E [Vue|* + Vi(ex)uj } — G(u), u€E. (22)
25 Jry { 3} RN :

For any f:RM — R and 7 € RY, the translated function z — f(x + 7)
will be denoted as fI7). Using this notation, we introduce the following family
of functions depending on € > 0, a € A, P ¢ RN

a
Oc.q,P ‘= (XWUa)[iT]v T = g + P, (23)

where U, is defined in (Az), and x, has been given in (1.4). The reason of
using a cut-off function x, is due to the fact that U, may fail to be in E.
(since we do not make any assumptions on the potential V; at infinity).

Setting o := min {w ca,d €A a# a’}, for each £ > 0 we consider
1 :=n(e) and fix 0 > 0 satistying
en<a and 6<a. (2.4)

Under condition (2.4), the supports of the functions o, , p are pairwise dis-
joint, and we consider the collection of linear combination of such functions:

Yes = {Z g Oeqp, : lag—1] <6, P, € 35(0)}.

acA

This set is parametrized with the variables(aq, Py)aca, and defines a
|A| (N +1)-dimensional manifold in E.. We consider a d-tubular neighborhood
of 2575

Wse:={u€E; : |[u—ol|.<dforsomeoci,s}.

In order to give (for ¢ > 0 small enough) a good parametrization of Wj,

for each ¢ > 0, a € A and P € R we define
<fa Us,a,P>€ = 07

FE,a,P: f€E5:<f aO'Eap

wr\ o il (25)
8Pj >€_ y J =L
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Following the arguments by Bahri and Coron [3] (see also Cao et al. [6]),
we have the following decomposition lemma.

Lemma 2.1. There exist dg,c9 > 0 such that for 0 < 6 < dg, 0 < € < &g and
u € W, the following minimization problem
inf{|lu—ol. : o€ Xy}

has a unique solution which must be in Xo5. Hence, for each u € Ws ., there
are unique

(Pa)aEA € H B5(0)7 (aa)aGA € H (1 - 57 1+ 5) NS ﬂ Fs,a,Pa
acA acA acA
such that

u= Z 04Oz ap, +W. (2.6)
acA

3. Invertibility of the linearized problem

For any u belonging to the d-tubular neighborhood W, s, formula (2.6) allows
to write u uniquely with the parameters (P, ag)ac4- By setting P = (Py)acA,
and a := (ag)aca, we can rewrite the functional (2.2) with these new param-
eters

IE(P,a,W) = Jg (Z QqO0¢.q,P, +W> )

acA
with (P, a,w) € [[,c4 Bs(0) x [T,ea(1 =0,14+08) x Nyecu Frra,P.-
Taking into account the orthogonality conditions (2.5) and the fact that
the supports of the functions o, o p, are disjoint (by (2.4)), we have

1
IE(P,(I,W) = 5 {Z a(QL Hols,a,Pa, j + ”w”g} - /RN G <Z OqOc.q,P, JFW) :

acA acA
(3.1)

It is then easy to check that (P,a,w) is a critical point of I. if and only
if ZaeA 0q0cqp, + W is a critical point of J. (for the details about this
argument, one can see the paper by Cao et al. [6]). Hence, we are reduced to
solve the following three equations

al. (P,a,w)=0 in HaeA R,

oo
9 (P,a,w) =0 in Fp, (3.2)
glg(P,a,w):O in HaeARN

where F. p 1= naEA F. o p, and ]::,P stands for the dual space of F. p.

To find a solution, we will first apply an implicit function Theorem (used
previously by Li [13], and Li-Nirenberg [14]) to show that for each P there
exists (a(P), w(P)) that solves the two first equation in (3.2):

ol ol
Ja ow

(P,o(P), w(P)) =0 (P,a(P), w(P)) = 0. (3.3)
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Hence, we will be reduced to solve the finite dimensional problem
0
o
which will be done by applying a topological degree argument. To reach this
goal, we first fix P and look at the map S defined by

§ oI. I,
S: [ RxFop—= [[RxFp (W)~ (aa’aw>’ (3.5)
acA acA

and therefore solving (3.3) is equivalent to solve S(a, w) = 0. The two com-
ponents of the map S can be computed explicitly. The partial derivatives of
I. with respect to each «, at a point q = (P, a, w):

ol
ﬁ(Q) = aa”"’s,a,Pa”g - /N <VG <Z 0q0ca,P, T W) ?UE7CL»PQ>
a R

acA

I (P,a(P),w(P))} =0, (34)

—aulloenr P [ (V6 (@uenn, t W) onr) (30
R

and the derivative with respect to the variable w is given by the linear form

ol
3 (@ :Feapr— R, @ (w,p) — / VG| Y abear, +W |, ).
w RN acA

(3.7)
In the sequel, we will also need to compute the derivative of S. At each
point q = (P, a, w), the derivative DS(q) is a linear map

DS(q) : H R x fs,P — H R x (.7:5,13)*
acA acA

which can be represented as

8215( ) 0?1, (@)
DS, 1 = daz 4 docow 1 38
@= | g2p 921, (3:8)

daiw @ i@
Each entry of (3.8) can easily be computed, and the final expression can
be simplified since the family of functions o 4 p have compact support, with
supports that are pairwise disjoint. Firstly,

01
5os @ = loean 2 [ 0l DG (0uoenn, + W) oean, (39)
(&% RN
and for a,a’ € A with a # d’
0?1,

t 2
9. Do = DG aYea e,a’ ,:0. 3.10
60la 80[a/ (q) /]RN o-g’a’Pa (a Oc.a,P, + W) Oza' P, ( )
We easily see that the mixed derivative can be identified with the linear map
%1,

(@) : Feapr — R, P — /N Ué,aypaDQG (Ocq.p, + W),
R
(3.11)

Jda, Ow
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and the derivative with respect to the variable w is given by the bilinear form

0?1,
ow?2

(q) : Fa,a,P X Fs,a,P — Ra

(@,m) — (1), — /RN ' D*G <Z CaOca,p, + w) ut

acA
(3.12)

We will now study the coercivity of this bilinear form and the invertibility
of the linear operator L. p : F. . p — F: o p associated to this bilinear form
defined by

2
(Leop(),m). = 0 = (a,um).

Proposition 3.1. There exist constants 0 < §; < 09,0 < &1 < eg and Cy > 0
(independent of €, §, P) such that when 0 < € < 1,0 < 0 < §; and P € By,
we have

HLE’P(W)HE - 7||W||67 VWG ﬂ FeaP (313)
acA

As a consequence, L. p : Fo.p — Fo p is invertible and ||LE_%)||E < Cp.

Before presenting the proof of Proposition 3.1, we firstly give some pre-
liminary notations. Given a € A, we define on [H!(R")]" an equivalent inner
product (-, ), as follows

(£, 8) / (VFeVge + V(a) fege) - (3.14)

The space [H'(R™)]" endowed with this inner product will be denoted H,,
and the corresponding norm will be denoted || - ||o. Given a non-degenerate
solution U, of (1.2), we are naturally led to consider the analogue of F , p,
in F,.:

<¢7Ua>a -
F, =< ®cH,: , 3.15
<'I>,8Ua> =0, j=1...,N ( )

9z; /,

In the Hilbert space H,, the linearization at U, of the Problem (1.2) is de-
scribed by the following bilinear form

(. 6) = . 6)o+ [ W' DG,

to which we can associate the linear operator L, : H, — H, defined as

(Lo(w). 6 = (w.0),+ [ wDG(U, )0,
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Remark 3.2. By the definition of L, and the fact that U, is a solution of (1.2)

. oy,
is such that L, ( ) = 0, we have that for any ¢ € F,, L,(¢) € F,.
8:cj 8xj

Hence, the restriction L, to F, defines an operator F, — F,.

and

Lemma 3.3. Let a € A and U, be a non-degenerate solution to (1.2). There
exists a constant C' > 0 such that

[La(W)lla = Cllwlla VYW € Fo.

Proof. Arguing by contradiction, assume there exists a sequence (w,,) in F,
such that

HWnHa =1 and ”La(wn)Ha — 0.

Hence, w,, weakly to w in H, and also o(1) = (L, (W), ¥)q — (Lo(W), 1), for
all ¢ € H,. We conclude that L,(w) = 0. Since w € F,, the non-degeneracy
condition implies w = 0. Therefore,

0(1) = (La(Wn), Win)a = (Wn, Wp)a — w! D?F(U,)w,. (3.16)
RN
Since U, € L*(RY) and the sequence Wi nWj,n converges weakly in L? (for
i,j7 € {1,...,n}), the last term in (3.16) converges to zero. Thus, we deduce the
strong convergence ||w,, ||, — 0 in contradiction with the assumption ||w, ||, =
1.

We now collect several estimates for elements in F; , p.

Lemma 3.4. Assume (A1), (A2) hold, and let U, be a non-degenerate solution
of (1.2) with a € A. Then, by setting T := £+ P there exists a constant Co > 0
such that

1EGaw ™)l > Colxgw o +0 (2 + [Uallmnog ) IWllar  (3.17)

(remember that w!™) stands for the function w(-+7) ), which can be equivalently
written as

t
(1= o)l = [ (xw) D6 (xw')
RN
+0 (& + Ul s5) ) W2 (3.18)

Proof. Consider then in H, the projection ¢, of an[ﬂ on the space spanned
by U,, %% (j =1,...,N). Using Lemma A.2 of the “Appendix” we deduce

a2 Ox;

that
o™ = e 2= [perw |2 + 0 (= + 0alliys sy ) Iwl2 - (3.19)

and also

/R N (XnWH - %)t D’G(U,) (anm - %)

_ /RN (w™) D26 (UL) (xgw!) +0 (2 + [Ualif ) ) Iwl2- (3:20)
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The inequality (3.17) follows by applying Lemma 3.3 with the function w =

xywIT — ¢, combined with the estimates (3.19) and (3.20). O
Now we give the proof of Proposition 3.1.

Proof. Let us set 7, := £+ P. Using that the supports of the functions o 4 p,
are disjoint with G(0) = 0, together with the homogeneity of G (of degree
four), and applying (3.18) we obtain

/ w!iG (Z O’E,a7pa> w = Z wiD?’G ((XnUa)[*T“]) w
]RN

acA acA RN
t
X . (o) e )
<(1=Co) > lIxgwl™|2. (3.21)
acA

We estimate the right hand-side of (3.21) as follows:

1 1 1
[ vt < (v 5) [l e L (15} [
B2n(Ta) n BZ’I](T(L) n n B2n(7—a)

(3.22)
and

/ W(a)(XLTa]wZ)Q =0 (52 + ||Ua||?—[1(3%)) / w?
B2n(7'a>

Bay (Ta)

[~7al)?
# [ Vit P (ol )
B2y, (0)

<O(2+Uallney) [ wit [ Vit
BZT](Ta) BZn(Tu,)
(3.23)

Adding inequalities (3.22) and (3.23) on the collection of balls By, () (pairwise
disjoint by (2.4)), we deduce

T 1 1
> lwl®i2 < (145 ) w20 (& + [Uallncagy + 1 ) IwIB- (320
acA N l

By combining (3.21) and (3.24), with the embedding E. < H', we obtain

1 t 2 2 2 1
—C /]RNW G <Z ag,a,pa> w < HWHE {1+O (5 + ||Ua||H1(B;) + a1

acA

Hence, by choosing ¢, 6 small enough, we find a constant C; € (0, 1) such that

/ WG <Z amﬂ) w < O |[wll.
RN

acA
This concludes the proof. O

Proposition 3.1 is a key step in proving the following property:
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Proposition 3.5. Let 0 < e < €1,0 < § < §; and P € Bs. Then, at the point
qo = (P,1,0), the operator DS, is invertible and there is a constant C
which is independent of €,6 and P such that

I[DS(an] || < C. (3.25)

Proof. Since G is homogeneous of degree 4, the map x — VG(x) is homogenous
of degree 3 and the Euler formula for homogenous map gives r! D?G(r)s =
3(VG(r),s). Hence, for any f € H! we have

/ ol pD*G(0c0p)f = 3/ (VG(0:0,p),f). (3.26)
RN RN

Using successively the definition of o 4 p, the homogeneity of the function G
together with the equation satisfied by U,, the equality (3.26) becomes

/ ot pD2G (0eap)f = 3/ (VG(U,), ) = 3<Ua,x £l ]> .
RN o RN a

(3.27)

We now estimate the second derivative & ; at the point qo = (P, 1,0):

0?1
gos @) =lloeurnli= [ olup DClonr)oeur by (39)

= [loca,r. 12 =3(Ua, x5 Ua), - (by (3.27))
Hence, using (A.5) and (A.3), we obtain
0?1
’aag ()| = =21Uall2 + 0 (£ + WVall3ss 5)) -

To estimate 88215 at the point qp := (P,1,0), we first use (3.11):

0?1,
Oa, OW
Hence, applying (3.27) with Lemma A.2, we obtain

(qO) FsaP‘>R P = — / EapD G(o‘sap)go (3.28)

H@aaaw O)H =0 (62 + ”U”HI(B%)) '

4. Reduction to finite dimension via implicit function lemma

In this section, we aim to solve (3.3). This will be done by applying the fol-
lowing implicit function lemma (already used by Li [13])

Lemma 4.1. Let X,Y be Banach spaces, By(xg) = {x € X : ||z — zo||x < d}
(d>0) and S : By(xg) — Y be a C' map. Assume DSy, is invertible and
satisfies, for some 6 € (0,1),

1[DS (] (S(xa))|| < (1 —6)d, (4.1)
1[DSwo)] || 1Dy = DS@ayy|| < 0 ¥ € Ba(wo). (4.2)
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Then there is a unique solution in Bq(zg) of S(z) =

Proof. The proof relies on a fix point argument, and for the sake of com-
pleteness we provide a short proof. Setting f(z) := [DS(4y)] ' (S(x)) we want
to solve the equivalent problem = — f(x) = x in Bg(zp). On the one hand,
using (4.2), the mean value theorem and Df,,) = id we easily check that
x +— x — f(x) defines a map from X into itself that satisfies

Iy = f)] = [z = f@)]|| < 0y =2l Yo,y € Ba(xo). (4.3)

On the other hand, using (4.3) and assumption (4.1) for any « € Bg(zg) we
get

[z = f(@) = wol| < Ollz —woll +[[f(xo)| < Od+(1—-0)d=d.  (44)

Hence, (4.3) and (4.4) show that the map = — x — f(x) is contraction map

in the complete metric space Bg(zg). The conclusion follows from the Banach
fixed point Theorem. O

Lemma 4.1 will be applied with the spaces

:(HR) x F.p Y=<HR) < Flp

acA acA

endowed with the product norm, and S defined by (3.5) in a neighborhood of
xo = (1,0). Using this lemma we can reduce the system of equations (3.3) to
a finite dimension problem:

Proposition 4.2. For 0 < € < £9,0 < § < 09 and for any P € [][,c 4 Bs(0),
the problem (3.3) admits a unique solution (a(P), w(P)) in ([[,c4 R) X Fep
with

1 —aP)[+[w(P)fl. <C (62 + IUa||H1<B;)> : (4.5)

acA

Proof. Consider the map S(a,w) defined by (3.5). We divide the proof in
three steps.
Step 1: We show that

15(1,0)] < C (62 +y |Ua||H1(B;>> : (4.6)
acA

We first estimate the derivative gf which has been computed in (3.6).

Using the definition of o, p, the fact that VG is homogeneous of degree 3
and that U, is a solution of (1.2), we get

01,
G (PL0) = [oenn P~ [ (VG (oman) omnn)
Qg RN
= ||0'6,a,Pa||g - <Uaaxf}7Ua>a
= O (52 —|— HUGH%F(B;)) (47)

where the last estimate follows from (A.3) and (A.5) proved in “Appendix”.
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The derivative g € 7 p has been computed in (3.7), and at (1,0) it is
given by the linear form:

a1,
= = (VG (0ca,p,) ") - (4.8)
ow %/}RN

Hence, given w € F; p, by using the homogeneity of the function G' and
the fact that U, solves (1.2), we obtain

/ (VG (0enr) W) = / (VG(UL) W™ = (Ua xw™) . (49)

By applying now Lemma A.2 we conclude that at the point q = (P,1,0):

ol
|5e@ =0 (2 +1Vallimss)) -
Step 2: For o — 1| < 1 and ||w|. < 1, we have the following estimates
[DS(@.w) = DSao)l < C(la =1+ [[wa). (4.10)
Indeed, setting q := (P, a,w) and qo := (P, 1,0)
0?1, 0?1, 0?1, 0?1,
0?1, 0?1, Pr., . PL

(qo)

dadw (@) - dadw (9) ow?2 (@) ow?2

First we note that, from the definition of G, for any r,s € R”, we have

0i;G(s) — 0;;G(r)

Y d
= ‘/0 aaijG(r—l—t[s—r])dt‘

1
§C|sfr|/ ’rth[sfr]‘dt

0
< Cls—r|(|s| + |r|) (4.11)

Applying (4.11) with s = @40 4,p, + W and r = o, 4 p,, together with
the estimate (A.4) for any f,g € H'(RY) and w € F. , p (with ||w||;n < 1/2)
we have

/ £t [DQG (O ea,p, +W)— DG (0'87a7pa)]g‘
RN
< C(lag = 1+ [[wllz) £z gl 2 (4.12)

The second derivative with respect to «, given in (3.9), can be estimated
using (4.12) and (A.4):

0?1,
0a2

< /N |UZ,(L,PQ {DQG (OlaUs,a,Pa + W) — DQG (Us,a,Pa)} O-E,a,Pa{
R
< C(lag = 1+ [[wllm)- (4.13)

0?1,
(P,a,w) - aag (qO)
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Similarly, using the expression of the mixed partial derivatives 83,28];&
given by the linear map (3.11), the estimate (4.12) and (A.4) show
/ (Pt (DQG (aao-s,a,Pa + W) - DQG (aa,a,Pa)> Oc.a,P,
]RN
< C(laa = A+ [[wla) llel
for all ¢ € HY(RY), namely
%1, %1,
W) — 1,0H<C’ —1 4.14
| (@w) = g L0 < Clan =11+ wl)  (414)

The estimate of the bilinear form gi{; (o, w) — givlg (1,0) (defined on
Fep x Fep) follows also immediately from (4.12), and we get
01, %I,
‘ ow? (0, w) = Ow?
The estimate (4.10) follows by combining (4.13), (4.14), and (4.15).
Step 3: From Step 1 and Step 2, together with Proposition 3.5 we get a
constant Cy > 0 such that

| [DS(I,O)]_l (5(1,0)) || < Co <€2 + Z ||Ua||H1(B;)> ; (4.16)

acA

(L0) < Clla=1+|wlm}.  (415)

[0S0 1DS@mw) — DSao| < Co(la— 112 + [lwli)?. (4.17)

In order to apply Lemma 4.1, we choose

1
0 — 5 d:=2Cy (52+Z ||Ua||H1(B;)> ‘

acA
With this choice we get

1[DS0)] " (S(1,0) || < (1-0)d, (4.18)
H [DS(l,O)] 71” ||DS(a,w) — DS(LO)H S 0 V(OL,W) c Bd(l7 0). (419)

Hence we can apply Lemma 4.1, which concludes the proof of the proposition.
O

5. Solving finite dimension problem via degree arguments

By Proposition 4.2, we can define for each P € B

R.(P) = I.(P,a(P),w(P)) = J. (Z aa(P)ocap, + w(P)> ,
acA

where (a(P),w(P)) is a solution to (3.3). It is easy to verify that P €
[I.c4 Bs(0) is a critical point of R. if and only if (P,a(P), w(P)) is criti-
cal point of I (o, P,w) (see for instance Cao and Heinz [7]). Thus solving (3.4)
is equivalent to solve

OR.(P)

oP

— 0. (5.1)
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Existence of a solution to (5.1) can be obtained by computing the Brouwer
degree of the map VR,.

Proposition 5.1. Assume (A1) — (Az2) are satisfied. Then,

g};z (P) = ¢ (Z |Ua,e||§D2Ve(a)> (P,) + O(%). (5.2)

(=1

If furthermore (As) holds, then there exist €g,00 > 0 such that for € € (0,&)
and 6 € (0,dp)

deg (0, VR., Bs) = (—1)Xaca (5.3)
2D2

where ng, stands for the number of negative eigenvalues of >, ||U,,
Vi(a).

Proof. By setting q := (P, a(P), w(P)), the derivative of R, with respect to
P is given by

OR.(P) oL oI, [ da ol [ ow
= E@ o () e (Gp@). 6
=0

where the second term on the right hand-side of (5.4) is zero since (a(P), w(P))
solves the first equation in (3.3). Concerning the third term of (5.4), we em-

I
phasize that here a—e is a linear form on the entire Hilbert space F. and that
W

3—“’ may not belong to 7. p. Hence, we decompose
ow
— =1, +f, 5.5
op, — L tf (5.5)
with f; € F.p and f; € span {as’a’pa, 8”5;1"3@ e, 8”51’&’3” } Since, w €

Fe.a, by differentiating with respect to the point P, the identities

004,p,
<Wa o'a,Pa,E>€ = 07 <Wa — = 07
€

yi
we derive (as in Cao and Heinz [7, Appendix D]):
ow _ ow 60'%13(17E B
<8Pa,i7o-a7pa7e>5 —07 <8Pa’i7 8:[/1 _ = O(HW”E) (56)

I,
Therefore, from %(ﬂ) =0 (by (3.3)) and (5.6) we get

e (@) < I

We can then rewrite (5.4) as follows:

OR.(P) 8I( )+% aﬂ() ol
oP op ow \op 4 P

O (Iwll-) = O (£ + 1 Uall3pa ey + Iwl2)

S (@+0 (&* + [Ualf sy + Iw2) -
(5.7)
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ol
So, we need to estimate —— . From the definition of I, and using the facts

that the functions o o p, have disjoint supports together with w € F, p, we
obtain for i =1,..., V:

8_[5 _ 8o's,cr‘,Pa
0P, ; (@) = DJ(ZueA @a ca,p TW) (aam)

80’ 60’

2 €,a,P, €,a,P,

= Qg O¢,a,P,> L — VG (a0 P, +W),Qq——7" ).
< g,a,Fq 9Pa,i >E /RN< ( £€,a,Ig ) 9Pa,i >

I 11

(5.8)

To estimate I and II observe that the functions U, X, and the nonlin-
earity G are even, which implies

80’8,(1,13& _ a(XnUa) _
/RN <VUE’G’P“’V8PG,1- > = /RN <V(XUUQ),V (33/1- =0, (5.9)

(90'5 a,P, > / < (8(XUUU,))>
vG QqO0¢ a,P, 7# = VG (e} Ua | — =0.
/]RN< ( ,a, P, ) apa,i RN ( Xn ) ayz
(5.10)

Estimate of (/):

Using (5.9) and the definition of o 4 p, we get
00¢.a,p, " A(xnUa,r)? a
<U€,a,Paaa-Pa’i E:—Z/RN W(ax)T (Jj—g—Pa) dx

- Z/ S (a el + Pul) (V) dy

- <(3Vf) P WUl

where the last equality follows by applying Lemma A.3 with W := g—‘;ﬁ at

a € A and the even function f(x) = (x,Uar)*
Estimate of (/1):

Setting o := 0. 4 p,, a Taylor expansion of G gives

0 0
<VG(060'+W VG (ao) aPU > / D? G(aa-+sw) |:a 7 W:| ds

do
= D2G(U[[l—7—a]) |:8,Z"W:| +R, (512)

where the remainder r is given by

Jdo s
r _/ / D? G 70l L tlao—UL 7o) £ sw)) [3 ,w, a0 — U}, a]+3W] dsdt,
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whose L'-norm can easily be estimated as

I7llzs = O (Wil + lo = 112 + [ Uallys sy ) (5.13)
From the equatlon satisfied by o« we derive that
ou
= D*G “ 5.14
AT v WGt (514)
which implies with the estimate (A.7)
ou, ou
DQG =0 4 2 . 5.15
T ) .

Therefore, using (5 10) (5.12), (5.13) and (5.15) we deduce that
0nUa) pr]
/RN<VG(040'+w 8Pm / [ oz, \W + RNR

0« T
7, XnW @
83:,» a

+0 (la =112 + [Wli3ys + 1Uals s))

=0 (e* +la =112 + [wlidn + 1 Ualidr sy ) -
(5.16)

By applying the estimates (5.11), (5.16) in (5.8), and using (4.5) with
(A.12), we can complete the estimate of (5.7) as follows

31257];1)) = ¢’ (Z |Ua,é||§D2Ve(a)> (P.) + O (%). (5.17)

{=1

M,
This proves (5.2).
Let us now prove the degree formula (5.3). Under the assumption (A3),
each of the matrices M, is invertible. So, there exists a constant Cj such that
‘M ’ > Cy, VP, € IBs(a), Va € A.

Hence, setting M (P) := (M,(P,))aca, we can choose ¢ > 0 small enough

such that VAL
’7’7|M )| +0(e) >0, (5.18)
for all P € O (I],c.4 Bs(a)). Therefore, (5.18) implies that the homotopy given
by
H(t,P)=(1-t)VR.(P)+tM(P), tel0,1],P € Bs

satisfies |H (t,P)| # 0 for all ¢ € [0, 1]. By the classical property of the Brouwer
Degree, we have

deg(0, VR., Bs) = deg(0, M, Bs) = (—1)Zeca,

where n, stands for the number of negative eigenvalues of the matrix M,. This
completes the proof of the proposition. O
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Since the degree computed in Proposition 5.1 is non-zero, the existence
property for the Brouwer degree, we deduce the following

Corollary 5.2. Suppose the assumptions (A1)—(As) are satisfied. Then, there
exists g > 0 such that for each € € (0,eq) the system (5.1) admits a solution
Pe € Bs.

Moreover, setting 7, == £ + P, 3. 4 aq(P*)UI) + w(P?) is a solution of
(2.1).

6. Proof of main results

In this section we give the proof of main result.

Proof of Theorem 1.5. By Corollary 5.2, we know that u® := »_ _ 4 a.(P?)
Oca,p: +wW(P?) is a solution of (2.1). Thus, a solution to the original problem
(S.) is given by

) = () = 3 aa(P) U (T2 - 17wl (2)).
acA

The estimate in (1.5) on (a, w) follows from (4.5) and (A.12). Also, by
using (5.1) and (5.2) we have

0 =e*M,(P%) + O(%).

Since M, is invertible, we deduce that |P¢| = O(e). Hence, (1.5) holds. This
completes the proof of main result. O
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A. Appendix: Some estimates

In this appendix, we collect some technical estimates that have been used in
our paper. We start with two preliminary observations:
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(i) Given W € C?(RY) and a € R, the definition of x,, (see (1.4)) and a
first order Taylor expansion imply for € € (0,&p), P € B1(0):

Xn(2) {W (a + e[z + P]) — W(a) — eDW(,y(z + P)}
=) [ [ @t P D Wiapaiepary o+ st

= O (*[|z” + |P?]), (A1)

where we used e[|z + P| = O(1) on the ball B, (0) since P € B;(0) and
en = O(1) (see (2.4)).
(ii) Given s > 1, the definition of y,, implies

IGlle = UEle+O (MElias;)) VEeL®Y) (@21),  (A2)
and for all f,g € H*(RY) it holds
(f, Xf]g>a = (f,g)a +O (||f||H1(B,;) g||H1(B,;)) . (A.3)

In the rest of this appendix, we will always assume that ¢ € (0,g¢),
Pe B (0)

Lemma A.1. Given a € A, P € B1(0). Then, for ¢ <5 we have
loreaplla = 1Ually +O ([ Uall ) (A4)

U2+ 0 (52 + ||UaH§p(B%)). (A.5)

”a's,a,P”g

Proof. Estimate (A.4) is a special case of (A.2). For (A.5) we note that (setting
T: =24 P)

lorcsa.r|IZ = [[ ey Ua) =72
= | Uel? +/ {V(a+efz+P)) — V(a)} (x,Ud)>.
RN

We conclude by applying (A.1), (A.3) with the fact that (1+|z|?)U2% € LY(RY).

O

Lemma A.2. Let s > 1. Then, for any w € F. o p and setting 7 := ¢ + P we
have

(6w Ua) = 0 (& + [Uallm s ) W]l (A.6)

Oz
Proof. Let us first prove (A.6). We have
Vxwy ) VU = V'V (xgUa ) + VO ) VUa — Ve 'V (xyUa )
= VwET]V(XnUa,g) + VX, {sxfflwy]VUa,g — U,LngLT]}

oy, :
<X;w[ﬂ, > :O(EQ—l-HUaHHl(B%))HWHE j=1,...,N. (A7)

+ Xn(Xf,_l — 1)Vw£T]VUa’¢.
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Using then the property of the function yx,, (see (1.4)) we easily deduce that

/ VOl VU, = /RN V'V (0 Uae) + O (1l g ) lwel o

(A.8)

Furthermore,
Vi(a )ané ]Uaj =V, (a+ e[z + P)) wET]XnUa,g
+ (Vela) = Vi (a+efe + P1)) ey Uas
+Vela) (x5 = 1) xowy U
Hence by using (A.1) and the fact that (1 + |z|*)U2 € L}(R"Y) we obtain

W( )ang ]Ua,é = V(5x)wl(X77Ua,€)[_T]
RN RN

+O(€2+HU,

LQ(B;)) ng”Lz. (A9)

Using (w, (x,Us)l"7). = 0 (Since w € F., p) together with (A.8) and
(A.9), we obtain

(w1, U0) =04 Ul o) (Wl (A.10)
The proof of (A.7) is similar. O

Lemma A.3. Let W € CY*RY) be such that W(a) = 0 for some a € RV,
f € LY RN, (1+ |z[*)dx) be an even function and consider x, given by (1.4).
Then, fori=1,...,N we have

W(atelo + P (e ade = £ (FW(a).P) [ 7+0 (4 flly))
(A.11)

RN

Proof. Using (A.2) we have, for € B,(0) and P € B;(0),

W (a+ o+ P)) (xof)de = ¢ / (VW (a), 2 + P) (xo )z + O(?),

RN By (0)

=e(VW(a), P) f(z)dx

RN
+0 (52 + |\f||L1(B;(0)>) ’

where we have used that the map z — (VW (a),z)f(x) is an odd function.
This proves (A.11). O

Finally, given function f € L*(RY) satisfying f(x) = O (Jz|~®) for some

a > N, we have
[ =0
B3

whenever en = O(1). Since for the functions U, solution of (1.2) there exists
a constant ¢ > 0 such that (same arguments as in Busca and Sirakov [5])
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U(2)|,10;U(z)| < Ce ol

we conclude
[Uallsr () = OE"), VE>1. (A.12)
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