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Fractional Choquard equation with critical
nonlinearities

T. Mukherjee and K. Sreenadh

Abstract. In this article, we study the Brezis—Nirenberg type problem of
nonlinear Choquard equation involving the fractional Laplacian

2% s .
(=A)'u= </ |g|cu_;|udy> s "0+ Auin Q, w=0inR"\Q,
Q

where (2 is a bounded domain in R™ with Lipschitz boundary, A is a real
parameter, s € (0,1),n > 25,0 < p <nand 2}, ; = (2n—p)/(n—2s) is the
critical exponent in the sense of Hardy—Littlewood—Sobolev inequality.
We obtain some existence, nonexistence and regularity results for weak
solution of the above problem using variational methods.
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1. Introduction

In the present paper, we study the existence of weak solutions of the following
doubly nonlocal fractional elliptic problem:

2. .
(Py): (—A)°u = / Ldy |u?ms 2y 4+ A in Q, u=0 in R™\Q,
alr =yl
where ) is a bounded domain in R™ with Lipschitz boundary, A is a real
parameter, s € (0,1), 27 ;= (2n —p)/(n —2s), 0 < p <n,n>2s and (-A)*
is the fractional Laplace operator defined as

Su(m) — u(z) — u(y)
(—A)’u(x) = —P.V. o T — gt d

(up to a normalizing constant), where P.V. denotes the Cauchy principal value.
The fractional power of Laplacian is the infinitesimal generator of Lévy stable
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diffusion process and arise in anomalous diffusion in plasma, population dy-
namics, geophysical fluid dynamics, flames propagation, chemical reactions in
liquids and American options in finance. For more details, we refer to [5,15].
Problems of the type (P)) are inspired by the Hardy-Littlewood—Sobolev in-
equality:

u(y)

25 s 223% A
n Jgn T—y

u||L2* @ for all w € H*(R"),
(1.1)
where C' = C(n, p) is a positive constant and 27 = 22

In the local case s = 1, authors in [10] studied the existence of ground
state solutions for the nonlinear Choquard equation

1
—Au+V(z)u <| m u|p> |u[P~?u in R", (1.2)

for the case p = 2 and p = 1. S. Pekar [29] used this equation to describe the
quantum theory of a polaron at rest and modeling of an electron trapped in
its own hole. Lieb [20] adopted it as an approximation to Hartree-Fock theory
of one component plasma. In [26], authors proved the existence of ground
states under the assumptions of Berestycki-Lions type. With conditions on the
potential V', problems of type (1.2) are also studied in [1,2].

In [19], Lieb considered the problem of the form

—Au+u = (|z|* * F(u))f(u) in R",

where f(t) is critical growth nonlinearity such that [tf(t )| < O|t)* + |1f|%L
for t € R, p > 0, some constant C' > 0 and F(¢ fo z)dz. Under some
appropriate structure conditions on the nonhnearlty f, author proved the ex-
istence and uniqueness (up to translations) of the ground state solutions. The
existence of a sequence of radially symmetric solutions was shown by Lions
n [21]. The nonlocal counterpart of this problem with fractional Laplacian
has been studied in [35]. A class of Schrodinger equations with a generalized
Choquard nonlinearity and fractional diffusion has been investigated in [12].
Some existence, nonexistence and regularity results has been studied in [13].
For more details, we refer to [3,4,11,16,36].

In the pioneering work of Brezis—Nirenberg [7], authors studied the crit-
ical exponent problem

“Au = |u|2*_2u + Auin ©Q, v = 0in 01,

where 2* = Z—fg They proved the existence of solutions for A > 0,n > 4 by

analyzing the local Palais-Smale sequences below the first critical level. In [14],
Gao and Yang established some existence results for the Brezis—Nirenberg type
problem of the nonlinear Choquard equation

2,
—Au= /Ldy |ul?
o lz—yl

204 Auin Q,  uw=0on dQ, (1.3)
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where A is a real parameter and 2 = (2n — p)/(n —2), 0 < p < n. Here
again, authors obtained the existence results using mountain pass structure of
the energy functional and carefully analysing the local Palais-Smale sequences
below the first critical level as in [7].

Recently, many people studied the Brezis—Nirenberg type results for semi-
linear equations with fractional Laplacian, for details and recent works we refer
to [8,9,17,24,25,28,33,34] and the references therein. In [22,23], authors dis-
cussed recent developments in the description of anamolous diffusion via frac-
tional dynamics and several fractional equations are obtained asymptotically
from Lévy random walk models, extending Brownian walk models in a natural
way. Particularly in [18], a fractional Schrédinger equation with local power
type nonlinearity has been studied. We also refer [27] for a detailed study.

In this paper, we consider the nonlocal counterpart of the problem in
(1.3) namely (Py). Here, we study the existence, multiplicity, regularity and
nonexistence results for (Py) in the spirit of [14]. We show several estimates
while studying the compactness of Palais-Smale sequences using the mini-
mizers of the inequality in (1.1) and show the L* and C%? regularity for
the solutions of (Py). A paper concerning Choquard equation and fractional
Laplacian with critical and noncritical nonlinearity is [6]. To the best of our
knowledge, there is no paper considering the Brezis-Nirenberg type problem
for Choquard equation with fractional Laplacian. We aim at studying the ex-
istence and multiplicity of Choquard equation with upper critical exponent
2y, s = (2n — p)/(n — 2s) on bounded domain in R", n > 2s.

The paper is organized as follows: In Sect. 2, we give the functional setting
for the problem to use variational approach and state our main results. In
Sect. 3, we show that the weak limit of every bounded Palais-Smale sequence
gives a weak solution for (Py) by analyzing the Palais-Smale sequences below
the critical level. In Sect. 4, we give the proof of our first main theorem (when
n > 4s) for the cases A € (0,A1) and A > A separately, where \; is the
first eigenvalue of (—A)® with homogenous Dirichlet datum given in R™\€.
In Sect. 5, we prove the existence result for (Py) when 2s < n < 4s, that
is we show that there exists A > 0 such that for any A > )\, different from
the eigenvalues of (—A)®, (Py) has a nontrivial solution. In Sect. 6, we show
some regularity result for weak solutions of (Py). Finally in Sect. 7, we prove
a non-existence result for A < 0.

2. Functional setting and main results

In [33], Servadei and Valdinoci discussed the Dirichlet boundary value problem
for the fractional Laplacian using variational methods. Due to the nonlocalness
of the fractional Laplacian, they introduced the function space (Xo, ||.||x,)- The
space X is defined as

X= {u| u : R™ —R is measurable, ulg € L?() and WGLQ(Q)} ,
x —yl|zt
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where Q = R?"\(CQ x CQ) and CQ := R™"\Q. The space X is endowed with
the norm

[ullx = llullz2) + [ulx

([ @) —u@)? N
[u}x<Q g ddy) :

Then we define Xg = {u € X : u = 0 a.e. in R"\Q}. Also we have the Poincare
type inequality: there exists a constant C' > 0 such that ||ul|z2) < Clu]x, for
all u € Xo. Hence, ||u|| = [u]x is a norm on X,. Moreover, X is a Hilbert space
and C°(Q) is dense in Xy. Note that the norm ||.|| involves the interaction
between Q and R"\Q. We denote ||.|| = []x for the norm in X, and |.|, for
the L, norm. From the embedding results, we know that Xy is continuously
and compactly embedded in L" () when 1 < r < 2%, where 2% = 2n/(n — 2s)
and the embedding is continuous but not compact if r» = 2%. We define

ul”

n 2
u€Xo\{0} |ul3-

where

The key point to apply variational approach for the problem (Py) is the fol-
lowing well-known Hardy—-Littlewood—Sobolev inequality.

Proposition 2.1. [20] Let t,r > 1 and 0 < pu < n with 1/t + p/n+ 1/r =
2, f € LY(R™) and h € L"(R™). There erists a sharp constant C(t,n,u,r),
independent of f,h such that

(v)
————dady < C hl,.. .
/w R |x—y| y < C(t,n, p7)|flelhl (2.1)

]ft:r:22

n__p n -+
(t,n, p,r) = C(n,p) = 7% 1;((:,%2)) {FF((Z))} - n

this case there is equality in (2.1) if and only if f = (constant)h and
h(z) = A(Y* + |z — af?)
for some A€ C,0#v€R and a € R".

(2n )

In general, let f = h = |u|? then by Hardy-Littlewood—Sobolev inequality

we get,
K
[ [ Ml
nJrn T —y|H

is well defined if |u|? € L*(R™) for some ¢ > 1 satisfying
u
L)
t + n

Thus, for u € H*(R™), by Sobolev Embedding theorems, we must have

2n—u§q_2n—
n n—2s
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From this, for u € Xy we have

e fuy)

)8 2‘*‘% _1
(/ / |x —ylr dxdy) < C(n,p) % lu

where C(n, ;1) is a suitable constant, 2, ;= (2n—pu)/(n—2) and 23 =2n/(n—2s).
We define

2
2%

o b A o

1
)%e [u(y) s
f]R" f]R" [z— ;‘Hy dxdy) .

as the best constant which is achieved if and only if u is of the form

SH .—

inf
Hs(R™)\{0} (

n—2s

t 2
C () , for allz € R",

12+ |z — xo|?

for some zp € R™, C' > 0 and t > 0 (following Lemma 1.2 of [14]). It is well-
known that this characterization of u provides the minimizer for S which is
the best Sobolev constant for the embedding Xo < L% (). Also, when p = 4s
(refer Theorem 2.15 of [13]) it satisfies

_A S, ‘u|2;.s d 2% s—2 . Rn 2.9
(=A)°u = A |x—y|“y [u|?ms ™% u in R™. (2.2)

Sf=—"7+ (2:3)
C(n, p) e
Consider the family of functions {U.} defined as

(n—2s) [u* (%
Uclz) =€ B ( |u*(|;>>’ z e R",

n—2s

2\ T2

Moreover,

x

1
s2s
constants. Then for each € > 0, U, satisfies

(=A)*u = |u* 2y inR"

where u*(z) = a | % +

with @ € R\{0} and # > 0 are fixed

and verifies the equality

Ue — Ue 2 * n
/ / —| (.T) n+(2:Z)| dl‘dy = / ‘U6|25 dx = Sszs .
nJrn T =yl R™

(For a proof, we refer to [33].) Next lemma gives a property about S which
is known to be true for S.

Lemma 2.2. Let
I, ‘7;@;,7:&1' dady

SH(Q):= inf
) Xo\{0} (

—.
w(z)|? s |u fos 2,s
I fQI () | \ (f)l dxdy) p

z—y|
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Then SH(Q) = SH and SE(Q) is never achieved except Q2 = R™.

Proof. Clearly SH < SH(Q). Let {u;} C C(R") be a minimizing sequence
for S. We choose 7, € R™ and ), > 0 such that

n—2s

vg(x) =0,

which satisfies

|’Uk *Uk / / |uk 7uk( )|
d dy dxd
// T -yt |n+26 R P e
s 2;,5 2*@ 2*&
/ ROl T
Q Ix—yl“ n JRn |z — yl~

We see that vy’s are translations and dilations of u’s. By definition,
— n 2
Jo 7‘“75“’“2’;22)‘ dzdy
Vg (T fi,s Vi 2
f f vk ()| — |y|l;(y)\ dzdy
which implies S (Q) < SH. Thus, S (Q) is never achieved except when ) =

R™ because {U.} are the only form of minimizers for which the equality holds
in Hardy-Littlewood—Sobolev inequality and the best constant is achieved. [

S(Q) <

S

Definition 2.3. We say that u € Xy is a weak solution of (Py) if

/ (u(z) —u@)(e@) = W) 4 4,

Ix _ ‘n+25

2,“ -
// lu()] ()% u(y)e(y) dxdy+A/u¢ d.
|z — y|» Q

for every v € Xj.

The corresponding energy functional associated to the problem (Py) is
given by

Hu||2 / / lu(z u(y)[*ee )‘/ 2
In(u) = I(u) : _ _
A(u) (u) := 5 2 |x y|/‘ dady 5 Q|u| dx

Using Hardy-Littlewood-Sobolev inequality, we can show that I € C'(Xy,R)
and

o= | (1) — u(®) (@) — 2w) 4\

|.’E— |n+2s
2", 2% —2
[ 050 gy,
aJa |z — y|» Q

for every ¢ € Xy. Thus, u is a weak solution of (Py) if and only if w is a critical
point of the functional I. We now state the main results of this paper.

Theorem 2.4. Letn > 4s fors € (0,1), then (Py) has a nontrivial weak solution
for every A > 0 such that X is not an eigenvalue of (—A)® with homogenous
Dirichlet boundary condition in R™\).
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Theorem 2.5. Let s € (0,1) and 2s < n < 4s, then there exist A > 0 such
that for any A > X different from the eigenvalues of (—A)*® with homogenous
Dirichlet boundary condition in R™\Q), (Py) has a nontrivial weak solution.

Theorem 2.6. Let A < 0 and Q2 #Z R™ be a strictly star shaped bounded do-
main (with respect to origin) with C* boundary, then (Py) cannot have a
nonnegative nontrivial solution.

3. Preliminary results

We consider €2 to be a bounded domain in R™, n > 2 with Lipschitz boundary
and A to be a real parameter throughout this paper.

Definition 3.1. Let I be a C' functional defined on Banach space X, we say
that {v} is a Palais-Smale sequence of I at ¢ (denoted by (PS).) if

I(vg) — ¢ and I'(vg) — 0, as k — +oo.

And we say that I satisfies the Palais-Smale condition at the level ¢, if every
Palais-Smale sequence at ¢ has a convergent subsequence.

The following lemmas can be proved using the standard methods but we
give some of their proof here for the sake of completeness. To begin, we recall
that pointwise convergence of a bounded sequence implies weak convergence.

Lemma 3.2. (Proposition 5.4.7, see [37]) Let q € (1,00) and {uy} be a bounded
sequence in LY(R™). If up — v almost everywhere in R™ as k — oo, then
ug — u weakly in LY(R™).

Lemma 3.3. Letn > 2s,0 < pu < n and {uy,} be a bounded sequence in L?s (R™)
such that ux, — u almost everywhere in R™ as n — oo, then the following hold,

ur (y)|*

|’u,k M s :,s
/n /n |$ _y\u dzdy
(up —u)(y)[*»

— s 2*,5
/ / (us — w) )| dzdy
n Jrn e
u s

2"
H/ / | |(3) " dzdy ask — oo.
n n :L._y

Proof. Proof follows similarly as proof of Lemma 2.2 [14]. O

Lemma 3.4. Let

1
s 2*,5 22’*"*5
llullo :== // [u(z i July) dxdy
Ix—y\“

then ||.|lo defines a norm on Yy := {u : @ — R : wu is measurable, ||ullp <
+oo}. Also (Yo, || - |lo) is complete.
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Proof. Let u,v € Yy. We have

/Q/ Ju(z |QC_W)IQ dydx:/g< Qm dy> Ju(x)

Using semigroup property of Reisz potential and Plancheral theorem, we get
2 2
2, 2"
/ / |U( )| n+,, dy dr = / F / |U( )| :+H dy dax

a\Ja|lz—y| = Q Qle—yl

2
= / F July)[™ dy | F (|u(a:)|2;> dz,

Q a lz—yl*

where F denotes the Fourier transform map. Therefore, we get

a2 fu () [P @)\
/ dydx :/ / — 0 dy | dx
aJo |z —yl~ a\Jalz—y| =z

So using Minskowski’s inequality, we get

.
2 da.

Jwt o)\ fual) ol | e
u+v uly V(Y
/ ( oz — \"*“ dy) §~/Q /Q EETa e dy

z—y o — P a—y| P

IA

. 255t — . 21\ 22
u)Pie o)\
/ |7n+u dy Sl O = :
Qlr—yl 2 ol —yl 2

As the integrals above are all non-negative, again using the Minskowski’s
inequality we get

' 2, \2 )%
/ [(CRROIC) A
Q Q |l‘—y| 2
1
e, N ewle YL
< / /ﬁdy + /7+,dy du
Q Qlr—y| 2 alr—y|"s
o 2 ﬁ . ) 22}%
< / /% dy | da + / /% dy | de .
fa\dale -yl o \Ja oy

Therefore, we get ||u + v|lo < |lullo + ||v]|o and other properties of norm are
also satisfied by || - ||o. So, || - |lo is a norm on Y, and Y; is a Banach space
under this norm(proof can be sketched using the techniques to prove LP(€2) is
a Banach space with the usual LP-norm). O

Lemma 3.5. Let n > 25, A > 0 and 0 < p < n. Then every Palais-Smale
sequence of I is bounded and its weak limit is a weak solution of (Py).
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Proof. Let {u} be a Palais-Smale sequence of I at ¢ € R™. There exist positive
constant C7 such that

I(u)| < Cy, and ‘<I’(uk),uk>’ <Oy
[l

We have
1 n+2s—pu lug (z M=S|uk(y)\2;)s
(I =1 dzd
37 ) ) = 1) ozt [ e CIE I g,

which implies

;. o ()P ()5
e = [ [ PR gy <t fual), @)

for some positive constant Cs. If A € (0, A1) for n large enough we get

Cs(1 + [Jurll) = I(ux) — (I' (ug), ur)

225 o

1 1 ) 2 2 2
=5~ 595 ) lurll® = Aurlz) = Caflurl.
(2 225

for positive constants C'3, Cy. Let €s denote the eigenfunctions of (—A)* with
homogenous Dirichlet boundary condition in R™\ corresponding to A;. Then
when A € [Ay, A1) for r € N we choose a M < < l and taking u;, =

22*
wy, + v, where v, € span{ey,...,e.} and wy € Xy is such that (wk,e;)x, =
0, j=1,...,r we obtain

Cr(L+ unl) = Tuw) — M (ug), i) = (1 - M) (g = Aus2)

2
1 22*
M — e
. ( 22:&) el
1
- (2 - M) (Tl = Mol + [welf — Mugl?)

1 22%
(00 g
> (Lo m 2_ A 2 (M = N)|vkl3
> ([wel wrll” + (A1 = A)|vl2)
2 /\T'+1

1 20*
+ (M- g )l
22% 0

Since span{ey, ..., e, } is finite dimensional, |y, |2, ||yn| and ||y, ||o are all equiv-
alent. So using (3.1) we get

1 .
(Ol " (22* B M)) (1 flai ) + AC5 (1 + g [) /25 > Colfu] |
1%

for appropriate positive constants C5,Cs. Thus, using all above inequalities
we get {ux} to be a bounded sequence in X which implies that there exist a
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subsequence, still denoted by uy and u € X such that uy — u in X and also
up — u in L% (Q) as k — 400. Then

g | 2me — |u|2;=s in Lﬁﬁ(Q) and |uk|22vs_2uk — |u|22vs_2u in LH?A‘TM(Q)
as k — 4o00. The Reisz potential defines a linear and continuous map from
2n 2n
L% (Q) to L# (Q), which can be shown using Hardy-Littlewood—Sobolev
inequality. This gives
|uk (y)] -+ Ju(y)| -

—— dy — : dy weakly in LZ)T"(Q) as k — +00.
o [z—yl” o lr—yl*

Combining all these, we get
/ A N o | A GO
Y
|z —yl

Juy) [Pooe Ju(@)|Pies 2 u(a)
Q |z —y|»

as k — 4o0. Since I'(u) — 0 as k — 400, for any ¢ € X, we get

( [ ()~ m))(o() = o) 4

‘JJ _ y|n+23

—

dy weakly in L7i% (Q)

lim
k—-+oo

278 2,52
[ [ O ) gy [ ) =0,
|z —y[» Q

This gives

o- [ (1) ~ u®) () = W) 0

| —y|nr2e
21/ S 21/ S 2
[ [ ) g, [
\x -yl Q
for any ¢ € Xy. Thus, u is a weak solution of (Py). O

Let u be the solution obtained in above lemma and we take p = u € X
as the test function in (Py), then we get

()

|u (y) [
l|lul|?> = dzdy + A u dz.
Iw—ylﬂ

So,
n+2s—pu ()2 [uy)| 2
I(u) = dxdy > 0. 3.2
(1) = Gt [ [ I daay > (32)
Lemma 3.6. Let A >0, 0 < p <n and {ui} be a (PS). sequence of I with
n+2s — A\ _2n—p
- = S nt2s—pu |
ST F(st)

Then {ux} has a convergent subsequence.
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Proof. Let u be the weak limit of {uy} obtained using Lemma 3.5. We set
W = ug — u, then wyp — 0 weakly in Xy and wyr — 0 a.e. in Q as k — +oc.
By Brezis-Lieb Lemma, we have

lurll* = llwell* + ull* + 0x(1), and Jukl3 = [wel3 + [ul3 + ox(1).

Also, using Lemma 3.3, we have

//m(:c o lur @)
Ix—yl“
2., 2
- @) P fwr@)Pe g / / [u@) P @) gy o)
QJQ |$_

|z —y|» yl

Since I(uy) — ¢ as k — +o0, we get

= lim 1
o=t )

2 L 20 s A

:khT <|u12g // |Uk |; UTM(ZJ) ¢ dxdyfi/ |uk|2dl‘>

——+00 r—1Y Q

[Jw||” A/ 2 [Jul® A/ 2
= — dx + - = u“dx

2 2 2 2 Jq
(@)% o )P

T2y, |x—y|u !

3.3)

) P fu(y) P (
dad 1

T // |x—y\“ o)

2
:](u)+M é/ w? da

2
Jwp ()2 [wy () -2
dzd 1
22* // |x_y|# xdy + ox(1)
||wk||2 // |wg () |2 [y, (y) [Ps
> dzdy + o (1),
2 ,us |£L’—y|l‘ ( )

using (3.2) and the fact that [, wj dz — 0 as k — +oo (because Xo — L*(Q)
compactly). In a similar manner, since u is a weak solution of (Py), u must be
a critical point of I which gives (I'(u),u) = 0 that is

Up(T 2Z=~*‘ u 2;,5
or(1) = HukH2—// [ (@) e Jur(y) dﬂcdy—)\/ Jug [2da
aJa |z —y|~ Q

— e > — A / e 2da + [ful]? — A / fu?da
Q

wi ()|

w s
//| k( ‘x_ " dzdy

_/ @) o uly) - dady + ok (1)
QJQ

|z —y[»
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:ummuwwmefA/h%Fm
Q

27 s 27 s
[ [ B O
QJQ

|z — yl|~

w () [2es |w s
:‘W%H2A]/t/)‘k()| — kfy” dzdy + ok (1). (3.4)
aJa |z —yl

This implies

2% 2*,5
lim ”wk”Q — lim / / |wk(1')| H ”LUk(y)| I dzdy = a,
k——+oo k—+oo Jo Jo |x — y|#

where a is nonnegative constant. From (3.3) and (3.4), we deduce
n+2s—pu
——a
T 2(2n—p)
Using definition of S¥, we get

n—2s

25 g (o) P
Sf / / ‘wk(l‘)' wk(y)| dxdy < HwkH27
aJa |z —y|~

n—2s 2n—p
which gives a > SHa2»=r. Thus, either a = 0 or a > (SH)7 7% . If a = 0 we

B\ 2n—n .
are done, else a > (S5 )"+2—# gives

n+2s—p
2(2n — p)
This contradicts the hypothesis that

(Sf)ni@ixu <ec.

C<n+25—u(sf)%_%.
2(2n — p)

Thus, a = 0 which implies |luy —u|| — 0 as k — +o0. O

4. Proof of Theorem 2.4

We fix n > 4s and Q to be a smooth bounded domain in R". We divide the
proof of Theorem 2.4 considering two cases.

4.1. Case (1): X € (0, A1)
Without loss of generality, we assume 0 € 2 and fix 6 > 0 such that Bs C Q C
Bjs, for some k > 1. Let n € C*°(R™) be such that 0 <n <1inR", n=11in
B;s and n =0 in R™\Q. For € > 0, we define the function u, as follows

ue(z) = n(z)Ue(),
for x € R™, where U, has been defined in Sect. 2. We have the following results
for u. using Proposition 21 and 22 of [33].

Proposition 4.1. Let s € (0,1) and n > 2s. Then, the following estimates holds
true as € — 0
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uE n S n—szs
// | o — |n+2s)| dady < 8173 + o),
w>/Wm
Q
(i)

s do = S;’/ (25) —|—0(e”),

Cyse? + o(en2%) ifn>4s
/ luc(z)? dz>{ Cy.e?|loge| 4+ o(e?®)  ifn =4s |
Q Cse™ 2% + 0(e?*) if n < 4s

for some positive constant Cs, depending on s.

Using (2.3), Proposition 4.1(i) can be written as

/ / |ue y)l dxdy < Sn/ (2s) +0( n—2s)

e
ln=2s) Hy\ 2 n—2s
= (C(n, p))2=@=m (§57)2 + o(e"™™). (4.1)
We now prove the following proposition in the spirit of Sect. 3 of [14].
Proposition 4.2. The following estimates holds true:

(/ / Jue () e [ue (y) [ Ps dxdy) o < (C(n, N))25<2" m (SH)

\x—y\“

2 +0( n— 25)

)

and

n—2s

Zuss 2 Zn—u
</ﬂ/ ke |z _|Z|€,E l dxdy)
> ((C'(n 1)) (SHY* 5= o (6%» S

for each 0 <n < 2n — p.

Proof. By Hardy-Littlewood—Sobolev inequality, Proposition 4.1(ii) and 2.3,
we get

n—2s

Ix - yl“

3. = (Cln, )55 (82729 4+ o(e))

n—2s
n

n—2s

< (C(n, p)) ==

Ue

(ﬁnmwﬁ(me»mﬁww%%+m ")

< (Cn, p)) G (SH) 55 4 o(en22).
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Next, we consider

// e (@) %2 [ue (y) s dady
I:v—y\“

u< zun 2us 2us
s [ [ b ddyﬁ/ [ WP,
Bs /Bs |x_y|,u Bs J Bs

|z — yl|~
2% 2%
/ / ()]0 |Ue () [P * dady — / / |Ue ()" |Ue ()| dzdy
n n |.’E7’y|“ "\Bs J Bs \xfy|“
U u€ 2#%
/ / | U™ 4 ay.
"\B; JR"\B; Ifr—yI“
(4.2)

We estimate the integrals in R.H.S. of (4.2) separately. Firstly, consider

2n—p
U 2:’5 UE 2 n—2s 2n
n n S
Secondly, fix 0 < n < 2n — p and consider

[ e,
"\ Bs Y Bs |:c—y|ﬂ

<c / / S dzd
1,s n xay
R\ B;s J B; |x—y|u(1+|l|) (1+\y|)4L

2n— / / o dady
By B, |2yl (e2+|x|2> (e 4 yl?)

B 2n—p—n
_dady |\ 1 e
e2n— Ky dzx
| —y|2n—n @n—w@n—n)
n\B;s J/B;s |T Yy R™\ Bs (€2+|$|2) 2(2n—p—n)
2n—p—n
2n—n
1
/ TmmE—y 1Y
By (62 + ‘y‘2) 2(2n—p—mn)
2n—p—mn 2n—p—mn
. 1 2n—n .5 gn—1 2n—n
2n—p
< ofe ) / TR / e
R™\ Bj |x| 2(2n—p—n) 0 (62

+t2) 2(2n—p—mn)
2n—p—n
2n—n
n oo 1 n(2n—p—mn)
2n—p ¢ e
<o (6 ) (2n—p)(2n—n) / (2n—p)(2n—n) dt <o (6 2o )
€ 2n—p-n 0 (1 +t2) 2(2n—p—mn)
(4.4)

where C , is an appropriate positive constant. Lastly, in a similar manner we
have

2 2213
7l\Bg "\Bg |x_y|ll«

et 2n

<Cls/ / T E dzdy
B SRNB p —yle (L 22) 5T (1 22)
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1
€= HQCs, / / — dxdy
"\Bs JR\Bs [z — i (€2 + [2]2) T (e + [y[2)
1

< nngy, / / dady = o(e2"=H). (4.5)
m\Bs Jre\ By [T — ylH |2 ry[2n e

Using (4.3), (4.4) and (4.5) in (4.2), we get

n—2s

‘Ue ” . Ue( )‘225 2n—n
</ / Iw —yl* ey
n—2s
> (O, ) # (515 —o (575)) ™" (40)
This completes the proof. O
Remark 4.3. (4.6) and (4.1) still holds when 2s < n < 4s.

We prove the existence of solution to (Py) using an invariant of mountain
pass lemma.

Lemma 4.4. If A € (0, A1), then the energy functional I satisfies the following
properties:

(i) there exist B,p > 0 such that I(u) > 8 when ||ul| = p,

(ii) there exists u € Xo such that ||| > p and I(a) < 0.

Proof. (i) Since A € (0, A1), using Sobolev embedding and Hardy—Littlewood
—Sobolev inequality, we get

1 A 2(2n—p)
I > (1—-— 2
w2 (1= ) hi? - 22;)801
1 A 22n—p)
>—(1—-— 2 CC n=2s
> 5 (15 ) e = gl

for all u € Xo\{0}, where C, Cy are positive constants. Since 0 < p < n,
S0 2 < 2 (2” ”) Thus, some 3, p > 0 can be chosen such that I(u) > 3

when |Jul| = p.
(if) We fix ug € Xo\{0} and since I(tug) — —o0 as t — oo, we get

2 2 2:1’3 2;15 2:15 2
I(tu ) t HuOH t _ / |u0($)| |u0(y)| dady — %/ \uo|2d:1: <0
Q

2 |z — y[*
for sufficiently large t > 0. This implies, we can obtain u = tgug € Xy for
some to > 0 such that ||@|| > p and I(@) < 0. O

Proposition 4.5. (Proposition 3.3, [14]) Using lemma 4.4 and the mountain
pass lemma without (PS) condition [37], there exists a (PS) sequence {uy}
such that I(ux) — ¢ and I'(ug) — 0 in X (dual of Xo) at the minimaz level

= inf I > 0,
¢" = Inf max I(7(t)

where
Ii= {3 € (0,11, Xo) : 4(0) = 0,1(+(1)) < 0}
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Proof of Theorem 2.4. (n > 4s, X\ € (0, 1)) Before proving this theorem, we
claim that there exists w € X\{0} such that

[w]? = A Jo lw|*d

< s (4.7)

n—2s s
w(z)|?hes |w 2 2n—p
(fQ Jo |w—‘y\£y)| dxdy)

If n = 4s, using Proposition 4.1(iii), (4.1), (4.6) and 0 < u < n, for sufficiently
small n > 0 we get

el = A Jq [ue*d

2s
Ue (T S | ue 2 Bs—p
(fgf |ue(x) “;_leu(yﬂ dxdy)

_ (C(4s.p) 55 (S5)? — ACue|log ] + ofc>) (4.8)
((0(48’“>)2(SSH)8ST?i - 0(64“8;;;7‘;’")) R

< SH _\C.e**|loge| + o(e*) < SH

for € > 0 small enough. If n > 4s, then again using Proposition 4.1(iii), (4.1),
(4.6) and n > 4s, for sufficiently small n > 0 we get

HUEHQ - /\fg |u€|2d$

o) b B
(fo fi eI E e gy
_ (Cln, ) FE (SH)d — ACue + o) (4.9)

n 2n—p n@n—p—m) znrfi
((Cln, ) (SH) "5 — o™ 57))
< SH —\Cye? +o(e" ) < SH

for € > 0 small enough. So (4.7) holds true if we take w = u, for appropriately
chosen € > 0. Consequently, we have

t2||w|\2 t”ﬂ&// (@) [ y) e /
max -
£>0 |z =yl

_2n—p

n+2s—p
2
:n+23—u \w|| )‘fQ
2(2n - /”L) 25s (w fios ;17:2‘8‘
(fn fQ |a: ‘y\iy)l dxdy)
M2 gy
2(2n — p)
This implies
n+2s— @, . _2n-n
I(t — nfzE—p,
O<I¥lza§{ (w)<2(2n—u)(58) g
From the definition ¢*, we can say that ¢* < g('gis #‘; (SH) 75527 . Then using

Proposition 4.5, there exists a (PS) sequence, say {uy} at ¢*. We know {uy}
has a convergent subsequence, using Lemma 3.6 and thus, I has a critical
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value ¢* € (0; ;’(Eff ,S (S s “> which gives a nontrivial weak solution for

(Py)- O

2. Case (2): A > X\

Let us consider the sequence of eigenvalues of the operator (—A)® with ho-
mogenous Dirichlet boundary condition in R™\{Q}, denoted by

O< A <A< A3 < <A < A <

and {e;}jen C L>(2) be the corresponding sequence of eigenfunctions. We
also consider this sequence of e;’s to form an orthonormal basis of L?(£2) and
orthogonal basis of Xj.

In this case, without loss of generality, we can assume X € [\, A,11) for
some r € N and e,. denote the eigenfunction corresponding to A,.. We define

M, = {u € Xo: (u,e;) = / (u(z) - “(y))(e”(f;) — i) 44y
Q |z — y|nt+2s
=0,71=1,2, .,r},
and
D, := span{ej,ea,...,e.}.

Clearly, D, is finite dimensional and D, & M,.11 = Xj.

Lemma 4.6. Let A € [\, \.11) for some r € N. Then the energy functional I
satisfies the following properties :

(i) There exists B3, p > 0 such that I(u) > B, for any u € M,1 with ||ul| = p.
(ii) If u € Dy, then I(u) < 0.
(iii) If E is any finite dimensional subspace of Xg, then there exists R > p
such that for any v € E with ||u|| > R, we have I(u) < 0.

Proof. (i) Since A € [A, A\r41), using Sobolev embedding and Hardy—
Littlewood—Sobolev inequality, we get

1 )\ 2(2n—p)
=g (1- A+1)u||2 il
.
1 A 2(2n—p)
— 11— 2 n—2s
3 (17 22 ) IulP - a2

22*
for all u € Ml,.+1\{0}, where C1, Cy are positive constants. Since 0 < u <

Y

v

n, so 2 < 2 (1”:2“ and thus, some 3,p > 0 can be chosen such that

I(u) > B for u € M,41 and |Jul| = p.
(ii) Let u € D,, then there exists a; € R such that u = Y|, a;e;. Since e;’s
form an orthonormal basis of Xy and L?(f2), we get

/u dx—za and |Jul)? = Zcﬁue?u?
Q

=1
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This implies

1 2 2 lu(z )|2;’5

~ ST 2 (le? - dzd
3 et =3 = g [ [ I aay
I

<§2ai()\i—)\)§0,

because A € [Ar, A\ri1)-
(iii) Let u € E\{0}. Recalling that A > 0, all norms on a finite dimensional
space are equivalent and Lemma 3.4, we get

[ull® _ Alul3 // Ju(a) [P fu(y) [P
I(u) = — — dxd
(U) 2 2 ,us |5L~_y|l‘« e

lull> __Cy .
< . || [#2e
2 22
for some positive constant Cy. This implies I(u) — —o0 as |lul| — +oc.

Thus there exists R > p such that for any u € E with ||u|| > R, we have
I(u) <0 and (ii7) follows.

O

Before proceeding further, we define the linear space

GT,E = Span{eh €2,...,€p, ue}

o 2 2
o= (Il =2 [ o ae)

where M = {u € G, : [, [, % dzdy = 1} and u. (using (4.7))
is such that

and set

el = A Jq [ue]*d

= < S0
(f Lo (w)\wu ) dmdy)“*“

Lemma 4.7. Let n > 4s for s € (0,1) and A € [\, A1) for some r € N, then
the following holds true:

(i) There exist ug € Gy such that g, is achieved at ug and
Ug = w + tue
with w € D, and t > 0.
(ii) Ase— 0, we have
g <{()\ —A)|wl3 ) ift=0
"= A = A|wlE 4 FL(1+ [wlao(e™2) + o(e "2 )|wly  ift >0,
where w is given in (i) and F, is given by

I H2 —A \u *de
Fe = : fQ : n—2s *

(o B 40
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Proof. (i) Clearly G, . is finite dimensional, so g, ¢ is achieved at some u, €
G, such that u, € M. By definition of G, , there exist w € D, and
t € R such that uy = w+tu.. We can assume ¢ > 0 because if ¢ < 0, then
we can replace ug by —ug.
(ii) To prove this, first let ¢ = 0, then u, = w € D, and

gmznmﬁ—aéwwdxsur—mm@

Now, suppose ¢ > 0. Since w € Span{ei,es,...,e.} and e; € L>(Q) for
j=12,...,r, we get w € L>®(Q). Consider

L, s 2*,5_1
// ‘UE ‘ 6( )| 2 dxdy
\w—yl“
|u€ |2 ( ) ’571 dxd
Tyl g
_ o) U () 25+~
f/ / p— dzdy

—(8n— 2 2s 1
_Cl ,s€ “ - )/ / 271,7‘,1, 5 n_pi2s dxdy
2
Bis 1+| |z — y|» (1+\%| )
1
—Cl s6 2 271,7;1, n_ni2s dxdy
2 2
Pis (14 o) 7 oyl (14 )
1
<Cl 36 2 27),7# n_pi2s dxdy7
n n 2 2 2
(1+1eP) 7 =y (1+1y)
(4.10)

where (' ; is positive constant. If © > 1, then using Hardy-Littlewood—
Sobolev inequality we get

1
/m(/ T iz dzdy
1+|m| 2 2

|z —yl# (1+ |y|*)

. 1 frs T . 1 ATaTs
< / <2n}) dz /<W> dy
5 A+ )

(4.11)

n—pts

where each of the above integrals are finite. Else if p < 1, then using
Hardy-Littlewood—Sobolev inequality we get
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1
/ / _ - dady
1 + |:1:| N 2

e —ylr (14 [y

2n 27;7;” 2n 27;;
1 2n—p 1 2n—p
<(/ <) dz / <) dy
re \ (14 ]z[2) 72 1+ yl?)

where each of the above integrals are finite. Using (4.10), (4.11) and (4.12)
we get

27 ,—1 .
/ / fuc (= |x - ;(ﬂ)l dzdy < O(ETQ). (4.13)

Moreover, using simple computations we see that for € > 0 sufficiently
small

2% 27 —1
[ [,
aJa |z — y|
2t 2% -1
s [ [ P,
B; J B |z — y|#

n—2s 1
=C(Cq,s¢€ 2 / / 2 P TS E dzdy
By oy (L o) T o=y (1 )

1 n—2s
>Cl 56 2 / / n—p+2s dl’dy:O(E 2 )’
BBy (14 [af?) % Je—ylr (14 |y?) " 2
(4.14)

where C 5 is a positive constant. Therefore using (4.13) and (4.14), we

get
s 2,51 n—2s
// |uc(z | |“ UE(|N)| " dedy = o(e 2 ).
r—=Yy

Using the fact that the map t — ¢2%u.s in convex for t > 0, (4.14) and all
norms on D, are equivalent, we get

o

1 = / / |Ug(l') 2;’s|u9( ) pos dIdy
aJa |z — yl|~
25 2
[ [Nt o) ) g,
aJa |z — y[»

. @) e
Q

- |z —y|»

tue(z 25 tiue s
m*//m |u| w@ltu e |
T —

ylm

:t22 // |u€ ‘uﬁ( )|2u’s dxdy
aJo |x—y\”
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2% s
v [ [ 0,

Ix*ylﬂ

> t22:,s |“€ e fuey)Pe
- Ifc—y\“ !
~1 2%
—22 ¢ l‘wloo// [uc(@ Juey) ™ dxdy
Ix*ylf‘
s 2*‘/15 * n—=zs
thz;,s// [ue () % |ue(y)[™ dxdy—KthQ“';1|w|20(e 2 ),
QJo

IaC —ylr

for some positive constant K;. This implies t < Ky for some constant
Ky > 0 and

27 s n—2s
/ / fue (& | ue(y)| dedy <1+ Ks|wl|ao(e 2 ).

x—y|H

Hence, using the definition of F and w being linear combination of finitely
many eigenfunctions, we get

n—2s
I 2;» 2n—p
gre< O =N+ r( [ ] tuc@Pesftucw)l g0 )", [ wewda
|m —yl Q

< O = Nl + Fe (14 Kslulao(e™7 ) ) + Kslucli fula

< O = Nl + Fe (14 Kslwloo(e™>7) ) + o(e™3 ) ke,

where Ky, K5 are positive constants and we used |uc|; = o(e "2 ) (which
can be derived as other estimates done before). This completes the proof.
0

Lemma 4.8. If n > 4s and X\ € [Aq, A\p11), for some r € N, then for every
u € G, we have
[ull® = A Jq [ul*dz

< St

n—2s
,w‘u( )| Ls Zn—n
(fQ fQ |z— y\“y dxdy)
Proof. Tt is enough to show that g, . < SH. From lemma 4.7, if t = 0 we have
Gr,e < (>‘T - A)"U}@ <0< Sf

Else if t > 0, then we consider the cases n = 4s and n > 4s separately.
Case 1: (n = 4s) By lemma 4.7(ii) and estimates in (4.8), we have

uel|? = A ue|?dx
gre < O — N2 + eell” = A Jg .

(fﬂ fsz |u€(z)|2|f;izt‘;(y)‘22,s dxdy) o
(1+ [wl20(€%)) + [w]20(e”)
< SH _\C.e®*|loge| + 0(e**) + (A — N)|w|3 + |w]20(€¥)
< SH _\C.e**|loge| 4+ o(e**) < SH,
for sufficiently small € > 0.
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Case 2: (n > 4s) By lemma 4.7(ii) and estimates in (4.9), we have
uel|? = A uc|?de n
gre < (e = Nwls + H ”2* b | | o (14 [wl2)o(e =)
5 lue fis n—p
(fQ I |ue ()] l;f\yulu(y)l dxdy)

n—2s
=)

n—2s

+o(e = )wlz
< SH NC4€® + 0("72%) + (A — N)|wl3 + |wl20(e

0(6 n—23)7

for sufficiently small € > 0. Also for n > 4s, we have that
n—2s 1
< n—2sy _
SR To Wy ) =ole
O

(Ar = N)w]3 + [w]20(e
which implies g, < SH for both the cases. This completes the proof.

Proof of Theorem 2.4. (n > 4s, A > A1)
Since we know u, = w + tu,, we can also write uy = W + ti, where
K ks
W = ertZ (/ uee,;dx> e; €D, and U, = ue — Z (/ uee,;dx> e;
i=1 N/ Q

and find that @ and @, are orthogonal in L?*(Q). Then, |uy|3 = |03 + t2|a.|3.

i=1

From the definition of G,. ., we can write that
Gre =D, ® uR =D, @ @R,

where u R = {ru. : » € R} and similarly, z.R. By lemma 4.6, we have

(i) infueMTH,HuH:p I(u) > f>0,
(ii) sup,ep, I(u) <0, and
(111) SUPueG,. o, |lul|>R I(U) <0,

where 3, p are defined in Lemma 4.6. Therefore, I satisfies the geometric struc-

ture of the linking theorem (Theorem 5.3,[32]). We define

¢ = inf max I(y(u)) > 0,
(BrRN'D,) @ {ri. :

~yell ue A
maxyea I(y(u)) and

where v 1= {y € C(A, Xp) : v = id on A} and A :
r € (0, R)}. By definition, for any v € I', we have ¢ <
particularly, if we take v = id on A, then

¢ <maxI(u) < I(r;}axl(u).

u€A
2n—p
nt2s—n

As we saw earlier, for any u € Xo\{0},

2s — w||? = X [, |w|?dz
max I (tu) = ntes—p Ll Jolu! R
t20 2(2n — p) @) @) g )5
(fQ fQ [z—y[~ L y)
(4.15)
Since G, . is a linear space, we have
t
max [t < max I(tu).
|| UEG,¢,t>0

max [I(u) =
u€Gy,. UEG,,,t#0
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Hence, using lemma 4.8 and (4.15), we get

n+28— U, g, _2n-u

< max  I(tu) < (SHYwFz—7,

UEG,,,t>0 2(2n — p)

Finally, using Linking theorem and Lemma 3.6, we conclude that (Py) has a
nontrivial weak solution in Xy with critical value ¢ > (. O

5. Proof of Theorem 2.5

We will prove this theorem using the Mountain Pass theorem and Linking
theorem in a combined way.

Lemma 5.1. Let 2s < n < 4s and uc be as defined in Sect. 4, case 1. Then
there exists X > 0 such that for A > )\,

2 2
[lue | _)‘fQ |ue|*dz < SsHv

n—2s
e @) 7 e () e e
(Jo oy el aay)

for sufficiently small € > 0.

Proof. Using Proposition 4.1 and 4.2, we get
uell* = A fq lue|*da

n—2s

(f Jo ‘u‘(“”)‘ i 5\“ (y)l s dxdy) ErE—m

_ (o, m)*wniﬁ (SH)E = ACLe > + ofe)

n 277, u n2n—p—n) ;n;—zi
((C(n, 1)) 3 (SH)52 — o(e™ 2 ))
671—23(0(1) — )‘Cs)

n(2n—p—n) n—2s

((Cln, )3 (SH) 55" —o(e™ 2mmn )i

<S4 + o(€*)

< SH,

when we choose A > 0 large enough, say A > X and provided € > 0 be
sufficiently small. This completes the proof. O

We have already seen in previous sections that the functional I satisfies
geometry of Mountain Pass theorem when A < A; (using Lemma 4.4). When
A>A1, without loss of generality, we assume A € [\, A\;41), for some r € N.
Then using Lemma 4.6, we get that I satisfies geometry of Linking theorem.
Also, by Lemma 3.6, we get that I satisfies the (PS). condition when

n—+2s—u A\ _2n—u
— S n+2s— 3%
o) = (St

So, in order to apply the classical critical point theorems, we need the Mountain
Pass critical level and Linking critical level of I to stay below this threshold.
Consider M, ;,D, and G,. to be as defined in earlier section. Note that
Lemma 4.7 holds true in this case also and we have the following lemma.
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Lemma 5.2. If2s <n < 4s and A € (A, \r41), for some r € N, then for every
u € Gy we have

lull® = X Jq [u*dz
(fQ fQ l,;s \;‘(y)l Yo dﬂfdy) 2n—p

Proof. If t = 0 then since A € (A, \yy1), we get

gre < v = Vw3 <0< ST,
When ¢ > 0, then

hudll? = A J, e d
gre < O = Nuol2 + Jo

Ue(x)|7H 5 |ue 20s 8s—p
(fgf |ue () |w_lylu(y)l dxdy)

(1 + [w]2)o(e =) + (e ) |wls

_ n—2s
< Sf—’_ (0(1) )‘CS)E S -I-O(EQS)

2" — n@n—p—m) \ Zn—p
((C(n’“))“ (SH)™55" —o(e” 2n=n ))
(1+ [wl)o(e*3) + (0 = Nl + [who(**)
< sH 4 (0(1) — AC,)en=2s _

((C(n, p)) % (SH) 5= _O(EW;,L;MD

+ ()‘r - )‘)‘wlg

+ wlzo(e">") < SH,

for sufficiently small ¢ > 0 because we already considered A > A and \ €
(Ary Arg1). Hence, the result follows. O

Proof of Theorem 2.5. We consider two cases:

Case 1. (A; > \) For this case, we use Mountain Pass theorem if A € (\, A1)
and Linking theorem if A € (A, A;11), for some r € N.

If A € (\, A1), using Remark 4.3, Lemma 4.4 and Proposition 4.5, follow-
ing the same arguments as Case 1 in proof of Theorem 2.4, we get that (Py)
admits a nontrivial weak solution.

Otherwise if (\; > \), we assume A € (A, \,11) for some r € N (since
A can no longer be an eigenvalue of (—A)®). Here, following the arguments as
in Case2 in proof of Theorem 2.4, we get that (Py) admits a nontrivial weak
solution.

Case 2. (A\; < A) In this case, we can assume A € (A, Ar41) for some 7 € N and
A > . Here again, following the arguments as in Case2 in proof of Theorem 2.4,
we get that (Py) has a nontrivial weak solution. O
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6. Regularity of weak solutions

In this section, we prove that any non-negative weak solution of (Py) is bounded
and moreover, a Holder continuous function. First, we prove Theorem 6.1.

Theorem 6.1. Suppose u is a nonnegative weak solution of (Py), then for each
p € Xy, it satisfies

/ (u(z) —u@)(e@) = W) 4 4,

Ix _ ‘n+25

2H s “ s -2
// lu()] ()2 u(y)e(y) dxdy+A/u¢ .
|5C -yl Q

Proof. Let ¢ € X, > 0. By Lemma 2.2 of [28], we obtain a sequence {wy} €
Xo such that {wi} — ¢ strongly in Xy, each wy has compact support in €2
and 0 < w; < wy < .... For each fixed k, we can find a sequence {¢)*} C
C>(9Q) such that ¥¥ >0, J,, Supp ¥, is contained in a compact subset of
Q, {||vk ||} is bounded and |9k, — wy|| — 0 strongly as m — oco. Since u is
a weak solution of Py, we get

[ (u(x) — uly) Wh (@) = Vh )

‘33 _ |n+25

/ / w |:v)|iy|u u()Vm (@) dydIJr)\/QuzZ}fn de.

By Lebesgue dominated convergence Theorem, as m — co we get

/ (u(z) — u(y)) (wi(z) — wi(y)) dady

|ZU _ |n+25

2, 2;, ,—2
// [ufx ‘ uly)[™ u(y)we(y) dxdy+>\/ uwy, do.
€ — Q

Using monotone convergence Theorem and the nonnegativity of u, we obtain

/ (1) ~ u@) (@) — 2w) 4\

|z —y|nt2s

WP uly) e (y)

2M
// [u(@)] LAt dxdy—i—)\/u(pdx,
|z—y|“ Q

If ¢ € Xp, then ¢ = ™ — ¢~ and T, o~ > 0. Since we proved the lemma for
each ¢ € Xy, ¢ > 0, we obtain the conclusion. O

Theorem 6.2. Let 0 < u € Xg be a weak solution of (Py). Then u € L>=(9).

Proof. We may assume that u does not vanish identically (otherwise the proof
is trivial) and let u be nonnegative. Let 6 > 0, to be chosen appropriately
small whose choice will be done in (6.15) later in proof. Now, let ¢ > 0 be a

constant chosen in such a way that for any € R™, v(z) := @ € X satisfies
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/ (v(z) = v(¥)(p(2) = ¢(y))

|(E _ ‘n+25

dzdy

() P20 () ()

)|2s v
// [v@)] LAty dydx—l—/\/wpdaz,
|x—y|ﬂ Q

for every 0 < ¢ € C°(Q2) and |v[z: = 6. It is a simple observation that if
v € Xo, then v := max{v,0} satisfies

(v(@) —v() (™ (2) = v* () = v (@) =T (), (6.2)

for any ,y € R”. Let us set C :=1—27% vy := v — Cy, wy, := v,j € Xy and
Uy := |wg 2:. We get that

(6.1)

0<|v[+Cr < 0| +1€ L%*(Q),
being €2 bounded, and

lim wy = (v—1)".
k—-+oco

Therefore, by the Dominated Convergence Theorem,

Jim U= (/Q[(v _ 1)t d:c) o (6.3)

For any k € N, Cry1 > Ck and so wiy1 < wy a.e. in R™. Also let Ay :=
Cri1/(Cry1 — Cp) = 281 — 1, for any k € R”. We claim that for any k € N

m*"“

v < Agwy on {wgy1 > 0}. (6.4)

To check this, let € {wrr1 > 0}. Then v(z) > Cri1 > Ch, so wi(x) =
vg(z) = v(z) — C) and

Ck

Apwi(z) = v(z) + m(“(@

= Cl41) > v(z).

Notice also that vg41(2) —vg+1(y) = v(x) —v(y), for any x,y € R™. Using this,
(6.1), (6.4), (6.2), Holder’s inequality, Lemma 6.1 and the fact that wyy; =
U2_+1 € Xp, we get

/ |wig1 () — wrs1(y)]? dady = |”1Jcr+1(x) - Ulj—kl(y)P dady
R2n |z — y|nt2s Q  lw—yrtee
(k11 () — Uk+1(y))(vlj+1(x) - Ulj—i—l(y))
< dxdy
o — gl

_ / (o) — W) ()~ o @)
Rzn

|£I7 _ |n+2s

()| B 2020 (2w (z
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-/ JECIEIE T ISC D
{wg41(z)>0} ‘x - y|“

+ A v(x)wir1 () da
{wr4+1>0}

* s 2;1, s
i | JECIEECCREEE P
{whi1(z)>0} |z —y|~

+ )\Ak/ wi(z) dx
{wp41>0}
wy () %

< Ai; _1/ / vy e dydz
{whi1 (x)>0} |37 —yln

+ A28 3. 0 (6.5)

Let us consider the first integral of R.H.S. of above inequality separately and
we get that

s 2*,,5
/ / "U u wk : )| Iz dydx
{wp41(x)>0} |JI - y|l

oo o)
{wi+1(2)>0} J{v(y)>Cry1} {wpy1(x)>0} J{v(y)<Cry1}

[o(y) [P Jw ()5
|z —yl#

dydx = I + I, (say).

Now using (6.4) and Hardy-Littlewood—Sobolev inequality, we have

2, 2,
I = / / [u(y)] " wk(tx)l dydz
{wrs1(2)>0} H{wiy1 ()20} |z =yl
* 2, s 2, s
< A0 / |wi,(y)[*= [wg (2) [*5 dyde (67
{wis1 (@) >0} {wes ()20} |z —yl*
< A7 C(n, pr)
Next, again using (6.4) and Holder’s inequality we have
2% 2% s
L = / / o) P jwe@) e
{wer1(2)>0} H{we i1 (1)<0} [z =yl
-
<Cr: |wp () |+ dz
h {wig1 (z)>0} olr—yl# (6.8)

.
wsdx

<mcy; | i (@)
{wi41(x)>0}

2" | w2
< MC; {wpgr > 0} w5
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Using (6.6), (6.7), (6.8) and Sobolev inequality in (6.5), we get

2 |w41(x) — wk+1(3/)|2
Sslwr1(2: < /sz o — g dxdy

2% —1 (2 227 2% w2n
< A (APl w5 + MO A g 52
A2y 2. ) . (6.9)
Now we claim that
{wpy1 > 0} C {wy, > 27+, (6.10)
To establish this, we observe that if z € {wg41 > 0} then
’U(:ﬂ) — Ck+1 > 0.
Accordingly, vi(z) = v(x) — Ck > Cr41 — C = 2= (+1) 50 that,
wy () = v () > 27 *+D),
Thus, (6.10) gives
U2 = |wy|2: 2/ wr de > 27 E0H D Ly > 0}, (6.11)
° {wy,>2—(k+1)}
If A > 0, as a consequence of (6.11), from (6.9) we get
. ACSIVIN
Solwpsil < AT ( #2 Cln ) el + M3 2" 5 w3
* s :( 1)
AR |y 22T >
< 92~ D(k+1) (222,s(k+1)0(n 1) M2 2
2* 252% (k+1)>
< 220 = D(k+D) 1y ax {22:’5(’““)0(71,/1), MQW%%U
252} * *
+A2(’“+1>(1+n)} x (|wk|§§“~s + \wk@g) . (6.12)
Otherwise if A < 0, then using (6.9) and (6.11) we have
2% 1 2% p2} (k+1) o*
Se|wit1 32 <A (Ak”’SC(n, 1) S 4 MCk“ 2 |w 2*)

< 2(2:75—1)(k+1) (222v3(k+1)0(n,u)|wk 2*“ s +M2u2 (k+1) *)
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< 9L DR+ oy {222,5(k+1)0(n7 1), MQW}

(|wk 3) . (6.13)

Therefore using definition of Uy in (6.12), we get

20
2"+ |wi

* 2%
Upy1 < DD (U,f + U,j) , (6.14)
where,

- . “ 25 1/2
1+ Si (2(2“,;1) max {22~wsC(n,/,L), M22n + 2(1+7)}> > it A>0
D= ) - - LN 1/2 . .
1+ o (2( pos )max{Q u,sC(n,u),M2Tn}) ) if A<O

We have D > 1 and 2y, , > 27/2 > 1.
Now we are ready to perform our choice of §: namely we assume that
0 > 0 is so small that

2, 1
T . (6.15)
(2%h.s D) (2 /2)—1
We also fix n € (52‘51, 11> Since D > 1 and 2%/2 > 1, we get
(2215 D) @F/D T
n € (0,1). Moreover,
o 23
621 <n and <Q2Z,sDn) Co<L (6.16)
We claim that
Uy, < 20m"*1 (6.17)
The proof is by induction. First of all
U0=|1}+2: S|’02: :5§25

which is (6.17) when & = 0. Let us now suppose that (6.17) holds true for k
and let us prove it for k4 1. Using (6.14) and (6.16), we get

*
25

* 2% .
Upi1 < DFFL (U]fu,s n Uk2> < 92 I phHL(gpkt1)F

*

i k+1
<2 (22;,51)771;—1) 5%—1nk+1 < 2571,

This proves our claim (6.17). Then using n € (0,1) and (6.17), we conclude
that

lim Uk =0.
k—-4o0

Hence, by (6.3), (v —1)" = 0 a.e. in 2, that is v < 1 a.e. in Q. Therefore,
u < ¢ a.e. in © which implies |u|s < c¢. This completes the proof. O
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Theorem 6.3. Let Q be a bounded C1' domain and u be a non-negative weak
solution of (Py). Then u/§° € C*(Q) for some a > 0(depending on Q) and s)
satisfying o < min{s, 1 — s}, where 6(x) = dist(x,00Q) for x € Q.

Proof. For any non-negative weak solution u of (Py), from previous theorem

we have
|U d ‘ |2; s—2 + A L>®(Q)
y|u y | Jules "0+ Au € ().

So using Proposition 1.2 of [31], we obtain the conclusion. O

7. Nonexistence result

In this section, we prove a non-existence result for A < 0 when € is a star
shaped domain. At first, we prove the Pohozaev type identity:

Proposition 7.1. If A < 0, Q be bounded C1'' domain and u € L>(2) solves
(Py), then

2s—n

) /Qu(fA)Su dx — F(l;rs)z/ (%)2 (z.v)do

on — y)| s A
\x—y|“ 2 Ja

where v denotes the unit outward normal to O at x and T' is the Gamma
function.

Proof. Since u solves (Py), u satisfies the equation

s .
e

Multiplying both sides of the above equation by (x.Vu) and integrating, we

get
/Q(x.Vu)(— )u dx —/ (.Vu) </ [u( dy) |u|?es

+/\/ (x.Vu)u dz. (7.1)

Using Theorem 1.4 and 1.6 of [30], we get
25 — I'(1 2 2
/(x.Vu)(—A)Su dz = 22 n/u(—A)su dx—u/ (ﬂ) (z.v)do.
Q 2 Q 2 o0 \0°

Now, consider the term

[u(y)[?me
/Q(x.Vu) ( o lz—yl* ) Ju

.
2o~y




NoDEA  Fractional Choquard equation with critical nonlinearities Page 31 of 34

R B AT S
B /Q()< <Q|$—y“dy)

- u(y) B
+(2% 5 — Du(z) w20 Vu(z |7dy
(2.0~ Dlu) (@ [ O

()i
+ )Pt [ <—u>x.<x—y>mdy> da

s 25
o [ [ M,
QJQ

|z — yl|~

—1

5
s

25 .
7dyIU( )%~ da

— (255 — )/xVum/'u

Julg) e | e
tp / / g ) e dyd

/qu /|u
//\u I:v—yl")2 drdy
el ot

|H+2|u( )| ;’dedx,

This gives

‘”d ylu(z)|Ze-"1de

and similarly,

2 | / w5u@) [ O ey

\x —yl“
2

;4? s

()P )
// |x—y|“ dydx
+ p |Hzlu( y) [P drdy.

/Q (@5 u(2)) ( [ 'f‘f’”|dy> u(z)

_ 2 L, s Qt,s
= i / Ju(z > ()] dzdy.
22* Ix - y\“

/(x.Vu)udx:fﬁ/ u?de,
Q 2 Ja

using (7.1), the result follows.

Thus, we have

.
2e N

Since

63
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Proof of Theorem 2.6. Let u > 0 be a nontrivial weak solution of (Py), then
by Theorem 6.2, u € L>(2). Therefore, we have

u(y)|*

||uH2:// [ulz - dxdy+)\/u2dx
|x—y|# Q

Using Proposition 7.1, we get

5)? u 2
T [ (G) wodo = s [ was

But, since (2 is star shaped with respect to origin in R", so x.v > 0. From
above equation and A < 0, we have v = 0, which is a contradiction. This
completes the proof. O
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