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Asymptotic results for solutions of a weighted
p-Laplacian evolution equation
with Neumann boundary conditions

Alexander Nerlich

Abstract. The purpose of this paper is to investigate the time behavior of
the solution of a weighted p-Laplacian evolution equation, given by

ug = div (v|Vu[’"?Vu) on (0,00) x S,
YIVulP2Vu-n=0 on (0,00) x 98, (0.1)

u(0,-) = ug on S,

where n € N\{1}, p € (1,0)\{2}, S € R" is an open, bounded and
connected set of class C'', 7 is the unit outer normal on dS, and ~ :
S — (0,00) is a bounded function which can be extended to an A,-
Muckenhoupt weight on R". It will be proven that the solution of (0.1)
converges in L'(S) to the average of the initial value uo € L*(S). More-
over, a conservation of mass principle, an extinction principle and a decay
rate for the solution will be derived.
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1. Introduction

The initial value problem (0.1) has been considered by Andreu et al. [2], Sec-
tion 3. More precisely it has been shown that this equation admits, for any
integrable initial value, a unique entropy solution.

From the applied point of view, the solution u can be used to model
diffusion processes: One has some initially given quantity ug which changes
over time due to an external force v and the resulting quantity at time ¢ is

u(t).
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For example, as Birnir and Rowlett demonstrated in [7], the solution u
of (0.1) can be used to describe the evolution of a fluvial landscape ug (for
example a hill) which changes over time due to rain that determines the water
depth ~.

The basic technique used in [2] to obtain the existence of a unique entropy
solution of (0.1) is to apply nonlinear semigroup theory. To be slightly more
specific; the concept of entropy solution of (0.1) is defined precisely in such
a way that it coincides with the usual definition of strong solution of the
evolution equation

0 € v/ (t) + Au(t), a.e.t€ (0,00) and u(0) = up, (1.1)

where A : D(A) — 2L (5) is a certain multi-valued operator to be specified
later.

Once the existence of a unique strong solution of (1.1) has been recalled,
which is subject of Sect. 2, the results mentioned in the abstract will be proven.

The asymptotic results which will be proven, are formulated by means
of nonlinear semigroup theory. Therefore, let T'(-)ug : [0,00) — L!(S) denote,
for a given ug € L'(S), the uniquely determined strong solution of (1.1) cor-
responding to the initial value ug. Moreover, let (ug)g := ﬁ [ uodX, where
A denotes the Lebesgue measure.

Firstly, it will be proven that T conserves mass, i.e. (ug)g = (T(t)uo)g,
for all ¢ € [0,00) and ug € L'(9). In addition, one has

Qi ([T (8)uo — (uo) gl Le(s) = 0, (1.2)

for any ug € LI(S) and ¢ € [1,00); as well as

JE— 2 P
1T (t)uo — (uo)gllL1(s) < Clluo — (uo)sll7z2(s) <1) : (1.3)
for all ug € L?(S) and t € (0, 00), where C' > 0 is a constant (being determined
explicitly later) depending only on p, S and 7. Actually, it will turn out that
(1.3) is a corollary of a slightly stronger result which is more technical to
formulate and will be postponed until Sect. 4.
Moreover, it will be shown that even

~ [ 2 P
700 - Golllueis) < Clluo = Taalsllfuy (3)+ (00)
for all t € (0,00) and ug € LP(S), if p is sufficiently larger than n, where C' > 0
is a constant (being determined explicitly later) depending only on p, S and
v. (Hereby “sufficiently” depends on the integrability of +.)

Additionally, an extinction principle will be proven, i.e. if p is sufficiently
smaller than n and if ug € L?*(S), then there is a finite time 7" such that
T(t)ug is constantly the average of the initial value for any ¢ > T*. It will
actually be possible to give an explicit formula for 7.

Finally, these results show that, if v is sufficiently integrable and n = 2
then the solutions extinct after finite time if p € (1,2) and uy € L?*(S); and
(1.4) holds if p € (2,00) and ug € LP(S).
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Note that the considered initial value problem can be used to model the
evolution of a fluvial landscape. Consequently, in this application one always
has n = 2 and ug € L>(S) C L*(S) N LP(S).

Before proceeding with a detailed derivation of all these results, some
words on the literature are in order. Firstly, the monograph by Andreu-Vaillo
et al. [1] deals with existence, uniqueness, asymptotic and qualitative results for
many initial value problems. Even though the initial value problem considered
here is not considered in this book, the asymptotic results there, served as an
inspiration for the current paper.

Moreover, the monograph by Bénilan et al. [6] is a detailed and com-
prehensive introduction to the general theory of nonlinear semigroups and
evolution equation.

2. Assumptions and preliminary results

Some notational preliminaries are in order: For any m-dimensional Borel mea-
surable set 2, where m € N, B(Q)) denotes the Borel o-algebra on this set.
Moreover, if p1 : B(2) — [0, 00] is a measure and ¢ € [1, 00] then L7(£2, u; R™)
denotes the usual Lebesgue spaces and || - ||L4(q,rm) denotes the canonical
norm on these spaces.

If m = 1 then L9(Q, u; R™) will be abbreviated by L(Q, u) and if p is
the Lebesgue measure then L7(€2) will be written. Of course the analogous

convention applies to || - HLq(Q%Rm).
In addition, L{ .(Q), L1, .(Q; R™) denote, if €2 is open, the space of locally

Lebesgue integrable functions f: Q2 — R, f: Q — R™ respectively.

Moreover, if €2 is open then Wﬁolc(Q) denotes the space of weakly differ-
entiable functions and V f denotes the weak derivative of any f € WﬁOIC(Q)
In addition, W14(€Q) denotes the Sobolev space of once weakly differentiable
functions, such that the function and all of its weak derivatives are in L9(B).

If (X, || - ||x) is a Banach space, then W;L((0,00); X) denotes the space
of all functions f : (0,00) — X which are locally absolutely continuous and
differentiable a.e. For an f € W, :L((0,00); X) the function f’ denotes the
almost everywhere existing derivative of f. Moreover, C(]0,00); X) denotes
the space of all continuous functions f : [0,00) — X and 2% denotes the
power set of X.

If in addition a € (0,00) then

LY([0,a]; X) := {f : [0,a] — X|f is strongly meas. and /Oa [|f()]|xdt < oo}.

Let B : X — 2% be a multi-valued operator, then its graph G(B) C X x X
is defined by G(B) := {(z,%) : & € Bx}. Moreover, it is clear that any set
B C X x X uniquely defines an operator B, by & € Bz if and only if (z, &) € B.
Therefore, an operator and its graph will be denoted by the same latter.
Moreover, the domain of B is defined by D(B) := {x € X : Bz # (}
and B is called single-valued, if Bx contains precisely one element for any
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x € D(B). If B is single valued, then the set Bz, containing only the element
Z, is identified with this element, for any x € D(B).

Moreover, A denotes the Lebesgue measure and | - | the euclidean norm
on R™. In addition, the canonical inner product of any z,y € R™ is denoted
by x - y.

Finally, A,(R™) denotes, for any g € (1,00), the class of Muckenhoupt
weights, i.e. Ag(R™) consists of all functions vy : R™ — R such that v > 0
a.e., 70 € Lt .(R™) and

s ot s [4°2)

Now the assumptions on the quantities S, v and p mentioned in the
introduction, will be made precise.

Here and in everything that follows let n € N\{1} and §) # .S C R™ be a
non-empty, open, connected and bounded sets of class C*.

Moreover, let p € (1,00)\{2}. We are not interested in the linear case
p = 2; particularly the regularization effect (see [5] Theorem 4.4), which is
needed in the present paper, is not applicable if p = 2. Therefore, this value
for p is excluded.

Additionally, let v : S — (0,00) be such that v € L>(5), ’yﬁ e LY(9)
and assume that there is a 9 € A,(R™) such that vy|s =y a.e. on S.

Furthermore, let v : B(S) — [0,00) be the measure induced by 7, i.e.
v(B) := [5~dA for all B € B(S) and introduce the weighted Sobolev space

WIP(S) :={f € LP(S) : Vf € LP(S,v;R™)}.

Now introduce .Jy as the space of all convex, lower semi-continuous functions
j : R — [0,00] fulfilling j(0) = 0. Given f,h € L'(S), one writes f << h

whenever

sup < Q0.
BCR"™
B is a ball

/jofd/\g/johd)\, Vi € Jo.
S S

Moreover, an operator B C L'(S) x L'(S) is called completely accretive if
f—h << f—h+a(f—h), for all (f,f), (h,h) € B and a € (0,00). The
reader is referred to [5] for a detailed discussion of the concept of complete
accretivity.

Remark 2.1. In the sequel, 7 : R — R, where k € (0, c0), denotes the standard
truncation function, i.e. 7 (s) := s, if |s| < k and 75 (s) := ksign(s), if |s| > k.

Moreover, if f : S — R is Borel measurable and fulfills
m(f) € WhL(S) for all & € (0,00), then Vf : S — R”, denotes the (up
to equality a.e.) uniquely determined function fulfilling

VTk(f) = @fﬂ{md@}, Vk € (0,00) (2.1)

a.e. on S. The function V[ is called the generalized weak derivative of f. Note
that if f : S — R is generalized weakly differentiable, then f € WLloi(S) if and
only if Vf € LL_.(S;R"); and in this case Vf = Vf. Cf. [4], for these and
further properties.
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The following operators are considered in [2] to show that (0.1) admits a
unique entropy solution.

Definition 2.2. Let A C L'(S) x L'(S) be defined by: (f, f) € A if and only if
the following assertions hold.

1. fe W%”’(S’) N L>(S).

2. fe LY(9).

3. [¢VIVFIP2Vf - Vpd\ = [g fedX for all ¢ € WIP(S) N L>(S).
Moreover, let A € L1(S) x L*(S) be defined by: (f, f) € A if and only if the
following assertions hold.

4. f, f e LY(9).

5. Te(f) € WiP(S) for all k € (0,00).

6. fsv|@f|p_2@f-V(Tk(f—ap))d)\ < Js fri(f—@)dX for all k € (0, 00) and

Y e W%’p(S) N L>(S).
Finally, for the reader’s convenience, the following result will be extracted

from [2], Section 3. This existence and uniqueness result is fundamental for that
what follows.

Theorem 2.3. A is completely accretive, m-accretive and the closure of A.
Moreover, D(A) is a dense subset of (L'(S),|| - ||r1(s)). Consequently, the
evolution equation

0 € (t)+ Au(t) for a.e. t € (0,00) and u(0) = ug (2.2)

has for a given ug € L*(S) precisely one mild solution. Moreover, this mild so-
lution is also the unique strong solution. Hence, there is a semigroup (T'(t))i>o0,

with T(t) : LY(S) — LY(S), fulfilling
T(-Jug € C([0,00); L'(5)) N Wy ((0,00); LY(S))
and
0€e T (t)ug + AT (t)ug, T(t)up € D(A) a.e. t € (0,00) and T(0)up = ugp
for all ug € L'(9).

In what follows, (T'(t))¢>0 denotes the strongly continuous semigroup
introduced in Theorem 2.3 and T"(-)ug denotes, for any ug € L*(S), the de-
rivative of T'(-)ug, which exists almost everywhere on (0,00). Note that the
null-set on which 7'(-)ug is not differentiable depends on wy.

In the following sections, initial values are simply denoted by u, v, etc.
and no longer by ug, vg, etc.

3. Conservation of mass and other basic properties

The purpose of this section is to derive some basic properties of (T'(t)):>0
among them, the conservation of mass principle.

For any u € L*(S), let (u)q denote its average, i.e. (u)g := ﬁ Jg udA.
By slightly abusing notation, the constant function mapping from S to R,

which takes only the value (u)g will also be denoted by (u)g.
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Lemma 3.1. A is single-valued. Moreover, if f € D(A) N L>(S) and f € Af,
then f € D(A) and f = Af.

Proof. Tt is plain that A is single-valued, since (f, f), (f, f) € A implies
[ =hpar=o, veewirs)ni=(s)
s

Now let f € D(A)NL>(S) and f € Af, then 7(f) € W1r(S) for all k €
(0,00). Consequently, f € W?(S)NL>*(S) by choosing k > || f|| L (s)- Hence
the claim follows if

/y\VﬂP*QVf-v@dA:/ﬁpdA, Vo € WIP(S) N L>¥(S). (3.1)
S S

Proof of (3.1). It follows from the definition of A that
JATIPEs Vs = eDar< [ fn(s = ean

for all p € W}2(S) N L>*(S) and k € (0, 00).

Observe that f € W}?(S) N L>(S) implies Vf = Vfon S (see Re-
mark 2.1) and that ¢ = f — @, where ¢ € W.'P(S) N L>°(S), is a valid choice
as a test function in the previous equation, hence

/ VIV I3V -V (r())dA < / fri(@)dA, (3.2)
S S

for all ¢ € W1#(S) N L%(S) and k € (0,00).
Now (3.2) yields, by choosing k > [|@||(s) for a given ¢ € W1 P(S) N
L (S), that

/www—zw-wwg/mw, Vg e WIP(S)NL™(S).  (3.3)
S S

Conclusively the claim follows since ¢ can be replaced by —¢ as a test function
in (3.3). O

Remark 3.2. As it turns out, the preceding lemma is only useful for our pur-
poses if one can show the following: If v € L'(S), w € L*(S) and v << w,
then |[v|[p~(s) < |[w|[p=(s).

In fact, choosing j(z) := max(|z| — [[w||r=(s),0), z € R, yields

0< / max(Jo] — [[o]| (s, 0)dA < / max(w] — [[w]| (s, 0)dA = 0,
s S
if v << w and consequently |v] < [|w||f~(g) a.e. on S.

Lemma 3.3. The following assertions hold.

T(t)u—T(t)v <<u—2v for all u, v € L'(S) and t € [0,00).

T(t)u << u for allu € L'(S) and t € [0,00).

T (t)w|[ L5y < ||wl|pee(sy for every w € L*(S) and every t € [0, 00).
T(t)w € D(A) and =T'(t)w = AT (t)w for every w € L>°(S) and almost
every t € (0,00).

Lo
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Proof. The first assertion follows from [5], Prop. 4.1. Moreover, it is plain that
0 € D(A) and A0 = 0 which clearly implies 0 € D(A) and 0 € .A0. This yields
that T'(¢)(0) = 0 for all ¢ € [0, 00). Consequently, the second assertions holds
as well.
The third assertion follows by combining the second and Remark 3.2.
Finally, Theorem 2.3, Lemma 3.1 and the third assertion yield the fourth.
O

Lemma 3.4. Let u € L'(S), then (T(t)u)g = (u)g for every t > 0.

Proof. Firstly, Lemma 3.3 yields that it suffices to prove the claim for
u € D(A), since this is according to Theorem 2.3 a dense subset of (L(S9)]] -
l[1(s))- So let u € D(A) be given. Moreover, introduce 7 € (0,00) and
f:00,7] = Rby f(t) := [¢T(t)udX, for all t € [0, 7].

It follows from [6], Lemma 7.8 that (T'(-)u)|j,- is Lipschitz continuous
which obviously implies that f is Lipschitz continuous as well. Moreover, it is
plain that f'(t) = [¢ T"(t)udA.

In addition, note that D(A) C L°°(S) which yields by the aid of
Lemma 3.3 that

£) = — / VTP~V T (t)u - Vpd = 0,
S

where ¢ : S — R denotes the function which is constantly one.
Consequently, f is constant and therefore (u) = (T'(¢t)u) for all ¢ € [0, 7]
which gives the claim as 7 is arbitrary. O

4. Upper bounds and asymptotic results

The purpose of this section is to prove the results (1.2), (1.3) and (1.4) men-
tioned in the introduction. Actually, it will turn out that (1.3) is a corollary
of a slightly stronger result.

Lemma 4.1. Let u € L*(S) and ¢ : S — R be a constant function. Then

Tt)(u+¢)=TE)(u)+p, Vte]0,00). (4.1)
Consequently, if T(-)u is differentiable in t € (0,00), then T'(-)(u + ¢) is dif-
ferentiable in t and T'(t)(u + ¢) = T’ (t)u.

Proof. Let u € L*(S), let ¢ : S — R be a constant function and introduce
£:10,00) — LM(S) by f(t) = T(t)(u) + .

It is clear that f(0) = u + ¢ and also that f is continuous on [0, c0) and
an element of Wﬁc’)lc(((), o0); L(S)), since T'(-)u has these properties.

Now observe that obviously f/(¢t) = T"(¢t)u for a.e. t € (0, 00). Moreover,
one has for any ¢ € W}2(S) N L>(S) that

[AIVHOP 29 5(0)- Tedh= [ AVT@uPVT (- Vs
S S
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which implies, together with f/(¢) = T’(t)u for a.e. t € (0, 00) and Lemma 3.3,
that f(t) € D(A) and —f'(t) = Af(¢t) for a.e. t € (0,00). Consequently the
claim is verified for initial values u € L>(S).
Conclusively, applying Lemma 3.3 yields that (4.1) holds also for arbi-
trary initial values u € L*(S), since L>°(S) is dense in (L'(S), ]| - ||L1(s))-
Finally observe that (4.1) clearly implies the remaining part of the claim.
O

Remark 4.2. In everything which follows let py € [1,p] be the constant defined
by

po :=inf{g > 1: ’yl%q c L*(S)}.

Since ’yﬁ € L*(S) by assumption it is clear that indeed py < p.
The following lemma reveals that even py < p.

Lemma 4.3. If ¢ > po then 'yﬁ € LY(S). Moreover, py < p.

Proof. Let q > po, then there is ¢ € [po, ¢)\{1} such that fyl%é € L'(9). Since

trivially t‘qf > 1, Holder’s inequality yields

/vﬁdAgA(S)?%Z (/ Wadx> <o,
S S

which implies 7 € L1(S).

By assumption there is 79 € A,(R™) such that v = g a.e. on S. Moreover,
there is an ¢ € (0,p — 1) such that vo € Ap—_-(R™). (See [10], Ch. IX Prop. 4.3
and Theorem 5.5.)

Since S is bounded, there is a ball B C R" containing S which implies

1
1—(p—¢)

Yo € L'(S). This implies py < p, since v = 7o a.e. on S. O

Lemma 4.4. Let 0 < 0 < 222 and f € W1e(S) then f € WHH9(S) and

116 )
IV FllLi+ssimny < (/SW”PCD\> IVl Lr(s,0mm) < 00. (4.2)

Proof. Let 0 < < p;%. (Note that py < p, consequently such a ¢ does indeed
exists.)

Let f € W] P(S), then obviously f € WEOIC(S) as well as f € LP(S5).

Moreover, note that 1+4§ < 1+ p;% < p and consequently f € L'T9(S),
since \(S) < oo.

Conclusively the claim follows once (4.2) is proven.

First of all 1+ — p # 0.

Secondly observe that 1%;5 > pg, consequently Lemma 4.3 yields

5 %
/ry%d)\:/fyl’md)\<oo. (4.3)
S S
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Finally, (4.2) follows from the following estimate, where Holder’s inequality is
used.

s s
19 s sy = ( / VA dA)

146 p—1—6
s((/ vipin) ([t )
S S
p—1-5
146 p(1+96)
T [P ( / w«wdA) ,

which is finite due to (4.3). O

1
146

The preceding lemma is a slight modification of [9], Prop. 2.1. There, an
analogues result is proven for Sobolev spaces, where the function and its weak
derivative need to be integrable with respect to the same measure and not to
different ones as in our setting.

Lemma 4.5. Let u € L*(S) N LP(S), then T(t)u € L*(S) N WP(S) for a.e.
t € (0,00) and moreover

1 1
2 P 2 1\~
IVT @l swan < (25 ) =Wl ()7 @)
for a.e. t € (0,00).

Proof. Let t € (0,00) be such that 0 € T"(¢t)u + AT (t)u. Theorem 2.3 implies
that almost every value in (0, 00) is a valid choice for ¢.
Let u € L?(S) N LP(S) then Lemma 3.3 yields T'(t)u € L*(S) N L?(S).
Note that T'(t)u is generalized weakly differentiable. Consequently, if one
proves that

- 2 — 1
VT (t)u|Pd\ < ——||u — (u) ][22y~ 4.5
J ATy < = W ecs g (45)

then obviously VT'(t)u € LP(S,v;R™) C L'(S;R™) and therefore, by virtue of
Remark 2.1, VT'(t)u = VT'(t)u a.e. on S.
Hence, if (4.5) holds, then also (4.4) as well as T'(t)u € L*(S) N W1 (S).
Proof of (4.5). First of all observe that

Alaw) = o’ Av, Yv € D(A), a € (0,00).
Consequently Theorem 2.3 together with [5] Theorem 4.4 yield

17" (t)(u = (W) g)lL2(s) < oo [l = (W)sllz2(s)- (4.6)

Moreover, one infers from Fatou’s lemma and Lemma 4.1 that

/;y|@T( JulPd\ < liminf | —T(t) (u - @S> Tk (T(t)u - ms) d\

k—o0 S
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Consequently Cauchy Schwarz inequality, (4.6) and Lebesgue’s theorem yield

N 2 _ _
/ AFT(EulPd) < ——|lu — ()l sy IT (00 — (@l cs)
s lp — 2t

Finally, (4.5) follows by applying (4.1) and Lemma 3.3. O

Here, and in everything that follows C's , denotes the Poincaré constant
of S, for any ¢ € [1,00), i.e. Cg4 € (0,00) is the smallest constant depending
only on S and ¢, such that

IIf = (FsllLacs) < CsglIVfllLacsirny,  Vf € WH(S).

Note that S is assumed to be open, bounded, connected and of class C*.
Consequently the Poincaré inequality implies the existence of Clg_q.

Theorem 4.6. Let 0 < & < 220 and u € L*(S) N LY*9(S), then

1
2 1\
1700~ Wellirss) < Csaealapllu - Wil (1) @)

for every t € (0,00), where

p—1-65 1
P /9 \ 7P
sy = (/wiﬁpcu)p ( ) < o0. (4.8)
S lp — 2|

Proof. Let 0 <6 < E-P% and u € L?(S)N L*(9).

Let t € (0,00) be such that the assertions of Lemma 4.5 hold. Since
T(tju € WEP(S) Lemma 4.4 yields T(t)u € W''9(S) and consequently
Lemma 3.4, Poincaré’s inequality, (4.2) and (4.4) imply

HT(t)’U, - (U)SHL1+5(S) = HT(t)U — (T(t>u>5’||L1+5(S)
< Csa46l VT ()ul| L1+ (5;mm)

1
2 1\7
S OS,I-}-(SF(S,pHU — (u)Ssz(S) (t) )

i.e. (4.7) holds for u € L*(S) N LP(S) and almost every t € (0,00).
Now let t € (0,00) be arbitrary and still assume u € L?(S) N LP(S).
Moreover, let (t,,)men C (0, 00) be such that lim,, . t,,, = t and assume
that (4.7) holds for each t,,.
Since T(-)u : [0,00) — (L'(S),]| - [|£1(s)) is continuous one obtains (by

passing to a subsequence if necessary) that limg,, oo T'(tm)u — (u)g = T(t)u —
(u)g a.e. on S. Consequently one infers by virtue of Fatou’s Lemma that

m—00

1T (t)u = (w)slli+s(s) = (/S lim [T (¢, )u —W)sll+5d/\)l+

< Y inf || (b ) — ()l 1559

which implies (4.7) for every t € (0,00) and u € L*(S) N LP(S).
Finally, let ¢ € (0,00) be arbitrary and let u € L?(S) N L**9(9).
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Moreover, let (U, )men € L2(S)NLP(S) be such that lim,, ety = v in
L2(S) and in L'*9(S). Then it is plain that lim,, oo (um)g = (u)g. Moreover,
it follows from Lemma 3.3 that lim,, o T(t)ty, = T(t)u in L0(S).

Hence

Tty — Wgllresgs) = Hm [ T(E)um — (am)slliss)

m—0o0

' 2 1\»
< Jim Co1iaTapllun ~ Tdllfecs) ()
2 1\ 7
— CaaesTspllu = Wsllgs) (3)
which implies (4.7) for every ¢ € (0,00) and u € L*(S) N L'*(S9). O

Remark 4.7. Whenever 0 is given such that 0 < § < 222, then I's;, denotes
the quantity introduced in (4.8).

Corollary 4.8. Let u € L%(S), then

1
— — 2 1\»
1700 - Wllzrs) < Csaapllu = Wilas) (7 (19)

for every t € (0, 00).

The proofs of Lemma 4.5 and Theorem 4.6 reveal that one could have
stated (with slightly less effort) that

1
2 1\ #
1700~ Wellpssss) < Carsalapllullfusy (7) (4.10)
for all u € L2(S)NL'*9(S),0< 6 < E2Ee and t € (0,00). Note that (4.7) is a
sharper bound than (4.10) since it is well known that

||’LL—(U)SHL2(S) §||’LL—C||Lz(S)7 Ve € R.

fo<i< p;%, then ¢ can be chosen as bigger as smaller pg gets, i.e.
Theorem 4.6 yields the most general result if pg = 1. A sufficient condition for
this to hold is that there is an € > 0 such that

v >¢€ ae onS

Particularly, if v is constantly nonzero almost everywhere, then py = 1.

By virtue of the Sobolev embedding theorem one obtains the main result
of this section.
Theorem 4.9. Let u € LP(S) and assume pg < £, then T(t)u € L*(S) for

every t € (0,00). Moreover, if n —1 < § < 2L then T(t)u € WH+9(8) and
there is a constant C§ 5 € [0,00), depending only on S and §, such that

1
: N
700 = Welliecs) < Calaplla - @l (1) @)

for every t € (0,00).
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In addition, Cs 5 can be chosen as CS 5= C’S 146 (CS s T 1) , where

Cs.145 is the operator norm of the continuous injection W H9(S) < L(S).

Proof. First of all note that if po < £, then % > n — 1, consequently
(n—1,2522) £,

Soletn—1<6< p;% and u € LP(S) which implies u € L?(S), since
p>npg>n > 2.

Now observe that Lemma 4.5 implies T'(t)u € L*(S) N W1P(S) for a.e.

t € (0,00) and consequently Lemma 4.4 yields T'(t)u € W11+9(S) and more-
over

1
2 1\~
IVTOulzrvscsm0) < Dol =~ @l (7) (112)

for a.e. t € (0,00).
Since T(t)u € WH'+%(S) it is clear that T(t)u — (u)g € WHH9(S),
consequently, since 1 + & > n, the Sobolev embedding theorem yields

T (t)u — (w) gL~ (sy < Csatsl|TE)u — (W) gllwrits(s) (4.13)

for almost every t € (0,00), where és,1+6 is the operator norm of the contin-
uous injection WH19(S) < L°(S9).

Hence it follows by virtue of Theorem 4.6, and the inequalities (4.12) and
(4.13) that

146
(Cs 1+5||T( Ju— (u )S||L°°(S)>

< Tty — sl (s,

= |7 (t)u — (W12 ) + V(T O)u — (@) )1 1Hs 5.5y

— 1T — Wl g + VTl g,

1 1\ 146
- 2 P
< (et +1) (Fa,pnu @il (1) )

1
Consequently, if one defines C ; := C’s 146 (C’S s T 1) , then the preced-
ing estimate yields the claim for almost every ¢ € (0, 00).
Now let ¢ € (0,00) and choose a monotonically increasing sequence
(tm)men C (0,00) such that lim,, oot = ¢, t, < t and such that (4.11)
holds for each m € N. Then Lemma 3.3, together with Lemma 4.1, yield

1T (t)u — (Wsllz=(s) < 1T () (u = (W)g)l|zoe(s) = 1T (tm)u = (W)gllz=(s),

for every m € N, which verifies the claim for every ¢ € (0, 00). O
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Remark 4.10. Assume u € LP(S) and py < . Moreover let n —1 < ¢ <
p;%. Then the preceding theorem states particularly that 7'(t)u € W1+9(S).
Consequently, the Sobolev embedding theorem also yields that T'(¢)u is Holder
continuous of order 1 — 1”?, or more accurately that there is a representative
in the equivalence class which is Holder continuous of this order.

Remark 4.11. Tt is clear that Corollary 4.8 implies
Tim [[T(t)u — @sllis) = 0. Vu e LX(S).

Moreover, Theorem 4.9 yields that this convergence is even uniform, if
ue L*(S)N LP(S) and py < Z.

It is beyond the scope of this paper to obtain a uniform convergence result
under more general assumptions. But it will be proven that L-convergence
holds under more general assumptions for any ¢ € [1, 00).

Theorem 4.12. Let g € [1,00) and u € L1(S), then
Jim T(t)u = (u) g in L(9). (4.14)

Proof. Let g € [1,00), u € LY(S), k € (0,00) and let 7, : R — R denote the
standard truncation function.

Let (£m)men C [0,00) be an arbitrary sequence such that lim,, o £, =
00. Moreover, let (¢,,)men be a subsequence such that

lim T'(tp,)k(u) = (e(u))g, a.e.onS (4.15)
(Corollary 4.8 ensures the existence of such a subsequence, since

Te(u) € L%(S).)

Now observe that Lemma 3.3 implies
T ()7 (u) = (70 (w)) sl | Lo (s) < 2K,
for all m € N. Consequently, this, together with (4.15) yields, by virtue of

dominated convergence, that limy, oo T(tm)7k(u) = (7(u))g in LI(S) and
therefore
Tim [T(0m(w) - @)l =0, k€ (0,00).  (4.16)

Observe that clearly limy o 7% (u) = u a.e. on S and that |75 (u) —u|? < (2]u|)?
for all k € (0,00). Consequently Lebesgue’s theorem yields

klim Tr(u) =u, in LY(S). (4.17)

Now let € > 0 and choose kg € (0, 00) sufficiently large such that

max(||7a, (w) = ullLags), [[(Tho (u)s = (W)glLa(s)) < % (4.18)

which is possible, due to (4.17).
Moreover, (4.16) yields the existence of tg € (0,00) such that

V>t (4.19)

Wl M

T (@) () = (Tho () gl La(s) <
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Finally, it follows by combining (4.18), (4.19) and by using Lemma 3.3, that

T (t)u — (u)sllLacs) <€
for all t > tg. (]

5. Extinction of solutions

The basic idea to prove extinction of solutions is to apply the following lemma,
which is stated, but not proven, in [8], Lemma 2.2. Even though this lemma
seems to be in common use, the present author was unable to find a proof in
the literature. Therefore, the proof will be given.

Lemma 5.1. Let k € (0,1), o € (0,00) and let f : [0,00) — [0,00) be locally
Lipschitz continuous, i.e. f|[075] is Lipschitz continuous for any t € (0,00).
Moreover, assume

F(t)+af)r <o

for a.e. t € (0,00) and introduce

then f(t) =0 for allt € [T*, 00).

Proof. Let k € (0,1), a € (0,00) and let f, fi [0,00) — [0,00) be locally
Lipschitz continuous. Moreover, assume f(0) = f(0) =: a and

L f(@t)= —a]i(t)k for a.e. t € (0,00),

2. f'(t) < —af(t)* for a.e. t € (0,00).
It will be proven that 0 < f(¢) < f(t) for all t € [0, 00) which obviously implies

1—k

that it suffices to prove that f(¢t) =0 for all t > T™ := FTEEaE

Assume there is t; > 0 such that f(t1)~ > f(t1), then there is, since both

functions are continuous and since f(0) = f(0), a tg € [0,t1) such that

ft) > f(t), Vte (to,t1] and f(to) = f(to). (5.1)
But this implies

Ft) = f(tr) = f(t1) — f(t1) — (f(t0) — f(to))
o

to

> [ as) +afwra

to
Z 0;
which yields f(¢;) > f(t1) and therefore contradicts (5.1).

Now it will be proven that f(¢) = 0 for all ¢t > T* :=
implies the claim.

24— which then
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First of all note that f’ can be extended to a continuous function on
[0,00). Consequently, f is continuously differentiable on (0, c0).

Moreover, f < 0 which yields that f is monotonically decreasing. Hence,
if f(1) =0 then f(¢) =0 for all ¢t > 7, since f > 0 by assumption.

Now introduce 7 :=inf{t > 0: f(¢) = 0}. The claim follows if 7 < T™*.

Consequently let us contradict 7 > T*. If 7 > T* then f(t) > 0 for all
t € [0,7*] and consequently _i,f((tt))k =1 for all ¢t € [0,T*], which yields by
substituting that

Y 0
g ‘/0 “afr

£(T™) 1
B
fo) —at

_ fo)* 1 .

_oz(lfk)_a(lfk)f(T) '
. 1 1 1o

=T - /@

and consequently f(7*) = 0 which contradicts 7 > T*. O

Here and in everything which follows let f,, : [0,00) — [0, 00) be defined
by

N2
Fult) = / (T(t)u W S) A
5
for any ¢ € [0,00) and u € L?(9).
Lemma 5.2. Let uw € D(A), then f, is locally Lipschitz continuous.

Proof. Let u € D(A) and £ > 0 be given. Moreover, let L denote the Lipschitz
constant of [0,7] 3 t — T(t)u € (L'(S),]]-||11(s)). (As u € D(A), the Lipschitz
continuity follows from [6], Lemma 7.8.)

Now Lemma 3.3 yields that

| fu(t1) = fu(t2)]
/S (T(t1)u —@sf - (T(tz)u - (u)s)zd)\)

< /S ’(T(t1)u)2 — (T(ta)u)?® — 2(u) T (t1)u + QQST(tg)u‘ dX

< (T(t)u + Tta)u) (T(t)u = Tt2)u)l| 1 (g) + 2/(w) | Llts — tof
ST (tr)u + T(ta)ull o sy 1T (t1)u = T(ta)ul[ 1 5y + 2[(w) | LIty — to
< 2Jul[poe sy Lt — ta| + 2| (u) | LIty — tof

= 2L(||ul| Lo s) + [(w) g])[t1 — 2]
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for any t1,t5 € [0,1]. (Note that indeed u € L*(S), since u € D(A).) O

Lemma 5.3. Let u € D(A), then f, is differentiable almost everywhere on
(0,00) and

fult) = _QHVT(t)uHip(s,y;Rn) (5:2)

for almost every t € (0,00).

Proof. Let uw € D(A), v := u — (u)g. Let t € (0,00) be such that T'(-)v is
differentiable at ¢ and let (A, )men C (0, 00) such that lim,,— oo A = 0.
It is clear that

T(t+ hy)v —T(t)v

lim - =T (t)v and lim T(t+ hy)v +T(t)v = 2T (t)v.
in L1(9).

Consequently, by passing to a subsequence if necessary, this convergences
holds also almost everywhere, which yields

i (T h)0)? = (T(2)0)?

m— o0 hm

It follows from [5], Theorems 4.2 and 4.4 that

H (Tt + hm)v)? = (T(t)v)?
o

= 2T (t)vT’ (t)v a.e. on S. (5.3)

A[v]] (s
Le(s) P20t

for all m € N. This, together with (5.3) implies, by virtue of dominated con-
vergence, that

m—oo hm

- /S T(t) (u - @S) T'(t) (u - @S) A\ (5.4)

and consequently one infers, by using Lemmas 4.1 and 3.3, that

. fu(t+hm)_fu(t) Y /
Jim _9 /S (7)) — Cu)g ) 7" (t)ud

m— 00 hm
— 9 / T() ()T (Hyudh — 2 / @) T (H)udA
S S
VTl e

The preceding calculation yields that the right derivative of f, is given by the
right hand side of (5.2). Consequently (5.2) holds, since any real valued, locally
Lipschitz continuous function is differentiable almost everywhere. O

Lemma 5.4. Let u € D(A) and assume that the interval (%_;22) +p0,2) is

po(n—2)

nonempty. Moreover, assume p € ( —

—|—p0,2>, then there is a constant
Ty~ pm,s Such that
T(tyu = (u)g a.e. on S

Jorallt >T5 . . -
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In addition, T ~pm,S Can be chosen as

_ D
(ST d>\> o it
cy (C’ t. 1) Iy, < oo,

*

w,y,p,n,S T 2—p

where the constant Cs denotes the operator norm of the continuous injection
2n
Whatz (S) — L*(S) and

np+2p—2n

~ " 2n
Lpyp:= (/ 72"*11’*21’ d)\) < 00.
S

Proof. Let u € D(A), p € (%{22) + po, 2) and assume that this interval is

nonempty.

First of all note that n2+”2 < n, since n # 1. Consequently, Sobolev’s

embedding theorem yields that there is a continuous injection Wl (S) —
L?(S). So let Cs denote its operator norm.

Now let t € (0,00) be such that —7"(t)u = AT (t)u and such that (5.2)
holds. (Clearly a.e. point in (0, 00) is a valid choice for ¢.)

Note that
2n L (po(n—2) P P — Do
0< —-1l=—(—"+ —l<=—-1= 5.5
“n+2 p0< n+2 Po Po Po (5.5)

Moreover, T(t)u € D(A) yields T(t)u € W,?(S) and consequently it follows
by virtue of Lemma 4.4 and (5.5), that T'(t)u € Wl’%(S) and

VTP 2y, < Pup VTGl s 0 (56)

and particularly that f yZn=np=2p "2 d\ < 0o which implies that T}, ¢ < oc.
Now introduce

np2+2p -1
Ay pn,S ‘= 2 (Og <C§L+§n + 1) Fn,p) )

then
fu®)? <207, VT (0|l gm0, (5.7)
since
fu(t)g = HT(t)u - (T)S‘|Iz2(s)

< CRIT (e = Wsl? s, o
np+2p
2n

~ 2n 2n_
:Cp T tu — (u n+2n + vT t)u "+2n
g (It =TI, IvTOu,
%JFZP

VT, )
+2 (S5R™)

<é§( S IVTOul

(S R™)
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np+2p
2n

=Ct(CiE, +1 VT ()|’ .
t(ofs, 1) VRO

np+2p
~ 2n ~
<Ch <C§+§n T 1) Lo plIVT)ull? 5 i)

VT2, 5 -

where the Sobolev embedding theorem, Poincaré’s inequality and (5.6) have
been used.
Consequently, (5.7) and Lemma 5.3 yield

Fult) + @y pns fu(t)® < =2/[VT(O)ull], g mn) + 21T ull] g pn) = 0
Conclusively, Lemma 5.1 yields that f,,(¢) = 0 for all
Fu0)' %

oy pn,s (1 — %)

which implies the claim, since f,(¢) = 0 for all ¢ > Ty pn.s clearly yields

:2047])"3

*
tz 7T,.Yp,ns,

T(t)u = (u)4 a.e. on S for all t > T 7Py, S -
Remark 5.5. Whenever p € (% =+ Do, 2) # 0 and u € L?(S) then Tirpns

and T, , denote the constants defined in Lemma 5.4.
The proof of the preceding lemma reveals that these are indeed finite.

So far one only knows that D(A) is a dense subset of (L'(S), || - ||L1(s))-
This result is of course not very useful to generalize the preceding Lemma to
more general initial values than u € D(A). It will be established now that
D(A) is even a dense subset of (L?(S),|-]|12(s))- The applied technique is the
same as in 3], Prop. 5.1.

Lemma 5.6. D(A) is a dense subset of (L*(S),]| - ||12¢s))-

Proof. Tt suffices to prove that there is for each h € L>(.S) a sequence (fm)men
C D(A) such that

lim f, =h in L*(S),

since L°°(9) is a dense subspace of L?(S).

Let h € L*°(S) be arbitrary but fixed.

Since A is m-accretive there are for each m € N functions f,, € D(A),
fim € Afm, such that

1 4
h=fm+ —fm ae on S (5.8)
m

for all m € N. R
By complete accretivity one obtains f,,, << fm, + i fm and consequently
fm << h for all m € N, which yields

||fm||L°°(S) < ||h||L°°(S) < 00, Vm € N. (59)
Consequently f,, € L*(S) and therefore f,, € D(A) for all m € N.
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Moreover, (5.9) also implies that the sequence (|| fin||£2(s))men is bounded.

Hence, by passing to a subsequence if necessary, there is an he L?(S) such
that

w- lim f,=h inL?S). (5.10)

m—00

Now observe that

m—0oQ0

lim i/ww P2V fon - VodA =0, Vo € WIP(S)NL>(S), (5.11)

since one obtains for all ¢ € W}?(S) N L>(S) and ¢ := L5 that

2
‘ () / IV Fo P2V o - VipdA
S

m

1 % B q
= (m) (/S”melp Qme'medA> IVl Lo (5,0:mm)

1

- ( /S (h—fm>fmdA)q IVl o (5

< ( [ lzeis) + ||h||Loo<s>>|h|ms>dA) IVl o (st

= (ANl is)) " 11Vl (sm5mm:

where Cauchy Schwarz inequality, Holder’s inequality, fi, = Afm, (5.8) and
(5.9) were used.
Moreover, (5.11) yields

/(h —h)pd\ = lim [ (h— fm)ed)
S

m—00 S

for all ¢ € W?(S) N L>(S) and therefore h = h.

It is clear that || f,n|[z2(s) < |[fm + %meLz(S) and consequently one gets
[ frnllz2csy < Rllz2(s) = ||l~1||L2(S) for all m € N, which implies particularly
that

limsup || fm || 22(5) < ||il||L2(S)'

m—00

Conclusively this, ( 0) and the uniform convexity of the Banach space L?(S)
yield lim,, oo frn = h = h, in L?(S). O
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Theorem 5.7. Let u € L*(S) and assume that the interval (% + po, 2) is

nonempty. Moreover, assume p € (%{2?) + po, 2), then

T(t)u = (u)g a.e. on S

forallt =T7 . s

Proof. Let u € L%*(S) be given and assume that u is not constant a.e. on S.
(If w is constant the claim is trivial.)

Now let (v;)men € D(A) be such that lim,, .o vy = w in L?(S) and
assume that none of the v, is constant a.e. on S.

Moreover, introduce (t,)men by

- lu — (u)gllL2(s)

= U, VYm €N (5.12)
H'Um - (Um)sHLQ(S)

It is clear that lim,— oo Uy, = u in L?(S) and that T
all m € N.

Observe that also u,, € D(A) for all m € N. (Generally if (f, f) € A then
(af,aP~1f) € A for any a > 0.)

Consequently Lemma 5.4 yields T'(t)u,, = (um)g a.e. on S for every
t>1T*

J— *
msYsPm, S T Tump,n,s for

u,y,p,n,S"
Finally observe thatlim,, .o T(t)u, = T(t)u in L?(S) for any t € [0, 00),
which clearly implies the claim. O

Using the preceding result and Theorem 4.9 one obtains the following
corollary for the case n = 2 and pg = 1 which concludes this paper.

Note that this corollary is applicable for any p € (1,00)\{2}, i.e. for any
value of p for which the existence of unique strong solutions of (2.2) is proven.

Corollary 5.8. Assume n =2 and pg = 1, then
T(t)u= (u)g a.e. on S,

forallt >T; .  5g, ifp€(1,2) andu € L2(9).
Moreover, if p € (2,00) and u € LP(S), then

_ § — 2 1\ 7
700 = Wellics) < Caiplla - Wil (1)
for every t € (0,00) and § € (1,p —1).
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