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Abstract. In this paper, we will study the Trudinger-Moser inequalities
with the monomial weight |:1:1|A1 \mN|AN in RY with A; >0,..., Ay >
0. Moreover, we investigate the Trudinger-Moser inequalities on both do-
mains of finite and infinite volume. More importantly, we will exhibit the
best constants for our results. In the particular case A; =--- = Ay =0,
we recover many results about the Trudinger-Moser inequalities without
weight established in the literature.
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1. Introduction

Functional and geometric inequalities with monomial weights have been stud-
ied extensively recently. For example, motivated by an open question raised by
Haim Brezis [5,6], Cabré and Ros-Oton studied in [7] the problem of the reg-
ularity of stable solutions to reaction-diffusion problems of double revolution
and then established in [8] the Sobolev, Morrey, Trudinger and isoperimetric
inequalities with weight z4. Here

o = |z | ey
A >0,..., Ay >0

A= (Ay,..,Ax).
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In [4], Bakry, Gentil and Ledoux used the stereographic projection combined
with the Curvature-Dimension condition to prove the following Sobolev in-
equality with monomial weight: for a > 0, N +a > 2, there exists S (N,a) > 0
such that for all smooth, compactly supported function f on RV=1 x R :

2Nt 2(N+a
x)| N2 g da |Vu ()] dex
RN-1 ]R+ RN-1JR,

The best constant S (N, a) was also calculated explicitly in [4]. In [20], V.H.
Nguyen employed the mass transport approach to prove again and extend
the above result. Moreover, he also studied the best constants and extremal
functions for the Gagliardo—Nirenberg inequalities and logarithmic Sobolev
inequalities with the weight %, and with arbitrary norm.

The main purpose of this article is to study the sharp Trudinger-Moser
inequalities in RY with monomial weight z*. Denote

RN = {(xl, ..,xy) € RY such that x; > 0 whenever 4; > O}
and Q* = QNRY. Let

D=N+A+ -+ Ay

and denote
ma (E) = / xdzx.
E
In [8], the authors set up the following weighted Trudinger inequality.

Theorem A. Let Q C RY be a bounded domain. Then for each u € C} ()
with/ \VulP z4dz < 1, we have
Q

D
/ exp {cl |u|ﬁ}x‘4dx < cama ()
Q
where c¢1 and cy are constants depending only on D.

Our first main result in this paper is to exhibit the best constant in the
above result. More precisely, we will prove the following sharp Trudinger-Moser
inequality on finite-volume domains:

Theorem 1.1. There exists Cy (D) > 0 such that for all u such that u is a
Lipschitz continuous function in RY my4 {x ERY :|u(x)| > t} is finite for

every positive t, ma (supp (u)) < oo and / [Vu|” z4dz < 1, we have
RY

/]RN {exp (OAD,A |u|%> — 1} A dx < Co (D) ma (supp (u))

where
1

o1
apa=D / 2do
OB;

1s the best constant.
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The best constant ap 4 can actually be computed as follows:

1
/xAdm:// 2 dodr
B 0 JoBx
1
:/TD_l / x2do | dr
0 OB

I
ol =
7
Q:\
]

5]

b

QL

S)
~—

Hence by [8]:

/ zdo =D 2 dx
B} B
D (45 T (4541) T (4y)

:D 2 2
2F0 (1+ 2)

where k is the number of strictly positive entries of A. So

2

Ai+1 Ao+1 An+1 o1
aD,A=D<DF( )T (555) T ( )) _

When A = 6), we recover the well-known Trudinger-Moser inequality
on bounded domains proved by J. Moser in [19]. It is worth mentioning that
the theorems of J. Moser in [19] are the sharp versions with best constants of
the earlier results of Pohozaev [21], Trudinger [24] and Yudovich [25] about
the embedding W™ (Q) C Ly, (). Here @ ¢ RY is a bounded domain
and L, () is the Orlicz space associated with the Young function ¢y (t) =

N/(N-1)

exp (a |t] ) — 1 for some a > 0. We also mention that when the volume

of Q is infinite, the Trudinger-Moser inequality in [19] becomes meaningless.
Thus, it is interesting and nontrivial to extend such inequalities to domains

with infinite measure. In this direction, we state here the following three such
results in the Euclidean spaces that could be found in [1,3,9,10,13,14,18,22]:

1
Theorem B. Let 0 < 3 < N and 0 < o < ay = Nwy_}, where wy_1 is the
area of the surface of the unit N— ball. There hold

1 ﬂ _N_ dz
sup T A Gl C AL B A
weW LN ®N): ([ Vull <t Jlully " JrY .

(1.1)
dx

— < 00.
) Bl

(1.2)

sup / ON (OéN (1 - ﬁ) WNI!I
WEWLN ®N): [Vl Nt [lul Y <1 JRY N
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¢ 1= 5 ) ™=
i /RNN(aN( Nl)u ) i

su — — < 0.
weW I N ®Y), [Val <t [ulln (1+ ful 1 ( ’%)) x|
(1.3)
Here

N-2,;
tJ
on(t) =¢' - Z ik

=0

Moreover, the constant ap is sharp.

Our next purpose of this article is to establish the sharp Trudinger-Moser
inequalities on the whole domain in the sense of [10,17,18]:

Theorem 1.2. There exists a constant C (D, A) > 0 such that for all u €
e (@) : / \Vu|” z4dz < 1, there holds
RY

(I>D OéD7A \u|%
/ ( i )xAdx < C(D,A)/ luf? 24 da. (1.4)
(14 Juf7T) RY

Here
k
op(t)= Y o
keEN:k>D—1
The constant aup o 1s sharp. Moreover, the inequality does not hold when 1 +
|u|% is replaced by 1+ |u|” with p < 52.

As consequences, we get the following versions of the Trudinger-Moser
inequalities on the whole domain in the spirit of [1,12,14,22]:

Theorem 1.3. 1/For all @ < ap 4, there exists a constant C (D, A) > 0 such
that for allu € C° (@) . [ |Vu|” 24dx < 1, there holds
RY

b D, A
[ ®p (a |u|D€1> zidr < M/ u|” 24 d. (1.5)
RY ap,A — X JRN

2/ For any M > 1, there exists C (D, A, M) > 0 such that for all u €
(O (@) : fRN |VU\D zAdz < 1, there holds
/ lu|P zAda
RN

/ o) (MDVA (u) ap.a |u|%) aAde < C(D, A, M) -
Ry 1—/ Vu|” zAdz
RY

(1.6)
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where

1
MD=T

<M -1 —|—/ |Vu|DxAda:>
RY

3/ There exists a constant C (D, A) > 0 such that for all u € C° (@) :

Mp o (u) = 1
D—1

/ |Vu\Da:Adx—|—/ lu|” zAdz < 1, there holds
RN RN

/ op (aD,A |u|%) zAde < C (D, A). (1.7)
RY

The constant ap 4 1s sharp.

It is interesting to mention that if we just consider the restriction under
the seminorm [, v (Vu|” #4da < 1, the inequality (1.5) fails at the critical case

a = ap,a. Hence, (1.5) can be considered as the sharp subcritical Trudinger-
Moser inequality with monomial weight. Also, Statement 3 claims that if we
want to achieve the sharp constant ap, 4, we have to use the constraint of full
norm [p [Vu|” zAdz + Sy lu|” 24dz < 1. Thus, (1.7) is the sharp critical
Trudingér-Moser inequality ‘with monomial weight. Finally, Statement 2 is the
extension of these two results in the spirit of Lions [16]. It is easy to see that
(1.5) without the asymptotic behavior and (1.7) are just easy consequences of
(1.6). Surprisingly, we will show next that these three inequalities are actually
equivalent. More specifically, let us denote

STM (o) = sup ;/ ®p (a|u|D€1> a2 da
— u|? zAdx /BY

uEC?"(]RiV):/ [Vu|PzAdz<1 RN

RN 2

_D A
TM = sup dp (aDvA |u D—1>m dz
RY

uECgo(]RiV):/ \Vu\DzAdz+/ |u|PzAde<i
RY RY

and

1 f/ (Vu|” 24 dx
RN
ITMy = sup .
c=(RY): [ |Vu|PaAdz<l / Jul ? A d
ucCg ( *) RN| u|PzAde< RN

x/ dp (MD7A (u)ap,a |u|%> zdx.
RY

Then our next result is that
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Theorem 1.4. For M > 1, we have

D—1
1 _ (o]
M M (MA)
ITM,, = TM = sup | ———227 | STM (a).
M—1 M =1 aeoap.4) ( a )D ! )
ap,A

See [11] for a similar result for the nonweighted case.

Our paper is organized as follows: Preliminaries and some useful lemmata
will be provided in Sect. 2. Our first main result about the Trudinger-Moser
inequality on bounded domains will be proved in Sect. 3. Finally, in Sect. 4,
we will investigate several versions of the Trudinger-Moser inequalities on the
whole domain and will also establish the equivalency of some of them.

2. Preliminaries

A result by Talenti in [23] states that whenever balls minimize the isoperimetric
quotient with a weight w, there exists a radial rearrangement which preserves
[ f (u) wdz and decreases [ |Vul” wdz. As pointed out in [8], by combining this
fact with the results in [8] about the isoperimetric inequalities with monomial
weights and the layer cake representation (see [15]), one could deduce the
following rearrangement results:

Lemma 2.1. Let u be a Lipschitz continuous function in RY such that m,
{z e RY : |u(z)| >t} is finite for every positive t. Then there exists a radial
rearrangement u* of u such that

(i) ma ({Jul > t}) = ma ({u* > t}) for all t,
(ii) w* is radially decreasing
(i) for every Young function ® (that is, ® maps [0, 00) into [0,00), vanishes
at 0, and is convex and increasing):

/<I>(|Vu*|)xAdm§/ @ (|Vul) zdz.
RN RY

(iv) If ¥ : Rt — R is nondecreasing, then/

U (u) xAda::/ U (u*) z2de.
RY

RN

Now, we consider the following Moser type sequence:

1
Py, 0<|z|<e B,
1 N )
Mn(z) = | 77— (2)Plog (i), e B <lzl<1 - (21)
/ whdo ] o 2] > 1
aB; ) z

Then, we have that
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1
/ IV M,,|" 2 de = (/ xAda> / |M], (T)|D’I"D71d’r‘
RN dBj 0
= (/ Adcr)/ fdr
0B; /

oB;
=1.

Next, we state the following result by Adams [2]:

Lemma 2.2. Let 1 < p < oo and a(s,t) be a non-negative measurable function
on [0,00) x [0,00) such that (a.e.)

a(s,t) <1, when 0 < s <t, (2.2)
e , 1/p
sup (/ a(s,t)? ds) =b < o0. (2.3)

t>0
Then there is a constant co = co(p,b) such that if for ¢ > 0,

/ ¢(s)Pds <1, (2.4)
then

/ e FWdt < ¢ (2.5)
0

where

o0 P’
F(t)y=t—- </ a(s,t)d)(s)ds) . (2.6)
0
We now state the following result that the proof could be found in [17,18]:

Lemma 2.3. Given any sequence s = {sy},~,, let

o0

lslly = lskl

k=0

o 1/D
D

Isllp = <Z|3k| > :
k=0
oo 1/q

Isllge) = { D Isel” €
(e)

k=0

() = inf {15, o < sl = B sl < 1}

Then for h > 1, we have
DDl
exp <h q7 )

h) ~
,Uf() thl

and
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Using the above lemma, we can obtain the following Radial Sobolev in-
equality in the spirit of Ibrahim-Masmoudi-Nakanishi [10]:

Theorem 2.1. (Radial Sobolev). There exists a constant C' > 0 such that for
any radially nonnegative nonincreasing function ¢ satisfying ¢(R) > 1 and

</ xAda>/ /()7 P ldt < K
OB} R

for some R, K > 0, then we have

exp {‘”’f‘w’gl (R)] / (0[P P~ 1dt
KD-1 D R
DT (R) KD—1
We also have the following observation:
Lemma 2.4. We have
STM (o) = sup / dp (a |u|%) A dz.
RN

uECﬁo(@)/ \Vu\DmAdmzlz/ |u|PzAdx
RY RY

Proof. First, it’s easy to see that

1 D\ 4
STM ()= sup ——FF | Pp (a \u|D*1) xd.
— u|? zAdz/RY
uECCOO(]RiV):/ |VulPrAdr=1 RN
RY *

Next, for any u € C$° (@) \{0} : / |VulP z4dz = 1, we set
RY

v(z) =u(Azx)

with

)\D:/ lu|P 2 dx.
RN

*

Then it is easy to verify that
/ |VolP zde = / (Vu|” z4de =1
RN RN

and

1 D A

/ | 24de = — lu|” 2?de = 1.
\D

RY RY
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Also,
1 _D_
—/ dp (a |u|D]21) i dx
/ u|? zAdz/RY
RY
1 1 _D_
= ﬁ—AD/ Dp (a |v|D€1> zdx
/ lv|P zAde VRN
RY
:/ Dy (a\v|%) zdz.
RY
Hence
STM (o) = sup / op (a |u|%) zAdz.
RN

ung"(@): |[Vu|PzAde=1= |u|PzAdx
RN RN

*

3. Sharp Trudinger-Moser inequality on bounded domains

Proof of Theorem 1.1. Using Lemma 2.1, we can now assume that u is radially
decreasing with supp (u) = Bj. Then

/RN [exp (aD7A |u|%) - 1} A dx
= /OR (/33; [exp (aD,A |u|%) - 1} xAda> dr
= /OR [eXp (aD,A |u|%) - 1] rD-1 (/szwAd0> dr

R D
= (/ a:Ada> / {exp (ozD7A |u|ﬁ) — 1} rP=Ldr.
oB; 0
R
/ (VulP zde = (/ xAdcr>/ 1/ [” rPLdr.
RN aB; 0

v (t) = Bu (Re_%)

Also

Set
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then
R D
/ [exp (ozD’A \u|ﬁ> - 1] rP=Ldr
0
> t % t D-1 1 t
= / [exp (aD A ’u (Refﬁ) > — 1] (Reiﬁ) R—e Ddt
0 ’ D
1 [ ap A D _
=RP— : )P ) —1| e dt
5, o (5 wort) -1

and

i.e.

we get that

Using Lemma 2.2 with

1 0<s<t
a(s,t)—{o t<s ’
p="1',

we get that there exists a constant Cy = Cj (D) such that

1 [ ap. A D 4
— . t)|P-1 | —1 dt
5, [e"p<BDDl o @) ) }

= 11)/0Oc {exp <|v (t)\%) - 1] e tdt < Cy.




NoDEA Sharp Trudinger-Moser inequalities Page 11 of 21 39

Combining these estimates, we obtain
/ [exp (aD7A \u|%) - 1] zddz < Cy (D) RP / zdo
RN dB;

/ xAdo
8B;
/ xAdz

1

= Co (D) ma (BR) -

Finally, we note that

1
/xAdx:// 2 dodr
By 0 JoB:
1
:/ rP1 / xdo | dr
0 OB;
1 / A
= — zdo | .
D ( oB; )

/RN [exp (aD,A |u|%) - 1} xAdz < C1 (D) my (supp (u)).

Hence

Now, to show that the constant ap 4 is sharp, we will take into consideration
the Moser sequence M,,. Indeed, for all @ > ap a:

[, o (apar) - 1] s
- </6B1*xAda> /01 {exp (a IMn|%) _ 1} D1,

_D_
D—1

e % 1 n DDl
Z/ exp | a|| — (E) rP=dr
0 / xAdo
aB}

o~

—-n
Zexp{ n}e — 00 as n — 00.

ODA

Actually, from the above argument, we can deduce that for any positive func-
tion f such that f(n) — oo as n — oo, we get

: o (ap.aul™)

su _ exp |« u| Pt 71} ul|) de = .
P ) L [ (00l 7 (Jul)

/ \Vu|DwAdw§1
RY
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4. Sharp Trudinger-Moser inequalities on RY

Proof of Theorem 1.2. By Lemma 2.1, we may assume that u is a smooth,
nonnegative and radially nonincreasing function. Let Ry = Ry (u) be such that

Ry
/ \Vu|” z4dz = / zdo / lur|P P dr < 1 — e,
B, oB; 0
oo
/ [Vu|” z4dz = / zAdo / lup| P rPVdr < &.
RN\Bj, oB; R,

Here ¢ € (0,1) is fixed and does not depend on u.

Denote
wN—l,AZ/ zdo,
OB;

by the Holder’s inequality, we have

u(ry) —u(ry) < /7‘2 — u,dr

T1

1—¢ /b T 5
< ( 0 ) (ln2> for0<r <rg <Ry, (4.1)

and

o \YP [ r\ T
w(ry) —u(ry) < In = for Ry <r <ry. (4.2)

WN—-1,A 1

We define Ry :=inf {r > 0: u(r) <1} € [0,00) . Hence u(s) < 1 when s > Ry.
WLOG, we assume Ry > 0.
Now, we split the integral as follows:

_D_ D
dp (OzD,A |U|D*1> A ®p (OéD,A ‘“|D71> A
/ 5 zodx = / +/ zdx
RY o RY\BF%,

1+up-1 1+urt
=1+J

First, we will estimate J. Since u < 1 on R*N\B}‘%O, we have

op (aD,A |l Djzl)
J:/ 5 zdx
RN\Bg, 1+up-Tt

< c/ u|” 24 d. (4.3)
RY
Hence, now, we just need to deal with the integral I.

Case 1: 0 < Ry < R;.
In this case, using (4.1), we have for 0 < r < Ry:

1_ /D o5t
u(r) < 1+ (5()) <1n RO) .
WN-1,A r
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By using
(a+b)77 < (14e)ap 1 +C()bD T,
where
1 =
Ale) = (1 - (14'5)D_1> )
we get

D 1—¢o 1/(D=1) 0
uP=1(r) < (1+¢&1) In— + A(e).
WN-1,A T

Thus, we can estimate the integral I as follows:

(I>D (OzD’A |u|%)
I:/ - zdz

1o \YP Y R
< / exp (ozD,A (1+e¢1) ( 0 ) In 70 + aA (51)> zdx
B,

WN—-1,A
< CRypAtTe (e fon )T )

Ro
X/ D=1—ap a(1+e1)((120) fwn 1,4/ P~V g
0

< C’R(?wN_LA <C (/ 1d$> < C/N |u‘DxAd1‘. (4.4)
Bg, R

where ¢ = (1 +50)1/(D71) —1.

Case 2: 0 < Ry < Ry.

We have
dp (aD,A |u|%)
I:/ = A dx
By, 1+ud-1
D D
dp (O{D’A |’U,|D*1) dp (CVD“A "LL|D*1)
:/ 5 xAdx+/ 5 A da
By, 14+ uD-1 Bgo\Bk, 14+ up-1
=1L+ L.

Using (4.2), we get

€0 1/D Ro 25t
u(r) —u(Ro) < ( ) <ln ) for r > R;.

WN—-1,A

1/D o5t
u(r)<1—|—< =0 ) <lnRO>
WN-1,A T

Hence
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Then, we have

1

wBT (r) < (1 4 3) ( =0 )Dl ln% + Aen).

WN—-1,A

So

D
dp (aD,A |u\D71) "
Ig:/ = - dx
By, \Bi, 1+ upi

1

Ro D1
< CwN_l,A/ exp <aD’A (14 e2) < £0 ) In Fo + aA (52)) rP=Lar
R, WN-1,A r

1
aD,A(1+52)(€U/WN—1,A) D-1

< CWN—LARO

_1 _1
D_aD,A(1+52)(50/WN—1,A) D-1 _ RD_OCD,A(lJFE‘Z)(EO/WN—I,A) D1

% Ry 1
T
D—apa(l+e¢)(eo/wn-1,4)P1
< Con—1,4 — (RS - RY)
D—ap,a(l+e2)(co/wn-1,4)D1
Ry
< Cwn_1,4 (/ 1dr> <C zdx <C |u\D mAdac.,
R, By, \Bj, RN

where €9 > 0 is such that D —ap 4 (1 +&2) (Eo/cu]\;_l,A)ﬁ > 0.

<I>D<aD,A|u\DD*1>
So, we now just need to estimate I; = / — 734 ]x with
B 1+uD-1

Ry
u (Rl) > 1.
First, we define

v(r) =wu(r) —u(Ry) on 0 <r < Rj.
) N N
It’s clear that fBEI Vol zAdz = fBEl |Vu|™ 24dr <1 — «.
Moreover, for 0 < r < Rj:
D D D
uP=1(r) < (1+¢e)vP-1(r) + A(e)uP-T (Ry)
with

1

1 D—1
0<€:( > — 1.
1—50

_D
dp (aD,A |u\D*1)
I :/ zdx
B

D
B, 1+up-T

Hence

D
eOLD,AA(E)uD’l (R1)

o / eaD’A(Hs)U%(T)xAdx
uP=T (Ry) u
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_D
= e@p, aA(E)uD 1(Rl)/ eO‘D,Aw%(’")xACM
urT (Ry) A

where w = (1+¢) 7 5 .
It’s clear that supp(w) C B}

Ry

|Vo|P 24dz < (14 )P~ (1 — g¢) = 1. Noting that in this case

e (1_ (1+i>’”> e

Hence, using Theorem 1.1, we have

/ eaD'Aw%(T)xAdx <C

e < C’R{D/ xdx.

Bj,
Also, using Theorem 2.1, we have

exp (aD,AA(g)U% (Rl)> RD/ Iy
D 1 € X
uD-T (Rl) T

exp < Ay DT (R1)>

T

w0 5 Rf)/ A dx
uP-T (Ry) i

D D A
< Csf’l/ |ul” z*dx
RN\Bj,

<C lu|” 24 d.
RY

By (4.5), (4.6) and (4.7), the proof is now completed.

(4.5)

and [ . vw|P zAde = 14e)P-1( .
BR BR

(4.6)

(4.7)

The fact that ap 4 is sharp can be showed as in the proof of Theorem 1.1.

D

Now, to show that the power =5 in the denominator of (1.4) is also optimal,
again we will consider the Moser sequence. We have for sufficiently large n:

/ \M,,|° 22 da
RY

1
= (WNfl,A)/ | M., (r)|DrD_1dr
0

P 1 n\P=1 5y
= — —d
(- 1A)/ (wN 1A) (D) : g
1 P
(wn— 1A/ log { —
an 1A r
S

rP=dr

:.\H
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Also,

op (aD,A |Mn|%)
L.

A
ALy o

N-P

> [° ®p(n) p 1 Cp(ne ™ 1

~ p(D—1) p(D—1) ~  p(D-1)

0 n- D
Hence, we need
1 1 D
< =p>
n255Y Yo P=D—1

We next prove Theorem 1.3:

NoDEA

Proof of Theorem 1.3. 1t is clear that Statement 1 without the exact asymp-

totic behavior -

3 can be deduced from Statement 2 easily.

— is an easy consequence of Theorem 1.2 while Statement

First, let 0 < o S ap,a and u € C° (R*N) : / \Vu|” #4dz < 1. Then
RY

DN\ 4 DN\ 4
/ dp (a|u|D*1)J; dx:/ +/ dp (a|u|D*1)x dx.
RY Ju|<1 |ul>1

The first integral is easy to estimate:
D
/ dp <a|u|ﬁ)xAdm
Ju|<1
/ \u| 571 g Ady
\

u|<1k D— 1

Z k'/ DAdx

k=D-1

< M/ lulP zda.
RY

ap A —«
Also, when |u] > 1:

DN\ 4
dp (a |u|D*1) xdx
Ju|>1
DN\ 4
< exp (a | D*) xdx
Ju|>1

D D A
< exp (O[D7A |u|D—1)eXp ([afaDVA} |u|D—1)x dx
Ju|>1
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exp (OLD7A \u|%)

zdx

< Co (DvA)/

[ul>1 (ap,a — @) |u\%

zdx

_ o (D,A)/ op (QD,A |u\%>
Tapa—afust 14 |7

< G2 (D, 4)
B aDA—a

Next, we will prove Statement 2. Let u € C'° (@) : / |Vu|” z4dz <
RY

l.If/ |Vu|” z4dz < (%)D,thenwithv = 2 u, we get/ (Vo|” zAds
RN R

B N
<1 and

/ dp <MD,A (u) ap.a |u|%> 2 dx
RN

D
M—1\P*t  b_
:/ dp (MD’A (u)ap.a ( ) |v|DD1> A dx
R M
M—-1
g/ dp (() ap. A |v|DD1>xAd1:§CO (M,D,A)/ | ” 24 da
Y M RY

/ u|” 2Ada
RN

<0 (M,D,A)/ lu|” 24dz < Cy (M, D, A) -

RY 17/ \Vu|” zAdz
RY
where
1
D*l
MD A TR
D—1
( -1 + |Vu| xAd:c>
If1> / |Vu|” z4dz > (MT) then we set w = z -
N D
R, |Vu|D93Adx:|
RY

1
D—1

a=Mp 4 (u) [/ |Vu|DxAdx1 ap, A,
RY

and note that

1

MP= M-1\"]""
ap.a>a > —— ( ) Qap A.

(v -1 ()7 LM
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L —cw,p 4 L

@D,A — @ 1 —/ |Vu|P zAdz
RY

Hence, by Statement 1, we obtain

/ Dy (MD)A (u)ap,a |u|%) zdx
RY

/ lu|P zAda

1 RN

oD,4 a/ \Vu|” zAdz
RY

/ lu|P 2Ada
RN

<0y (M, D, A) ™ .
1- / \Vu|” zAdz
RY

SCO(DaA)

O

We now prove the equivalence of the three versions of the Trudinger-
Moser inequalities:

Proof of Theorem 1.4. We will first show that

- (ats)
T = L (e |

ap,A

Indeed, first, for any u € C° (@) \ {0} : / \Vu|P zde =1 = / lu|P x4
RN RN
dx, we set
v(z) =nu(ix).

Then it is easy to verify that
/ \Vol? 2de = nP
RY

and

D n
/RN lv|” zdx = P

*

/ <I>D<a|u|%)mAda:=)\D/ <I>D< O; v|DD1>xAdx.
RY RY nr-1

Hence, if we choose  and A such that

(0%
D = MD7A (U) Qap A,
'r]D—l

Also,
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that is
b_ M—1 (o T M —149P
T s v
and
ﬂ —1—pP
)\D - 77 9
we get
/ op (a|u\%) A dx
RY
D
= L/ dp (MDA (v)ap.a \v|%) zAdx
L—nP Jan ' '
L \P-!
M_]. (aD,A)
< i a D,llTMJV['
1- (ocD,A
Hence, by Lemma 2.4
D—1
M—1 (a“ )
STM () < 22 —ITM)yy;.

M 1 [« D

ap,a
Now, we note here that we can reverse the above process. Hence, we can deduce
that

D—1
M 1- (QSA)
ITMy, = sup | ——22A ST (a).
M_lae(o,aD,A) ( « )D !

ap,A

Also, we can argue as in [13] and as above to get that

. L\ P!
TM =  sup _(QD’AD>_1 STM () .
a€(0,ap,a) ( a )

ap,a
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