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Quasilinear parabolic problem with
p(x)-laplacian: existence, uniqueness of weak
solutions and stabilization

Jacques Giacomoni, Sweta Tiwari and Guillaume Warnault

Abstract. We discuss the existence and uniqueness of the weak solution
of the following quasilinear parabolic equation

ur — Apyu = f(z,u) in  Qr ef (0,T) x Q,

w=0 on Y ¥ (0,T) x 09, (Pr)

u(0, ) = uo(x) in Q
involving the p(z)-laplacian operator. Next, we discuss the global behav-
iour of solutions and in particular some stabilization properties.
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35B65.

Keywords. p(z)-laplacian, Parabolic equation, Stabilization.

1. Introduction

Our main goal in this paper is to study the existence, uniqueness and global
behaviour of the weak solutions to the following parabolic equation involving
the p(zx)-laplacian operator

ug — Dpyu = f(z,u) in Qr=(0,T) xQ,
u=0 on  Xr=(0,T) x 09, (Pr)
u(0,x) = ug(x) in Q
where Q@ C R, d > 2, is a smooth bounded domain, p : Q@ — [1,40oc] and

f:Q xR —Risa Caratheodory function.
Let P(€2) be the family of all measurable functions ¢ : @ — [1,4o00] and set

e 1 . :
P9 (Q) et {q € P(Q) : — globally log-Hélder contlnuous} .
q
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In particular, for any p € P°2(Q), there exists a function w such that

Y(z,y) € Q% |p(x) — p(y)| < w(|z —y|) and limsup —w(t)Int < +oo.
t—0+

There is an abundant literature devoted to questions on existence and
uniqueness of solutions to (Pr) for p(x) = p (see for instance [7] and ref-
erences therein). More recently, parabolic and elliptic problems with variable
exponents have been studied quite extensively, see for example [1,3-5,9,21,23].
The importance of investigating these problems lies in their occurrence in
modeling various physical problems involving strong anisotropic phenomena
related to electrorheological fluids (an important class of non-Newtonian flu-
ids) [1,22,23], image processing [9], elasticity [29], the processes of filtration in
complex media [6], stratigraphy problems [18] and also mathematical biology
[16].

Regarding the current literature, we bring in this paper new results about
the regularity of weak solutions and about the behaviour of global weak solu-
tions. In particular, we investigate the question of asymptotic convergence to
a steady state. To prove the existence of weak solutions, we follow a semi-
group approach, involving a semi-discretization in time method, that pro-
vides the existence of mild solutions belonging to C/([0,T]; Wy (x)(Q)) and
C([0,T]; L*°(€2)). Then the existence of subsolutions and supersolutions and
the weak comparison principle reveal the stabilization property for a suitable
class of nonlinearities f.

In our knowledge, the existence of mild solutions and the convergence to a
stationary solution for quasilinear parabolic equations with variable exponents
were not investigated previously in the literature and all the corresponding re-
sults brought in the present paper are new. To establish these results, we use
some former contributions about the validity of a strong comparison principle
(see [28]), the regularity of solutions (see in particular [1,12,17]) and some
extensions proved in Appendix C. We point out that other aspects of global
behaviour of weak solutions (extinction in finite time, localization, blow-up in
finite time) are discussed in [4,5]. In [3], the Galerkin method is used alterna-
tively to prove existence of weak solutions. In the same way, in the case where
f =0or f depends ounly to (¢,z) € Qr, the authors of [2,6] use a perturbation
method to establish the existence of solutions of (Pr).

Concerning quasilinear elliptic equations with variable exponents, strik-
ing results about existence and nonexistence of eigenvalues contrasting with
the constant exponent case are proved in [21,24] showing the complex nature
of the p(x)-laplacian operator. Furthermore, in [24], the authors established
also multiplicity results for combined concave-convex function f.

Before going further, we recall the definitions and useful results on the
variable exponent Lebesgue and Sobolev spaces. For more details, we refer to
the book [10] and the paper [19]. Let p € P(£2). We define the semimodular

o) [l + esssuplu(z)
O\ Qoo Q

oo
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where Qo = {2 € Q|p(x) = co}. Then the variable exponent Lebesgue space
is defined as follows:
L@ (Q) def {u|u is measurable on Q and p,(Au) < co for some A > 0}.
If p € L>°(Q), this definition is equivalent to (see Theorem 3.4.1 in [10])
LP@)(Q) = {u|u is measurable on Q and p,(u) < o0} .

This is a normed linear space equipped with the Luxemburg norm

[P inf{)\ >0: pp (%) < 1}.

Define p_ = inf p(z) and py = sup p(z). Then
e €N
LP+(Q)  LP@)(Q) ¢ LP-(Q).

We denote by p. the conjugate exponent of p defined as

p(z)
plx) =1

We have the following well-known properties on LP(*) spaces (see [19]).

pC(I) =

Proposition 1.1. Let p € L=(2). Then for any u € LP®)(Q) we have:

(1) pp(u/llull e @) = 1.
(ii) [lullrer ) — 0 if and only if pp(u) — 0.
(iii) LP®)(Q) is the dual space of LP(®) ().

Proposition 1.1 (i) implies that: if [|u| p@) ) > 1,
HUHZL);(m)(Q) < pp(u) < ||UH];<2>(Q) (1.1)
and if [Jul| pp) (o) <1
[l ?p(m)(g) < pp(u) < ||U||i;<x)(g)' (1.2)

Moreover, we have also the generalized Holder’s inequality: for p € P(Q),
there exists a constant C' = C(py,p_) > 1 such that for any f € LP(*)(Q) and
g € LP@)(Q)

/Q F@g(@)dz < ClLF Lz 9]l Loeor - (1.3)

The corresponding Sobolev space is defined as follows:
Wir@) () % {u € LP@)(Q) : |[Vul € LW)(Q)} .
A natural norm defined on W'P(®)(Q) is
lullwrre = lull L@ ) + VUl Loe )-

For the sake of convenience, we define W = Wol’p(z)(Q), the closure of C§°(Q)
in Whr@)(Q) for p € PPI(Q) N L>(Q). Since the domain  is a bounded
domain, the Poincaré inequality holds and thus we define the norm on W as
lullw = [[Vull o )
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LP®)(Q), WP (Q) and W are Banach spaces. Moreover they are separable
if p € L>°(Q) and reflexive if 1 < p_ < py < oo (see [19]). Furthermore we
have the following Sobolev embedding Theorem (see [10]):

Theorem 1.2. Let p € PY9(Q) satisfies 1 < p_ < py < d. Then, WHPE)(Q) —
LY@)(Q) for any o € L>®(Q) such that for all x € Q, a(x) < p*(z) = dd_p;éz).
Also the previous embedding is compact for a(x) < p*(x) —e a.e. in Q for any

e>0.

The paper is organized as follows. The next section (Sect. 2) contains
the statements of our main results on the existence, uniqueness, regularity of
solutions to (Pr) (see Theorems 2.4, 2.5, 2.8) and on the global behaviour of
solutions (see Theorems 2.5 and 2.10). In Sect. 3, we deal with the existence
of weak solutions to the auxilary problem (S7). Main results concerning the
existence of weak solutions to (Pr) are established in Sect. 4. Finally the
existence of mild solutions and stabilization properties are proved in Sect. 5.
The appendices A, B contain some technical lemmata about monotonicity and
compactness properties of p(z)-laplacian operator. In Appendix C, we establish
some new regularity results (L°°-bound) about quasilinear elliptic equations
involving p(z)-laplacian used in Sects. 3-5.

2. Main results

In the rest of the paper, we assume that p € P!°9(£) such that

Ld< < <d
dtg “P-=Pr=¢

First we consider the following problem:
U — Apyu = h(t,r) in  Qr,
u=0 on X, (St)
u(0,x) = up(x) in
d
where T > 0, h € L*(Qr) N LYQr), q¢ > P Considering the initial data in
ug € WN LX), we study the weak solution to (St) defined as follows:

Definition 2.1. A weak solution to (St) is any function u € L>(0,T; W) such
that uy € L*(Q) and satisfying for any ¢ € C§°(Qr)

T T T
//ut¢dxdt+// \Vu\p(x)_2Vu-V¢dxdt://h(t,x)¢dxdt
0JQ 0JQ 0JQ

and u(0,.) = ug a.e. in 2.
Similarly we define a weak solution to the problem (Pr) as follows:

Definition 2.2. A solution to (Pr) is a function w € L*>(0,T;W) such that
w € L*(Qr), f(u) € L¥(0,T;L*(2)) and for any ¢ € C§°(Qr)
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T T T
//ut¢dxdt+// |Vu|p(”)_2Vu-ngdacdt://f(x,u)qbdxdt
0JQ 0JQ 0JQ

and u(0,.) = ug a.e. in 2.

Hence with the above definitions, we establish the following local exis-
tence results:

Theorem 2.3. Let T > 0, ug € WNL>(Q) and h € L*(Qr)NLY(Qr), q > p%.
Then, (St) admits a unique solution u in the sense of Definition 2.1. Moreover
u e C([0, T); W).

Theorem 2.4. Let f : Q x R — R be a Caratheodory function satisfying the
following two conditions:
(f1) t — f(x,t) is locally Lipschitz uniformly in x € §;
(f2) there exists a € R such that x — f(x,a) € L*(Q) N LY(Q), ¢ > 1%.
Assume in addition that one of the following hypotheses holds:
(H1) there exists a nondecreasing locally Lipschitz function Lo such that
[f(z,v)] < Lo(v), ae. (z,v) € QxR;
(H2) there exist two nondecreasing locally Lipschitz functions Ly and Lo such
that
Li(v) < f(z,v) < Ly(v), a.e. (x,v) € QxR

Then, for any ug € WNL™ (), there exists T € (0, +0c] such that for any T €

[0,T), (Pr) admits a unique solution w in sense of Definition 2.2. Moreover
foranyr>1,ue C([0,T];L"(2))NC([0,T]; W).

Under additional hypothesis about the growth of f and regularity of the
initial data, we are able to prove the existence of global solutions. Precisely,
we have the following result:

Theorem 2.5. Let f be a Caratheodory function satisfying (f1) and the addi-

tional condition:

(f3) there exists C > 0 such that V(x,s) € Qx R, |f(z,s)| < C(1+]s|?) where
0 <p_—1.

Assume in addition that one of the following conditions is valid:

(C1) up € W such that Apyuo € L9(2) where q > p%;

(C2) ug € CL(Q) and p € CH(Q).

Then, for any T > 0, (Pr) admits a unique weak solution in the sense of

Definition 2.2. Moreover u € C([0,T]; W).

Remark 2.6. 1. Theorem 2.5 is still valid, under the condition (C2), replac-
ing (f3) by the hypotheses on f:
(f4) there exists ¢ € R such that z — f(z,() € L>®(Q);

(Fs) Ty oo (J225 = 0.
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2. Under an additional asymptotic super homogeneous growth assumption
on f and for initial data large enough, blow up in finite time of solutions
can also occur. For instance, let f(z,v) = v? with ¢ > p* and define the
energy functional

p(x) q+1
E(u) d:ef/ %da:—/ w
o pz) aq+1

Then, using a well-known energy method and for any initial data ug sat-
isfying F(ug) < 0, the weak solution to (Pr) blows up in finite time. For
further discussions of global behaviour of solutions (blow up, localization
of solutions, extinction of solutions) to quasilinear anisotropic parabolic
equations involving variable exponents, we refer to [4,5].

Next, we investigate the asymptotic behaviour of global solutions, in par-
ticular the convergence to a stationary solution. For that we appeal the theory
of maximal accretive operators in Banach spaces (see Chapters 3 and 4 in
[8]) that provides the existence of mild solutions. Precisely, observing that the
operator A def —Ay(2), with Dirichlet boundary conditions, is m-accretive in
L (Q) with

DA) ={u e WNL>®Q)|Au e L™(Q)}
as the domain of the operator A, we get the above results which essentially
follow from Theorems 2.3 and 2.4 with Theorem 4.2 (page 130) and Theorem
4.4 (page 141) in [8]:

Theorem 2.7. Let T > 0, h € L>®(Qr) and let ug be in WN (A)L . Then,

(i) the unique weak solution u to (St) belongs to C([0,T];Co(Q)).
(i) If v is another mild solution to (St) with the initial datum vy € W N

D(A)L and the right-hand side k € L>=(Qr), then the following estimate
holds:

t
[u(t) —v(t)[[L=(0) < lluo — vollL=(n) +/ [h(s) = k(s)llL=(@yds, 0<t<T.
0
(iii) If ugp € D(A) and h € WHH(0,T; L>=(Q)) then u € W12°(0,T; L>°(£2))
and Apyu € L=(Q), and the following estimate holds:

e :

ot
Concerning problem (Pr), we deduce the following similar result:

(t) dr.  (2.2)

T
< Ap@yuo + h(0)|| Lo (o) +/0
)

Lo (2 Lo ()

Theorem 2.8. Assume that conditions and hypotheses on f in Theorem 2.4

are satisfied. Let ug € W N (A)L . Then, the unique weak solution to (Pr)
belongs to C([0,T]; Co(Q)) and
(i) there exists w > 0 such that if v is another weak solution to (Pr) with
the initial datum vo € WN (A)L then the following estimate holds for
T<T:
u(t) = v(t)]l (@) < elluo = vollLoe), 0<t<T.
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(i) If ug € D(A) then u € W (0,T;L>(2)) and Apyu € L>®(Qr), and
the following estimate holds:

ou
Hat(t) < e Apyuo + f (@, u0)|| oo (-

Loo(9Q)
Remark 2.9.

1. The constant w in Theorem 2.8 is the Lipschitz constant of f in
[v1(T),v2(T)] (respectively [—vo(T),vo(T)]) given in (4.1). If f is non-
increasing with respect to the second variable and x — f(z,0) € L>(Q),
w = 0 can be taken in assertions (i) and (ii) above. In this case, note that
—Ap(q) — f(z,-) is m-accretive in L>°(Q) (see Proposition 5.1).

2. If we assume hypotheses in Theorem 2.5, then the weak solution to (Pr)
belongs to C([0, +00), Co(Q)).

Using the above results, we give some stabilization properties for (Pr)
for global solutions. Precisely, we prove the following:

Theorem 2.10. Assume that f satisfies (f1), (f4) and is nonincresing in re-
spect to the second variable. Then, for any initial data ug € C}(S2), the weak
solution, u, to (Pr) is defined in (0,00) x €2, belongs to C([0, +00); Co(Q)) and
verifies

u(t) = us i LZ(Q) ast — oo
where U s the unique stationary solution to (Pr).

Remark 2.11. [11] establish uniqueness results for quasilinear elliptic equations
involving the p(z)-laplacian under different conditions on f (see Theorem 1.2
for instance). Theorem 2.10 is still valid in this case.

3. Existence of solutions of (Sr)

First, we consider the following quasilinear elliptic problem:

U= AApyu=g in €,
{u =0 on 0f) (P)

with A > 0 and ¢g a measurable function. Concerning (P), we have the following
result.

Lemma 3.1. Let g € LI(Q2), ¢ > p%. Then for any A > 0, (P) admits a unique
weak solution u € W satisfying

/ugodx—i—)\/ |Vu|p(“')_2Vu.chd:v:/gapda:, Yo e W.
Q Q Q

Furthermore, u € L*(€2).

Remark 3.2. Lemma 3.1 still holds under the assumptions p_ > d and ¢ > 1.
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Proof. Consider the energy functional Jy associated to (P) given by

1 p(z)
J,\(u):2/ﬂu2dm+)\/ﬂ|v;zlx)dx—/ﬁgudm.

Note that Jy is well-defined and Géateaux differentiable on W. Indeed, ¢ > pi_

and 1 < p_ < p, < d imply that L7 C (LP"(®))".
By Theorem 1.2 and (1.1), for ||u|lw > 1:

1 |Vu P A
Iw) == [ vPdo+ )| ———dx— de > = ||lulfy —C :
) =5 [ wtaesn [ BT o [ gude > 2 ulfy =~ Clul

Thus J)y is coercive. Furthermore J)y is continuous and strictly convex on W
and therefore admits a global minimizer v € W which is a weak solution to
(3.1). In addition, applying Corollary C.5 in Appendix C, u € L>=(9Q). O

Proof of Theorem 2.8 Let N € N*, T'> 0 and set A; = % For0 <n < N, we
define t,, = nA;. We perform the proof along five steps.

Step 1. Approximation of h.

For n € {1,..., N}, we define for ¢t € [t,,_1,t,) and z € Q

r 1 [
ha,(t,z) = h™(x) def Kt/t h(s,x)ds.

n—1

Then by Jensen’s Inequality:

N N t
n 1 "
halfaign = A 2 IH7 150 = & D I / h(s, x)ds]| 2,
n=1 n=1

tn—1

N tn
>/ e, s < Wil
n=1""'n—

Thus ha, € L9Y(Qr) and A" € L(). Also note that ha, — h in LI(Qr).
Indeed let € > 0, there exists h* € C¢(Qr) such that
€

lh = h®llza@r) < 35-
Hence
€
3
Since [|h® — (h%)a,llLa(@r) — 0 as Ay — 0, we have for A; small enough

Iha, = (h%)allLa@r) < Ih = h%|La@r) <

lha, = Moy < lha, = A, Loy + I1hS = ha,llLaQr)
+Hh - hEHLQ(QT) < €.

Hence ha, — h in LY(Q7).
Step 2. Time-discretization of (St).

We define the following iterative scheme u

= ug and for n > 1,

u” — ,unfl

u™ is solution of A, — Apyu” =h in Q,
u* =0 on 9.

(3.1)
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Note that the sequence (u")nE{L_“7 ~y is well-defined. Indeed, existence and
uniqueness of u! € W L>°(Q) follows from Lemma 3.1 with g = A;h! +u® €
L(Q). Hence by induction we obtain in the same way the existence of (u™),
forany n=2,...,N.

Defining the functions, forn =1,...,N and t € [t,,_1,t,):

t—tn_ B B
uAt(t) — 4" and ﬂAt(t) _ (Ail)(un o 1) +un 1, (3.2)
t
we get
Jla, )
atA —Ap@yua, = ha, inQr. (3.3)

Step 3. A priori estimates for ua, and ua,.
Multiplying the equation in (3.1) by (u™ —u"~!) and summing from n = 1 to
N’ < N, we get

N/
Z/ (VU™ P@ =294V (u™ — u™ ) da
n=179

N’ u — unfl 2 N’
+3A / () d = W — = Yda,  (3.4)
; "o\ A ; o
p(z)
hence by Young’s inequality and using the convexity of u — / %dm we
Q
obtain:
N’ 1
Z/ — (|Vu”|p(:”) — |Vu"*1|p("”)) dx
n=1"9 p(x)
N’ 2
1 u —yn! 1. o
Thus we obtain
(8gtAt> is bounded in L?(Qr) uniformly in A, (3.5)
At

(ua,) and (@a,) are bounded in L*°(0,T; W) uniformly in A;. (3.6)
Furthermore, using (3.5) we have

. _ 1/2
sup |[ua, — @a,llL2@0) < | max flu" —u™ 1||L2(Q) < OAt/ . (3.7)

s

Therefore for A; — 07, there exist u,v € L*(0,T, W) such that (up to a
subsequence)

i, ~u in L>®(0,T,W), wua, v in L>(0,T, W), (3.8)
Oln, R ou . 4
5 5 L*(Qr). (3.9)

Tt follows from (3.7) that u = v. By (3.8), for any r > 1
ap,, ua, = uin L"(0,T; W). (3.10)



24 Page 10 of 30 J. Giacomoni, S. Tiwari and G. Warnault NoDEA

Step 4. u satisfies (St).
Plugging (3.5), (3.6) and since the embedding Wol’p(x)(Q) — L2(Q) is com-
pact, the Aubin-Simon’s compactness result (see [25]) implies that (up to a
subsequence),

in, — u € C([0,T]; L*(Q)). (3.11)
Now multiplying (3.3) by (ua, —u) we get

6uAt T
T (ua, — u)dxdt — ; (Apzyua,,ua, —u)dt

0JQ

:/ /hAt(uAt — u)dxdt.
0o Jo

Rearranging the terms in the last equation and using (3.7)—(3.10) we have

Oun, _ T
/0 / ( 8? - (915) (ia, — u)dxdt —/0 <Ap(m)uAt — Apyu,ua, — uydt

- OAt( )

where oa, (1) — 0 as Ay — 0. Thus we get

1 i T
3 /Q lia, (T) — u(T)|2da: _/0 (Apzyua, — Dp@)u, ua, —u) = oa,(1).

Using (3.11), we obtain

T
/ (Ap@yun, — Dpayus ua, —updt = oa, (1)
0

and by Lemma B.1 we conclude that

T
/ / IV (ua, — u)[P@dxdt — 0. (3.12)
0 JQ

This implies Vua, converges to Vu in Lp(“’)(QT) and ua, converges to u in
W. Furthermore
[Vun, PP 2Vua, — [VulP D2V in (LP<®) (Qr))®. (3.13)

Indeed, we write

p(x)
/ IVua, PO -2Vua, — [Vl @ =2Ty| 7T drdt
Qr

- /OT/Q\Qz(...)dxdtJr/OT/Q2(...)dxdt (3.14)

where Qo = {z € Q|p(z) > 2}. We apply inequality (A.1). Then the first term
in the right-hand side converges to zero as A; — 0. For the second term, we
apply Hélder’s inequality (1.3):

// )dzdt < // (ua, — W) (|Vua, | + [Vu|) 55T dedt
Qo Qo
<cXY
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where
p(x)
X = |[[V(ua, = @) PO Lo -1(Qg.0)

pe)(p() -2)
= [ (IVua, |+ [Vul) 7@ w1
Lr(@)—2 (Qr, 2)
Qr2 = (0,T) x Q9 and ¢ > 1 is a constant independent of A;. We define
7 = pjo, the restriction of p on 2. Then r_ = 2 and 7, = p,. With the new
notations and applying Lemma A.1, we have

X < IV (ua, 0 Fkon + 190a ~ gy (315)
and
2
Y <1+ | [Vua, |+ [Vl 1755702
2
<1+ [Vua, |+ [Vul 55552
2 -2
<1+ c(p) (|| Vua, 55552 + [Vl )
< C(p) (3.16)

since (ua,) is bounded in L*°(0,T; W) uniformly in A;.

Plugging (3.12), (3.15) and (3.16), we deduce that the second term in the
right-hand side of (3.14) converges to 0 as A; — 0T. Hence we have (3.13).
Finally, gathering Step 1., (3.9) and (3.13), we conclude passing to the limit, in
the distribution sense, in Eq. (3.3) that u is a weak solution of (S7). Further-
more u is the unique weak solution of (St). Indeed assume that there exists v
another weak solution of (Sr). Then,

T o T
|| 2= oot = [ Spu = By = vpde =0,

Since u(0) = v(0), the above equality implies that u = v.

Step 5. u belongs to C([0,T]; W).

Since u € C([0,T]; L?(2)) N L>([0, T]; W) and p € P8(Q), u: t € [0,T] — W
is weakly continuous.

Fix tg € [0,T]. Since p, is weakly lower semicontinuous (see Theorem 3.2.9 in
[10]) we have

p(z) p(z)
/ Mdaj < lim inf Mdaj
(z) t—to Jo  p(z)

From (3.4) with ZY]YZ/N,/ for 1 < N” < N’ and since |Vua,| converges to |Vu|
in LP(®) it follows that u satisfies for any ¢ € [to, T]:

/ / h— dxds. (3.17)
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Passing to the limit, we get

p(x) p(z)
limsup/ Mdazg/ de.
Q Q

t_>t0+ p(.%‘) p(l‘)

Define v(t) = Vu(t)/(p(z))/?®). Thus we get lim, & pp(v(t)) = pp(v(to))-
Now we prove the left continuity. Let 0 < k < ¢ — to. Multiplying (St) by
T (u)(s) = w and integrating over (tg,t) x 2, the convexity gives

t+k p(z)
//Tk —dmds—l—/ Mda&ds
t o Fkp(x)

O [Vu(s)l
— ——————dzds
/ kp(x)

Q
/ / e(w)h dzdt. (3.18)

By Dominated Convergence Theorem as k — 07:

/“ [Vu(s)"™ /WUP“
o kp(z)

kp
to+k p(»L) p(z)
/ /|Vu s)| dxds—>/7|vu(t0)| dx
to Q p(z)

Hence (3.18) yields

(I) (z)
//<8u> dds +/ |Vu |p _/ [Vu(ty)P de
to Q p(z)
> — .
_/to/Qhﬁt dxds

From the above inequality, we deduce that we have the equality in (3.17). This
implies, using the Dominated Convergence Theorem, that p,(v(t)) — pp(v(to))
as t — tp.

Since v(t) — v(t) in LP™®)(Q) and p,(v(t)) — pp(v(t)) as t — to, Lemma B.2
implies the convergence of v(t) to v(to) in LP(*)(Q). Therefore we deduce that
u e C([0,T); W). O

4. Existence of solution of (Pr)

Proof of Theorem 2.4 We proceed as in the proof of Theorem 2.3 splitting the
proof in several steps.

Step 1. Existence of barrier functions.

Consider the equations, for i € {0,1,2}

dvi
{ﬁ—hm% (4.1)
v;(0) = (=1)",

where & = ||ug]|oo-
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By Cauchy-Lipschitz Theorem, there exists 7;7"** € (0,+oc] and a unique
maximal solution v; to (4.1) on [0, T;™**).

If (H1) holds, we take T' € (0,T§"*") otherwise, if (H2) holds, we take T' €
(0, min(Tyew, Tyae)).

Let N € N*. Set A; = % and consider the family (v7') defined by v]' = v;(t,) =

7

vi(nA;) for n € {1,..., N}. Hence for any ¢ € {0,1,2}

tnt1
Pt =g +/ : L;(vi(s))ds, Vne{0,...,N—1}.
in
Replacing Ly (resp. Ls) by min(Lq,0) (resp. max(Lo,0)) in (H2), we can as-
sume that Ly < 0 and Ly > 0. We get for n € {0,..., N}, v1(T) <o} < —k
and for i =0ori =2, k <ol <v;(T).

Step 2. Semi-discretization in time of (Pr).

Introduce the following iterative scheme (u™) defined as

0o_ u" — AgAppyu” = u 4+ Apf(x,ut) in Q,
ut=up and {u”zO on  ON.
We just prove the existence of u'. The conditions (f;)-(f2) insure that f(.,u°) €
L1(Q) with ¢ > pi_. Thus Lemma 3.1 applying with g = u® + Ay f(z,u°) €

L%(Q) gives the existence of u! € W N L>(0Q).
Let ua, and @a, be defined as in (3.2) and for ¢ < 0, ua, (t) = ug. Thus (3.3)

is satisfied with ha, (t) def fla,ua, (t — Ay)).
Step 3. (u™) is bounded in L*>°(Q) uniformly in A;. First we consider the case
where (H1) is valid. We claim that for all n, [u™| < vf in . We just prove for
n = 1. Since Ly and vy are nondecreasing, we get

Ay

u' — vy — Ay Apput = f(z,ug) — Lo(vo(s))ds + ug — v < 0.
0

Multiplying the previous inequality by (u' — i)™ = max(u! — v},0) and
integrating on O = {x € Q | ul(x) > v}}, we get

/(u1 —vé)de—i—At/ |Vu! [P@dz < 0.
o o

Hence, u! < v} and by the same method we have —v§ < ul.
For (H2) we claim that for all n, v} <™ < ¥ in 2. Let n = 1. Since Ly, Lo,
—wv1 and vy are nondecreasing;:
Ay
ul - U% - AISAp(ac)u1 = f(zau()) - Ll(vl(s))ds +up — U? > Oa
OA,,

ut — g — AtAp(z)ul = f(z,u0) — La(va(s))ds 4 ug — v9 < 0.
0
Multiply the first inequality by (v{ —u!')* and the second inequality by (u' —
v3)T. Integrating respectively on O7 = {z € Q | v} > u'(2)} and Oy = {z €
Q| v <ul(z)}, we get
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/ ut —ol) dfot/ |Vl [P@ dz > 0,
Ol Ol

/ ul —vl) dz+At/ (Vu! [P@dz < 0.
OQ 02

Then v{ < u! < vi. By induction, we deduce that for n € {0,..., N}, v} <
u™ < vy in Q.
Thus we have
(ua,), (@a,) are bounded in L (Qr) uniformly in A,. (4.2)
and
(ha,) is bounded in L?(Q7) uniformly in A,
Indeed, either (H1) holds which implies

[f (2, u™)] < Lo(u") < Lo(vo(T))
or (H2) holds, we have
(s u™)] < mas(—Ly (u"), La(u")) < max(~Li (or(T)), La(va(T))).

Hence

N
haliZe e = D¢ D If (@ u" )|z () < C.

n=1
Step 4. End of the proof.
By the same computations of Step 3. of the proof of Theorem 2.3, we obtain
estimates and we prove there exists v € L (0,7, W) such that
ag?t - % in L2(Qr).
(3.5) implies that (@a,) is equicontinuous in C'([0,T]; L"(2)) for 1 < r < 2.
By the interpolation inequality and (4.2) we obtain (@a,) is equicontinuous in
C([0,T); L™ (2)) for any r > 1.
By (3.6) and Theorem 1.2, we deduce applying the Ascoli-Arzela Theorem
that (up to a subsequence) for any r > 1

ia, — win C([0,T]; L™(2)).

i, ua, —uin L°°(0,T,W) and

Since (ua,) is uniformly bounded in L*°(Qr), (f1) implies
[ha, () = f(u®)llz2 @) < Cllua, (t = Ad) = u(t)|[ 2

Hence we deduce that ha, — f(.,u) in L>=(0,T; L*(9)). Next we follow Step
4 of Theorem ?? and obtain that u is a weak solution to (Pr).

Now, we prove the uniqueness of the solution to (Pr). Let w be another weak
solution of (Pr). By (fy), for t € [0,T7:

1 t
) = 0Oy = [ (Apiay = Apgoynu = wyds

T t
- / /Q () — f () (u — w)dids < C / lu(s) — w(s)[ 0 ds.
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Since u — A, (yu is a monotone operator from W to W', the second term in
the left-hand side is nonnegative. Then, by Gronwall’s Lemma, we deduce that
U= w.

Step 5 of the proof of Theorem 2.3 again goes through and completes the
proof. O
Now we give the proof of Theorem 2.5.

Proof of Theorem 2.5 First we introduce the stationary quasilinear elliptic
problem associated to (Pr):

—Apyu = f(z,u) in Q,
{u =0 on Of. (E)

Thus we claim that if (C1) or (C2) holds there exist u,uw € WNL>(Q), a sub-
and a supersolution of (E) such that u < uy < .
First, consider that (C1) holds. For (z,s) € Q x R, define

G(x,s) = |Ap@yuo(z)| + [f (2, 5)|.
Consider the following problems:

—Apu=—G(z,u) in Q
u=20 on 0N

and
7Ap(l.)ﬂ = G(:E,ﬂ) in Q,
u=20 on 0f).

The existence of © and uw € W follows from the sub-homogeneity of f given by
(f3) (see Theorem 4.3 in [14]) and by Corollary C.5 we have u, u € L>*(9).
Moreover

—Dpyu=—G(,u) < —Apmug  aein Q.
and
—Apyu=G(,u) > =Appyup  aein Q.

Hence Lemma A.4 implies u < up and u is a subsolution of (E). Similarly we
have that @ > wup and @ is a supersolution of (E).
Now, if (C2) holds. We have the following lemma which follows from [13,27]:

Lemma 4.1. Let p € CY(Q) and A € RY. Let wy € WN L>(Q) be the unique
solution of

(4.3)

—Ap(m)w,\ =A m Q,
wy =0 on 0f.

Then, there exists two constants Cp and Co which do not depend to \ such
that
lwallpe < CIAP-"T  and wy(x) > Co\P+= 4 dist(x, 00)

where p1 € (0,1).
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Fix A > 0, let wy be the solution of (4.3). Since f < p_ — 1 and by
Lemma 4.1: for A large enough, w), verifies

_B
— Ap(a:)wA =\ > C (1 —+ Clﬂ)\ﬁ_l) > C(l + wf) > ‘f(,ﬁl},’w)\” (44)

Moreover, since ug € C3(Q), there exists K > 0 such that for any z € Q,
lug(z)| < Kdist(x, 92). Hence choosing A large enough, we have by Lemma 4.1
wy > |upl in Q.
Set uw = wy and u = —w). We deduce for \ large enough,w and u are a super-
and a subsolution of (E) such that u < ug < 7.
Now we proceed as the proof of Theorem 2.4. We define the sequence (u™) as
follows.

{u” — N Apu =u" T+ Ay f(eunt) in

u" =0 on 0N

forn=1,2,..., N with u° = ug. we prove for n > 1, u < u™ < @ in Q. Indeed
for n = 1, we have

u—ul— At (Apayu — Ap(x)ul) <wu-—u’+ At(f(amuo) — f(z,u)).

Let A be the Lipschitz constant of f on [—M, M], where M is the maximum
of ||ul|~ and ||@| fe. Then

u—u' — Ay(Apyu — Apyu') < (Id — Agf)(u —uP).

For A; small enough, the function Id — A, f is nondecreasing. Then the right-
hand side of the above inequality is nonpositive and thus by Lemma A.4 we
have u < ul. Similarly we prove uwl < 7.

By induction, for n > 1, v < «" < w in Q. Thus (u") is uniformly
bounded in L*°(2). The rest of the proof follows Step 3 and 4 of the proof of
Theorem 2.4. O

5. Existence of mild solutions and stabilization

In this section we prove Theorems 2.7, 2.8 and 2.10. We first show the m-
accretivity of A = —A,:

Proposition 5.1. Let f be locally Lipschitz and nonincreasing in respect to
the second variable. Assume further that f sastifies (f4). Then, Ay defined by

Ay (u) def —Apyu — f(.,u), is m-accretive in L>°(Q).
Proof. First, let h € L>(Q2) and A > 0. Then,

u+AAp(u)=h in Q
u =0, on 0f)

admits a unique solution, v € W N L>(Q). Indeed, for p > 0 large enough
w, and —w, defined in (4.3) in Lemma 4.1 are respectively supersolution
and subsolution to the above equation and then from the weak comparison
principle, v € [—w,,w,] and u is obtained by a minimization argument and
a truncation argument. The uniqueness of the solution follows from the strict
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convexity of the associated energy functional. Next we prove the accretivity of
As. Let h and g € L*>(Q) and set u and v the unique solutions to

u+Apu=nh in Q,
v+ A =g in Q.
Substracting the two above equations and using the test function w = (v —v —

|h =gl Lo () ™5 we get u— v < ||h — g|| o () and reversing the roles of u and
v, we get that [[u —v| g ) < ||k — gl/L~ (). This proves the proposition. [J

Next, we prove Theorem 2.7.

Proof of Theorem 2.7 We follow the approach in the proof of Theorems 4.2
and 4.4 in [8]. Let ug, vo be in D(A)" . For z € D(A) and r, k in L=(Qr),

set

o(t,s) = |r(t) = k(s)llze) VY (ts)€[0,T] x[0,T];
b(t,r, k) = [luo — 2l|Le=(@) + lvo — 2llL=(@) + [t| A2 L~ (o)
tt t~
+/ ||7’(T)\|Loc(9)d7+/ |E(T) || Loe (dT, t € [-T,T7,
0 0
and
/(p(t—S+T,T)dT if 0<s<t<T,
U(t,s) =b(t —s,mk)+ < 7%
/ o(r,s—t+7)dr if 0<t<s<T,
0

the solution of

%—f(t,s)—&—%—f(t,s):(p(t,s) (t,s) €[0,T] x [0,7T],
U(t,0) = b(t, r, k) teo,7], (5.1)
U(0,s) =b(—s,rk) s €[0,T].

Moreover, let denote by (u?) the solution of (3.1) with Ay =€, h =r, ™ =
1 (7:_1)6 7(7,-)dt and (uy) the solution of (3.1) with A; = n, h = k, k" =

L™ k(r,-)dr respectively. For (n,m) € N* elementary calculations lead

n J(n=1)n
to
€1 _.n -1
ul —uy' + m(Au? — Auy') = E_’_77(u? —up')
€ _ €n
4 n_ ,m—1 4 n_ m 7
)+ - k)

and since A is m-accretive in L*>°(§2) we first verify that @37, = [u —

up? ||L<><>(Q) obeys

n € € € €n
PN < [} > + [0 >N + PRLI UL
n,m — €+ n n—1m €+ n n,m—1 €+ ,’7” Hoo,
(I):lf(l) S b(t”’re’ kn) and q)g,:]n S b(_Sm,T€7 kn)a
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and thus, with an easy inductive argument, that 37, < W57 where W57,
satisfies

€

pen  — n AR + AR + €

n
n,m e+ n—1,m e+n n,m—1 eJrn”h?_hanom
\I/:L,,O = b(tnvrev kn) and \I’(E):Zn = b(—Sm,’l“67 kﬁ)

For (t,5) € (tn—1,tn) X (Sm—1,5m), set
(s 8) = |Ire(t) = Fn(s)lloo,
v, s) = v,
ben(t,r, k) = b(tn,7e, ky)
and
ben(—s,7, k) = b(—8m, e, kyy).
Then U&7 satisfies the following discrete version of (5.1):

WEn(t, 5) — WEn(f — WEn(t,5) — WEN(t, 5 —
( 73) - ( 675) + ( 75) ; ( S 77) _ QOe’n(t, S),

U (t,0) = bey(t, 7, k) and  T"(0,s) = be (5,7, k),
and from be (-, 7, k) — b(-,7, k) in L>°([0,T]). Furthermore,

Nn tn
3 [ ) - ralcts 0, ase—ot,
n=1"71%

n—1

N S
Z/ 15(5) — Fml|oodT — 0 as 7 — 0%
m=1"Y5m-1

The above statements follow easily from the fact that r,k € L(0,T; L>°(Q))
and a density argument.
Then, we deduce that pe,, = [V —W|| Lo (0,77x[0,7]) — 0 as (€,1) — 0 (see for
instance [8, Chap.4,Lemma 4.3,p. 136] and [8, Chap.4, proof of Theorem 4.1,
p. 138]). Then from

[e(t) — un(s)lloo = @7(t,8) S W (t,5) S U(E, 8) + pey,  (5:2)
we obtain with t = s, r =k = h, vg = ug:

[ue(t) — un(®)|| L= () < 2[luo — 2||Le (@) + Pens

and since z can be chosen in D(A) arbitrary close to ug, we deduce that u. is a
Cauchy sequence in L (Qr) and then that u. — u in L (Q7). Thus, passing
to the limit in (5.2) with » = k = h, v9 = up we obtain

max(t,s)

() — u(s)l| =) < / ([t = 5|+ 7) — B(r)l| L~ (@ydr

|t—s|
2w — 2l oy + / |27 = @yl
0

+ [t = s[||Az|| L~ (),
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which, together with the density D(A) in L*(Q) and h € LY(0,T;L>(Q)),
yields u € C([0,T7; L ().
Analogously, from (5.2) withe =n=A;, r=k=h, vo = up and t = s + A\,
we deduce that

[ua, (t) = da, () L=0) < 2[lua, () —ua, (t = Al L~(0)

t
< Allug — 2| ey +2 / Ih(As +7) — h(r)]|wdr
0

Ay
+2 [ I o~ + 28 A2l o)
0
which gives the limit aa, — u in C([0,7]; L>(Q)) as A; — 01. Note that

since ia, € C([0,7T]; Co(R)), the uniform limit u belongs to C([0, T]; Co(£2)).
Moreover, passing to the limit in (5.2) with ¢ = s we obtain

t
[u(t) — v(t) ||~ () < lluo — 2l[L(@) + [[vo — 2[|L=(0) +/O [r(7) — k(7)|lsodT,
and (2.1) follows since we can choose z arbitrary close to vg. Finally, if Aug €
L*(Q) and h € WHL(0,T; L>°(£2)) and if we assume (without loss of general-
ity) that ¢ > s then with z = vy = u(t — s) and (r,k) = (h,h(- + ¢t — s)) in the
last above inequality we obtain
lu(t) —u(s)|| Lo (@) < lluo — u(t — 5)||Loo(9)
I = b = e 63

From (2.1) with v = ug, k = Aug:

t—s
o — u(t — )|l = (e g/ | Aug — ()| L= (e - (5.4)
0

Using (5.4) and gathering Fubini’s Theorem and

T+t—s
h(r)—h(r+t—s)= / %(U)da,

the right-hand side of (5.3) is smaller than
t—s
(4= )4 = BO) = + [ 1A0) = () = e

/ Ih(r) — h(r +t — 8)]| L= ydr.
Thus

[u(t) = u(s)l|Loe ) < (t = 5)[|Auo = h(0)l| = ()

-9 [ GO

dr. (5.5)
L)
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Dividing the expression (5.5) by |t—s|, we get that w is a Lipschitz function and

since 24 € L2(Qr), passing to the limit |t — s| — 0 we obtain that % —

%7; as s — t weakly in L?(Q7) and *-weakly in L>(Qr). Furthermore,

t) — 0o
LTGROy
Loo(Q) s—t |t — Sl
Therefore, we get u € W1ho(0,T; L>(2)) as well as inequality (2.2). O

The proof of Theorem 2.8 follows easily:

Proof of Theorem 2.8 The existence of mild solutions can be obtained similarly
as in the proof of Theorem 2.7 taking into account the L°°-bound given by the
barrier functions vy, v1 and vy. (i) is the consequence of (2.1) together with
the fact that f is locally Lipschitz and the Gronwall’s Lemma.

Regarding assertion (%), we follow the proof of Proposition 2.7: assume
without loss of generality that ¢ > s. Then,

lu(t) — u(s)||Le() < [luo —u(t — )|~
/nfmu — @ ulr + t - 8)) | ey

From assertion (i) and the fact that f is Lipschitz on [v1(T),v2(T)], it follows
that

Ju(t) — u(s)l[L= () < lluo — ult = s)|lL=() + w/ e“Tdr|lug — u(t — )| L= (0)
0
< e“lug — u(t — s)||L=(q)-

Now, we estimate the term |[ug — u(t — s)||z~(q) in the following way:

t—s
luo — u(t — s)|[ Lo () < / [Auo — f(z,u(T))|| Lo () dT
0
< (t = 8)[|[Aug — f(z,u0)| L= (0

t—s
+ w/ o — u(r)| = e -
0
From Gronwall’s lemma, we deduce that

luo — u(t = 8)|| L) < (t = 5)e )| Aug — f (@, u0)|| L~ (@)

Gathering the above estimates, we get
[u(t) = u(s)| Lo () < (¢ = s)e | Aug — f(z,u0)|| L~ (0)-
Then, the rest of the proof follows with the same arguments as in the proof of

Theorem 2.7. 0
We are ready now to prove our stabilization result:

Proof of Theorem 2.10 From Proposition 5.1, Ay(u) = —Apmyu — f(x,u) is
m-accretive in L>°(Q) and according to the Remark 2.9, Theorem 2.8 holds
with ug € C}(Q) replacing A by Ay, the barrier functions vg, v; and vy by
the subsolution —w, and the supersolution w, respectively and for p > 0
large. Furthermore, w = 0 in assertion (i) of Theorem 2.8 and the solution
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is global. Now, from the comparison principle, the solution w(¢) emanating
from wug belongs to the conical shell [u;(t), uz(t)] where u; and ug are the mild
solutions with initial data —w, and w, € D(Ay), respectively. Again from
the weak comparision principle, t — wu1(t) and ¢ — us(t) are nondecreasing
and nonincreasing respectively. Furthermore, from the uniqueness of the mild
solution, u; and ug converge in L (£2) to the stationary solution, ue, to (Pr)
which is unique from the monotonicity of A¢. Then, u(t) — us ast — oco. O

Remark 5.2. If one assumes in addition that f(z,0) > 0 for all z € £, then it
is easy to prove that u., is positive and if ug is nonegative, u(t) is nonnegative
for allt > 0.
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Appendix A. Algebraic tools

We recall suitable inequalities due to Simon [26]: for all u, v € R¢

P2, _ |y[P=2 clu —v|(ju] + [)P~? if p>2;
[[ulP~2u — o|P~?0| < {cu — pfp-? if p < 2 (A1)
élu —v|P if p > 2;
p—2,, _ p—2 _ > _ 2
< ulPPu— Pt u—v>> < ju— itp <2 (A.2)

I el R
(lul + [o])2=P

where ¢, ¢ are positive constants and < .,. > is the scalar product of R%,

Lemma A.1. Let p € L>°(Q) such that p > 0, p £ 0. Let ¢ € P(Q) such that
p(z)q(x) > 1 a.e. on Q. Then for every f € LP®1=)(Q),

”fp(a:)HLq(I)(Q) < Hf”i;(w)q(m)(g)) + ||f||121(m>q<z>(g)‘ (A.3)

Proof. To simplify the notations we set a(.) = p(.)q(.). Let f € L*®)(Q), we
define 3 = p_ if [|f| e (o) < 1 and B = py if |[fl|paw @) > 1. Then, for
A= fllpee @

fp(m)
w(57)-,

Hence by the definition of the norm of L*®)(Q), we obtain the estimate. [

a(z) 1

“NBa(@)—a(a)

f

dr <1.
[ £l Lo (02)

Now we prove a technical inequality in the case py < 2.
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Lemma A.2. Letp € C(Q), 1 < p_ < py < 2. Then, there exists C > 0 such
that for any u, v € W

/(|Vu|p(x)_2Vu — |VoP®=2V0).V (u — v)dz (A4)
Q

— )@
>0 Jo IV (u—v) [P dx

- H<|Vu|+|w>a<w>|\”mm |

(A.5)

where ax) = M and vy € {p+'p

Proof. First, Holder’s inequality implies

1
— p(z) a(z)
/ V() dx((qu|+|Vv|) [

H |V (u — v)[P®)
(IVul + [Vo])

L or. (A7)

2
Lr) (Q)

On the other hand, since py < 2 we have using (A.2):

V(u—0)]
o (|Vul +[Vo])2r)
In the case Where T < 1, plugging the last inequality (A.6) and (1.2) we obtain
(A4) with vy = =.In the other case: Z > 1 then by (1.1), we get inequality
(A.4) with v = ﬁ' O

/ (VP =2y — Vo™ 2V0) V(1 — v)dz > C
Q

Remark A.3. In the case p_ > 2, using inequality (A.2) , on can be easily
prove that there exists C' > 0 such that:

/(\Vu\p(x)_QVu — |VoP®=2T0).V (u — v)dz > C‘/ IV (u — v)|P®) da.
@ Q

We have the following comparison principle:

Lemma A.4. Let u,v € W such that —Apyu > —Appyv in Q in the sense

that

p(x)

Vo e W, ¢ >0, /(\Vu|p(g”)_2Vu — |VolP™ 2Ty - Vo dz > 0.
Q

Then u > v a.e. in .

Proof. Set ¢ = max(v —u,0) € W. Then
/ (|[VuP @27y — |Vo[P@=2T0) - Vo dz > 0
{v>u}
By Lemma A.2 and Remark A.3 we deduce that

/ |Ve|P@dz < 0.
{v>u}

Hence ¢ = 0 a.e. in 2. Therefore u > v a.e. in €. 0
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Appendix B. Convergence tools

Lemma B.1. Let (u,) be a bounded sequence in L°°(0,T, W) uniformly in n.
Let u € L>(0,T,W) such that

T
lim / /(\Vun|p(w)_2Vun — |Vu[P®=2Vu).V (u, — u)dzdt = 0.
0Ja

Then, Vu,, converges to Vu in LP(’”)(QT).

Proof. Define VX = |Vu, |P®)~2Vu, — |[Vu[P*)=2Vy. Thus we have,
T T
—/ (Ap@)tn — Ap(z)t, Uy — u)dt = / VX.V(un —u)dzdt
0 0o Jove,
T
+ / VX.V(u, —u)dxdt
o Ja,

where Qy = {p(z) > 2}. By Lemma A.2, with a(x) = M, and Re-
mark A.3, we get as n — +o0

/ / w) [P dadt — 0
Q2

/T Jora, |V (un —w) P da
o N(Vun|+[Vul)*@|

and

dt — 0.

L7756 (2\Qa)
Applying Lemma A.1, we prove that the mapping

t= (V] + [VuD) Oz o

is bounded on [0, T]. Hence we obtain

/ / V (ty — u) [P @ dadt — 0.
2\

We conclude by Proposition 1.1 (ii) that Vu, converges to Vu in LP®)(Qr).
0

Finally we recall the following Corollary A.3 in [20].

Lemma B.2. Let Q be a smooth bounded domain. Consider (u,,), u € LP(*) ()
such that u, converges to u weakly in LP®)(Q). Then, py(u,) converges to
pp(w) implies that u,, converges to u in LP(*) ().

Appendix C. Regularity result
We begin by recalling the regularity result due to Fan and Zhao [15]:
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Proposition C.1 (Theorem 4.1 in [15]). Let p € C(Q) and u € W satisfying
/ |VulP®)=2Vu.Vlds = / flz,u)¥dr, YU €W,
Q Q

where f satisfies for all (x,t) € QxR, |f(z,t)| < c1+eolt|" @1 with r € C(Q)
andVr € Q, 1 < r(z) < p*(x). Then u € L>=(1Q).

For f(z,.) = f(x), we have the following proposition.
Proposition C.2. Let p € C(Q) with p~ < d and u € W satisfying

/ |Vu[P@)—2Vu.VUdz = / fUdz, YU eW, (C.1)
Q Q
where [ € L1(82), ¢ > p%. Then u € L>®(Q).

To prove Proposition C.2, we need a regularity lemma.

Lemma C.3. Let u € Wol’p(Q), 1 < p < d, satisfying for any Br, R < Ry, and
forall o € (0,1), and any k > ko > 0

u—k P P
|Vu|pda: <C / —_— dx + ka‘Ak’R| + |Ak,R prte
/14k,UR Ak, R R(1—o0)
P~ i
u—k !
+ / —_— dx |Ak7R|5
< Ak R R(1-o0) )

where A g ={r € BRNQ | u(z) >k}, 0<a<p*= ddTp ande, § > 0. Then

P
u € L*(Q).

Proof. Fusco and Sbordone have already proved in [17] the local boundedness
of u in the case u € W1P(2) and the inequality is satisfied for any Br CC .
We claim that the result is still valid in our situation. For that we will prove
the boundednes of u in a neighborhood of the boundary 0.

Let 2o € 90, Br be the ball centred in zy. We define Kg def Br N and we
set

R R _ LT 1
rh:§+2h+1’ T‘h:% and kh:k(1_2h+l> foranthN.
Also define
* 1 if o<t<i
— _ P — = = 2>
1, 7/,4 lu(z) — kpl? de and  o(t) {0 it t>3

kp.rh
2h+1

satisfying ¢ € C1([0, +00);[0,1]). We set ¢p(x) = gp( (7| = %)) Hence

¢on=1on B, , and ¢, =0 on R\B;, , .

We have

s = | ue) ~ k"o = (lu(@) — kns1lon (@) da
Akp1mnga Ak 1mng

= / ((u(x) = kns1)Fon ()" de.

Kr
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Since u € Wy (Q), (u— kny1)Ton € WyP(Kg). Thus
hon 5 ([ 19 o)
Kr

5</A

where we use the notation f < g in the sense there exists a constant ¢ > 0
such that f < cg. Since 7, < 7}, we have

jol
P

|VulPdz + /

A

(v — kpt1 )pdaz>

khy1:Th khy1:Th

o . « o
II:+1 5 2" / ‘u - kh+1|p dx + kg+1|Akh+1aTh| + |Akh+177’h‘pﬁ e
Ak‘h+1v7‘h

L*
P

+ 2"» </ |u - kh+1|p d.%‘) |Akh+lyrh‘6

Akh+1vrh
+/ lu— kpy1|P da.
A’Ch+1~*h

Moreover, for any h, kj, < kj41, this implies

I, = / lu— kp|P" dz > / lu— kp|P" da (C.2)
Ak e, Akpi1rn
> [ bkl do = Al - B (C3)
Akh+1ﬂ'h

Then, for any k > kg and h € N
|Akh+1,7“h| =+ kg+1|Akh+1v7"h| S 2hp I,

where the constant in the notation depends only on kg, p and a. Replacing in
(C.2), we obtain

.3 . o oy B b
I < ohr™ [, 4 oh(ptep )I}f te + oh(ptop )I}f +o

(C4)
Setting M = p% max(p*, p+ep*, p+6p*) and § = min(1— p%, g, §) and noting
that
W< [ (Qu-tl < [ < ul
Kr Kr

0

(C.4) becomes

op
M Lt
Ihpr S200I, 7

where the constant depends on ||u\|W01,p, ko, o and p. We need the following
lemma to conclude.

Lemma C.4. (Lemma 4.7, Chapter 2, [20]) Let (z,) be a sequence such that
1
2

o < )\_%M_" and 1 < A"zt for any n € N* with A\, n and u are
positive constants and p > 1. Then (x,) converges to 0 as n — +oo.
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It suffices to prove that Iy is small enough. Indeed u € LP" (Q) implies

k  «
Iy = lu— =P de -0 as k— oo.
2
A

,R

[NEad

Hence for k large enough, Iy < Cc (QM)_#2 with n = %. Thus I, converges

to 0 as h — +o0 and
/ lu — k[P dz = 0.
AR

k3

We deduce that v < k on K% In the same way, we prove that —u < k on K%
Since € is compact, we conclude that u € L>(£). O

Proof of Proposition C.2 We follow the idea of the proof of Theorem 4.1 in
[15].

Let 29 € Q, Bp be the ball of radius R centered in z¢ and Kp = QN Br. We
define

pt def maxp(z) and p~ def min p(x)
KR KR
and we choose R small enough such that p* < (p~)* = d‘i_’%.

Fix (s,t) € (R%)? ¢t < s < R then K; C K, C Kpg. Define ¢ € C>®(Q),
0 < ¢ < 1 such that

_ 1 in Bt,
710 in R\B,
satisfying |[V| < 1/(s —t). Let k > 1, using the same notations as previously

Ay ={y € Kx | u(y) > k} and taking ¥ = @ (u—k)t € Win (C.1), we
obtain

/ |Vu|”(3':)cppJr dx +p+/ |Vu[P@ =27y, . V(pgpf_l(u — k)t dz (C.5)
Ak,s Ak,s

= . fgop+ (u—k)dx. (C.6)

Hence by Young’s inequality, for € > 0, we have

p*/ IVuP® 2y Vper —(u — k) dz
Ak,s

< 6/ |VU|P(I)<)O(11+—1)I,(I¥7;’,)1 dx + 0671/ (u— k)p(ac)|v<p|p(a:) de.
Ap.s A

k,s

Since |[Vp| < ¢/(s —t) and for any z € Kg, p™ < (pT — 1)p&(;’217 we have

(@)
<p(p+71)P<pw>* < P" . This implies

pt / |Vu|p(m)_2Vu.V<p<pp+_1(u —k)dx (C.7)
Ak,s

—k p()
< 5/ |Vu|p(g”)gper dr +ce? / (u ) dx. (C.8)
Ap,s Aps \ S -1
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Using Hoélder’s inequality we estimate the right-hand side of (C.5) as follows:

q—1

q

for* (u— k) de < || floe ( /A (u— k) da:)

Ak,s k,s
Since ¢ > pi_, we have (I;;_)*q;—l > 1. So, applying once again the Holder’s

inequality, we obtain

i (C.9)

()" @
fg@f(u —k)de <C (/ (u—Fk) »= dm) | Ak s
Ak‘,s Ak},a‘

where § = %f (pp:)* > 0. Set {u—k > s—t} ={x € Kp|u(x)—k > s—t} and
its complement as {u — k < s —t}. Now we split the integral in the right-hand
side of (C.9) on © = Ay s N{u—k > s—t} and Ay ;\O:

_ ()"
Idéf/ (Z f) da + | Agd| (C.10)
Ak,s -
2 (pi)* i
z/(“_t> To(s—t) v dr (C.11)
e\S5—

(r)*

— p— (p)*
+/ <“ k) (s—t) 7™ da. (C.12)
Ak,s\e s—1t

In the same way, the second term in the right-hand side of (C.7) can be
estimated as follows.

—_k p(z) _ p(x)
/ (“_ ) dx+/ (“_k> dv < T. (C.13)
[e) S t Ak,s\@ S t

Finally, plugging (C.7)—(C.13) and we obtain for ¢ small enough

/ ‘VU‘P(‘L)SDP+ dx §I+ |Ak’s|6z4(pp7>*
k,s

where the constant depends on p, R and . Moreover we have

e )" (R o
([ (=) )
Ak,s -

Hence using the Young’s inequality, we obtain the following estimate.

/ \wp‘dwé/ VulP@ " de + | Ay
Ak,t Ak,s

_k (p7)" e
</ (“ ) 0 + |Ap | T
Ak-,,s s—t

(p7)* (pp*)*
5 u — k
</Ak,s<5_t> dx) .

+ [Aps| + [Ar,s
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By Lemma C.3, we deduce that u bounded in €. O
Combining Propositions C.1 and C.2, we have the following corollary:

Corollary C.5. Let p € C(Q) such that p~ < d and u € Wol’p(x)(Q) satisfying
/ VuP@) 2Ty . Vldz = /(f(m,u) +g)Wdx, VU e W,
Q Q

where f satisfies |f(x,t)] < c1 + colt|" @1 with r € C(Q) and Yz € Q, 1 <
r(z) < p*(x) and g € LY, q > p%. Then u € L>®(Q).
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