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The one dimensional parabolic p(x)-Laplace
equation

Alkis S. Tersenov

Abstract. The Dirichlet problem for the degenerate and singular parabolic
p(x)-Laplace equation with one spatial variable is considered. We prove
the existence of the unique weak solution such that the derivatives ut and
ux of a solution u belong to L∞. Moreover for the singular case we prove
the existence of the strong solution i.e. such that ut, ux and uxx belong
to L∞.
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1. Introduction and formulation of the results

Consider the following quasilinear parabolic equation

ut = (|ux|p(x)ux)x + f(x, u, ux) in QT = (0, T ) × (−l, l), (1.1)

coupled with the initial and homogeneous Dirichlet boundary conditions

u(0, x) = u0(x) for |x| ≤ l and u(t,±l) = 0 for t ∈ [0, T ], (1.2)

where

max
|x|≤l

∣
∣
∣(|u0x|p(x)u0x)x

∣
∣
∣ < ∞ and u0(±l) = 0. (1.3)

Here T , l are arbitrary positive constants and the function p(x) > −1 for
x ∈ [−l, l]

The case when p is constant was studied by a lot of authors and optimal
results concerning this equation was obtained (see, for example, [5]). There
recently appeared a large number of publications with non constant p, see [1–
4,6,8,9,12] and the references therein. In [8] the multidimensional case was
considered and it was proved that if p(x) > 0 is a measurable function, f =
f(t, x, u) is C1 function and u0 ∈ L∞ ∩ W

1,p(x)
0 , then there exists a global

bounded weak solution of the problem such that

u ∈ L∞(0, T ;W 1,p(x)
0 ), ut ∈ L2.

http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-016-0377-y&domain=pdf
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For more details see [8]. Our goal in the present paper is to obtain the global
solution with essentially better differential properties in the one dimensional
case. To this end we need p(x) to be C1 function, but in contrast with [8]
we consider the singular case as well (i.e. −1 < p(x) ≤ 0). Concerning the
function f , first we assume that f = f(x, u, ux) and second we do not need f
to be C1 function but Cγ , with γ ∈ (0, 1). Concerning the assumption on u0

see (1.3). We show that the derivatives ut and ux are L∞ functions, moreover
if −1 < p(x) ≤ 0 then uxx belongs to L∞ as well.

Assume that

uf(x, u, 0) ≤ αu2 + β, (1.4)

here α and β are some nonnegative constants,

|f(x, u, q)| ≤ |q|p(x)ψ(|q|) for |x| ≤ l, |u| ≤ M, (1.5)

the constant M will be defined below (see (2.3)), the function ψ is smooth,
nonnegative, nondecreasing function such that

∫ ∞ ρdρ

ψ(ρ)
= +∞,

f(x, u2, q) − f(x, u1, q) ≤ 0 for u2 > u1, (1.6)

p(x) ∈ C1([−l, l]), f(x, u, q) ∈ Cγ([−l, l] × R2), γ ∈ (0, 1). (1.7)

Definition 1. We say that a Lipschitz continuous function u(t, x) : QT → R is
a strong solution of problem (1.1), (1.2) if uxx ∈ L∞(QT ) and the equation

ut = (1 + p(x))|ux|p(x)uxx + p′(x)ux|ux|p(x)ln|ux| + f(x, u, ux)

is satisfied almost everywhere in QT . Initial and boundary conditions are sat-
isfied in the classical sense.

We put

b(x, 0) = 0 for b(x, z) ≡ p′(x)z|z|p(x)ln|z|.
Theorem 1. Assume that conditions (1.3)–(1.7) are fulfilled. If p(x) ∈ (−1, 0]
for x ∈ [−l, l], then for an arbitrary T > 0, there exists a strong solution of
problem (1.1), (1.2).

If, in addition, f is Lipschitz continuous function, then the solution is
unique.

Definition 2. We say that a Lipschitz continuous function u(t, x) : QT → R
is a weak solution of problem (1.1), (1.2) if it satisfies the following integral
identity

∫

QT

(

ut φ + |ux|p(x)uxφx

)

dtdx =
∫

QT

f(x, u, ux)φdtdx

for an arbitrary smooth function φ(t, x) such that φ(t,±l) = 0 on (0, T ). Initial
and boundary condition are satisfied in the classical sense.
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In order to formulate the next theorem we need to substitute condition
(1.5) by more restrictive one, namely, we suppose that f is linear with respect
to ux i.e.

f(x, u, ux) = g1(x, u)ux + g2(x, u). (1.8)

Theorem 2. Assume that conditions (1.3), (1.4), (1.6)–(1.8) are fulfilled. Then
for an arbitrary T > 0, there exists a weak solution u of problem (1.1), (1.2).

If, in addition, f is Lipschitz continuous function, then the solution is
unique.

2. A priori estimates for the regularized problem

2.1. Regularization

Consider the regularized equation

uεt =
(

(uα
εx + ε)

p(x)
α uεx

)

x
+ f(x, uε, uεx). (2.1)

Rewrite this equation in the equivalent form

uεt = a(ε, x, uεx)uεxx + b(ε, x, uεx) + f(x, uε, uεx). (2.2)

where

a(ε, x, uεx) = (uα
εx + ε)

p(x)
α

(

1 + p(x)
uα

εx

uα
εx + ε

)

and

b(ε, x, uεx) = p′(x)uεx (uα
εx + ε)

p(x)
α ln (uα

εx + ε)
1
α .

Here constants ε and α belong to (0, 1).
We additionally suppose that α = r/m with positive integers r and m

such that r < m and m is even. For such α

zα = |z|α and (zα)p/α = |z|p.
The existence of a classical solution uε of problem (2.1), (1.2), follows

from [11].

2.2. A priori estimates

Our goal in this section is to obtain uniform with respect to ε estimates of this
solution which would enable us to pass to the limit as ε → 0.

First we mention that (1.4) implies the estimate

|uε(t, x)| ≤ M = inf
λ>α

eλT

[

max
ΓT

|u|,
(

β

λ − α

)1/2
]

, (2.3)

for every ε ∈ (0, 1) (see [7, relation (2.31)]). By ΓT we denote the parabolic
boundary of QT i.e.

ΓT = ∂QT \{t = T, |x| < l}.



27 Page 4 of 11 A. S. Tersenov NoDEA

Denote by K the following quantity:

K = max
x,ε

∣
∣
∣

(

(uα
0x + ε)

p(x)
α u0x

)

x

∣
∣
∣ + max

x,u
|f(x, u, u0x)| < ∞,

here maximum is taking over the set x ∈ [−l, l], ε ∈ [0, 1], u ∈ [−M,M ].
We start with the estimate of uεt at t = 0.

Lemma 2.1. For every ε ∈ (0, 1) the following inequality

|uε(t, x) − u0(x)| ≤ K t, ∀(t, x) ∈ QT

takes place.

Proof. For simplicity we will omit in the proof the subindex ε.
Introduce the function

h(t) = (K + δ)t in [0, T ],

where δ > 0. Let us prove the following inequality

u(t, x) − u0(x) ≤ h(t) for (t, x) ∈ QT . (2.4)

Consider the linear operator

L ≡ ∂

∂x

(

(|u0x|α + ε)p(x)/α ∂

∂x

)

− ∂

∂t
.

Define the function φ+(t, x) ≡ u(t, x) − [u0(x) + h(t)], obviously

Lφ+ =
∂

∂x

(

(|u0x|α + ε)p(x)/α ∂u

∂x

)

− ∂u

∂t

− ∂

∂x

(

(|u0x|α + ε)p(x)/α ∂u0

∂x

)

+ K + δ

>
(

(|u0x|α + ε)p(x)/αux

)

x
− ut + |f(x, u, u0x)|. (2.5)

Suppose that at some point N ∈ QT \ ΓT the function φ+ attains its
maximum, then at this point

φ+
x = 0 ⇔ ux = u0x

and hence
(

(|u0x|α + ε)p(x)/αux

)

x
− ut + |f(x, u, u0x)|

∣
∣
∣
N

=
(

(|ux|α + ε)p(x)/αux

)

x
− ut + |f(x, u, ux)|

∣
∣
∣
N

= −f(x, u, ux) + |f(x, u, ux)|
∣
∣
∣
N

≥ 0.

Thus, from (2.5)

Lφ+
∣
∣
∣
N

> 0

which contradicts the assumption that φ+ attains its maximum at N .
Consider φ+ on ΓT :

for x = ±l, t ∈ [0, T ] we have φ+ = −h(t) ≤ 0;
for t = 0, |x| ≤ l we have φ+ = −h(0) = 0.
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Thus φ+ ≤ 0 on ΓT and consequently

φ+ ≤ 0 in QT .

Inequality (2.4) is proved.
Let us show now that

u(t, x) − u0(x) ≥ −h(t) for (t, x) ∈ QT . (2.6)

For the function φ−(t, x) ≡ u(t, x) − [u0(x) − h(t)] we have

Lφ− =
(

(|u0x|α + ε)p(x)/αux

)

x
− ut −

(

(|u0x|α + ε)p(x)/αu0x

)

x
− K − δ

<
(

(|u0x|α + ε)p(x)/αux

)

x
− ut − |f(x, u, u0x)|. (2.7)

Suppose that at some point N1 ∈ QT \ΓT the function φ− attains its minimum,
then at this point

φ−
x = 0 ⇔ ux = u0x

and
(

(|u0x|α + ε)p(x)/αux

)

x
− ut − |f(x, u, u0x)|

∣
∣
∣
N1

=
(

(|ux|α + ε)p/αux

)

x
− ut − |f(x, u, ux)|

∣
∣
∣
N1

= −f(x, u, ux) − |f(x, u, ux)|
∣
∣
∣
N1

≤ 0,

hence, from (2.7)

Lφ−
∣
∣
∣
N1

< 0

which contradicts the assumption that φ− attains its minimum at N1. On ΓT

we have φ− ≥ 0, hence

φ− ≥ 0 in QT

and (2.6) is proved. From (2.4) and (2.6) we obtain that

|u(t, x) − u0(x)| ≤ h(t) in QT .

Passing to the limit when δ → 0 we finish the prove of Lemma 2.1. �

We turn now to the global estimate of the time derivative.

Lemma 2.2. For every ε ∈ (0, 1) the following estimate

|uεt| ≤ K, ∀(t, x) ∈ QT ,

takes place.

Proof. As in the prove of the previous lemmas, here we also omit the subindex
ε.

Consider Eq. (2.2) in two different points:

ut(t, x) = a(ε, x, ux(t, x))uxx(t, x) + b(ε, x, ux(t, x)) + f(x, u(t, x), ux(t, x))
(2.8)
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and

uτ (τ, x) = a(ε, x, ux(τ, x))uxx(τ, x) + b(ε, x, ux(τ, x)) + f(x, u(τ, x), ux(τ, x))
(2.9)

where t �= τ.
Subtracting (2.9) from (2.8) for the function v(t, τ, x) ≡ u(t, x) − u(τ, x)

we have

vt + vτ − a(ε, x, ux(t, x))vxx

= [a(ε, x, ux(t, x)) − a(ε, x, ux(τ, x))]uxx(τ, x)
+ [b(ε, x, ux(t, x)) − b(ε, x, ux(τ, x))]
+ [f(x, u(t, x), ux(t, x)) − f(x, u(τ, x), ux(τ, x))].

To obtain the above equation we use the following obvious relations

vt(t, τ, x) = ut(t, x), vτ (t, τ, x) = −uτ (τ, x),
vxx(t, τ, x) = uxx(t, x) − uxx(τ, x),

Define the function

w ≡ v − K(t − τ) = u(t, x) − u(τ, x) − K(t − τ) (2.10)

in the domain

P = {(t, τ, x) : t ∈ (0, T ), τ ∈ (0, T ), |x| < l, t > τ}.

The function w satisfies the following relation:

wt + wτ − a(ε, x, ux(t, x))wxx

= [a(ε, x, ux(t, x)) − a(ε, x, ux(τ, x))]uxx(τ, x)
+ [b(ε, x, ux(t, x)) − b(ε, x, ux(τ, x))]
+ [f(x, u(t, x), ux(t, x)) − f(x, u(τ, x), ux(τ, x))].

Introduce the function

ω ≡ w e−τ

which satisfies in P the following linear ultraparabolic equation

Lω ≡ ωt + ωτ + ω − a(ε, x, ux(t, x))ωxx

= e−τ ([a(ε, x, ux(t, x)) − a(ε, x, ux(τ, x))]uxx(τ, x)
+ [b(ε, x, ux(t, x)) − b(ε, x, ux(τ, x))])
+ e−τ ([f(x, u(t, x), ux(t, x)) − f(x, u(τ, x), ux(τ, x))]) . (2.11)

Let

Γτ = ∂P\{(t, τ, x) : t = T, 0 < τ < T, |x| < l}.

Suppose that the function ω attains its positive maximum at some point
N(t0, τ0, x0) ∈ P\Γτ . At this point it should be

Lω
∣
∣
∣
N

> 0,
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since

ωt(N) ≥ 0, ωτ (N) ≥ 0, ω(N) > 0 and − ωxx(N) ≥ 0.

On the other hand at this point ωx = 0 i.e.

ux(t0, x0) = ux(τ0, x0),

hence

a(ε, x0, ux(t0, x0)) = a(ε, x0, ux(τ0, x0)),
b(ε, x0, ux(t0, x0)) = b(ε, x0, ux(τ0, x0))

and, since u(t0, x0) > u(τ0, x0),

f(x0, u(t0, x0), ux(t0, x0)) ≤ f(x0, u(τ0, x0), ux(τ0, x0)),

the last is due to condition (1.6). Thus (2.11) implies that

Lω
∣
∣
∣
N

≤ 0.

From this contradiction we conclude that ω can not attain its positive maxi-
mum in P\Γτ .

Consider ω on Γτ :
for |x| = l, t ∈ [0, T ], τ ∈ [0, T ] we have ω = −K(t − τ)e−τ ≤ 0;
for t = τ , |x| < l, t ∈ [0, T ] we have ω = 0;
for τ = 0, t ∈ [0, T ], |x| < l we have ω = u(t, x) − u0(x) − Kt ≤ 0 due to
Lemma 2.1.

Consequently ω ≤ 0 in P i.e.

u(t, x) − u(τ, x) ≤ K(t − τ).

Now subtracting (2.8) from (2.9) for the function ṽ(t, τ, x) ≡ u(τ, x) −
u(t, x) we obtain

ṽt + ṽτ − a(ε, x, ux(τ, x))ṽxx

= [a(ε, x, ux(τ, x)) − a(ε, x, ux(t, x))]uxx(t, x)
+ [b(ε, x, ux(τ, x)) − b(ε, x, ux(t, x))]
+ [f(x, u(τ, x), ux(τ, x)) − f(x, u(t, x), ux(t, x))].

Define the function

w̃ ≡ ṽ − K(t − τ) = u(τ, x) − u(t, x) − K(t − τ),

which satisfies in P the following relation:

w̃t + w̃τ − a(ε, x, ux(τ, x))w̃xx

= [a(ε, x, ux(τ, x)) − a(ε, x, ux(t, x))]uxx(t, x)
+ [b(ε, x, ux(τ, x)) − b(ε, x, ux(t, x))]
+ [f(x, u(τ, x), ux(τ, x)) − f(x, u(t, x), ux(t, x))].

Introduce the function

ω̃ ≡ w̃ e−τ
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which satisfies in P the following linear ultraparabolic equation

L ω̃ ≡ ω̃t + ω̃τ + ω̃ − a(ε, x, ux(τ, x))ω̃xx

= e−τ ([a(ε, x, ux(τ, x)) − a(ε, x, ux(t, x))]uxx(t, x)]
+ [b(ε, x, ux(τ, x)) − b(ε, x, ux(t, x))])
+ e−τ ([f(x, u(τ, x), ux(τ, x)) − f(x, u(t, x), ux(t, x))]) .

Similarly to the previous case we obtain that ω̃ can not attain its positive
maximum in P\Γτ and that ω̃ ≤ 0 on Γτ .

Consequently ω̃ ≤ 0 in P i.e.

u(τ, x) − u(t, x) ≤ K(t − τ). (2.12)

From (2.12) and (2.12) we conclude that in P

|u(t, x) − u(τ, x)| ≤ K(t − τ).

Taking into account the symmetry of the variables t and τ we similarly
consider the case t < τ to obtain that in

{(t, τ, x) : t ∈ [0, T ], τ ∈ [0, T ], x ∈ [−l, l]

the inequality

|u(t, x) − u(τ, x)| ≤ K|t − τ |
holds. The last implies the required estimate. �

We also need the estimates of the spatial derivative of the solution.

Lemma 2.3. There exists a constant C0 independent of ε such that

|uεx| ≤ C0,

for every ε ∈ (0, 1).

Proof. This lemma follows from [11]. In fact, taking into account (1.5) we see
that there exists a smooth, nonnegative, nondecreasing function ψ such that

∫ ∞ ρdρ

ψ(ρ)
= +∞

and

|f(x, uε, q) + b(ε, x, q)| ≤ a(ε, x, q)ψ(|q|) ∀ε ≥ 0.

Thus (see Lemma 3 from [11]) the estimate |uεx| ≤ C0 is true with C0 depend-
ing only on M and ψ. �

Let us obtain the estimate of the second derivative for the singular case.

Lemma 2.4. Suppose that −1 < p(x) ≤ 0 for x ∈ [−l, l]. Then, there exists
a constant C1 independent of ε such that for every ε ∈ (0, 1) the following
estimate takes place

|uεxx| ≤ C1.
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Proof. From (2.2) we have (we omit the subindex ε):

|uxx| ≤ |ut|
a

+
|b|
a

+
|f |
a

.

In order to obtain the needed estimate (taking into account the estimates
obtained in the previous lemmas) it is sufficient to estimate the term a(ε, x, ux)
from the below uniformly with respect to ε. We have

(uα
x + ε)

p(x)
α ≥ (Cα

0 + 1)
p(x)

α

taking into account that

0 < 1 + p− ≤ 1 + p(x)
uα

x

uα
x + ε

, where p− = min
|x|≤l

p(x) > −1,

we obtain

a(ε, x, ux) = (uα
x + ε)

p(x)
α

(

1 + p(x)
uα

x

uα
x + ε

)

≥ (Cα
0 + 1)

p(x)
α (1 + p−).

�

Note that both in Lemmas 2.3 and 2.4 we essentially use that we have
only one spatial variable.

3. Proof of Theorems 1 and 2

We will obtain a strong (and weak) solution to problem (1.1), (1.2) as a limit of
the approximate solutions uε constructed in the previous section. The unique-
ness in both theorems can be proved by standard considerations taking into
account the monotonicity of the elliptic part of the operator (see, for example,
[10]).

Let us start with the existence in Theorem 1.
Consider problem (2.2), (1.2).
From the estimates of Lemmas 2.2–2.4 it follows that

|uεx(t, x) − uεx(τ, x)| ≤ C2|t − τ |1/2 (3.1)

with constant C2 depending only on K, C0 and C1 (see [7, Chapter II, Lemma
3.1]). Thus, taking into account inequality (3.1) and the estimates obtained in
previous section we conclude that there exist a subsequence εk such that

uεk
→ u, uεkx → ux uniformly,

and

uεkt → ut, uεkxx → uxx *-weakly in L∞(QT ),

as εk → 0. Hence

a(εk, x, uεkx)uεkxx → a(0, x, ux)uxx = (1 + p(x))|ux|p(x)uxx *-weakly in L∞(QT ),

b(εk, x, uεkx) → b(0, x, ux) = p′(x)ux|ux|p(x)ln|ux| uniformly,

f(x, uεk
, uεkx) → f(x, u, ux) uniformly.
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Note that b(0, x, ux) = b(x, ux) and recall that we put b(x, 0) = 0. Obviously
b(ε, x, 0) = 0.

Multiplying Eq. (2.2) by an arbitrary smooth function φ, integrating
over QT and passing to the limit when εk → 0 we obtain the strong solution
according to Definition 1.

Theorem 1 is proved.
Let us turn to the proof of Theorem 2.
Consider problem (2.1), (1.2). From the estimates obtained in Lemmas

2.2 and 2.3 we have that there exists a subsequence εk such that

uεk
→ u uniformly,

and

uεkt → ut, uεkx → ux *-weakly in L∞(QT ),

as εk → 0.
Multiplying Eq. (2.1) by an arbitrary smooth function φ which vanishes

on x = ±l and integrating by parts we obtain
∫

QT

uεt φ dxdt +
∫

QT

(|uεx|α + ε)p(x)/α uεx φx dxdt

=
∫

QT

(g1(x, uε)uεx + g2(x, uε)) φ dxdt. (3.2)

Obviously

g1(x, uεk
)uεkx + g2(x, uεk

) → g1(x, u)ux + g2(x, u) *-weakly in L∞(QT ).

Thus, in order to pass to the limit in (3.2), we only have to prove that
∫

QT

(|uεkx|α + εk)p(x)/α uεkx φx dxdt →
∫

QT

|ux|p(x)ux φx dtdx as εk → 0.

This can be done similarly to as it was done in [10](page 3018).
Theorem 2 is proved.
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