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The one dimensional parabolic p(x)-Laplace
equation
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Abstract. The Dirichlet problem for the degenerate and singular parabolic
p(z)-Laplace equation with one spatial variable is considered. We prove
the existence of the unique weak solution such that the derivatives u; and
uz of a solution u belong to Lo,. Moreover for the singular case we prove
the existence of the strong solution i.e. such that u;, u, and u., belong
t0 Loo.
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1. Introduction and formulation of the results

Consider the following quasilinear parabolic equation
wy = (Jug|P®uy)y + f(x, u,uy)  in Qp = (0,T) x (—1,1), (1.1)
coupled with the initial and homogeneous Dirichlet boundary conditions
uw(0,2) = up(z) for |z| <l and w(t,xl)=0 for te[0,7], (1.2)
where

max (Jtioe P 1o )| < 00 and  ug(£l) = 0. (1.3)
xr

Here T, | are arbitrary positive constants and the function p(z) > —1 for
x € [=1,1]

The case when p is constant was studied by a lot of authors and optimal
results concerning this equation was obtained (see, for example, [5]). There
recently appeared a large number of publications with non constant p, see [1—-
4,6,8,9,12] and the references therein. In [8] the multidimensional case was
considered and it was proved that if p(z) > 0 is a measurable function, f =
f(t,x,u) is C! function and uy € L N VVOLP(JC)7 then there exists a global
bounded weak solution of the problem such that

we L0, T; W),y e L2,
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For more details see [8]. Our goal in the present paper is to obtain the global
solution with essentially better differential properties in the one dimensional
case. To this end we need p(z) to be C! function, but in contrast with [8]
we consider the singular case as well (i.e. —1 < p(x) < 0). Concerning the
function f, first we assume that f = f(x,u,u,) and second we do not need f
to be C! function but C7, with v € (0,1). Concerning the assumption on ug
see (1.3). We show that the derivatives u; and u, are L functions, moreover
if —1 < p(x) < 0 then uy, belongs to L™ as well.
Assume that

wf(z,u,0) < au® + 3, (1.4)
here o and (§ are some nonnegative constants,
(@, uq)] < lalP@e(lal) for |z <1, |u] < M, (1.5)

the constant M will be defined below (see (2.3)), the function v is smooth,
nonnegative, nondecreasing function such that

> pdp
2 = oo,
¥(p)
f(x,u27q)—f($7u1,q) SO for Uz > Uq, (16)

p(:L') € Cl([flvl])v f(xaua Q) € C’y([*lal] X R2)7 7€ (07 1) (17)

Definition 1. We say that a Lipschitz continuous function u(t,z) : Qr — R is
a strong solution of problem (1.1), (1.2) if uy, € Loo(Qr) and the equation

up = (1 +p(x))|um|p("’0)ugﬁﬂc +p'(z)um|um|p(m)ln|um| + fx,u,uy)

is satisfied almost everywhere in Q7. Initial and boundary conditions are sat-
isfied in the classical sense.

We put
b(z,0) =0 for b(z,z)=p (x)z|z|P®In|z|.

Theorem 1. Assume that conditions (1.3)~(1.7) are fulfilled. If p(x) € (—1,0]
for x € [=1,1], then for an arbitrary T > 0, there exists a strong solution of
problem (1.1), (1.2).

If, in addition, [ is Lipschitz continuous function, then the solution is
unique.

Definition 2. We say that a Lipschitz continuous function u(t,z) : Qr — R
is a weak solution of problem (1.1), (1.2) if it satisfies the following integral
identity

/ (e 6+ P, ) i = [ () g
T Qr

for an arbitrary smooth function ¢(¢, ) such that ¢(¢, ) = 0 on (0, 7). Initial
and boundary condition are satisfied in the classical sense.
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In order to formulate the next theorem we need to substitute condition
(1.5) by more restrictive one, namely, we suppose that f is linear with respect
to u, i.e.

f(@,u,ue) = g1(2, w)us + g2(z, u). (1.8)

Theorem 2. Assume that conditions (1.3), (1.4), (1.6)—~(1.8) are fulfilled. Then
for an arbitrary T > 0, there exists a weak solution u of problem (1.1), (1.2).

If, in addition, [ is Lipschitz continuous function, then the solution is
unique.

2. A priori estimates for the regularized problem

2.1. Regularization
Consider the regularized equation

p(x)

Uet = ((u?x +€) * uex)fﬁ + f(xvuf’ufx)' (2'1)

Rewrite this equation in the equivalent form

Uet = (€, T, Ueq )Uege + (&, X, Uer) + [(2, Ue, Uey). (2.2)
where
ale, T, uey) = (u, + E)I)(;) (1 + p(x) Ues )
ug, +¢€
and

Q-

p(z)
b(gv Zz, UJE-%) = p,(I)UEm (u?x + 5) « ln (u?x + E)

Here constants ¢ and « belong to (0, 1).
We additionally suppose that @ = r/m with positive integers r and m
such that » < m and m is even. For such «

2% =2/ and (2P = |27
The existence of a classical solution u. of problem (2.1), (1.2), follows

from [11].

2.2. A priori estimates

Our goal in this section is to obtain uniform with respect to € estimates of this
solution which would enable us to pass to the limit as ¢ — 0.
First we mention that (1.4) implies the estimate

g o\
Juc(t, 2)| < M = jnf " [H%Z;XUL (M) ] ) (2.3)

for every e € (0,1) (see [7, relation (2.31)]). By I'r we denote the parabolic
boundary of Qr i.e.

I =0Q,\{t =T, |z| < I}.
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Denote by K the following quantity:

p(z)
@

((ugz + 5)7’11409:) ’ + maX|f(x,u, qu)| < 00,
T T,u

K = max
T,E

here maximum is taking over the set = € [—1,1], € € [0,1], uw € [-M, M].
We start with the estimate of u.; at t = 0.

Lemma 2.1. For every € € (0,1) the following inequality
lue(t,z) —up(z)| < Kt, V(t,x)€ Qr
takes place.

Proof. For simplicity we will omit in the proof the subindex €.
Introduce the function

h(t) = (K +6)t in [0,T],
where > 0. Let us prove the following inequality
u(t,z) —ugp(x) < h(t) for (t,x) € Qp. (2.4)

Consider the linear operator

o o\ o
_ oy @/ d)_ 9
= oz <(“0””| +e) 6x) ot

Define the function ¢ (¢,z) = u(t, ) — [ug(z) + h(t)], obviously

0 ou ou
+_ Z a p(x)/aZ ) Y
L™ =5, (““‘” +e) 893) ot

0 ou,
_ e! p(z)/a Y20
5 <(|u0x| +e) 8$)+K+5

> ((|u0x|a + E)p(m)/(xuw) i — Ut + |f(l‘,’u,U09;)|. (25)

xr
Suppose that at some point N € Q \ I'r the function ¢+ attains its
maximum, then at this point

(ZS;_ =0 & Ug = Uog
and hence
(("LLOz'a + E)I)(l)/auz) — Ut + ‘f(l', uvuow)|‘N
= <(|Uz|a + e)p(m’)/aur) —up + |f(9:,u, UI)MN

= —f(a?,u,uw) + |f(x,u,uw)|
Thus, from (2.5)

> 0.
N

L+‘ >0
¢)N

which contradicts the assumption that ¢ attains its maximum at N.
Consider ¢+ on I'z:

for z = +l, t € [0,T] we have ¢ = —h(t) < 0;

for t = 0, |x| <1 we have ¢™ = —h(0) = 0.
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Thus ¢* < 0 on 'y and consequently
¢+ <0 in @T'
Inequality (2.4) is proved.
Let us show now that

u(t,z) —up(z) > —h(t) for (t,x) € Q. (2.6)
For the function ¢~ (¢, z) = u(t, x) — [ug(x) — h(t)] we have

L6~ = (sl + £/ %us) == ((fuoal” + )" o, ) ~ K =6

x

< ((|u0z\a + E)p(x)/aum) —up — | f(2, u, upz )| (2.7)

Suppose that at some point N; € Q,\I'r the function ¢~ attains its minimum,
then at this point
¢, =0 & uy =up

and

<(|u0m|a + €)p(m)/aux>x — Ut — |f(:C,’LL, u0£)“N
= @ p/a s —
((luz| +<€) Uz)w Ut |f(x,u, u$)| N

—f@u ) = |z uu)l| <0,

1

1

hence, from (2.7)

Lo~ <0

Ny

which contradicts the assumption that ¢~ attains its minimum at Ni. On I'r
we have ¢~ > 0, hence

¢~ >0 in Qp

and (2.6) is proved. From (2.4) and (2.6) we obtain that

lu(t,z) —uo(x)| < h(t) in Qp.
Passing to the limit when 6 — 0 we finish the prove of Lemma 2.1. O

We turn now to the global estimate of the time derivative.
Lemma 2.2. For every e € (0,1) the following estimate
luet| < K, V(t,x) € Qr,

takes place.

Proof. As in the prove of the previous lemmas, here we also omit the subindex
€.
Consider Eq. (2.2) in two different points:
u(t, ) = ale, x,ugy(t, ) uzpe (8, 2) + b(e, 2, ur (t, ) + f(z,u(t, x), u.(t, z))
(2.8)
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and
ur(7,2) = ale, 2, uy (7, 2) ) Usge (7, 2) + b(e, 2, uy (7, 2)) + f(z,u(r, z), us (7, 7))
(2.9)
where ¢ # 7.
Subtracting (2.9) from (2.8) for the function v(¢, 7, z) = u(t, ) — u(r, x)
we have
ve +vr —ale, x,uy (8, 7)) Vs
= [a(e, z, uy (t,2)) — a(e, z,uz (7, ) )| tge (T, )
+ [ble, x,uy(t,x)) — ble, &, ug (1, 2))]
+ [fz,ult, @), ua (t, @) — (2, u(r, 7), us (7, 2))].
To obtain the above equation we use the following obvious relations
ve(t, 7, 2) = wi(t, z), v (t,7,2) = —u (7, x),
Vg (6, Ty ) = U (b, ) — Ug (T, ),
Define the function
w=v—K({t—7)=u(t,x) —u(r,z) — K(t—7) (2.10)
in the domain
P={(t,7,x):t€(0,T), 7€ (0,T7),|z] <l,t>T}.
The function w satisfies the following relation:
wi +wr —a(e, 2, Uz (8, 2))War
= [a(e, z, uy (t,2)) — a(e, z,up (T, 2))|tge (T, )
+ [b(e, 2, u.(t,x)) — b(e, T, us (7, x))]
+ [f (@ ult, @), ua(t, ) — f(@,u(T, @), us (7, 7))].
Introduce the function
w=we
which satisfies in P the following linear ultraparabolic equation
Lw=w+w:+w—ale,x,u(t, z))wes
=e " ([a(e, z,uz(t, 2)) — ale, x, uy (T, )]sz (T, x)
+ b, 2, up(t, @) — b(e, z, uz (1, 2))])
+e T ([flz,ult,z),us(t,x)) — fa,u(r,z),u.(1,2))]). (2.11)
Let
I, =0P\{(t,7,2) :t=T,0< 7 <T, |z| <1}
Suppose that the function w attains its positive maximum at some point

N (to, 70, z0) € P\I';. At this point it should be

Lw| >0,
N
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since

wi(N)>0, w(N)>0, w(N)>0 and — wy,(N)>0.

On the other hand at this point w, = 0 i.e.
g (to, x0) = uz (0, Z0),
hence

(5, Zo, um(7_07 550))»

(67 o, Ux(To, 'IO))

a(e, xg, uz(to, xo)) = a
b(e, 2o, uz(to, x0)) = b
and, since u(to, zo) > u(70, o),

f (o, u(to, o), uz(to, zo)) < f(zo, u(to, o), uz (70, Zo)),

the last is due to condition (1.6). Thus (2.11) implies that

Lw| <O.
N

27

From this contradiction we conclude that w can not attain its positive maxi-

mum in P\I',.

Consider w on I';:
for |z| =1,t€[0,T], 7 € [0,T] we have w = —K(t — 1)e™" < 0;
fort =7, |z| <, t €[0,T] we have w = 0;
for 7 =0,t € [0,T], |z] <! we have w = u(t,z) — ug(x) — Kt
Lemma 2.1.

Consequently w < 0 in P i.e.

u(t,z) —u(r,2) < K(t — 7).

Now subtracting (2.8) from (2.9) for the function o(t,7,z) =

u(t,x) we obtain
U + Ur — ale, @, Uug (T, ) Vg
= [a(e, x, uy (1,2)) — ale, x, uy (t, @) g (¢, x)
+ [be, 2, uy (T, 7)) — ble, x, uz (L, x))]
+ [f (@, u(r, @), ua (7, 2)) — f(2,u(t, 2), ug(t, 2))].
Define the function
w=0—-K({t—7)=u(r,z) —u(t,z) - K(t —71),
which satisfies in P the following relation:
Wi+ W — ale, @, ug (7, 2) )Wy
= [a(e, x, uy (1,2)) — ale, x, ugy (t, x))|ugs (¢, x)
+[b(g, 2, up (1, 2)) — ble, 2, ux (L, x))]
+ [f (@, u(r, @), ua (7, 7)) — f(2,u(t, 2), ug(t, 2))].
Introduce the function

we "

w

< 0 due to

u(r,x) —
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which satisfies in P the following linear ultraparabolic equation
Lo=oi+ 0, +0 —ale,z,uy(7,2)) Wy
=e " ([a(e, z,up (1, 2)) — ale, , ug (t, 7)) tgs (t, )]
+ [b(e, z, up(1,2)) — ble, x, uy(t, x))])
+e T ([f(x,ulr,x),up(1,2)) — f(z,ult,x), u.(t,))]) .

Similarly to the previous case we obtain that w can not attain its positive
maximum in P\I'; and that @ <0 on I';.
Consequently @ < 0 in P i.e.

u(t,z) —u(t,z) < K(t—7). (2.12)
From (2.12) and (2.12) we conclude that in P
lu(t, z) — u(r,x)| < K(t — 7).

Taking into account the symmetry of the variables ¢ and 7 we similarly
consider the case t < 7 to obtain that in

{(t,7,2):t€[0,T], 7 €[0,T],z € [-1,]]
the inequality
lu(t,x) —u(r,z)| < K|t — 7]
holds. The last implies the required estimate. g
We also need the estimates of the spatial derivative of the solution.
Lemma 2.3. There exists a constant Cy independent of € such that
|uez| < Co,
for every e € (0,1).

Proof. This lemma follows from [11]. In fact, taking into account (1.5) we see
that there exists a smooth, nonnegative, nondecreasing function 1 such that

> pdp

¥(p)
and
|f (2, ue,q) + b(e, 2, q)| < ale,z,q)¥(q]) Ve > 0.
Thus (see Lemma 3 from [11]) the estimate |u.,| < Cp is true with Cy depend-
ing only on M and 4. U
Let us obtain the estimate of the second derivative for the singular case.

Lemma 2.4. Suppose that —1 < p(z) < 0 for x € [—1,l]. Then, there exists
a constant Cy independent of € such that for every e € (0,1) the following
estimate takes place

|Uaxx| < (.
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Proof. From (2.2) we have (we omit the subindex ¢):

us| 1l

[tuge] < — + +m.
a a

a
In order to obtain the needed estimate (taking into account the estimates
obtained in the previous lemmas) it is sufficient to estimate the term a(e, x, u; )
from the below uniformly with respect to . We have

p(z p(z)

(W +e)"% > (Cg+1)"%

taking into account that

«
0<1 - <1 —r h T = mi > —1,
+p < +p(w)ug‘+s where p |1;1;1\1;1110(36)
we obtain
(=) u (=)
aleveii) = (249 (14p0) ) 2 (€5 + 0™ (149,
uy +¢€

O

Note that both in Lemmas 2.3 and 2.4 we essentially use that we have
only one spatial variable.

3. Proof of Theorems 1 and 2

We will obtain a strong (and weak) solution to problem (1.1), (1.2) as a limit of
the approximate solutions u. constructed in the previous section. The unique-
ness in both theorems can be proved by standard considerations taking into
account the monotonicity of the elliptic part of the operator (see, for example,

[10]).
Let us start with the existence in Theorem 1.
Consider problem (2.2), (1.2).
From the estimates of Lemmas 2.2-2.4 it follows that

[teg (t, ) — Uee (T, )| < Ca|t — 7|12 (3.1)

with constant Cy depending only on K, Cy and Cy (see [7, Chapter II, Lemma
3.1]). Thus, taking into account inequality (3.1) and the estimates obtained in
previous section we conclude that there exist a subsequence g5 such that

Ue, — U, Ugz — Uy uniformly,
and
Uept — Uty Ugppr — Uy —weakly in Lo (Qr),
as €, — 0. Hence
a(er, T, Uz )Uepar — (0, T, Uz )Uze = (1 +p(z))|uz|p(z)um *-weakly in Lo (Qr),

b(ens @, teys) — b0, ,112) = p (@)up|ua[PPnu, | uniformly,

fzyue,  ue, ) — f(2,u,u,) uniformly.
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Note that b(0,z,u;) = b(z,u,) and recall that we put b(x,0) = 0. Obviously
b(e,z,0) = 0.

Multiplying Eq. (2.2) by an arbitrary smooth function ¢, integrating
over Qr and passing to the limit when €, — 0 we obtain the strong solution
according to Definition 1.

Theorem 1 is proved.

Let us turn to the proof of Theorem 2.

Consider problem (2.1), (1.2). From the estimates obtained in Lemmas
2.2 and 2.3 we have that there exists a subsequence ¢j, such that

U, — u uniformly,

and
Uept — Uty Ugpg — Uy F-weakly in Loo(Qr),

as e — 0.
Multiplying Eq. (2.1) by an arbitrary smooth function ¢ which vanishes
on x = +!l and integrating by parts we obtain

/ uatqbdxdt—I—/ (|uw|°‘—l—g)p(‘r)/ausw@cdxdt

= / (91(2, ue)uer + ga(w,uc)) ¢ dudt. (3.2)

Obviously
g1 (2, ue, ez + g2(z,ue,) — g1(z,w)u, + ga(z,u) *~weakly in Loo (Qr).
Thus, in order to pass to the limit in (3.2), we only have to prove that
/ (Jtep | + ek)p(x)/o‘ Ug oz P dxdt — \um|p(z)ux ¢p dtdr as e — 0.

T Qr

This can be done similarly to as it was done in [10](page 3018).
Theorem 2 is proved.
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