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Abstract. This paper investigates a Schrédinger problem with power-type
nonlinearity and Lipschitz-continuous diffusion term on a bounded one-
dimensional domain. Using the Galerkin method and a truncation, results
from stochastic partial differential equations can be applied and uniform a
priori estimates for the approximations are shown. Based on these bound-
edness results and the structure of the nonlinearity, it follows the unique
existence of the variational solution.
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1. Introduction

The one-dimensional complex Ginzburg—Landau equation
dX(t) = (ay +iag) AX (t) dt + (b1 + ibo)| X ()27 X (t) dt + c1 X (t) dt
(1.1)

with aq,as2,b1,b2,c1 € R and o > 0 represents a nonlinear generalized
Schrédinger equation with complex coefficients. It involves non-steady, dif-
fusive and dispersive terms as well as nonlinear and linear effects that can
be interpreted physically, see for example [19,20,26,32]. This equation has
many applications in physics such as fluid mechanics, nonlinear optics, wave
propagation, the theory of phase transitions, hydrodynamic instabilities and
wave envelopes, chemical and biological dynamics. Furthermore, it describes
physical phenomena like Rayleigh-Bénard convection, Taylor-Couette flow,
Bose—Einstein condensation, superconductivity and superfluidity. Throughout
this work, we consider stochastic degeneracies of the one-dimensional complex
Ginzburg-Landau equation.
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In [17], we deal with the stochastic nonlinear Schrédinger equation
dX (t) = iAX (t) dt + i\ X (t)[* X (t) dt +ig(t, X (t)) dW (t)

for all ¢ € [0,T], where A > 0, g is a special linear function in X and W is an
infinite-dimensional Wiener process. We investigate the existence and unique-
ness of the variational solution on a closed interval in R'. Due to the approach,
o is restricted to the interval (0, 2). Deterministic Schrodinger equations of this
type are already considered for different types of solutions, from classical so-
lutions in [14,22,28] over strong solutions in [2,15,27] and mild solutions in
[3,4,12] right up to generalized (weak/variational) solutions in [10,11,15,26].
Since physical experiments are burdened with random disturbances, stochas-
tic Schrédinger equations, based on the semigroup approach, are treated with
additive noise in [6,9] and with multiplicative noise in [1,5,6,23]. So far, varia-
tional solutions are only investigated for locally Lipschitz-continuous nonlinear
drift and diffusion terms in [13].

In this paper, we focus on the unique existence of the variational solution
of the following stochastic nonlinear Schrodinger equation

dX(t) = iAX(t)dt — N X()|* X (t)dt + g(t, X(t)) dW (t)

over a finite time horizon and a bounded one-dimensional domain, where A > 0,
o > 1, g is a Lipschitz-continuous function of bounded growth and W is a
cylindrical Wiener process. Deterministic Schrodinger equations of this type
are treated in [15,18,22]. Our aim is to enlarge the ideas of [18] to the stochastic
case. Note that the power-type nonlinearity does not satisfy the local Lipschitz-
continuity assumption from [13]. However, in comparison with [17], the missing
imaginary unit in front of the nonlinear drift term is crucial for this approach.

Since the variational solution we are concerned with is more regular than
the mild solution, we obtain more general results than the papers using the
semigroup approach. Notice that each variational solution is also a mild solu-
tion but not vice versa. The price we have to pay is that we only get results
for the one-dimensional bounded domain. Instead of using Strichartz’ esti-
mates that are only valid for the unbounded space domain, we establish some
inequalities for our special nonlinear drift term (compare the Appendix).

The paper proceeds in the following way: Sect. 2 contains some useful
notations and the formulation of the stochastic nonlinear Schrodinger prob-
lem and its variational solution. The uniqueness of such a solution is shown
in Sect. 3. Then the Schriodinger problem is approximated by the Galerkin
method and a special truncation is introduced to state and prove a priori esti-
mates thereafter. In Sect. 5, we deduce global existence results for the stochas-
tic nonlinear Schrodinger equation, which is followed by a last section about
possible generalization where we especially discuss the unique existence of
the variational solution of the stochastic one-dimensional complex Ginzburg-
Landau equation by using similar ideas. The Appendix at the end includes
some auxiliary results applied within the paper.
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2. Formulation of the problem

Let K be a separable real Hilbert space, H := L?(0,1) and V := H'(0,1).
Then the inner product in H is given by

1
(u,v) == / u(x) v(z) de, for all w,v € H,
0

where v is the complex conjugate of v, while the inner product in V is consti-
tuted by

1
d d
(u,v)v = /o {u(m) o(x) + %u(x) %E(m‘) dx, for all u,v € V.
The norms in H and V' are represented by ||-|| and |[|-||;,, respectively. Fur-

thermore, let V* be the dual space of V' and <~, > denotes the duality pairing
of V* and V. The appropriate choice of H and V and the identification of
H with its dual space H* allow to work on a triplet of rigged Hilbert spaces
(V,H,V*) with continuous and dense embeddings, which is also known as a
Gelfand triplet. Moreover, we regard the operator A : V' — V* given by the
bilinear form

'd d
A = — —0 for all . 2.1
(Au,v) /0 dxu(aj) dxv(a:) dz, or all u,v € V. (2.1)

Let (ux)ren be the increasing sequence of real-valued eigenvalues and let
(hk)ken be the corresponding eigenfunctions of A with respect to homogeneous
Neumann boundary conditions. The eigenfunctions (hg)gen form an orthonor-
mal system in H and they are orthogonal in V. Obviously, for all w € H and
all v € V, it holds that

oo o0

u = (u, hk) hk, Av = Z/J,k (U, hk) hk

k=1 k=1

and

<Av,v> = Zuk |(v,hk)|2 > 0.
k=1

Now, we consider the stochastic nonlinear Schrodinger equation
dX (t,z) = —tAX (t,z)dt — A\f(X(t,z)) dt + g(t, X (t,z)) dW (t) (2.2)

with initial condition X (0,-) = () € V and homogeneous Neumann bound-
ary conditions. Here, X is the complex-valued wave function depending on
t € [0,T) and = € [0,1], 4 is the imaginary unit, A represents the one-dimen-
sional negative Laplacian defined by (2.1), A > 0, T > 0 and the function
f:V — H has the form

f() == [v]*7v, for all v €V,

where o > 1 is fixed. Furthermore, let (€2, F, (F;)c[0,17, P) be a filtered com-
plete probability space and Lo (K, H) the space of all Hilbert-Schmidt oper-
ators from K into H. Then (W(t))cio,r) in (2.2) is a K-valued cylindrical
Wiener process adapted to the filtration (F;):c[o,7 and the diffusion function
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g:Qx[0,T)x H— Lo(K, H) is measurable, F;-adapted and assumed to fulfill
the following assumptions:

e there exists a constant ¢, > 0 such that

lg(t,w) = g(t, L,k 1) < Cgllu—v]? (2.3)
for all t € [0,7], all u,v € H and a.e. w € ;
e there exists a constant k4, > 0 such that
lg(t L, xcvy < kg 1+ T10I15) (2.4)
forall t € [0,T], all v € V and a.e. w € Q.
Note that the noise term appearing in (2.2) includes additive as well as mul-

tiplicative Gaussian noise.

Definition 2.1. An F;-adapted process
X € LH(Q;C(0,T); H)) N L*(Q < [0,T]; V)

is called a variational solution of the stochastic nonlinear Schrédinger equation
(2.2) with initial condition ¢ € V' if it fulfills
t

(X(t),v) = (¢,v) —i/o (AX(s),v) ds—)\/ (f(X(s)),v)ds

0
t
+ ( / g(s,x<s>>dw<s>,v) (2.5)
0
for all t € [0,T], all v € V and a.e. w € Q.

In this paper, we will investigate the existence and uniqueness of the
variational solution of (2.5) by using the Galerkin method and a truncation.
At first, we will point out some important properties of the nonlinear functions
f and g. Due to Lemmas 7.1 and 7.2 in the Appendix, we have for all u,v € V/
that

1F ()II* < 227+ [olly7+2, (2.6)
1 (u) = f@)[* < 2277 (do = 1) (i + [[0][i7) [lu — o] (2.7)

Hence, f: V — H is correctly defined and Lemma 7.3 implies for all u,v € V
that

Re (f(v),v) >0, Re (f(u) — f(v),u—v) > 0. (2.8)
A more general form of the nonlinear function f is discussed in Sect. 6. Because
of the representation of the Hilbert-Schmidt norm and the properties (2.3) and
(2.4) of g, it follows for all ¢ € [0,T] and a.e. w € © that

9t 017, e £y < N9t 0)I1Z, (k1) < Ko

||g(t,u)\|%2(K’H) < 2¢||ul|* + 2k, for all u € H. (2.9)

Finally, let (u(t));c[o,r] be an H-valued process with

sup |lu(t)]]? < oo, for a.e. w € Q.

t€[0,T)
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Then we introduce for R € N the stopping time

T, if sup |lu(t)]® < R?,
U t€[0,7]
B Y {te 0,7]|[lu(®))?> > B2}, if sup [u(t)|® > R
te[0,T)
(2.10)
Note that (75)r is an increasing sequence with
lim 75 =T, for a.e. w € Q. (2.11)
R—o0
Below, C(p1,pa,...,pm) represents a generic positive constant depending on
certain parameters pi,pa,...,Pm. Lhe value of this constant may vary from

line to line.

3. Uniqueness of the variational solution

While the existence of a variational solution of the stochastic nonlinear Schroé-
dinger problem (2.5) will be shown in Sect. 5, we first treat its uniqueness.

Theorem 3.1. If X € L*(;C([0,T); H)) N L?>(Q x [0,T];V) is a variational
solution of the Schréodinger problem (2.5), then it is unique.

Proof. Assume that there are two variational solutions
X, X € L*(9Q;C([0,T); H)) N L2(Q x [0,T]; V)

of problem (2.5). By denoting 6 X := X — X and applying the stochastic energy
equality, we obtain

16X (£)]|> :2Im/ (A6X (s),0X (s)) ds
0
9 Re/o (F(X(5)) — F(X(5)),6X () ds

#2re3 [ ([ots X6 - 906, K6 3,5 (5) ) 50

2

ds
Lo (K, H)

+ /Ot Hg(s,X(s)) - 9(575((3))‘

for all ¢t € [0,T] and a.e. w € Q. The first addend on the right-hand side
vanishes since Im <Av,v> = 0 for all v € V, and the second one is less
or equal to zero because of the second property in (2.8). With the help of
the Burkholder-Davis—Gundy inequality (see [25, p. 44, Theorem 7]) and the
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Lipschitz-continuity (2.3) of g, we estimate the Itd integral by

26 19 [ [ot X000 —oto, K] e1010)) 35

2

< 6E /OT l9s, X)) - Q(S’X(‘S))HQ

Ly(K,H)

16X ()" d81

<1p swp ex)? +18cg/ E sup X (s)]? dt.
2 te[0,T] s€[0,t]

Finally, the Hilbert—Schmidt norm will be treated analogously referring to

(2.3) such that it follows

T

E sup ||[6X(t)|*> <38¢, [ E sup [|6X(s)|?dt.
te[0,T 0 s€[0,t]

Gronwall’s lemma yields E sup [0X (¢)||> = 0, which implies
te[0,7]

X(t) = X(t) for all t € [0,T] and a.e. w € Q.

4. Galerkin method and a priori estimates

We need some preliminaries for the finite-dimensional approximations. For
each n € N, we regard the finite-dimensional space H,, := sp{hi,ha,..., h,}
and the orthogonal projection 7w, : H — H,, given by

n

Tl i= Z (u, hk) hi, for all u € H. (4.1)
k=1
It especially holds for all w € H and all h € H,, that
(ﬂ'nu,h) = (u, h), Tnul|? < Jlul®. (4.2)
Next, observe that the norms |- || and |- ||y are equivalent on H,,, which means

that
lull® < ullfy = llull® + (Au,u) < 1+ pa)|ul®,  for allu € Ha,  (4.3)
since fin, = max{ui |k €{1,2,...,n}} and the operator A : H,, — H, is

linear, continuous and satisfies

m(Auu) =0, Au=3 e h) b [ Aul? < 22 Jull?,

k=
n ' d 2
<Au,u> = Zuk |(u,hk)‘2 = deu , for all u € H,, (4.4)
k=1
and
(v,Au) = <Au,v> < ‘ %u %v , for all u,v € H,,. (4.5)
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Let (e;)jen be an orthonormal basis in K and K, :=sp{e1,es,...,e,}. Then
we use the notations ¢, := m,¢, fn(u) :=m,f(v) and g, (-, u)w = T,g9(-, u)w
for all uw € H, and all w € K,, hereafter. The finite-dimensional Wiener process
in K, is represented by

Wi(s) := Zej B;(s).

Thus, adapting the Galerkin method for deterministic nonlinear Schrédinger
equations for the case of problem (2.5), we regard for each n € N the finite-
dimensional Galerkin equations

(Xn(t), he) = (%hk)—i/o <AXn(s),hk>ds—>\/O (Fu(Xn(5)), ) ds

+ (/Ot gn (s, Xn(s)) de(S)ahk> (4.6)

for allt € [0,T], all k € {1,2,...,n} and a.e. w € .
For fixed M € N, we further introduce the Lipschitz-continuous real-
valued truncation function ¥ : [0,00) — [0, 00) by

1, if0<r<M,
M)y = M4+1—r, if M <r<M+1,
0, ifr>M+1

and choose fM : H, — H, defined by fM(u) := vM(||lul)f.(u) for each
u € H,. We consider the following finite-dimensional equations

(XM(#),hy.) = (@n,hi) —i/t <AXy(s),hk>ds—A/t (fM(XM(s)), he) ds
0 0

+ ( /0 t gn(s, XM (s))de<s)7hk> (4.7)

for all t € [0,T], all k € {1,2,...,n} and a.e. w € Q. Referring to the equiv-
alence of norms (4.3) and the property (2.7) of f, one can show that the
nonlinear truncated function féw : H, — H, is Lipschitz-continuous and
growth-bounded on H,, for fixed M,n € N. Since the noise term ¢ is also
Lipschitz-continuous by (2.3) and satisfies (2.9), g,, fulfills similar properties.
Hence, we know from the theory of finite-dimensional stochastic differential
equations (with Lipschitz-continuous mappings) that there exists a unique so-
lution XM € L?(Q;C([0,T); Hy,)). Due to the equivalence of the norms | - ||
and |||y on H,, we further get that X € L?(Q2x[0,7); V). In the subsequent
theorems, we state uniform a priori estimates for the Galerkin approximation
XM in L2P(Q;C([0,T); H)) and L?(Q x [0,T); V) for p > 1.

Theorem 4.1. Let M,n € N be arbitrarily fired and p > 1. Then there ezists a
positive constant C' depending on p,T,cq and kg such that

2
E sup [[XM(0)]* < Co, T, g, k) [1+ o],
te[0,T]
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Proof. For simplicity, we use the notation Y (t) := X (#), apply the stochastic
energy equality to (4.7), use (4.2) and get

IY(0)]? = llgn]? + 2Im / (AY(5),Y(s)) ds
~2\Re / MY ) (FY(5)), Y (s)) ds
0
2R3 [ (gals Y(5))es, Y (9) d (o)
j=1"0
T / l9n (5, Y (D)2, 10 11, 5

for all t € [0,7] and a.e. w € Q. Note that Im (AY (s), Y (s)) = 0 because of
the first property in (4.4). Let p > 1 and apply the Itd formula such that

IV (£)]2 = lpnll? — 22p Re / GV ) (£ (), Y ()Y ()2 ds

2R [ (oulo ¥ (8)es Y 0) 1Y ()10 5 0
20 =1) [ 3 [Re 0,5V (9)e V() IV ()20 ds

Y ()|~ ds

t
+p / lgn(5, Y D12, i, 11

for all t € [0,T] and a.e. w € . Observe that the term with the nonlinearity
f is less or equal to zero by the first property in (2.8) and we also have

2p(p 1) / D~ [Re (ga(s, Y (s)e, Y (5) [ IV ()P0 ds

t
+p/0 1gn (5, Y (D7, 11, 1Y ()PP ds
t
< 2= 1) [ N YOI, 1Y ()P s

Consequently, one obtains

L
Y@ < lpnll®” + QPReZ/O (9n(s, Y (5))es, Y () [V (5)[PP71 dB;(s)

j=1

Y (5)||2P~Y ds (4.8)

t
p(2p—1) / g (. Y (DI 11,y
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for all t € [0,7] and a.e. w € 2. We use the notation 7 := 7}, with R € N and
observe that for each v € [0, c0) it holds

tAT % tAT %
7E< / Y(s>||4pds) <AB| swp [V (/ ||Y<s>||2pds)]
0 sE€[0,tAT] 0

1 o 72 tAT op
<GB swp YVEITGE [ Y )7 ds

s€[0,tAT]

(4.9)

The Burkholder-Davis—Gundy inequality, Young’s inequality, estimate (2.9)
and relation (4.9) lead to

n

2B sup Red" [ (g Y 0D)es, ¥0) [V O)20 d50)

s€[0,tAT] J=1

1
2

tAT
< 6pF [ | st YD e V17 ds]

1
2

< 6pE [1 / lg(s, Y (DI e g ds + 2 / ||Y<s>||4pds]
< Op % . gls, Lo (K, H) % )

1 tAT
<Cp,Tokg) + 5B sup [V (s)I* + Clp, Cg)E/ 1Y ()] ds.
0

s€[0,tAT]
Moreover, the inequality of Young with p > 1 and (2.9) yield

p(2p—1E sup /O”gn(rvy(r))”%Q(KmHn) 1Y (r)[2®= dr

s€[0,tAT]

<@ [E [ I YOI gy s+ -0 |

tAT

1Y ()] ds}

tAT
< Clp,c,)E / 1Y ()| ds + C(p, T, ky)-
0

Based on (4.8), we obtain

E sup |[Y(s)|I* <2|@nll* + C(p, T, kg)
s€[0,tAT]

t
+C’(p,cg)/ E  sup ||Y(s)||2pdr.
0 s€[0,rAT]

By applying Gronwall’s lemma we receive

E sup V()% < Cp,T k) [1+ ipnl*].
s€[0,TAT)

Let R — oo, use (2.11), the notation Y (t) = XM (¢) and ||pn| < [|¢| to get

E sup XM < O, T e, ko) [1+ 0]
t€[0,T]

The proof for the case p = 1 follows analogous ideas as above. O
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Theorem 4.2. Let M,n € N be arbitrarily fired and p > 1. Then there ezists a

positive constant C depending on p,T,cy and kg such that the solution XM of
(4.7) satisfies the estimate

E sup XM < . T,co k) [14+ 0]
te[0,7]

Proof. We denote again Y (t) := XM(t), consider (4.7) and use the energy
equality and (4. 2) to write

V(0. 1) |2 = |(om ) +21m/ (A (s), (Y(s), hi) b ds
~2\Re / STV 1) (FY (), (V(5), ha) hi) ds

+2ReZ/O (gn(s,Y (5))es, (Y(5), hi) hi) dB;(s)

+ /0 j2_21|(gn<s,Y<s>>ej,hk)|2ds

for all t € [0,T] and a.e. w € ), where the second term on the right-hand side
vanishes. Multiplication with the real-valued eigenvalues uy of A, summing up
over all k € {1,2,...,n} and using the relations (4.4) result in

5oV @ = o] ~2Re [ oMy (1), AV () ds
0

+ QReZI/O (gn(s,Y (5))ej, AY (s)) dB;(s)

2
/ ds
for all t € [0,7] and a.e. w € Q. Let again p > 1, then the application of the
1t6 formula yields
0
—Y(t
v

gnsY()) il

d |I*

dz’"

2p ‘

2(p—1)
ds

~2Re [V (07, AY) | 7Y

2(p—1)

0 46;(s)

e2me3 [ fon(e ¥ 6y, AY(9) | 70

2(p—2)

+ 2p(p — 1)/O Z ’Re (gn(s, Y(s))ej,AY(s)) ’2 ds

2
+—ph/"

7Y (5)

2(p—1)
ds

0
%Y(S)

gnsY()) il
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for all ¢ € [0,7] and a.e. w € Q. Due to Lemma 7.4 (see Appendix), the
second term on the right-hand side is less or equal to zero. For the It6 integral,
we apply the Burkholder-Davis-Gundy inequality, property (4.5), the growth-
boundedness (2.4), Young’s inequality and relation (4.9) to receive for 7 := 75
that

2(p—1)

0 46;(r)

2pF  sup ReZ/S (gn(r, Y (r))e;, AY (1)) H(%Y(T)

s€[0,tAT] j=1

tAT n
< 6pF /

N

2 4p—2

9 ds

%Y(S)
‘ 0

1
4p—2 2
— d
ox S]

1 1 T 6p_2 tAT
—T+—/ Y (s)||*? ds + /
T o [ e 22

1 T
<Cp,T,kg) + 5 E sup 1Y ()] + C(p, kg)E/ 1Y (s)II*" ds
0

s€[0,T]
tA
+ C(p, k’q)E/
0

gn(s Y(s))e ]

<6p\ky E

Y(s)

/0 T IYER)

2Y(s)

< 6py/kg E

1
4p 2
ds]

2p 2p

d
—xY(s) ds.

1
+ —F sup
2 s€[0,tAT]

Next, we write

2(p—2)

9 dr

%Y(T)

B swp 2= 1) [ 3 [Re (0,0 Y () AY (1)
=1

s€[0,tAT]
sup p/
s€[0,tAT]

< E sup p2p—1/

s€[0,tAT]

2 2(p—1)

g dr

%Y(T)

‘ [gn(r, Y (7)e;)

2 2(p—1)

9 dr

%Y(r)

gn T Y( ))ej]

2p

5}
—xY(s) ds

T t
< C(p.T.ky))+C(p. ko) E / 1Y (8)|PP ds+C(p, ky)E /
0 0




22 Page 12 of 27 H. Lisei and D. Keller NoDEA

because of the same calculations like in the case of the stochastic integral.
Combining these estimates, we obtain

d 2
b o ‘<2“ on| +COT R+ B sup ¥ (5)IP
SE[0,tAT] Ox Ox s€[0,T7]
T
+an@w/IW@st
o 2
C(p, k / E sup —Y(s) dr.
s€[0,rAT]
Applying Gronwall’s lemma, it results that
a 2p a 2p
£ sw |2y <cwri 14| ge] 4B sw veP
s€[0,TAT] Ox Ox s€[0,T7]

T
+EénwﬂW@}

Letting R — oo and taking into account (2.11) and Theorem 4.1, we get

2p

9
SY || <O Toeg,ky) [1+ lleal?]

E sup 3
x

t€[0,T]

Hence, with Y (t) = XM (t), ||¢nllv < |l¢llv and Theorem 4.1 it follows that
2
B sup XM < C.Toeq, k) [1+613] .
te[0,T]

The proof for the case p = 1 can be proved with analogous ideas as above. [J

5. Existence of the variational solution

Based on the a priori estimates from the last section, we are now able to
show the unique existence of the variational solution of the finite-dimensional
problem (4.6) and of the infinite-dimensional problem (2.5) thereafter.

Theorem 5.1. For each fired n € N and p > 1 there exists a unique variational
solution X,, € L?P(Q; C([0,T]; H))NL?**(Qx [0, T); V) of the finite-dimensional
stochastic nonlinear Schridinger problem (4.6). Besides, we have for each fized
n € N and p > 1 the estimates

E sup [Xa(&) < Clp, Ty ko) [1+ )]
t€(0,T)

T
B [ 1K e < Co.Tocq k) [1+ 1l

Proof. For the whole proof, we fix n € N. Then the uniqueness of the vari-
ational solution follows similarly to the proof of Theorem 3.1. Consider the
stopping time 757 := 7}, for u := XM which is equal to the stopping time in
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(2.10) for R = M. From the definition of 7;, Markov’s inequality and Theorem
4.1 (for p = 1) we obtain

C(T,cy, ky)

2
Plry<T)<P ( sup] HXflV[(t)H > M2> < Ve

tel0,T {14— H('DHZ}
(5.1)

Thus, the increasing sequence of stopping times (7a7) s converges a.s. to T'. Let
QM be the set of all w € Q such that X (w, ) satisfies (4.7) for all t € [0, 7]
and all k € {1,2,...,n} and X} (w,-) has continuous trajectories in H. We
introduce ' :=3;_, @M with P(€') = 1. Furthermore, we define

S=) U {we|mm=Tand3te[0,T]: XS (w,t) # X} (w,t)}.
M=11<K<M

It holds that P(S) = 0 because otherwise there exist two natural numbers
KQ,MO with Ko < My such that

So,io = {w € QY |1k, =T and It € [0,T] : XX (w, t) # X2 (w,t) }
has the probability P(Su,,k,) > 0. Denoting

X,{(O(w,t), ifWESMU,Km
XMo(w,t), if w e Y\Snmy,

X*(w,t) = {

for each ¢ € [0,T], we see that for all w € Sy k, there exists a t € [0,T]
such that X*(w,t) # XMo(w,t). This contradicts the almost sure uniqueness
of the variational solution of (4.7) (for M = My), and it follows that P(S) = 0.
Letting

Q=N ( [j {rm = T}\S) )
M=1

using (5.1) and the definition of S, we get
PQ")= lim P{ry=T}\S)=1— lim P(ry <T)=1.
M—o0 M —o0
Now, we choose w € Q. For this w there exists an My € N such that 7y =T

for all M > My. Therefore, v™ (|| X} (s)||) = 1 for all s € [0,7] and all
M > My, and consequently

(XX (0, h) = () =i [ (AN () s =X [ (fa(X2(6))uh) ds
0 0
+ </0 gn(s,XTJLw(s)) de(s),hk)

for all t € [0,T], all M > My and all k € {1,2,...,n}. For this fixed w € "
we define

Xp(w,) = XM(w,"), for each t € [0, 7] and all M > M,.  (5.2)
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Hence, we have

t
0

(X (), ) :(%,hk)fi/o <AXn(s),hk>dsf/\/ (Fu(Xn(5)), ) ds
([ sy am o)

for all w € Q”, all t € [0,7] and all k € {1,2,...,n}. By the way, this equals
Eq. (4.6). Due to the properties of X, the process (X0 (t))tefo,r) is H-valued,
F x Bjo,rj-measurable, adapted to the filtration (F3)icjo,r] and has almost
surely continuous trajectories in H. Because of (5.2), it results for each p > 1
that

lim sup HXS/I(t) - Xn(t)H2p =0, for a.e. w € Q,
M—o0 te[0,T)
T
N}i_r)noo ; HX,JLV[(t) - Xn(t)H?/p dt =0, for a.e. w € Q.

The Lemma of Fatou, Theorems 4.1 and 4.2 finally yield

E sup ||Xn(t)||2p§hminfE sup HXflw(t)HzP
t€[0,7] M—00  tef0,7)

< C(p. Tucyrkg) [ 1+ Il
T T 9
E/ ||Xn(t)||‘2/-pdt§1}}[ninfE/ | XM @) dt
0 e 0
< C(p,T,cq,ky) [1+ 6l -

Thus, X,, € L?(Q; C([0,T); H)) N L*(Q x [0,7]; V) is the unique variational
solution of (4.6) for all p > 1. O

Now, we state our main result concerning the unique existence of the
variational solution of the stochastic nonlinear Schrodinger problem (2.5).

Theorem 5.2. The stochastic nonlinear Schrédinger problem (2.5) possesses a
unique variational solution X € L*"(Q;C([0,T]; H)) N L*(Q x [0,T); V) for
each p > 1, which satisfies

E sup | X@ < O, T, o, ky)[1+ )],
t€[0,T)

T
B [ IXOI i< O T k) [1+ 16l

Moreover, the sequence of Galerkin approzimations (X,,), converges to X
strongly in L*(Q; C([0,T); H)) and weakly in L*(Q x [0,T]; V).

Proof. Tt suffices to focus on the existence of a solution because the uniqueness
can be found in Theorem 3.1. We know from Theorem 5.1 that there exists
a unique variational solution X,, € L?*(Q;C([0,T]; H)) N L?*(Q x [0,T]; V)
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of (4.6) and its corresponding uniform a priori estimates. Due to (2.6) and
Theorem 5.1, the nonlinear drift term obeys

r 2 2(20+1
EA|vuumHﬁsc@ﬂ@¢ab+WW”“} (5.3)

which implies the uniform boundedness of (f(X,)), in L*(Q x [0,T]; H). The
property (2.9) and Theorem 5.1 lead to

T
B [ ot XDy < Ok [1+ 1]

hence, (g(+, X,,))n is uniformly bounded in L?(2 x [0, T]; Lo (K, H)).

First, we fix p > 40. By the above uniform boundedness properties and
Lemma 7.5, it follows that there exist a subsequence, which we denote by
(X,)n as well, and functions Z € L?(Q x [0,T]; V), f* € L*(Q x [0,T]; H)
and g* € L?(Q x [0,7T]; L2(K, H)) such that we receive for n — oo that

X, — Z, in L2(Q x [0,T); H), L*(Q x [0,T); V)

and L*(Q x [0,T]; V), (5.4)
f(X,) — £, in L*(Q x [0,7]; H), (5.5)
(-, Xn) = g%, in L2(Q x [0,T]; Lo (K, H)). (5.6)

Taking n — oo in (4.6) and using these weak convergence results, we get for
a.e. (w,t) € 2 x[0,7] and all k € N that

(Z(t) 1) = (o2 h) —i/o <AZ(s),hk>ds—/\/O (F*(s). h) ds

+ </0t 9" (s) dW(S)vhk) (57)

There exists an Fi-measurable H-valued process which is equal to Z(t) for
a.e. (w,t) € Qx[0,T] and equal to the right-hand side of (5.7) for all t € [0, T
and a.e. w € 2. We also denote this process by (Z(t))¢cjo,7]- Therefore,

(Z(t) b)) = (o, h) —i/ot <AZ(s),hk>ds—)\/0t (F*(s). hi) ds
([owave.m) (55)

for all £ € [0, 7], all k € N and a.e. w € €. The process (Z(t)):e[o,r) has in H
almost surely continuous trajectories (see [25, p. 73, Theorem 2]).

Next, we denote by Z,, := 7, Z and ¢} (-)w := 7,¢*(-)w for all w € K, the
finite-dimensional approximations of Z and ¢g*(-)w, respectively, and we choose
£(t) = exp{—2(1 + ¢,4)t} for all t € [0,T]. Using (4.6), (5.8), the stochastic
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energy equality and the properties (4.4) of A, we obtain
2
EE(T) | Xn(T) = Zn(T)]

T
= —2BRe [ €0) (F(X,(0) = (0. X(0) = Z,(0)
T
—2(1+¢))E / £(0) X (t) — Za(t)|[*dt
T
LB / £0) lgn(t, Xa(8)) — GO i ar

+E/ £t ZZ] (), hi) | dt. (5.9)

j>n k=1

Due to monotone convergence and since g* € L?(Qx[0,T]; L2(K, H)), we have
for n — oo that

E/g ZZ\ (t)ej, hi)| dt<E/£ )Y g™ (t)es||* dt — o.

j>n k=1 i>n

For simplicity, we omit to write the dependence on ¢ € [0, 7] in the following
two auxiliary results. The second property in (2.8) entails

— 2\ Re (f(Xn) — — Zy)

= —2\Re (f(X,, n),Xn—Zn)—2/\Re (F(Zn) = £(2), X0 — Z2)

—2\Re (f(2) ~Z,)

<N\ f(Zn) - (2 )||2+||X — Znll? = 2ARe (£(Z) = [*, Xn — Zn),
(2.

and, regarding (2.3), it results that

gn (-, Xn) — g:“LQ(KT,,H ) = < lg(-, Xn) — Q*H%Q(K H)
= l9(, Xn) = 9 Dl + (90 X0) = 97,90, 2) = 97) ey
+(9(.2) = g%, 9(, X0) — g )LQ(KﬁH) —llg(2) = g1, .1y
< 2¢4[| X — Zn||2 + 2¢4l|1Zn — Z”2 + (9('aXn) -9%9(,2) — 9*)L2(K,H)
+(9,2) = 9%, 9. X0) = 9") ey — 1962 2) = 9 o m)-
We use that Z,, = 7,7 and 2p > 80 > 4 to state
Zn, Z € LPP(Q x [0,T); V) — L*(Q x [0,T]; V) — L*(Q x [0,T); H).

Observe that || Z,(t) — Z(t)|| — 0 for all t € [0,T] and a.e. w € Q as n — o
such that

T T
lim E [ || Z.(t) = Z(@t)||*dt = E/ lim || Z,(t) — Z(t)||* dt = 0.
0 0 n—oo

n—oo

(5.10)
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Based on (2.7), the Cauchy—Schwarz inequality and £(¢) < 1 for all ¢ € [0,T7,
we have

E / ) | £(Za(t) — F(Z(E)|P dt
0

2

g _ 4
(E / 1Za(t)—2(0)] dt) ,

(5.11)

which yields, due to Z,,, Z € L*(Qx[0,T); V) < L3 (Qx[0,T]; V) and (5.10),
that

1
2

T
< C(o) (E/O 1Zn 17 +12@®)1157) dt)

f(Z,) — f(Z) in L?(Q x [0,7]; H) as n — oo. (5.12)

Because Z, — Z in L?(Q x [0,T); H) (since Z,, = m,2), Xp — Z, — 0 in
L2(Q2x[0,T); H) (by (5.4)) and g(-, X,,) — g* in L2(Q2 x [0,T]; Lo(K, H)) (see
(5.6)), it follows by (5.9) for n — oo that

T
E&(T) | X(T) - Zo(T)| —0, E / £() | Xa(t) — Zu()]]* dt — 0,
0
and, therefore,
T
E/ X (8) — Zn ()2 dt — 0. (5.13)
0
Furthermore, we obtain
T
B [0 ot 20) = 6" (00 = 0.

which implies

g(t, Z(t)) = g*(t), for a.e. (w,t) € Q x [0,T].

Consider n € L?(Q x [0, T]; H) to be a simple function. Hence, it is uniformly
bounded with respect to the variables w and t. We use Lemmas 7.1 and 7.2 in
the Appendix and the Cauchy—Schwarz inequality to compute

T
E / (F(Xa(t)) — F(Za(t)),0(2)) dt
0

N

< C(o) (E/O In®1* (IXn OV + 120 (O177) dt>

T 3
x (E/O ||Xn(t)—Zn(t)||2dt> )

As a result of (5.13) and the fact that (X,,), is bounded in L (Q x [0,T]; V)
(see Theorem 5.1) and (Z,), is bounded in L* (2 x [0,7];V) (due to the
embedding L?P(Q x [0,T]; V) < L* (2 x [0,T];V)), we conclude that

T
E / (FXn()) = F(Za()) (1)) dt — .
0
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Based on f(X,) — f* (by (5.5)) and f(Z,) — f(Z) — 0 in L*(Q x [0,T); H)
(by (5.12)), it follows

T
E / (F(8) = F(Z(t)),n(t)) dt = 0.
0

However, the set of simple functions in L?(2 x [0, T]; H) is dense in the space
L2(Q2 x [0,T]; H), so we deduce that

T
E/ (F(t) = F(Z(O) () dt =0, for all € L3(Q x [0,T]; H).
0
Thus,
f(Z@) = f (@), for a.e. (w,t) € Q2 x[0,T7.
Then (5.8) yields for all ¢ € [0,T], all k£ € N and a.e. w € © that

(Z(8), b)) = (0 ) — i /O (AZ(s), hy) ds — A /O (F(Z(s)), he) ds

N (/Otg(s,Z(s))dW(s),hk>-

Since sp{hi, ha, ..., hy,...} is dense in V, the above equation also holds for all
v € V. Hence, X := Z is the variational solution of the stochastic nonlinear
Schrédinger problem (2.5), and X € L?(Q;C([0,T]; H)) N L2 (2 x [0,T}; V)
for fixed p > 4o.

For p € [1,40) we use the continuous embedding result

L3 (Q x [0,T); V) — L*(Q x [0,T]; V).

Consequently, weak convergence in L (£2x [0, T]; V) implies weak convergence
in L2P(Q x [0, T]; V) (see [30, p. 265, Proposition 21.35(c)]). By now, we know
that a subsequence of (X,,), converges to X strongly in L?(Q x [0, T]; H) and
weakly in L??(Q x [0,7]; V). In fact, the whole sequence has these proper-
ties because of [29, p. 480, Proposition 10.13(1) and (2)] and since (2.5) pos-
sesses a unique solution. Using the weak convergence of (X,,), towards X in
L?P(Q2 x [0,T); V) for all p > 1 and the result of Theorem 5.1, we get

T T
B[ IXOR d<tmint B [ 1XAO dt < O Ty k) [14 0]
0 n— 0
(5.14)
The estimate

E sup [|X(8)|% < C(p, T, cq,kg)[1+ )]
t€[0,T

can be shown similarly to Theorem 4.1. Therefore, it holds that
X € L*(Q;0([0,T); H)) N L*P(Q x [0,T]; V).
To verify the strong convergence of (X,), to X in L2(€;C([0,7T]; H)),

we take (2.5) and (4.6), apply the stochastic energy equality to their difference
and obtain



NoDEA A Stochastic nonlinear Schrédinger problem Page 19 of 27 22

1X () = Xn (B
=|lp— gonHz + 2Im/0 <A [X(s) — X, (s)],X(s) — Xn(s)> ds

~2\Re / (FX()) — FalXa(5)). X(5) —~ Xo(s)) ds

+2ReZ ] (s X000 =g Ko, X(0) = X))
+2ReZ/ (5, X (5))ej X (5) = Xn(s)) dB; (s)

2
v ;ng(s,ﬂs))—gn(s,xm( MeslPas+ [ Sl X

for all ¢t € [0,7] and a.e. w € Q. Based on the series representation, the first
term on the right-hand side converges to zero as n — oo and the second one
vanishes. Due to (4.1) and (5.13) (with Z,, = m,Z = m, X), observe that

E/ 1X () = X (s)]* ds

2 r 2
§2E/O 1X(5) — mn X ()| ds+2E/O X (5) = Xn(s)[2 ds — 0
(5.15)

as n — 00. The Cauchy—Schwarz inequality yields

E sup —2)\Re/0 (FX(8)) = Fu(Xn()), X (5) — Xn(s)) ds

te[0,T)
2

T T
< 2A <E/O ||f(X(S))_fn(Xn(5))”2ds) (E/O X(S)_Xn(3)||2d5> ;

which converges to zero as n — oo because the first expression in parentheses
is bounded (compare (5.3) and (5.14)), while the second one goes to zero (by
(5.15)). Using the Burkholder-Davis-Gundy inequality, we get

28 sup Re) / — (5, X ()] €5, X () = Xn(s)) dB, ()

t€[0,T] J=1

N

<6E /0 > llgls, X(5)) = guls Xn(s)] €1 [ X (5) = X (s)]* ds
j=1

T n
< 36 / > llg(s. X()) = gals Xu(s))] e ds

1
+ 3B sup [ X(1) — Xa (1))
te[0,T)
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Relations (4.1) and (4.2), the definition of g, (-,u)w for all v € H, and all
w € K,, Cauchy’s Double Series Theorem (see [8, p. 22]) and the Lipschitz-
continuity (2.3) of g entail

T n
E/ g 1lg(s, X(5)) = gn(s, X (s))] €| ds
T n 2
<9oF / g lg(s, X (s))e; — mng(s, X (s))e;|* ds
'y i — gn(s s))e;||* ds
+2E/0 Z\wng(s,X(s»e] gu(s, Xa(s))e; | d

T
<2E ZZ| e]7hk‘ds+2cg / 1X (s) — Xn(s)|* ds.
0

0 k>n j=1

This expression also converges to zero as n — oo because of relation (5.15),
the fact that g € L%(Q x [0,T]; L2(K, H)) and the rest of a convergent series
goes to zero. Furthermore, the Burkholder-Davis-Gundy inequality leads to

2B sup ReZ/ (5, X(5))es X (3) — Xu(s)) d; (5)

te[0,T] i>n

<68 | [ 3 o X el 1X(5) ~ Xa (o) s

i>n

1
<36E/ S llgls, X(s))es 2 ds + 1B sup X () — X))
0

i>n te[0,T

where the same reasoning of a convergent series is valid such that

/ ZHng e]|| ds — 0 as n — oo.

i>n

Finally, the equation given by the stochastic energy equality results in

E sup [ X(t) — n(t)HQHO as n — oo.
t€[0,T]

Thus, the sequence of Galerkin approximations (X, ), converges to X strongly
in L2(Q; C([0,T]; H)) and weakly in L?(Q2 x [0,T]; V). O

6. Generalizations

1. Instead of homogeneous Neumann boundary conditions, we can also think
of homogeneous Dirichlet or periodic boundary conditions. Then all re-
sults of this paper for the stochastic nonlinear Schrédinger problem stay
the same. Furthermore, during this work, we used Lipschitz-continuity and
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growth-boundedness conditions of the diffusion function g. These assump-
tions can be weakened to local Lipschitz-continuity in Lo (K, H) and growth-
boundedness in Ly (K, H) and Ly (K, V):

o for each L € N there exists a constant ¢, 1, > 0 such that

lg(t,u) = gt V)17, k. < cqorllu— ol
for all ¢ € [0,T], all u,v € H with |Ju|| < L, ||v|]| < L and a.e. w €
e there exist constants cg4, ky; > 0 such that

gt L, by < €q (1 [lul?)

lg(t, )17y < kg (14 01T)

forallt € [0,T], all w € H, all v € V and a.e. w € ).
Similar existence and uniqueness results as in the case of a globally Lipschitz-
continuous function g hold: we use the Galerkin method and the truncation
to prove the existence of the finite-dimensional equation and then we shift
the results to the investigated equation (the steps are similar as in [13,
Section 3.2]).

2. More general types of nonlinearities may be considered. In place of the
power-term f(v) = |v|??v for all v € V, we can take f : V — H defined
by f(v) := F(|v|*)v, where F : [0,00) — [0,00) is a C'-function with
F’(x) > 0 for each x > 0, and there exist C > 0 and ¢ > 1 such that for
each 1,29 >0

|F(x1) = Fa2)] < C (14 [a1]77h + Ja2] 77 [21 — 22. (6.1)

The case ¢ = 1 may also be included by assuming that F is globally
Lipschitz-continuous. Assumption (6.1) substitutes the inequality from
Lemma 7.2. With the help of Lemma 7.1 and Young’s inequality, one can
verify the analogues of (2.6) and (2.7)

If (@) < Clo) (1 + [lollF7 ),
1 () = f)] < Clo) (14 [ull77 + [0]177) llu— vl
for each u,v € V. These inequalities permit to derive similar estimates

as (5.3) and (5.11) needed in Theorem 5.2. The result from Lemma 7.3 is
replaced by

Re {(F(|21]*)21 — F(|22|*)22) (1 — Z2)} > 0, for all 21,22 € C,

which is proved analogously to Lemma 7.3 while using the fact that F is an
increasing and positive function. Furthermore, the inequality from Lemma
7.4 is exchanged by

Re { (F(|v[*)v, Av)} > 0, for each v € V such that Av € H,

which is shown similarly to Lemma 7.4 since F and F’ are positive functions.

The case F(x) = z° with ¢ > 1 corresponds to f(v) = |v|*?v and
(6.1) is replaced by the inequality from Lemma 7.2. Such nonlinearities
appear for example in the deterministic papers [16,21,22]. We can also take
a polynomial of the form F(x) = \g+ A2+ Aoz? with \; > 0 for i =0, 1,2,
which represents a cubic-quintic nonlinearity. In that case our method also
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works and yields the same results. Without loss of generality, this idea
can be transferred to polynomials of finite degree with positive coefficients
and also to linear combinations of power-type nonlinearities of the form
F(z) = Mz + Aox®2 with \; >0, 0; > 1 fori=1,2.

3. Due to our approach, we have considered the stochastic nonlinear Schro-
dinger problem over a bounded one-dimensional domain. Taking R instead
of the interval (0,1) with H := L*(R) and V := W12(R), we can further
ensure the same results as in this paper if we

e regard the continuity of the embedding V' — H (see [31, p. 1027, (45¢)]);
e use an analogue of Lemma 7.1 in form of

sup |v(z)]? < c|v||?, forallv eV,
z€R

with the embedding constant ¢ of V' < C(R) (see [31, p. 1027, (45d)]);
e replace the operator A in our Schrodinger equation by A := A + @,
where @ € L} (R) is bounded from below and satisfies Q(z) — oo as
|2] — oo, such that A has a purely discrete spectrum of eigenvalues and

a complete set of eigenfunctions (see [24, p. 249, Theorem XIII.67]).
4. Referring to the deterministic equation (1.1), we investigate the unique ex-
istence of the variational solution of the stochastic one-dimensional complex

Ginzburg-Landau equation
(X(t),v) = (p,v) — (a1 + iag)/ (AX(s),v)ds
0
+ (b1 + ibg)/o (f(X(s)),v)ds + ey /0 (X(s),v) ds
+ (/0 g(s,X(s))dW(s),v) (6.2)

for all t € [0,T], all v € V and a.e.w € Q, where we choose a1, az, b1, ba,
c1 € R and ¢ > 0 additionally to the assumptions in Sect. 2. Note that the
results of the previous sections correspond to Eq. (6.2) with the coefficients
a1 =0,as = 1,b1 < O,bg =0,c0=0 and o > 1.

Now, we discuss the case a; > 0,a3 € R,by < 0,b5 = 0,¢; € R and
o > 1 by using the same ideas as in the study of Eq. (2.5). The main result
is the analogue of Theorem 5.2 stating that the stochastic one-dimensional
complex Ginzburg-Landau equation (6.2) possesses a unique variational
solution X € L?(Q;C([0,T]; H)) N L*(Q x [0,T]; V) for each p > 1. More-
over, similar results are true by choosing a1 > 0,a2€R, b;=0,b2 > 0,1 €R,
o € (0,2) and linear multiplicative noise, compare the ansatz in [17]. Then
we get a unique variational solution X € L2(Q;C([0,T]; H)) N L*(Q x
[0, T); V') which also satisfies X € L?(Q; L*°([0,T]; V')). Note that we apply
two different methods (in [17] and here) that cannot be mixed.

Appendix

Here, we provide some results used throughout the paper.
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Lemma 7.1. [10, Lemma 1.1] For v € V' it holds that

d
sup Jo(@)” < [lo] (nvn +2] ) < 2ol3

a@w
xz€[0,1] dx

Lemma 7.2. Let z1 and zo be two complex-valued numbers and o > % Then
the following inequality is fulfilled

||z1|2"21 — |22|2022| < (40 —1) (|21\2” + |22|2”) |21 — 22|

Proof. Initially, we prove the auxiliary inequality

25 —1<s(z—1)z°t, for all z > 1 and all s > 1. (7.1)

We regard F : [1,00) — R defined by F(z) := (s — 1)a* — sz*~! + 1. So, we
have F/(1) =0 and F'(x) = s(s—1)2° ?(x —1) > 0 for all z > 1 and all s > 1.
Therefore, F' is a monotonically increasing real-valued function on [1, c0) and
F(z) > F(1) for all z > 1. Thus, inequality (7.1) is true.

Now, we face the assertion of our lemma and assume that |z;| > |z2| and
zo # 0 (in the case |z1| = |2z2| or |z2| = 0 the inequality is obvious). Since

||217721 = |22 22| < |21/*7 |21 — 22| + (I21]* = |221%7) |22

and inequality (7.1) applied for z = 2 and s = 20 yields
z2
(I = 122*7) < 20 (|21] = |22]) [21[*7F < 20]21 = 22|21 [*7 7}

for all o > %, we receive with Young’s inequality that

[[21°7 21 — |22 22| < 20 (]21*7 + |211* 7 22]) |21 — 22

S (40’ — 1) (‘21|2U + |2’2‘20> |Z1 — 22|.

Lemma 7.3. Let z1 and z3 be two complex-valued numbers and o > 0, then
Re {(|21]*7 21 — |22|*722) (z1 — 3) } > 0.

Proof. Let 21 = ri(cosay + isinay) and 2o = ro(cos s + isinas), where
ri,m2 > 0 and g,y € [0,27). By using trigonometric formulas and taking
into account that the codomain of the cosine function is [—1, 1], we compute

Re{(|2’1|2021 — |22|202’2) (71 7272)}

— r%a'+2 + T20+2 20+

1 20+
5 — 7y cos(ay — ag) — rory

1 cos(ag — )
> p20t2 202 g 20t 2ol — (T%U+1 — r%““) (ry —r9) > 0.

O
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Lemma 7.4. Let v € V such that Av € H and let o > 1, then
Re {([v|*7v, Av)} > 0.
Proof. Observe that
Re {(|v/*"v, 4v)} = Re { (40, [vP70) } = Re { (4v, [v[*7v)} .

Moreover, |[v|**v € V for each v € V such that the definition of A and the
relation L |v]|? = (“L0) 7+ v (L) entail

Y(d d
20 o 20—
(Av, [v[*7v) —/0 <dxv> (da:(|v| )) dx
2
d d
20 2(oc— 1)7 2
/ [v] dx—f—a/ [v] (da:v> (dxv )dm.

Taking the real part, one obtains
2 toe ? | T A ?
Re { (Av, [v]70) } = o do++ o (L) g
e {(Av, [v[*?v) } /0 |v] 7 x+2a/0 [v] (dxvl > x,
which is non-negative. U

— U
dx

d
—
:c

Lemma 7.5. Let (Uy,), be a bounded sequence in L*(Q x [0,T); V) with p > 1
Then there exist a subsequence (Uy:)n: and a function U € LQP(Q x [0,T);V
such that (Uy/ )y converges weakly to U in L*(Q x [0, T); H), L*(Q x [0,T]; V
and L?P(Q2 x [0,T); V).

Proof. Note that L?P(2 x [0,T]; V) is a reflexive Banach space (see [7, p. 100,
Corollary 2]). Hence, (see [30, p. 258, Proposition 21.23(i)]) there exist a sub-
sequence (U ), and a function U € L?P(Q x [0,T);V) such that (U )n
converges weakly to U in L?P(€2 x [0,T]; V). Using the continuity of the em-
beddings

L*(Q x [0,T]; V) «— L*(Q x [0,T); V) — L*(Q x [0,T]; H),

we receive the weak convergences of (U, ), to U in L?(Q x [0,7];V) and
L2(Q x [0,T]; H) as well (see [30, p. 265, Proposition 21.35(c)]). O
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