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Local boundedness of variational solutions
to evolutionary problems with non-standard
growth

Thomas Singer

Abstract. We prove the local boundedness of variational solutions and
parabolic minimizers to evolutionary problems, where the integrand f is
convex and satisfies a non-standard p, g-growth condition with
+2
l<p<qg<p™=.

A function u: Qp = Q x (0,7) — R is called parabolic minimizer if it
satisfies the minimality condition

/ u- o+ f(x, Du)dz < f(x, Du+ Dp)dz

Qr Qp

for every ¢ € C§°(Q2r). Moreover, we will show local boundedness for
parabolic minimizers, if f satisfies an anisotropic growth condition.
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1. Introduction

We are interested in the regularity of variational solutions, where the integrand
f satisfies a non-standard p, g-growth condition

V¢l < fa, Q) < L(1+¢]9)
for1<p<g< p”T"'Q and 0 < v < L. The formal corresponding differential
equation is
Oy — div ¢ f(z, Du) = 0,
but since we do not assume that f is differentiable, the PDE above may have
no meaning at all. Moreover, such an equation would only be well-defined, if
the weak solution u belongs to the space L4(0,T;W14(€2)), but the theory

does not ensure the existence of such weak solutions. To overcome these prob-
lems, we consider the notion of variational solutions, which was introduced by
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Lichnewsky and Temam [12] in the context of evolutionary parametric mini-
mal surface equations. In the context of parabolic equations with p, g-growth,
the notion of variational solutions has been introduced by Bogelein et al. in
[1]. Therein they showed existence of variational solutions associated to a con-
vex integrand f, only assuming that f fulfils a coercivity condition. In this
paper we establish an L7$ -bound for these solutions. In order to show this,
we will use a parabolic version of the De Giorgi-classes, which was introduced
by DiBenedetto in [6]. The analogous elliptic problem is treated in [8,14,16],
where the convexity of f and a As-condition is required. For integrands with
P, g-growth, it is crucial that the gap between p and ¢ is not too large. Oth-
erwise, there exist examples of unbounded solutions (cf. [13]). In [14,16] local
boundedness of minimizers to elliptic variational integrands is shown, if

np
n—p
holds. Here, the embedding WP (Q) < L4(£) is compact. In [8], this result is
extended to the case ¢ = p* where the Sobolev embedding is only continuous.
However, it is not possible to state an explicit L°°-bound in this case. In

this paper, we prove boundedness of parabolic minimizers, provided the gap
between p and q is

l<p<qg<p =

n+2
l<psq=p—— =p.

The upper bound ¢ < p, stems from the parabolic embedding. Just as in the
elliptic setting, it is not possible to specify an explicit L°°-bound in the limit
case ¢ = p,. Furthermore, we only need the convexity of the integrand f. This
assumption is essential for proving a Caccioppoli inequality, since f satisfies
only a non-standard growth condition. In the proof we have to handle the lack
of regularity of parabolic minimizers in time, a problem which can, due to the
growth condition, not be treated by a time regularization method like Steklov
averages. But we will use the methods of [2] to show that 9;u € L?(Q2r) holds
for a variational solution wu, if it possess time-independent boundary data. Thus
we can prove that these solutions are locally bounded.

We also consider parabolic minimizers of functionals, where the integrand
f satisfies an anisotropic growth condition of the form

v G < fletu, Q) <Y LA+G

i=1 =1

PL)

If we take p = min {p;} and ¢ = max {p; }, we observe that this is a special case
of p,g-growth. Here we can additionally allow a u-dependency for f and do
not need a convexity assumption. This stems from the fact that we have more
structure conditions for the integrand f. Furthermore, we do not require any
information for the boundary data, since we are able to use Steklov averages to
compensate the lack of regularity in time. The analogous result for parabolic
equations with anisotropic growth conditions has been proved in [15]. Therein
the assumption
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1 11
pi <px with —=—» —
. P nzlpi

is needed for the exponents p;, which is exactly the same condition we need in

this paper. In the elliptic setting, an L{S -bound for minimizers of integrands

satisfying an anisotropic or respectively a p, g-growth condition is proven in
[3], where p; < p* or respectively p < p* is needed. Analogous results for weak
solutions of systems are proven in [4]. Of course, the coefficients must satisfy
stronger assumptions in order to show regularity. For more details we refer to
[3,5] and the references given there.

1.1. Variational integrands with p, g-growth

Now we formulate our results for variational solutions, where the integrand
f satisfies and non-standard p, g-growth condition. Therefore, let Q@ C R™
be an open bounded domain and Q7 := Q x (0,7") describes the space-time
cylinder for T > 0. The integrand f : @ x R” — R U {oo} is supposed to
be a Carathéodory-function and to fulfil the following convexity and growth
assumptions:

R™ 5 ¢ +— f(z,()isconvex fora.e. z € (L.1)
V(P < f(2,Q) <L(CI7+ 1), VY(z,¢) € QxR™, '
for some 0 < v < L. For the initial and boundary datum ug we assume that
ug € L*(Q) NnWHP(Q) and / f(z, Dug)dz < 0. (1.2)
Q

We define variational solutions in the same way as in [1]:

Definition 1.1. Suppose that f :  x R® — R U {oo} is a variational inte-
grand satisfying (1.1) and that the Cauchy—Dirichlet datum v fulfills (1.2).
We identify a measurable map u : 27 — R in the class

w € LP(0,T; WP () N C°([0,T], L*())

as a variational solution if and only if the variational inequality

/ /f;vDudxdt</ /8t’U v—u) + f(xz, Dv)] dedt

IIU( 0) = wollZz0) — 5 Ll -t D720y (1.3)
holds true, whenever v € LP(O, T; WaP(Q)) with 8w € L*(Qr).
Here we used the shorthand notation
WEP(Q) := ug + Wy P (Q)

and later on we will use the abbreviations
B,(xg) :=={z € R" : |z — x¢| < p},

Q,(20) == Bp(xo) x (to — p*,t0),

with zo = (79,%0) € R""! and 29 € R™. In this setting we will show:
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Theorem 1.2. Let
w e LP(0,T; WP (2)) N CO([0, T1; L ()

be a variational solution, where the variational integrand f satisfies (1.1) and
the initial datum g fulfills (1.2). If

2n n -+ 2
——— <p<qg<p.=p

1.4
n+2 n ( )

holds, then wu is locally bounded in Qp. Moreover, if ¢ < p, holds, we have for
any 0 with max {q,2} < < p, and Q,(20) € Qr

sup Ju|<c|1 4ot / lul® dz
Q2 (20) Qp(20)

with a constant ¢ = ¢(n,p,q, L,v).

Remark 1.3. Note that the right-hand side is finite, since u € LP*(Qr) holds
(c.f. Lemma 2.1).

It is also possible to show a comparable result in the sub-critical case
1< p<2n/(n+2), but we have to assume some higher integrability for u.

Theorem 1.4. Let
l<p< 2" and r> 2P
n 42 P
If
u € L, (Qr) N LP(0,T; WP () N C°([0, T; L*(2))
is a variational solution, where the integrand f satisfies (1.1), the initial datum
uo fulfills (1.2) and

n+2
n

P<Sq<p.=p

holds, then u is locally bounded in Qp. Additionally, if ¢ < p. holds, we have
for any Q,(20) € Qp

ps
(n+p) :
sup u<c 1—|—p72 v / |u|"dz ,
Qg (20) Qp(20)

with A, = n(p —2) +rp and ¢ = ¢(n,p,q,v,L,T).

Remark 1.5. The assumption v € Lj (€r) is already needed and sharp in
the case of parabolic equations with p-growth (cf. [6] Ch. 5). Otherwise, there
are examples of unbounded weak solutions. The condition r > n(2 — p)/p

guarantees that A\, > 0 holds.
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1.2. Anisotropic variational integrals

Here we consider local parabolic minimizers of evolutionary problems, where
the integrand f satisfies an anisotropic growth condition of the form

1=1

i=1
with p; > 1 and p > 1 where

1_12":1
i b

p

holds. Note that this is a special case of (1.1).
In this context, we define the anisotropic Sobolev space W1Pi(Q) as the
closure of C'*°(£2) under the norm

n
lullwrre oy = > IDsull Loi o) + llull Ly @)

i=1
and we use the same definition of local parabolic minimizers as in [17]:

Definition 1.6. A measurable map v : Qr — R is termed local parabolic
minimizer associated to the variational integrand f if and only if

u € LP(0,T; WhPi(Q)) N CO([0, T); L2(Q))
and moreover, the following minimality condition
/ w-Opp + f(x,t,u, Du)dz < flz,t,u+ @, Du+ Dp)dz  (1.6)

spt spt @
holds true, whenever ¢ € C§°(Qr).

The appearance of this definition is natural in the context of variational
solutions. In [1, Proposition 3.2] it is shown that every variational solution u
in the sense of Definition 1.1 also satisfies (1.6). Though the reverse statement

is only true, if 9, € L2(Qr) or d; € LP (0, T; W~1#'(£2)) holds.

Now we formulate our results for anisotropic integrands.
Theorem 1.7. Let
w € LP(0,T; WHPH(Q)) N C°([0,T7; L*(2))
be a parabolic minimizer, where the variational integrand satisfies (1.5). If
2n
n+2

holds, then u is locally bounded in Qp. Moreover, if p; < ps holds, we have for
any 6 with max {p;,2} <0 < p, and Q,(z0) € Qr

sup |u| <e¢ <1 + p_‘SnTﬂ) / |u|‘sdz>
Qg (20) »(20)

with a constant ¢ = ¢(n, p;, L, v).

2
<p and pigp*:p% foranyi € {1,...,n} (1.7)

P 1
n px—§8



19 Page 6 of 23 T. Singer NoDEA

Again we have an analogous result in the sub-critical case.
Theorem 1.8. For anyi € {1,...,n} let

2 2 2 —
l<p< ——, piép*zpK and r>u-
n+2 n

If
u € Li (Qr) N LP0, T; WHPi(Q)) N C°([0,T]; L*(Q))

is a parabolic minimizer, where the variational integrand satisfies (1.5), then
u s locally bounded in Qp. Additionally, if p; < ps« holds, we have for any

Qp(ZO) S QT
2(n+p) *
n+4p
sup u<c|l+p 7 / |u|"dz ,
Qg(zo) Qp(20)

with A\, =n(p—2) +rp and ¢ = ¢(n, pi,q,v, L, 7).

2. Preliminaries

2.1. Auxiliary tools

In this subsection we state several auxiliary tools, that will be needed through-
out the paper. We start with a parabolic version of the Sobolev embedding
(cf. [6, Ch. 1, Proposition 3.1]).

Lemma 2.1. Let u € CO([0,T]; L*(2)) N LP(0,T; W, *(2)). Then there exists
a constant ¢ depending only on n and p such that

nip
(/ |up*dz> < sup /|u |2dx+/ Du|pdz>,
Qr 0<t<T

n+2
e

with p, = p
We also need an anisotropic version of the last Lemma ([15, Lemma 1]):

Lemma 2.2. Let u € C°([0,T]; L*(Q)) N LP(0,T; W, (Q)) and suppose that
(1.7) holds. Then there exists a constant ¢ depending only on n and p; such
that

'nip
(/ |u|p*dz> sup /|u t)] d:v—l—/ Z|Dup‘dz ,
Qr 0<t<T Qr

n+2

with p, = p™=

Furthermore, we will use the following well known Lemmata (cf. [11
Lemma 4.7, Ch.II], [6, Lemma 4.3, Ch. I] and [9, Lemma 1.1]):

Lemma 2.3. Let {Jh}heN0 be a sequence of non-negative numbers, verifying
the condition

Jhy1 < MY
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for h € Ng, where M,~ and b are positive constants and b > 1. Then:

Jh < M(1+w)h71b(1+1) %J(IJF,Y);,,.

In particular, if
Jo<0=M b7,
then
Jn <0675
and therefore J, — 0 as h — oo.

Lemma 2.4. Let {Mh}heNo be a sequence of equibounded positive numbers sat-
1sfying the recursive inequalities
M, < CV" M, ¢,

where C,b>1 and o € (0,1) are given constants. Then
1
2C \ ~
Mo = (bl—i>

Lemma 2.5. Let f(t) be a non-negative bounded function defined for 0 < Ty <
t <Ts. Suppose that for Ty < s <t < T, we have

fls) <0f(t) + Alt —5)"" + B,

where A, B, a, 0 are positive constants with @ < 1. Then there exists a constant
¢, depending only on o and 0 such that for every Th < p < R < Ty we have

f(p) < c[A(R—p)~" + B].

holds.

2.2. Time derivative

Now we prove the existence of the time derivative in L?(Qr) of variational
solutions, if they possess time independent boundary values (cf. [2]). Therefore,
we only need the convexity of the integrand f. To be more precise, we have:

Lemma 2.6. Let v € C°([0,7], L*(Q)) N LP(0,T; WLP(Q)) be a variational
solution in the sense of Definition (1.1), where the initial datum ug satisfies
(1.2) and f(x,() is convex with respect to . Then we have dyu € L*(Q7).

Proof. We will use the mollification in time

: 1 [t
[u]h(-,t):e_ﬁuo—i—f/ e
h Jo

For more properties of this mollification see [10, Lemma 2.2] and [1, Lemma
2.2, 2.3]. Now we can test the variational inequality with v = [u];,. If we use
[u]h( 0) = ug, we obtain

s—t

nu(, s)ds.

/ /fxDu dxdt</ Olulp - ([ulp —u) + f(z, Dlulp)dzdt.
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But this implies

/OT/Qlat[u]h|2dxdt:_/OT/Qfllat[u}h.([u]h_u)dxdt

T
%/0 /Qf(x,D[u]h) — f(z, Du)dzdt

IN

T

< %/o /Q[f(x,Du)}h — f(x, Du)dzdt
T

= 7/0 /Q(”)‘t [f(x, Du)], dzdt

= [ 1#@. Duls = [, Du(- T))luda

< /Qf(x,Duo)dx < 0.

Hence 0;u € L?(Q7, RY) holds. Note that we used

Olul =~ ([l )
and
f(@, Dlu]n) < [f(z, Du)]n,
which holds due to the convexity of f, cf. [1, Lemma 2.3]. O

3. L? -bound for p, g-integrands

In this section we show the L% -bound for variational solutions stated in The-
orems 1.2 and 1.4. First, we will only consider the case ¢ < p(n+2)/n and give
an explicit L>-bound for u. In Sect. 5 we will treat the case ¢ = p(n + 2)/n.
In order to prove our results, we want to argue on the level of parabolic mini-

mizers. Therefore we use the following definition:

Definition 3.1. A measurable map u : Q7 — R is termed parabolic minimizer
associated to the variational integrand f and the Cauchy—Dirichlet datum ug
if and only if

ue LP(0,T; WP ()

and moreover, the following minimality condition

T T
/ / u-Op + f(x, Du)dzdt < / f(z, Du+ Dy)dxdt
o Ja 0o Ja

holds true, whenever ¢ € C§°(2r).

In [1, Proposition 3.2], it was shown, that every variational solution in
the sense of Definition 1.1 is also a parabolic minimizer in the sense of De-
finition 3.1. The reverse statement is only true if dyu € L%(Q7) or du €
L' (0, T; W~=17'(2)) holds. Hence, it is not restrictive to use the definition of
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parabolic minimizer to show regularity for variational solutions. Our first aim
is to prove a Caccioppoli inequality on superlevel sets

Ak, p,0) == A(k,p,0; 20) :== {(z,t) € Qp0(20) : u(z,t) >k},
with
ng(ZQ) = BP(SC()) X (to — e,to)

and zyp = (z0,t0) € R and k, p,0 > 0. A crucial point in the proof is, that
we can not use the “hole-filling technique” due to the growth conditions. To
overcome this problem, we will use the convexity of f. A similar technique has
been used in [7, Lemma 3.1] to prove a Caccioppoli inequality.

Lemma 3.2. Let v € C°([0,T]; L*(Q)) N LP(0,T; WLP(Q)) be a variational
solution, where the integrand f satisfies (1.1) and the initial datum uy fulfills
(1.2). Then for all cylinders Q, ,2(z0) € Qr and k, 71,72 > 0 with $p < p1 <
p2 < p, to—p2§t0—72<t0—71§t0—%p2 and ¢ < 0 < p, we have

sup / I(u—k)+(-,t)|2dx+/ |DulPdz
to—T1<t<to J B, (wo) A(k,p1,71)
—k 2 —k).°
cof MmRAR Nuomp
A(k,pa,m2) T2 T1 (p2 — p1)

with a constant ¢ = ¢(p,q,v, L).

Proof. Since every variational solution is also a parabolic minimizer, we have
for any ¢ € C5°(Qr)

/ u- O+ fx, Du)dz < f(z, Du+ Dy)dz. (3.1)
spt ¢

spt ¢

For &£ > 0 we choose
o= —xeIC(u — k)4

as testing function, where the functions ¢ € C*((to — p?,t)) and ¢ € C}(B,)
are cut-off functions with 0 <, < 1. Additionally we can choose  such that
¢ =1on B, (x9), ( =0 outside of B,,(xo) and 0 < |D({| < 2/(p2 — p1) holds.
For 1) we can assume that ¢ = 0 on (tg — p?,to — 72), ¥ = 1 on (tg — 11,%0)

and 0 < ¢’ <2/(m2 — 71) holds. Last, the function y. is defined by

1 to—p* <t <7
Xei = 1-1(t—-7) 7<t<7+e
0 otherwise

for 7 € (to — T, —€) and 0 < ¢ < 1. From Lemma 2.6 we know that
dyu € L?(Qr) holds, because the solutions have time-independent boundary
values. Hence we can take ¢ as testing function, since this function can be
approximated by smooth functions with compact support in 7. Now we use
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the convexity of f to estimate the right hand side of (3.1)

f(x, Du+ Dp)dz = (z,(1 =) Du+ ?(Du+ Dg))dz

spt spt ¢

< [ (0=, Du) + 91w, Du+ D),
spt ¢
where we used the abbreviation

@ ==X (u— k).

If we use this estimate in (3.1) and subtract [ _(1—19)f(z, Du)dz on both

sides, we achieve

pt

/ u - Opp + P4 f(x, Du)dz < Yif(x, Du+ Dp)dz. (3.2)
spt ¢

spt ¢

Note that fspw f(z, Du)dz is finite, since u is a parabolic minimizer. Thus
we were able to absorb this term. Next we estimate the right hand side, again
using the convexity of f

| wtt.Dus Do
spt ¢

= VUf (@, Du— D(xeC*(u — k) )) dz

spt ¢

= YUf (2, D(u—k)+ — q(u—k)4xC? D¢ = x=("D(u — k)+) dz

spt ¢

= /Spwiﬁqf (x,(l—Xqu)D(u—k)++XE<q (_q%l)C)) &

< [ 0= € f (e Du) + xet O f (g D) d

spt ¢

Putting this into (3.2) and subtracting fspw (1 — x=C9) f(z, Du)dz on both
sides, we obtain

/ - O + xe1Cf(x, Du)dz
spt @
< 1 f (2, -2 D) d
/Spwx (x q— )z
|(u — k)
q

£ Dgjo 4 yepscra
¢ xe¥i¢idz

<elLa) [ lfw= R pIDC + 14z, (3.3)
spt ¢

<L g
spt ¢
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Note that we used the growth-condition (1.1). Now we consider the term, that
involves the time derivative and compute

/ u - Oppdz
spt ¢

= —/ atu . (‘Ddz
A(k,p2,72)

= / Oe(u — k)4 x4 (u — k)4 dz
A(k,p2,72)
1
=/‘ S04 (u— )y [Pxevicidz
A(k,p2,72)

S SR (e g ) o
k,p2,T2

co 1 CU\(u— k)4 (-, 7)Pda

sz (170)

q -
o S U R
A(k,p2,72)

1 —k 2
>5[ dw-msenpar—g [ =B
2 By, (w0) Alk,pa,m2) T2~ T1

If we let € | 0 in (3.3) and insert the last estimate, take the supremum over
7 € (tog — 71,t0) in the first term on the left hand side, let 7 — ¢, — 71 in the
second term on the left hand side and use the growth assumption (1.1), we get

sw [ Ju-RaGopdet [ (paPas
tE(t(]*Tl,t(]) Bpl(ivo) A(k:,pl,Tl)

AR A
<cf [ N (R P
Akpaz) T2 T1 (p2 = p1)"
cof | MRRP o,
Akpaz) T2 7T (p2 = p1)
with a constant ¢ depending only on p, ¢,v and L. O

Now we are ready to start with the proof of Theorem 1.2. Here we will
only show the L{°-bound for the case ¢ < p.. The limit case ¢ = p, will be

loc™

treated in Sect. 5.

Proof of Theorem 1.2. Consider a parabolic cylinder @, ,2(20) € Q7 and k >
1. For h € Ny we define

Oh §+ ﬁ — Ph+Ph+1
h (% ) = Th+Th+1 (34)
kp =k (1— 2%
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and
T = / lu— p | . (3.5)
A(kn,pn,mh)

Now we choose 1, € C((tg — p?,to)) and ¢, € C§(B,(mp)) with 0 < ¢, <1
and ¢, = 1in B, (z0), ¢» = 0 outside of By, (x¢) and |D(p| < %. Further we
take 0 <, < 1 with ¢, =1in (to—Th+1,t0) and ¥, =0 for t < to—75. With
these choices and the Lemmas 2.1 and 3.2, we have for max {q,2} < ¢ < p,

Jpt1 < / [(u — kns1)vnCnl’ dz
A(kn+1,9n,Th)

)

Px

s
< </ |(w — Epg1)nCnlP dZ) NA(kng1, P, 7o)
A(En41,0,:Th)

to—Th<t<to

<c l sup /Bi . [(w = kpg1)+ (o ) Un () Cn [ d

_s
NA(Kns1,s pry )P

+ / ID[(u — Fny1)¥nCullPdz
A(kny1,P,:Th)

<c| sup / (1~ Enen )4 (- 8)Pda + / DupPds
to—Tr<t<to J By, (z0) A(Kh41,Pp5Th)
n+p §
th "oPs 1—-9
+f = ks G pn )
A(kh+1,P1:Th) P

2h5 s 4h )
<c —[u—kpa1]” + < u— kpga "+ 1dz
A(kh+1,01,7h) p

_3
X | A(knt1, prymh)| 7+

2h§
<c —5/ |u—kh+1|‘s+1dz
P A(Kh41,pn,Th)

Now we observe that

n+p
n

3
P«

_3
VA1, pry )| P

/ lu — kpy1]®dz < Jp (3.7)
A(khy1,p0,Th)
and
Al )l (s = ) < [ (u— k) dz < Ui
A(kh41,0n,Th)
and since k > 1, we have

4(h+2)5
Ak, )| < 2 < 4042, (35)
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Then, (3.6) turns into

n+p

) )
2h6 nopy 4h6 175*
Jhy1 <c [p(;Jh} <Jh)

c s 2 py\M R
- e (O o

with ¢ = ¢(n,p, q, L, ). Now we use Lemma 2.3 with

0 )
7= P2 L b=4204500) and M = ‘ joEe

n Py k%(”*—‘s)p to s

If we choose k > 1 such that
/ luffdz = Jo < M~3b7 77,
Q,, 2 (z0)N{u>0}

we get limy_, o Jr = 0 and thus

or

1
e
sup u<e(1+p 95" / u|®dz ,
Qg (20) Qp(20)

with ¢ = ¢(n,p,q, L,v). Now we have proved that u is locally bounded from
above in Qp. Moreover, —u is a local minimizer of the integrand f(z,¢) :=
f(z,—¢). Since f satisfies the same growth conditions as f, we conclude that
—u is locally bounded from above by the same bound and the proof is com-
pleted for ¢ < p,. 0

Now we will prove Theorem 1.4. Therefore, we let 1 < p < 2n/(n + 2).
Since we are in the sup-critical case we need to assume that u is integrable
with exponent r > n(2 — p)/p in order to show the L{° -bound. We also note,
that we can use Lemma 3.2, since we do not require any assumptions on p
there. Now we will only consider the case p < p,, for the limit case we refer to

Sect. 5.

Proof of Theorem 1.4. Let Q, ,2(20) € Q7 and k > 1. First we notice that
P« = p(n+2)/n < 2 holds. We define pp, py,, 7h, Th and kp, as in (3.4) and set

T ::/ (= Fop)[2dz.
A(kn,ph,Th)

Now we choose 1, € C1((tg — p?,to)) and ¢, € C3(B,(wp)) with 0 < ¢, <1
and ¢, = 1in B,, ., (x0), ¢4 = 0 outside of By, (x) and |D¢| < %h. Further

Ph+1
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we take 0 < ¢, < 1 with ¢, = 1 in (tg — Th41,to) and ¥y =0 for t <ty — T
we obtain

Jpt1 < / [(u — kpg1)¥nCal*dz
A(kn+1,Pp,Th)

2

< </ |(u — kh+1)¢h§h|qd2>
A(kn41,91:Th)

2(1—a)

X (/ [(u— kh+1)'l/)h<h|rd2> : (3.10)
A(kr41,Pp,Th)

for o € (0,1) with

With the abbreviation

2(1—a)

M = / |u|"dz
Qp(20)

and Lemmas 2.1 and 3.2 (with § = ¢), inequality (3.10) turns into

2a

Jpt1 < (/ |(u— kh+1)¢h§h|qdz>
A(kh+1,Pn,Th)

X (/ |(u — knt1)¥nCnl"dz
A(kn+1,Pn,Th)
2a

( / (= th)whchwdz)
A(kn+1,P1,Th)

< o

M ((/ |(u—kh+1)¢hCh|p*> |A(kps1, Ppo 7o) | 7%
A(kny1,P,:Th)

M| sup (= kng1) 4 (- £)[2der + / |Duldz
to— rh<t<t0 K(By,) A(kh+1,P1Th)

2a
q

2(1—a)

\ /\
S

IN

IA
o

ntp g
n Px

4hp _a
+/ —lu—kny1Pdz NA(Kns1, pry )| P
A(kn+1,P,,Th)
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ntp g

n.o Px

gha 4P )
SCM / T|u—kh+1|q+7|u—kh+1| + 1dz
A(kr41,Pn,7h) P

2a
q

—_a
X |A(kns1, pny )| 7

42h
SCM / T|U—kh+1|2+1dz
A(kny1.on,m) P

2a
q
q

x |A(kn1, pny o) 7

We proceed similarly as in the proof of Theorem 1.2 and conclude

/ |u—kh+1|2dz < J
A(kng1,0on,h)

and
Alh+2)2 ht2)2
|A(kng1s prsh)| < 2 Jp <4227,
Thus we get
g2o(43Emh (1+2.L)2e

Jht1 < cM

J
200 2 (fy ntp 2a “h
q Px (p* q)p2 no px

Now we use Lemma 2.3 with

2x 2 200 2
7=(1+pq>—1= +—=—=.

q n+2 r r
Note that the assumptions for r and a imply that v > 0 holds and if we choose

9 Px
4a n+p 1 1 2o 2 pxma
k=c|l1+ / lu|?dz | p~ o m T M~ )
Qp(zo)
we obtain
sup u < k.
Qg(zo)

Since —u is also minimizer to an integrand satisfying the same growth condi-
tions, we conclude that v is bounded. But in order to get the optimal exponents
in the estimate we have to iterate again and use that u is locally bounded.
Therefore we define

Jp = / |u — kp|"dz
A(kn,pn,mh)
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and take the function v}, and (, as above. If we use Lemmas 2.1 and 3.2 and
the fact that w is locally bounded, we obtain

Jhs1 < / |(u = kpt1)nCn|"dz
A(kny1,P,,Th)

Sl g [, G
15PpT

< ellullz=(g, 0 [ sup /B - |(w = k1) + (1) *da

to—Tr<t<to
n+p

n

2hp
+/ | DulP + —p|u — kpi1|Pdz
A(kh41,Pp,Th) p
22h )
< clull; 2, o | o = By ? + 1z
(@ (z0)) p? A(kn+1:Pp,Th)
n+p
2 e

4h "
< C”uHTof*
L (QP(ZO)) p2

X / |’LL — I{jh+1|r + 1dz ‘A(kh+1aph77-h)|l_%
A(kh41,Pn,Th)

n+p
n

(3.11)

Since k > 1, we have

/ ‘u—kh+1|TdZ < jh
A(kh41,Pn,Tk)

and

h+2
2( r J < 2(h+2)TJ

|A(Kns1, oy mh)| <

With these estimates (3.11) turns into

SR
T < el o, oz e I

and we can use Lemma 2.3 with

cllull L netp
by Bl g o,

— 0)
’)/ - ) M p2n+pk(," 2) n+

Now we choose

2(n-+p) Rien)
k= cHu|| ) ”+ZO)) 1+p > / |u|"dz
Qp(20)
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for a constant ¢ depending on n,p, q,v, L,r and get

/ |u|"dz = Jo < M-5b 52,
QPyPZ(ZO)m{u>O}
But this implies
T—Px _n 2(n+p) (T—Z)Izn-%-p)
swp < clul g7, (1HeT 5 [ aras C(a2)
@g (=) Qp(z0)

with a constant ¢ only depending on n,p, q, v, L,r. With the definition

My := sup wu,
Qph,rh(zo)

we gain from (3.12)

2(ntp) (T*Z);Erwrp) r—px n
M,<c|l14p @ / |u|"dz Mh:f nte
Qp(20)

Since the assumption

9 _
I C Tt )
p

is equivalent to

r—py N

r—2n+p ’
we can use Lemma 2.4 with

r—Ps N Ar

a=1 =
r—=2n+p (r—2)(n+p)

o =2 )
C=(14+p > / |u|"dz
Qp(zo)

and

and achieve

>
ﬁ‘@

(n+p)
sup u<c 1—}—,072 ot / |u|"dz ,
Qg(zo) Qp(20)

where we used the abbreviation
A =n(p—2)+rp.

Again we can conclude that —u has the same upper bound and hence the proof
is completed. ]
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4. L7* -bound for anisotropic integrands

Now we consider parabolic minimizers of integrands with anisotropic growth
conditions. Our approach will be similar to the procedure of the last section.
We will also start with a Caccioppoli inequality on superlevel sets.

Lemma 4.1. Let u € C([0,T); L>()) N LP(0, T; Wh®)(Q)) be a local min-
imizer, where the integrand satisfies (1.5) and p; < p. holds. Then for all
cylinders Q, ,2(20) € Qr and k, 71,72 > 0 with %p <pr<p2r<op tg—p*<
to—To <tg—T1 Sto—%pQ and p; < 6 < p, we have

n

sup / |(ufk)+(.7t)|2dz+/ Z|Dlu
to—T1<t<to JB,, (z0) A(k,p1,7m1) j—1

_ 2 _ S
cof MR b,
A(k,p2,72)

Pidz

T2 —T1 (p2 —p1)°
with a constant ¢ = ¢(n,p;,v, L).

Proof. For any k > 0 we choose

o =—xW"CP(u—k)y

as testing function, where the functions ¢ € C'(R) and ¢ € C}(B,) are cut-off
functions with 0 < ¢, < 1. Additionally we can choose ¢ such that ( = 1
on B, (x9), ¢ = 0 outside of B,,(xo) and 0 < [D(| < 2/(p2 — p1) holds. For
1 we can assume that 1 = 0 on (tg — p?,to — 72), ¥ = 1 on (tg — 71,%9) and
0 <’ <2/(15 — 1) holds. Last, the function x. is defined by

1 to—p?<t<r
Xer=(1=-1(t—-7) r<t<r+e
0 otherwise

for 7 € (tg — T1,t0 —¢) and 0 < ¢ < 1. We can assume that d;u € L*(Qr)
holds, otherwise, we use Steklov-averages to justify ¢ as testing function in
(1.6). We treat the term with the time derivative in the same way as in the
proof of Lemma 3.2 and get

/ u - Oppdz
spt ¢

1
— [ Sl R (e et ) s
A(k,p2,72)

1
L2 Ol binPs
2 sz(xo)

(VS ]

/ (1= B PP 8 Py s
A(k:,pg,Tz)

. 2
21/ |<u—k>+<-,r>|2dx—p/ =k)Fy,
2 JB,, (z0)

A(k,pa,m2) T2 771
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With the computation

Dip = =X (p¢P ' DiC(u — k) 1) + P Diux[usi)

and the growth assumption (1.5) we estimate

[ fetuteDus Do
A(k:,p277'2)

Di
Jrldzgc/A Z

(k,p2,72) i=1

n

< L/ |Dju+ Do
A(k,p2,72) ;

% (e ¢r ) (D¢l (u = Y+ Dyl (1= x0?¢P) | +1dz

= C/A > [IDicIP (w— k)% + [Dyul? (1 = x=0P¢P)] + 1dz.

(k,p2,72) j—1

Further we use the growth assumption (1.5)

n

/ f(z,t,u, Du)dz > y/ Z |DjulPidz
A(k,p2,72) A(k,p2,m2) 521

19

and if we plug in our estimates and let € | 0, we obtain for any 7 € (to — 71, to)

DPi dZ

u—k) (7 2dx+/ D;u
/Bm(zo)u ) ()] » 3

1P2,T2) =1

_ 2
cof Mumar
A(k,pa,m2) T2 7 T1

+Z< —|—|Du

Pi(1 = PCPx(1gry.m) | dz.
e = 00 n)

Now we add

n

c |D;u
/A(k,pz,‘l'z) Z

=1

PLCPYPX (tg—m1,7) A2

on both sides, divide the inequality by ¢+ 1 and obtain

1 / ) ~
(= B ()2 + / tomm S Dsu
c+1 By, (z0) A(k,p1,71) ’ Z

i=1

Di dz

n
C

< |D;u
c+1 /Auc,pz,rz) ; '

"= Ry P L
+/ |(u )+|A n [(u— k)| lde.
Alkpa2) =3 (p2 = p1)P Ty — T

Pi dz

1=
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Now we take the supremum over 7 € (top — 71) and get

1 / ) - v
sup (0 — k) (1) de + / Dyl dz
¢+ 1 h—m<i<to By, (z0) A(k,p1,711) 1221

n

C
< / |Dju|Pidz
c+1 A(kvpz,ﬁ);
S (u— k)P J(u— k)4 ?

+ 1d=.

“
A(k,p2,72) z;

i=

(p2 — p1)P: T2 —T1

Then Lemma 2.5 and Young’s inequality imply

n

sup / |(u—k)+(.,t)|2d3;+/ > Dl dz
To<t<to BPl (Io) A(k P, TQ) i=1
— 2 n Di
< c/ | u— k)i +Z [(u— k)4 +1dz
A(k,p2,71) T2 T1 i=1 p2*P1 p1
— k). |? 5
cof | MoBAR 0oB
A(k,p2m) T2 T1 (p2 - Pl)
with ¢ = ¢(n, p;, v, L). O
Now we prove Theorem 1.7 for the case p; < p, for all i € {1,...,n}.

Proof of Theorem 1.7. We will use the notation from the proof of Theorem
1.2 and define the parameters just as in (3.4) and (3.5).

Now we choose ¥y, € C*((to—p?,tp)) and ¢, € C§(B,(z0)) with 0 < ¢, <
Land ¢4 = 1in B, (20), ¢4 = 0 outside of By, (x¢) and |D(p| < 2 . Further

we take 0 <y, <1 with ¢y, = 1 in (tg — Tk+1,t0) and ¢y =0 for ¢ § to—Th.
With these choices and Lemmas 2.2 and 4.1 we have

Jpt1 < / |(w — K1) nnl’ dz
A(kn+1,0,,Th)

)

Px
o)

: </ [ = Kt JuonGnl™ dz) NA(knr, By 7o) T
A(kn+1,9,,7n)

SC[ sp [ ke S D d:
g Bz, (z0) A

to—Tr<t<to (knt1,Pn:7n) §=1
n+p §

+/ ZT|U—kh+1|p’dz '|A(kh+1,ph,7h)|1 P
A(kh+1,PpTh) §—1 P
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ntp 8
2h5 4h no Pk
<ec / —é\u—kh+1|5+7|u—kh+1\2+1dz
A(kn+41,Pn,Th) p
1—9
X |A(Kny1, pryn)|" 7
ntp §
4ho 5 o -2
<c|®s kP +1dz| Ak pn )l
P" JA(knt1,0n,mh)
(4.1)
Now we can iterate this inequality in exactly the same way as in the proof of
Theorem 1.2 and obtain the claim. O

Theorem 1.8 can be proved by combining the methods of the proofs of
Theorems 1.4 and 1.7.

5. Boundedness of solutions in the limit case

To complete the proofs of the Theorems 1.2, 1.4, 1.7 and 1.8 we have to consider
the limit case ¢ = p, or respectively p; = p, for at least one i € {1,...,n}.
We will start with variational solutions of integrands satisfying the p, g-growth
condition
2n _ n+2

n+2 <p<g¢=p n
First we use Lemma 3.2 with § = ¢, hence we have for all @, ,2(20) € Qr and
k1,72 >0 with 1p < p1 <pa < p,to—p? <to— T2 <tog—711 <to— 3p°

ne / |(“*k)+(~,t)l2dx+/ | DulPdz
fommi<t<to J By, (zo) A(k,p1,71)
—k)4|? — k). e
= c/ (= k) Jw =Rt (5.1)
Alk,p2,m2) T2 771 (pg — pl)q

Now we define pp, py,, 7 and 7, as in (3.4). But in contrast to Sect. 3 we set

1
kh:k<1_2h+l>

Jh ZZ/ |u—kh|qdz.
A(kn,pnsTh)

If we use (5.1) and Lemma 2.1 we can find an analogous estimate to (3.9)

and

n+p ntp _NEP

no oo 9n n
P J,m

Jnt1 < c4h

The difference between this estimate and (3.9) is, that we only have a k-
dependence in the terms of J,. But we also want to iterate this inequality
with the help of Lemma 2.3. Therefore we need

1,1
Jo < M~7b 3%, (5.2)
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n+p n+p

with M = cp™@ =", b=2%"+" and v = £. But by the definition of

1
Jo = / |u — fk‘qdz,
Qp,pz(zo)ﬂ{u>%k} 2
we can choose k > 0 big enough, such that (5.2) holds. Hence Lemma 2.3
implies
sup u <k,
Qg (20)

i.e. u is locally bounded. This approach can also be applied in the sub-critical
case for anisotropic integrands.
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