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Abstract. Let p € (1,00), s € (0,1) and Q@ C RY a bounded open set with
boundary 9 of class C1''. In the first part of the article we prove an
integration by parts formula for the fractional p-Laplace operator (—A);
defined on Q C R and acting on functions that do not necessarily vanish
at the boundary 9€2. In the second part of the article we use the above
mentioned integration by parts formula to clarify the fractional Neumann
and Robin boundary conditions associated with the fractional p-Laplacian
on open sets.
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1. Introduction

Let © C RY be a bounded open set with Lipschitz continuous boundary 052,
1 < p < oo and let Ayu = div(]Vu[P"?Vu) be the p-Laplace operator. Using
the following well known integration by parts formula,

—/UApu dm:/ |VulP~2Vu - Vo dx—/ v|VulP~2Vu - vdo, (1.1)
Q Q a0

valid for u,v € WHP(Q) such that Apu € L71(Q) and |Vul|P2Vu - v =
|Vu|P=20u/0v € L7 (99, 0), where o denotes the usual Lebesgue surface
measure on 0f), it is nowadays classical to define the Neumann boundary
conditions associated with the operator A,, given by |[VulP~2Vu-v = g on
99, and the Robin boundary conditions, |Vu[P~2Vu - v+ v|u[P~2u = g on 9,
where ¢ is a given function on Jf). Here v denotes the outer normal vector
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at Q. We call |[Vu[P~2Vu - v the p-normal derivative of u so that the 2-
normal derivative, Vu - v, coincides with the classical normal derivative of u. A
realization AQ/ and A of the p-Laplace operator with zero (g = 0) Neumann
and Robin boundary conditions, respectively, can then be defined directly, if
Q) has a Lipschitz continuous boundary, or by using the method of proper,
convex, lower semi-continuous functional if € is not smooth enough (see e.g.
[2,26]).

The main concerns in the present article are the following: let p € (1, 00),
0<s<1and Q CRY abounded open set with boundary 99 of class C1!.

e Find a suitable definition of an (s,p)-normal derivative of a function u
defined only on €, so that as s | 1, it converges to |Vu|P~2Vu - v (the
p-normal derivative of u mentioned above).
e Find an integration by parts formula for the fractional p-Laplace opera-
tor defined on 2 and acting on functions defined only on € and do not
necessarily vanish at the boundary 92, that is, a formula comparable to
(1.1) for the fractional p-Laplace operator.
e Define a realization in L?(Q) of the fractional p-Laplace operator with
fractional Neumann and Robin type boundary conditions.
In the above items, we have insisted that the functions are defined only on 2
and do not necessarily vanish on 9f). In fact, this makes the situation difficult
to define the recently studied fractional Laplace operator.

For the convenience of the reader and in order to make the paper as
self-contained as possible, we start by introducing the fractional p-Laplace
operator. Let 0 < s < 1, p € (1,00) and set

Ju(z) P~
(ENEET
For u € LP7Y(RY), z € RN and € > 0, we write

(*A)IS),EU(I) = ON,p,s/ |u(1;) _ u(y)|p*2M dy,

_ N+ps
(VERN [y—a|>¢} |z —y| VP

Lr1(Q) = {u : 2 — R measurable, / dzr < oo} .
Q

with the normalized constant C'y ), s given by

s +p+N—-2
o (metagn-2)
T2 (1 —s)
where T is the usual Gamma function (see e.g. [3,5,7,14,17,18] for the linear

case p = 2).

The fractional p-Laplacian (—A)ju of the function u is defined by the
formula

Cnps = (1.2)

(~A)u(z) = PV. COx ps /RN ) — u(y) > ) =)

v o=y
_ 1 o s N
- IEIE}( A)p,eu(z)7 YIS R ) (13)

provided that the limit exists. We refer to Sect. 4 below for the class of functions
for which the limit exists. We notice that if 0 < s < p’%l and wu is smooth,
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for example, u € L (RY) N C%1(RY), then the integral in (1.3) is in fact not
singular near x.

We mention that even in the case Q = RN, £P~1(RY) is different from the
space L’S);l(RN) introduced in [10,11,22]. In fact £P~1(R¥) is the right space
on which for every ¢ > 0, (—A); _u is well defined on RY and is continuous
where the function w is continuous.

The linear fractional Laplacians being the generator of s-stable processes
(Levy flights in some of the physical literature) are widely used to model sys-
tems of stochastic dynamics with applications in operation research, queuing
theory, mathematical finance, risk estimate and others. Nonlocal models differ
from the classical partial differential equation models in the fact that in the lat-
ter case interactions between two domains occur only due to contact, whereas
in the former case interactions can occur at a distance. For more applications
and details on these facts we refer to [3,6,9,27-29] and the references therein.

As we have mentioned above, of concern in this article is to define a
realization of the fractional p-Laplace operator with fractional Neumann and
Robin type boundary conditions on open subsets of RY. Since the operator
(fA); is nonlocal, it cannot be used on domain automatically. We proceed as
follows. Let 2 C RY be an arbitrary open set. For u € £P71(Q), x € Q and
e >0, we let

A e T gt
(~A)hu(a) Q”ﬂLQWxx}() () e

and we define the operator

(_A)?Z,pu(x) = Eﬁ}(_A)?Z,p,eu('r)a T € Qv (14)

provided that the limit exists. In [17,18] the linear operator (—A)g, 5, has been
called the regional fractional Laplacian. We shall use this terminology to call
(_A)?Lp the regional fractional p-Laplace operator.

We have the following. Let u € D(). Since u = 0 on RV\Q, a simple
calculation gives

(-8 = CovpaPV. [ futo) — a2

|u(z) [P~ *u(z)
N,p, EN\Q Ix—y\Nﬂ”

= (=A)ju(@) = Vap(@)|u(z)P~*u(z), (1.5)

where the potential Vg ;, is given by

1
Vs =CnNyp.s — 0 dy. 1.6
Q7P($) N,p, /RN\Q |x_ le‘i‘I)S Y ( )

The fractional p-Laplace operator (—A); (for all p € (1,00)) with the Dirich-
let boundary condition has been investigated in [16,21,29] and the references
therein. More precisely in [16] some spectral properties of a realization in L?(£2)
of this operator with Dirichlet boundary condition has been studied, in [21]
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the authors have shown some global Hoélder continuity results of the associated
quasi-linear elliptic problem with the Dirichlet boundary condition and finally
in [29] some well-posedness, fine estimates of solutions and existence results to
parabolic and non-linear elliptic problems associated to (—A)f, with Dirichlet
boundary condition have been obtained. Similar elliptic problems associated
to general non-local operators defined on RY where |z —y| = =7 is replaced by
a general symmetric kernel K (z,y) have been recently studied in [10,11,22].
We notice that in [16,21], (~A)3 has been introduced without a normalized
constant, but this is not restrictive in the framework considered there. Here we
have introduced an explicit constant C'y )y s that coincides with the well-known
constant Cy s in the linear case p = 2 contained in the above mentioned ref-
erences. The justification of the constant Cy ;s is given in Remark 4.2 below.
In fact the constant is needed to approach the classical p-Laplace operator as
s goes to 1 (see e.g. [4,14]).

At our knowledge there is almost no reference (except the Ph.D Disser-
tation of Tang [25] where parabolic problems associated with the operator
(—A)g,, have been mentioned without going into details) where the regional
fractional p-Laplacian (—A)f))p has been deeply studied. We think that one of
the reason is that there is no appropriate Green type formula associated with
this operator when it acts on functions that are defined only on 2 and do not
vanish on 0€). An integration by parts formula is crucial and the main tool
in the study of parabolic, hyperbolic and elliptic partial differential equations.
We also mention that for a general open set €2, we are not sure that an iden-
tity as the one in (1.5) can be established for functions defined only on € and
do not vanish on 0. Indeed, letting % be an extension of such a function u
(if it is possible) to all R such that (—A)$ exists, then a relation between
(=A)yu and (—A)g, ju can be established but the relation may not be inde-
pendent of the choice of the extension except in the case where there is only
one possible extension. Parabolic problems associated with the linear operator
(—A)g o have been intensively studied in [5,8,18] and the references therein,
by using some probabilistic approach and in [27,28] by a direct method. The
method of proper, convex and lower semi-continuous functional will be used
to define a realization in L?(Q) of (—A)§,, with suitable fractional Neumann
and Robin type boundary conditions. To characterize the Neumann or/and
the Robin type boundary conditions for (—A)g, , one needs to introduce first
the object in the regional fractional p-Laplacian playing the role that the p-
normal derivative does in the case of the p-Laplace operator. Second, one
needs a Green type formula for the regional fractional p-Laplace operator.
The case p = 2 has been recently investigated in [12,13,17,18,27]. More pre-
cisely, for the case p = 2, Guan and Ma [18] (for the one-dimenional case)
and Guan [17] (for the N-dimensional case) have shown that if § < s < 1
and u(z) = fi(z)p(x)?*~! + g1(x), v(z) = fa(x)p(x)?*~! + go(z) for some
f1, f2,91,92 € C%(Q) where p(z) = dist(z,09Q), = € Q, then one has the fol-
lowing integration by parts formula:
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/Qv(—A)fmu dx = / / >T;\)](f2)5_ v()) dxdy

— BN’S/ v/\/2272su do, (1.7)
o0

where By s is an explicit constant and the boundary operator N 27259, is de-
fined for every z € 9X) by

2—2s : du(z—l—tﬁ(z)) 2—2s
Ny~ u(z) = im a
and 7(z) denotes the inner normal vector to 9 at the point z € 9. We call
the function N7 %*u, the (s,2)-normal derivative of u. In fact, by [27], (1.7)
holds for every v € W#2(Q) and by [28] the constant By s = By depends only
in s (see also Remark 3.10 below).

In the present article we take inspiration from Guan and Ma’s approach
for the linear case p = 2 (see also [27] for a weak formulation) to obtain
a general integration by parts formula for the quasi-linear operator (—A)‘g2
acting on functions that do not necessarily vanish on 0€2. With the help of
the obtained integration by parts formula, we will be able to characterize
completely the fractional Neumann and Robin type boundary conditions for
the operator (—A)¢, , which are also consistent with the linear case p = 2.

It turns out that if p € (1,00), max{t= ! 1} <s <1, p8="= 1 + 1 and

u(z) = f(x)p(2)?~ + g(z) = ug(z )—|—g( ) for some f,g € C’Q( )7 then the
fractional Neumann boundary conditions for (—A)¢, ju correspond to

-2
UuQ P

pPt

Yo
pP1
where C), ; is an explicit constant (see formula (3.20) below). If g € C(09),
then (1.8) means that for every z € 942,

C’p’s./\/'ﬁ_ﬂu = Cp |3 —1P71 =g on 09, (1.8)

NEPu(z) = Gy B =1t g (|0l 7 o) )
Cres Cro 0s:0 \[p@) 1| plx)pt )~ I
If g € L71(09), then (1.8) means that the function % e has a

trace on 92 and for every v € LP(9N) we have that

Cp73|ﬁ_ llpil/
o9

—2
Uug P

pPt

P

The function is the object in the Green formula for the re-

Uo Uo
pi=t| pfl
gional fractional p-Laplacian playing the role that |[Vu[P~2Vu - v does in the
classical Green formula for the p-Laplace operator. If 0 < s < 11;, since W7 (Q)
and W*P?(Q) coincide (see e.g. [27, Example 4.11] and [5] for the case p = 2),
we have that the Dirichlet and the fractional Neumann boundary conditions
for the operator (—A)g, , coincide.
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The rest of the paper is organized as follows. In Sect.2 we give some
notation, introduce the function spaces and recall some known results as they
are used to obtain our main results. In Sect. 3 we state the main results of the
paper. In particular, we introduce and give some properties of the (s, p)-normal
derivative of a function u. Section 4 contains some existence results and some
estimates for (—A)g ,u that will be used in the proofs of the main results.
In Sect.5 we prove the main results stated in Sect.3. In the final section 6,
we use the results obtained in Sect.3 to define the realization in L?(Q) of
the regional fractional p-Laplacian with fractional Neumann and Robin type
boundary conditions.

2. Functional setup and notation

Let Q C RY be an arbitrary open set with boundary 9. We denote by D(2)
the space of test functions on Q. For k € NU{0} and 0 < 8 < 1, C*#(Q) is the
space of all functions in C*(2) whose partial derivatives of order k are locally
Holder continuous in © with exponent 3. By C*#(Q) we mean the space of all
functions in C*(2) whose partial derivatives of order k are uniformly Holder
continuous in ) with exponent 3. By definition,

CrP(Q) = {ula, u e C*PU) for some open set U D Q}.

For p € [1,00) and s € (0,1), we denote by
_ P
WP (Q ::{ueLPQ ;/ Jul@) —u®I” <oo}
) ) alao |z —y[Ntes Y

the fractional order Sobolev space endowed with the norm

|u(z) — u(y)|? )Up
wl|ywsp ) = ulP do + / ————"dx dy .
e ) (/Q| | ala lv—yNtps

We let
werQ) =)

For more information on fractional order Sobolev spaces we refer to [1,
14,20,27] and their references.
Let Q C RY be an open set and § > 0 a real number. We shall use the
notation:
p(x) = dist(z,00) = inf{|ly —z| : y €90}, x€Q,
dg = diameter of Q =sup{|z —y|: z,y € Q},
Qs ={zxe: 0<p(x)<d},
Q ={recQ: p(x)>d},
7i(z) = the inner normal vector of 02 at the point z € 99,

v(z) = —7i(z) the outer normal vector of 9 at the point z € 99,
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x4 = the characteritic function of the set A ¢ R,
N
N
(x, ) :x-y:inyi for = (x1,...,2n), y= (Y1,-..,yn) € R™.
i=1

An open set Q C RY is said to be of class C11, if there exists a constant
ro > 0 such that for every z € 992, we can find a C1'!-function I', : RV~! — R
and an orthonormal coordinate system such that

an B(Z,TQ) = {y - (yla' : '5yN) YN > Fz(yl, s 7yN—1)} mB(Z7T0)' (21)
It follows from (2.1) that for every z € 92 and y € QN B(z, %),

p(y) = 1nf{|y7€| : § = (517"'a£N) € B(Z,To), £N = Fz(zl7-"aZN—1)}-
(2.2)

The following result is taken from [19, Proof of Lemma 14.16] (see also
[23, Lemmas 2.1 and 2.2]).

Lemma 2.1. Let Q C RN be a bounded open set with boundary 0 of class
CY1. Then for every § > 0 small enough and x € Qf, there exists a unique
point z = z(x) € O such that

v — z] = p(x) and = — 2 = —v(z)p(x) = 71(2)p(x). (2.3)
Moreover, z € Cl(ﬁgo) for some &y € (0,7) and

x — z(x)

Vp(z) = , VaxeQj.

|z — 2(2)|

In addition, we have that p € C* (ﬁ;o). Here, mo > 0 is the constant specified
in (2.1).

For r,t > 0 we denote by B(r,t) the usual beta function defined by

1
B(r,t) = / 1 - 1) dr
0
The following inequalities will be useful. Let @ > 0,b > 0 and 1 < a < 2. Then
b2t — a1 < b2 b —al. (2.4)
If a,b € R and ¢ > 1 (see e.g. [21]), then

lla*™ a — [b]7~"b] < q(Ja]*™" + [b]"~)|a — b]. (2.5)

3. Main results

Before, we state the main results of the paper, we need first to introduce the
(s, p)-normal derivative of a function w and give its properties.
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3.1. The (s, p)-normal derivative
Throughout the rest of this subsection, without any mention, Q2 C R" denotes
a bounded open set of class C1'! with boundary 9.

We define the following boundary operator.

Definition 3.1. For 0 < a <2, p € (1,00), u € C*(Q) and z € 99, we define
the operator Nii* on 982 by

o Jdu(z + t(2) [P du(z 4 11(2) )
Nyu(z) == lim dt a
p—2 -
—  lim du(z + t1i(2)) 1o du(z + tn(z))ta, 3.1)
tl0 dt dt

provided that the limit exists.

The operator N;‘u is linear in w if and only if p = 2 and NS in one
dimension has been introduced by Guan and Ma [18, Definition 7.1]. The
extension to the N-dimensional case has been given by Guan in [17, Definition
21]. Let 0 <s:=1— % < 1 so that o = 2 — 2s. We call the function J\/;?u the
(s,p)-normal derivative of wu.

Remark 3.2. If « = 0, that is, if s = 1, then it follows from (3.1) that for every
p € (1,00), u € CHQ) and z € 99,

0
NOu(z) = —|VulP2Vu - ii(z) = |Vu\p_28—:j(z), (3.2)

p

where %(z) is the normal derivative of u at the point z. We have shown

that the (1,p)-normal derivative of u coincides with the p-normal derivative
mentioned in the introduction. Moreover, it follows from (3.1) that if u €
C1(Q), then Ngu(z) = 0 for every 0 < a <2, z € 9Q and p € (1,00).

Let 5 > 0 be a real number. It follows from Lemma 2.1 (see also [17])
that, there exist a constant § > 0 (depending on 2) and a function hg € C?(2)
(depending on Q and ) such that

(2) = p(z)P~1 Ve Qf, B€(0,1)U(1,00), (3.3)
C\In(p(x) YaeeQ B=1. '
Next, for £ =1 or k = 2, we define the space
CEQ) :={u: u(z) = f(x)hg(z) + g(z), V2 €Q, for some f,g € C*Q)},
where hg € C%(Q) has been given in (3.3). When 8 € (1,00), we assume that
the function u € C’g (©) is defined on Q by continuous extension. Since () is
smooth, we have that C}(€2) = C*(€2) when g > 2.
We have the following explicit representation of /\/}5Y for functions in
C’é(ﬁ).
Lemma 3.3. Let0 < 8 < 2,p € (1,00) and u € Cé(ﬁ) Then for every z € 012,
NZPu(z) = —(8 = DB — P2 ()P 2f(2), BE(0,1)U(L,2); (34)
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and
Nju(z) = =[f(2)[P2 £ (2). (3.5)

Proof. Let 0 < f < 2, u:= fhg+g € C}(Q) and § > 0 small enough. Let
z2€0Q,0<t<dand x = z+tf(z). Then z € Qf and z — z if and only if
t|o0.
First, let 8 € (0,1) U (1,2). By definition, u(z) = f(z)p(x)?~1 + g(z) for
some f,g € C1(Q2). Then
u(z) = u(z + ti(2)) = f(z + ti(2))|z + tii(z) — 2|° 71 + g(z + tii(2))
= f(z +tia(2 )P + g(z + ti(2)).

A simple calculation gives

d 7 d 7 d 1
U(Z —;ttn(z)) _ f(Z —;ttn(Z))tﬁ_l—f—(ﬂ _ 1)f(Z 4 tﬁ(z))tﬁ—Q + g(z —L—lttn(z)) )
(3.6)
Note that
du(z + 1(2)) " duls +173() 2 sy
dt dt
du(z +108(2)) 5 5777 dulz + ti(2) oo p
ol B ra— t2 — ! =), (3.7)
It follows from (3.6) that
du(z + tﬁ(z))t%ﬁ: df (z + tri(z2)) F+ (8 — 1) (= + t(2)) + dg(z + tﬁ(z))t%ﬁ'

dt dt
Since f,g € C1(Q), we have that

du(z+t1(2) o 5 . [df(z4t7(2)) .
—ltll%l Tﬂ B—_ lt1%1 {dtt + (B -1 f(z+1tr(z))

dg(z +7(2)) o_p
+ gt t

=—lm(6 - 1)f(z +ti(2)) = =(B - 1D f(2)- (3.9)

t10
It follows from (3.7) and (3.8) that
Ny Pu(z) = (1= B)IB = 1P| F ()2 (2),

and we have shown (3.4).
Now, let 8 =1 and u € C}(Q2). Then

u(w) = u(z + () = (= + #(2)) In(|z + #(2) — 2]) + gz + tii(2))
= f(z +t7i(2)) In(t) + g(z + tii(2)).
Proceeding as above we get the identity (3.5) and the proof is finished. 0

(3.8)

The following result gives a second characterization of NPQ_B .
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Lemma 3.4. Let 0 < 8 < 2, p € (1,00) and u := fhg +g € C};(ﬁ) Let
uo = fhg so that u = uo + g. Then for every z € 0Q,

p—2
N ue) =~ - lp -1 |,
e e (0.)U(L), (3.10)
and if B =1, then for every z € 052,
T up(z) [P ug(x)
Npul(z) = = Qggz In p(x) Inp(z) (3:-11)

Proof. Let 0 < 3 < 2,p€ (1,00) and u := fhg+g=up+g € Cé(ﬁ) Since
g € CY(Q), it follows from Remark 3.2 that

lim WEFE) 25 _

10 dt
Therefore,
lim du(z + t7i(z)) 28 _ lim dug(z + t7i(2)) 28 | lim dg(z + ti(z)) (25
t10 dt t10 dt t10 dt
t10 dt

Let 6 > 0 be small enough, z € 09, 0 < t < ¢ and let = z + t7i(z). Then
r € QF and t | 0 if and only if 2 — 2. Using Lemma 3.3, we get that if
6 € (0,1)U(1,2), then

lim dug(z + t7i(2)) 2B _

) ~ - . up(z+t(z))
i 7 (8= 1)lim f(2-+tii(2)) = (5 = )lim 2

110 p(z + tii(2))8-1
—(-1) lim 2@

Qdx—z p((E)'H71 '

Similarly we get that

lim duo(z + tn(z))t ~ lim up(x) '
t10 dt 32—z In p(z)
We have shown (3.10) and (3.11). The proof of lemma is finished. O

Next, we give a third characterization of Ngfﬂ .

Lemma 3.5. Let 1 < <2, pe (1,00) and u := fhg+g € Cé(ﬁ) Then for
every z € 082,

J\/;,Q_ﬁu(z) =—|g—1P"" lim (‘u(w) — u(lz)

Qdzx—z
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Proof. Let p € (1,00). First, let 5 € (1,2) and u := fhg+g € Cé(ﬁ) Let
d > 0 be small enough, z € 9Q, 0 < t < § and = = z + t7i(z). By (3.3),
u(z) = f(x)p(x)?~1 + g(x). Using (3.4), we get that

NFPu(z) = =18 = 1P f(2)P 2 f(2)

p—2
o apt e (M0 =@ ue) —gla))
Q32— \ | p(z)?-1 p(z)f=1
Since g € CY(Q), u € C(Q), u(z) = g(z) and g(z) — g(z) = Vg(n)(z — 2) for
some 7 in the line segment from = to z (by using the generalized mean value
theorem), we have that

w@) —g(x) _u(@) —u(z) g(x) —ulz) _ul@)—ulz) g(=)—9()
-1 1 1

plx)i=t — p(a)? pla)P= p(a)P= pla)?=1
u(z) —u(z)  Vg(n) - (z—2)
G 1
Since g € C1(Q2) and 2 — 8 > 0, we have that
. \Y (- . _
im [P i [Tyl P =0, ()

It follows from (3.13) and (3.14) that
u(@) —g(@) _ . ul@) —ulz)
A 79Iy A e
Q3e—z  p(z)P-t Q3e—z  p(z)P-t

and we have shown (3.12) for 1 < 8 < 2.
Now, let 8 =2 and u € C1(Q). By (3.2),

)

0
NJu = [VulP?Vu - v = |Vu|p_2a—z.
We have to prove that

. u(x) —u(z)
—lim ——————= =Vu-v(z).
TR )
Let z € 002 and = € Q. Note that u(x) — u(z) = Vu(§) - (x — z) for some point
& in the line segment from = to z. Hence,
u(z) —u(z) x—z

~ fm ML UE) v
Qalzninz p(z) P u(é) |z — 2|

= —Vu-7i(z) = Vu-v(z).
We have shown (3.12) for 8 = 2 and this completes the proof of the lemma. [

Remark 3.6. It follows also from (3.12) that, if 1 < 8 < 2 and u € C1(Q),
then Ng’ﬁu(z) =0 for every p € (1,00) and z € 9. Indeed,

lim u(z) — u(z)  lim u(z + ti) — u(z)tg_ﬁ _
Q3z—z  p(z)P1 t10 t

0.

We conclude this subsection with the following useful result.
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Lemma 3.7. Let 1 < <2, p € (1,00), u:= fhg+g € C’é(ﬁ) and z € 0N).
Then for any unit vector 8 such that (ii(z),8) > 0, we have

- du(zd: th) > re du(zd;r t0) > s
= (8= P HF(R) P2 f(2)(i(2), 0) P~ DB, (3.15)
Proof. By [17, Lemma 2.7,
i PO 20— (5 1)1, 00 (3.16)
Now (3.15) follows from (3.16) by using (3.7). O

3.2. The integration by parts formula

Throughout this subsection without any mention, 2 C RY denotes a bounded
open set of class C1*! with boundary 9. We have the first integration by parts
formula which is valid for smooth functions.

Theorem 3.8. Let p € (1,00) and maX{pTTl,%} < s < 1. Then for every
u € C?(Q) and v € W*P(Q),

/ v(—=A)§ yu dr
Q

_ ONps () — oy p—2 (@) @) (v(@) —v(y)
=2 [ jute) = i) A= ey, (347)

The fractional Green formula associated with the operator (—A)g, , is
given in the following theorem.

Theorem 3.9. Let p € (1,00), max{%7 pTTl} <s<1andf:= 1;57:11 + 1. Then,
Jor every u € C3(Q) and v e W*P(9Q),

/Qv(—A)‘;Z’pu dx
O [ [ ) e e () — u()) (o) — o)
=2 [ ] jute) — uty) dr dy

|z —y|Nes

— BN7p7S/ oNZ P do, (3.18)
o9

where J\/pz*5 is the boundary operator defined in (3.1), the constant By p s is
such that

Clhps _
i gy =0, 2PV 4o, (3.19)

CNop.s ’ /{|x|=1,xN>o,xeRN}
and the constant C, s is given by

o (p—l)cl,p,s /00 (1v S)P—Ps—l —1- 3‘(p+2)+1—ps
P2 (ps—(p—2))(ps — (p—2)—1) Jo PP

ds.
(3.20)
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Remark 3.10. If N =1, then

/ xi,(p_l) do =1
{lz|=1,zny>0,z€RN }

If N > 2, then using polar coordinates and a change of variable, we get that

/ 280-D 45
N
{lz|=1,zny>0,2€RN }

s

* cos? V() sin™2(0) do

[

2 2
(&%
W

(2 (5 p—1)+1 N21)
(

r (8= 1)+1> N71)

1 B(p— 1)+l N-—-1
t— =z M1—t)2
0

‘2

\l\)

A
ol

@

,_J
‘ 2

2

NT ( (p— 1)+N)
ST (e T ()

Vs
s+p+N—2 ’
F(%70) o (eetzy

(3.21)

‘ 2

Replacing (3.21) into (3.19) and using the expressions of Ci , s and Cnp s
given in (1.2), we get that By, s = Cp s given in (3.20) and hence, it does not
depend on IN. We think that a careful calculation of C), ; will give a constant
that does not depend on p and depends only on s. Since this is not the main
concern of the present paper, we will not go into details. We also mention that
we have chosen our constant Cn ;s in (1.2) in a way such that

CNp,s /
CLILS {lz|=1,zny>0,2€RN }

and Cy 2, coincides with the known constant in the linear case p = 2 included
in any reference on this topic.

xﬁf(pfl) do =1,

Corollary 3.11. Let p, s and 3 be as in the statement of Theorem 3.9. Then,
for every w:= fhg+g=uo+g€ C’g(Q) and v € W*P(Q),

e O [ [ () () (@) )
ot pude = [ ju@)—utw) dz dy

|z —y[ Ve

—2
U
(pﬁfl) do, (3.22)
where for every z € 0N2,

p—2 p—2

o (2) ;== lim uo (x) o () .

1 asim: \|p@)P | o)
Corollary 3.12. Let p, s and 3 be as in the statement of Theorem 3.9. Then,
for every u € C’%(Q) and v € W*P(Q),

Uuo
po=t

+CplB - 1|H/ v
1519}

Ug
pit
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J

U(*A)E’pu d.’L':CA;p’S/ ‘u(x)iu(y)|p72 (u(m)—u(y))(v(az)—v(y)) dx dy

QJa |z —y|N+ps
+ Cp,s|B — 1‘1)_1

/asz v() Qéla?lz <

u(z) — u(z) "
p(x)?=t

2 u(z) — u(2)

p(x)P~1

) do.. (3.23)

Remark 3.13. We make some comments about the Green formula given in
Theorem 3.9.

(a)

The identity (3.18) for the case p = 2 has been proved in [17, Theorem 3.3]
under the assumption that v also belongs to C3 (€2). The case v € W*2(Q)
is obtained by a simple density argument (see e.g. [27]). The identities
(3.22) and (3.23) in the case p = 2 are contained in [27]. We notice that
the left-hand side integral in (3.18) makes sense since v € W*?(Q), and
(=A) u € L) for every q € [1,00) (by Proposition 4.1 below), and
the right hand-side integrals also make sense since u,v € W*?(Q) (by
Proposition 5.2 below) and N2 Pu(z) = |8 — 1[P71| f(2)[P~2f(2), where
f € C*() is the function from the definition of C3(€).

We have assumed that max{p ! 1} < s < 1. This is not a restriction
since by [27, Corollary 4.9], if O <s<+< then WeP(Q) = Wy*(Q), and
hence, there will be no boundary mtegral in the right hand side of (3.18).
Moreover, in that case, it is easy to show that for every u € Wi (2) such

that (—A)g ,u € L7-1(2) and for every v € WS (Q), we have

/Q (=A)§ pu dr
e e e CE B CC R

|z — y| NP

Since N2~ Pu = 0 for every u € C*(2) and p € (1,00), we have that in
(3.18) there will be no boundary term when the function u is smooth.
This is surprising if one compares with the classical Green formula for
the p-Laplace operator given in (1.1) where the boundary terms exist and
are well defined for smooth functions. But there is an explanation. Since
the operator (—A)g, , is non-local, then the values of (—A)g, ,u(z), no
matter how far dist(z, 99) is, is always effected by the values of u and
its first order derivatives near the boundary. Consequently if u and its
first order derivatives are uniformly bounded on  (which is the case for
functions in C*(Q)), then the integrals [, v(—=A)§ u dz and [, [, |u(z)—

u(y)|P~2 (“(1)7&(321(,5,(7?2 =vW) drdy have accumulated enough the effect of

the values near the boundary and hence, there is no extra boundary
term appearing in (3.18). However, if the first order derivatives of u are
not uniformly bounded, then either (—A)g, ,u does not exist, or in the
integration by parts formula we must add a term reflecting the singularity
of the first order derivatives near the boundary.
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(d) Let 1 <p<o0,0<s<1 ®: R— R continuous, satisfying ®(0) = 0
and the monotonicity property

Ci[t]P < ®(t)t < Coltf’, YVt € R and some constants 0 < C7 < Ch.

Let K : © x © — R be measurable, symmetric and there are two
constants 0 < A < A such that

A< K(z,y)e—yNTP <A, Va,yeQ, z#y.

Let the operator L o be formally given by

Loqu(z Pv/K £, y)®(u(x) — u(y)) dy, = € Q.

We think that our method can be used to find the corresponding result
in Theorem 3.9 for the operator L . Such a result cannot be deduced
directly from our theorem and needs a careful study. This will be done
in a forthcoming investigation. Finally we mention that elliptic problems
associated with Lg gy and satisfying the Dirichlet boundary condition
on RV\Q have been recently studied in [10,11,22].

4. Existence and some estimates of (—A)g, u

Let Q C RN be an arbitrary open set, p € (1,00) and 0 < s < 1. Recall that
for u e £P71(Q) and x € Q,

(=A)o pu(@) =1Im(=A)g,p cu(x)
-C lim wlz) — p— 2M dy,
Npss elo {yeq, |z—y|>e} | ( ) ( )l | |N+pS

provided that the limit exists. The main concern here is to prove the following
theorem which is the main result of this section.

Theorem 4.1. Let Q C RY be a bounded open set of class C11, p € (1,00),
max{p ! 1} <s<l1,p:= ps 1 +1landu € CQ( ). Then (=A); qu € L1()
for every q € [1,00).

To prove the theorem, we need some preparation.

Remark 4.2. Let © ¢ RY be an open set and K C Q a compact set. It is
well-known that there exists a constant Rx > 0 such that

Q= {x € RN : dist(z, K) < Rg} C Q.
In that case for x € K, B(x, Rk) is the so-called Lebesgue ball.
Next, we give some existence results and some estimates.

Lemma 4.3. Let Q C RY be an open set, p € (1,0), a € [0,1], u € CH*(Q)
and K C Q a compact set. Then the following assertions hold.
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(a) If p > 2, then there exist two constants C = C(K,u) > 0 and Rg > 0
such that for every x € K and z € B(x, Ri), we have

u(z) —u(a+2) P72 (u(e) —u(z+2))+(|Ju(@) —u(z—2)[P~> (u(z) —u(z—2))
< Clz|otrt, (4.1)

(b) If1 < p < 2, then there exist two constants C = C(K,u) > 0 and Rg > 0
such that for every x € K and z € B(x, Rk ), we have
lu(z) = u(z + 2)[P(u(@) — u(e + 2)) + (Ju(z) — u(z - 2)["*(u(=)
—u(z — 2))| < Oz, (4.2)
Proof. Let Qi and Rx > 0 be given by Remark 4.2, o € [0,1] and u €
che(Q).
(a) Let p > 2. Since u € C1*(Qg), using the mean value theorem, we have

that for x € K, z € B(x, Rg), there exist £ € Qg in the line segment
from x to z+ 2z and 1 € Qk in the line segment from z to x — 2z such that

u(x) —u(lz+z2)=Vu(§) -z and wu(z)—ulx—z2)=-Vu(n) -z
Using these identities and (2.5) we get that

[Ju(z) —ule+2)[P~2 (u(@) —u(z+2)) +(Ju(z) —u(z—2) [P~ (u(z) — ulz - 2))|
= V(&) - 2[P72Vu(€) - 2 = [Vu(n) - /"> Vu(n) - 2]
<(p—1) sup [Vul"*[P72[(Vu() — Vu(n)) - 2|

z, Rk

< C||Vu||c0 () |Z|a—s-p—17

and we have shown (4.1).
(b) Let 1 < p < 2. Since the function ¢ — [t[P~2¢ is globally (p — 1)-Holder
continuous, then with the same notation as in part (a), we get that

[Ju(z) —u(+2)["7 (u(@) —u(z+2)) + (u(@) —ulz — 2) |7 (u(@z) —u(z - 2))|
< C(Vu(§) = Vu(n)) - 2|

< OVl 212 V)P

We have shown (4.2) and the proof of lemma is finished.
U

Proposition 4.4. Let Q C RN be an open set, p € (1,00), s € (0,1) and
u € LP=Y(Q). Then the following assertions hold.

(a) Let 0 < s < %. If u € C%*(Q) for some « satisfying a(p — 1) > ps,
then (—A)g u(z) exists for every x € Q. In addition, if u € CY(Q),
then (—A)g, ,u is continuous on Q and (=A)g, , .u converges to (=A), Ju

locally uniformly as e | 0.
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(b) Let p > 2 and % < s < 1. Ifu e CH*(Q) for some «a satisfying o >
ps—(p—1), then (=A)g, ,u(x) exists for every x € Q. In addition, if u €
C1(Q), then (=A)§ pu is continuous on Q and (—A)g, , -u converges to
(=A)§ pu locally uniformly as e | 0.

(c) Let 1 <p <2 and % <s< 1. Ifue Ch*(Q) for some a satisfying o >

%p{:), then (=A)g u(x) exists for every x € Q. In addition, if u €
Ch(Q), then (—A)§, u is continuous on Q and (=A)

(=A)§ pu locally uniformly as e | 0.

S
Q.,p,eU converges to

Proof. By definition, if u € LP71(Q) and ¢ > 0, then (—A)§p cw is well defined
on 2 and (—A){, , .u is continuous where u is continuous.

(a) Let 0 < s < pp%l and assume that u € C%*(Q) for some « satisfying
a(p —1) > ps. Then for z € Q, we can take ¢t > 0 such that

M, = sup M < 00. (4.3)
yeQ,|z—y|<t |z —y|

Let 0 <e < d <tand x € Q. Using polar coordinates, we get that
(=)0 5u(r) = (=A)f cu(2)]
—pu(x) — u(y)
[u(z) — u(y)P~? dy
/{yEQ: e<|z—y|<8} “’E - y‘N+ps

— p—1
< CN,p,s/ |U(x) uj(\]y_z‘b dy
{yeQ: e<|z—y|<8} |Z‘ - y‘ P
1
y|N+ps—a(p—1)

= CN,p,s

< CN,p,sM£71 dy

{e<lo—y|<s} [T —
s

:CN,p,S(QW)NMg_l/ po(p=1)=ps—1 7.
£

— CnpsME (2m)N
a(p—1) —ps
We have shown that (—=A)g, ju(z) exists. Now, if u € C**(Q), then for
every compact set I C 2, there exist t > 0 and M, > 0 such that (4.3)
holds for all # € K. In this case, it follows from (4.4) that (=A)g, , u
converges to (—A)g ,u uniformly on K as e | 0. The proof of part (a) is
finished.

(b) Let p > 2, % < s < 1and u € CH(Q) for some «a satisfying o >
ps—(p—1). Since the first derivatives of u are locally a-Hélder continuous,
then for z € Q' we can find 0 < 7 < ¢ such that

Gq = sup [Vulz) = Vuly)| < 0. (4.5)

yeQ,lz—y|<T "r - y|a

(5a(p—1)—ps _ Eoc(p—l)—pS). (4.4)

If u € C1*(Q), then for every compact set K C Q) we can find 0 < 7 < ¢
and G, > 0 such that (4.5) holds for all z € K. Next let 0 <e <d < T
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and let K C Q be an arbitrary compact set. Let Qg and Rx > 0 be
given by Remark 4.2. For z € K and z € B(x, Rx) we set

F(z,z,u(z),u(z))

_ @) = o+ P~ () — ulx + 2) +u(@) — (e = )P~ (u(z) - ulz — 2))
| o=y |

(4.6)

Using a change of variable, (4.1) and polar coordinates, we get that for
re K,

|(=8)% p stu(x) = (=A)% cu(®)]

= CN,p,s

) — (o =228 — uly)

/{yEQ: e<|z—y|<8} | ( ) (y)| |;E — y|N+Ps dy‘

F(z,z,u(z),u(z))
ees

< 75/ ‘ dz
2 JizeB(.Ri), e<|2|<5}

Cyn 1
< »P»S(;gfl/ dz
2 (2€B(2,Rx), e<|z|<s} [2|NT1HPs—a=(p=2)

1
< Oy G / P2 gy
(>

[0

—1
_ CNJLSGZ (5a+(p—1)—;vs _ 804-*-(;0—1)—?5).

a+(p—1)—ps

Since the compact K was arbitrary we get the same conclusion as in the
assertion (a).

(¢) The proof of this part follows the lines of the proof of part (b) by using
(4.2) in Lemma 4.3. The proof of proposition is finished. 0

Next, we give some estimates for (=A)g, ,u.

Lemma 4.5. Let Q C RY be a bounded open set, p € (1,00) and 0 < s < 1.
Then the following assertions hold.

(a) If p > 2, ijl <s<1anduec CH*(Q) for some a > sp+1—p, then for

every x € €,
N Mf_l 1 p—sp—1
s —sp— —sp—
(-2 ()| <Crvpa(2m™ g (o) — )
Gt
Cnps(2m)N —2 atp=sp—l 4.7
+ Oy pa(2m) o p(a) (47)

Moreover, (—A)g, ,u is bounded on QU for every 6 > 0.
(b) If1 <p<2, % < s <1 andu € CH*(Q) for some a > Sp;#, then for
every x € €,
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p—1

M
_ s < ’ N 1 p—sp—1 _ jp—sp—1
(2] <Crvpa(2m) 2 (ola) diy )
b Onpa@mN— G5 a0 (45
P8 a+p—sp—1 ’ '

Moreover, (_A)?l,p is bounded in Qf for every § > 0.
In (4.7) and (4.8), we have set

M; := sup M and  Ggy:= sup [Vu(x) = Vu(y)|

z,ye |$ - y| z,yeN ‘.’ﬂ - y|a

Proof. Let a € [0,1]. Since Q is compact, it follows from the definition of
C1(Q) and Remark 4.2 that there exists an open set U such that Q C U,
and for every = € ) there exists a radius Rg > 0 such that Uqg := {z € RV .
dist(z,Q) < Rg} CU. Next, let p € (1,00) and 0 < s < 1.

(a) Let p > 2 and pp%l < s < 1. Let u € CH*(Q) for some a > sp+ 1 — p.
Let z € Q, Ry, U and Uq be as above. For z € Q, z € B(z, Rg) and u €
CLe(Q), let F(z,z,u(x),u(z)) be as in (4.6). Using a change of variable,
(4.1) in Lemma 4.3 and the fact that [u(z) — u(y)[P~* < MP™ 'z —ylp~1,
we get, that

(=)0, pu(z)]

< lim CN,p,s /
€10 QNB(x,e)°

1
<3 thN,p,S/
2 <10 B(z,Rg)NB(z,p(z))°

Ju(z) — u(y)|"~*(u(z) — ul(y))
|z — y|N+sp ‘ dy

Bz, 2, u(x), u(2))
B

+ 1limC’N,p,s/ ‘F(x,z,%fZ,U(z))

2 clo B(z,Rg)NB(z,p(z))NB(x,c)°¢ |Z‘ P

1 _
< -MP 111mCN,p,s/
2 €l0 B(z,Rg)NB(z,p(z))¢

‘dz

‘dz

|21P~*
|Z|N+8p

+ Ler-time / e dz
Y N,p, s
2% 210 P B Ry)nB e pe)nBae)e 12N TP

Ry Mpfl p(x) Gp_l
. 1 @
< imC s V e +/E rpiaa O

p(x)
_ N Mio_l p—sp—1 p—sp—1
= Cn,p,s(2m) Lp_p+1 (P(m) - Ry )

Gyt
——
a+p—sp—1
We have shown (4.7). It follows from (4.7) that (—=A)g, ju is bounded on
Q5 for every § > 0.
(b) Let 1 < p < 2, % < s < 1landu e CH*(Q) for some a > s":r#.
Proceeding exactly as in part (a) by using here (4.2) in Lemma 4.3, we
get that

]
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[(=A)a pulz)]

:lslﬁ)lON,p,S |x_y‘N+Sp

/ u(@) — u(y) P~ (u(x) — u(y)) dy
QNB(z,e)°

Fla,2,u(a). u(2))
R

F(z,z,u(z),u(z))

BB

dz

1
< flimCNm’s/
2¢lo B(x,Rg)NB(,p(x))°

1
+ — lim CN,p,S/
2clo B(z,Rg)NB(z.p(2))NB(z,e)°

< lMp—l lim C / |Z|p_1
>~ 3 IMOUN p,s P
270 0 " B rpnB @ paye 12T

‘dz

|z|(a+1)(p71)

e

1
+ =GP lim Oy s /
2 €10 B(z,Rg)NB(z,p(2))NB(z.e)°

R p—1 p(x) -1

. M Ga

< lim Oy p.s [ /p () TPPTE dr + / rep (ot D(p—1) d’"]
-1

My

p—sp—1 _ Rp—sp—l)
sp—p+1 (p(x) Q

= CN7p75(27T)N [

Gr—1
_"_ (3
(a+1)(p—1)—sp

p(x)(a+1)(p—1)—sp1 ,

and we have shown (4.8). It follows also from (4.8) that (—A)g ju is
bounded on 25 for every ¢ > 0. The proof of lemma is finished.

(
Lemma 4.6. Let Rﬁ\_’ ={(z1,...,on) ERN 2x >0}, pe(1,00), max{pp;l, %
<s<1,p:= ’;%11 +1 and wg(z) = p(x)’~1 where we recall that p(x) =
dist(x, ORY), x € RY. Then
(—A)fw,pwﬁ(x) =0, VreRY. (4.9)

Proof. For © = (x1,%9,...,2n5) € RY we write x = (%,zy), where & =
(z1,...,2n—1) € RN Let z € RY and wg(z) := p(z)?~1. Then

B—1
T zny >0
wale) = {oN e

and

P Al Ay
|z — y|NFep

(fA)fwmwg(x) = Cnp,s lim Y.

elot JRN\B(ze)
Since wg is of class C? in a neighborhood of  and wg € LP~H(RY), it follows
from Proposition 4.4 that the limit exists. Let ey = (0,...,0,1) € RY. Using
the change of variable xyz = y — (#,0) we get that



NoDEA The fractional p-Laplace operator Page 21 of 46 1

—1 —1p— —1 —1
/ O el oAl 1 )dy
RY\B(,e) |z — y|NFsp

—1p— —1
= xs\?—l)(p—l)—pS/ 11— 21% P2 (1~ Z][if ) dz.
RY\B(z,e) |z —en|NVHep

Hence,

<—¢w§¢muuo=:onﬁx% DE-DPy it

_ B=lip—2/q _ _B-1
W:P.V./ L s ) 4.
RY |z — en |V He

Using a changing of variable, we get that

11— 2 P2 (1 -2
W= PV/ P dz

oo 1— tﬂ 1|p—2 tﬂfl
Cpv [ [Thorse
RN -1 |I€> + (£ —1)?]

= P.V./ (€2 +1)""> / L=t PO = ) e
RN-1 0

[t — 1]+

Thus

W= [ (e
RN-1
Using polar coordinates and the change of variable 7 = 72 /(r? + 1) we get that

/ (¢l + 1)~ :wal/ PN 4 1)
RN-1 0

_ WN—1 /17_N21_1(1_7-)5p2+1
2 0
_wN1B<N—1 ps—l—l),

1 — 8P (1 — A
|t — 1[sp+1

dt.

2 2 72
where we recall that B denotes the usual Beta function and wy_ is the (N —2)-
dimensional Lebesgue measure of the unit sphere in RV 1.

Let € € (0,1). Calculating and using a changing a variable we get that

1—tF=1p=2(1 —¢P-1
/ | | s(+l ) dt
(0,00)\(1—¢,1+4¢) |t —1]»

B /1—6 |1 _ t,@—1|p—2(1 o tﬂ—l) i N /oo |1 _ tﬁ—l|p—2(1 _ tﬂ—l)
0

dt
|t — 1]spt1 1te |t — 1|sp+1
1—¢ _ 4B—=1|p—2(1 _ 46—1 1/(1+4¢) _ 41-Bp—2(1 _ $1-B\+—2
1-—1t 1-—1 1—1t 1—t t
:/ | P >ﬁ+/ | P L
0 |t — 1]spt1 0 |1/t — 1]spt1

l—e |1 _ 4B8—1|p=2(7 _ 481
_ L i S sp—(B—1)(p—1)—1
_/0 P IR [l—tl’ P }dt—&-RE
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with

1/(14e)
RE::/‘ [0~ —1P=2(1 — P71y (1 — ) s lyep= (B D= 1= gy,
1—¢

Since 3 = f;f%ll—&—l, we have that sp—(8—1)(p—1)—1=sp—sp+1—-1=0.
Therefore,

1/(14¢)
R. = / (P — 1P (1 =P (1 — )t
1

—€
. 1 9 .
Since ]l —e < —— < 1—e+¢“ <1, it follows that
1+e¢

1/(1+e)
|RJ§a/ 11— A= p=2(1 — ==t gy
1

—&

2 [1—(1—¢)ftpt 21— (A —e) Pt
3

I 1 e sp+l
T (1-(1—e+e?))sptt — gsptl (1+e)
—1yp— —1p—1
cm L= P s e (1= =)
- oSPH1=3% - €
(1 -1t
< o-sp| 1= (=€) (4.10)
- €
Since p — sp > 0 and
1—(1-¢g)ft
T Rl Gkl DR
e—0 1)

then taking the limit of both sides of (4.10) as ¢ — 0, we get that

lim |R.| < (8 —1)P" ! lim e’ =% = 0.
e—0 e—0

This implies that lir% |R-| = 0 and hence,
E—

1 — B—1|p—2 1— /-1
P.V./ | i e b dt
0

[t — 1|sp+1
L1 _ 4B8-1p—2(1 _ 461
:/ 1t 7 |p1|s(pl+1 ) 1 — ¢sp—(B-D(-D-1| 5
0 _

Since sp — (8 —1)(p — 1) — 1 = 0, the preceding identity implies that

00 |1 _ ¢B-1|p—2(1 _ 4B-1
P.V./ 1=t ‘(1 ) g —o,
; £ 1T

We have shown that (—A)g v pwg(x) = 0 for every x € RY, that is, (4.9) holds.
+
The proof of lemma is finished. O

We mention that Lemma 4.6 in the case p = 2 has been proved in [5,
Lemma 5.1].
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Lemma 4.7. Let Q C RY be a bounded open set of class C11. Let p € (1,00),
max{%,%} <s<1,p:= ’;S—:ll + 1 and ug(z) = p(x)P~1. Let 5o > 0 be
the constant given in Lemma 2.1. Then there exist two constants C1,Cy > 0
(depending only on s,p, N and Q) such that

(~A)3 yus(@)] < Culln(p(@))| + Ca, Vo € Q. (4.11)

Proof. Let p € (1,00), max{p’%l,%} <s<1,8:= I;S%ll + 1 and ug(x) =
p(x)P~1. Let dp > 0 be the constant given in Lemma 2.1. Since (=A)% pup i

»n

continuous on 5 , it suffices to consider the case when z = (x1,...,2N) €
5, 5o~ By Lemma 2.1 there is a unique point z € 00 such that |z — 2| =
2 Y
p(x). By rotating the coordinate system, we can assume that zg = 0 and
x=1(0,...,0,p(x)). Set
Uy ={y= (1, yn) : Yy €25, (Y1, yn—-1)] < do}- (4.12)

Let T',, be the function defined on 9 near the point zy given in (2.1). Since
08 is of class C11, it follows that there exists a constant k; > 0 such that

|]-—‘zo(y17"'7yN71)|<k1|(y17'~'ayN71)|2 and ‘yn|<k1507 VZJGUzO'
(4.13)

By Lemma 2.1, 99 is tangent to the plane {x = (21,...,2x), oy = 0} at
the point (0,...,0,0) for 0 < & < dp. So there exists a constant ka > 0 such
that

lyn — p(y)| < kal(y1,- .. yn—1)°, Yy € Us,. (4.14)

Let € > 0. Since p(z) = xy, we have the following estimates:

/ ()P — ply)frp2 D P
{yeU.,,ly—z|>e} |1' _y|N+pS

- / p(@)” =~ p)° P
N {y€Uz,,ly—z|>e} |.%' - y|N+pS

—1 _ _
:/ 23 = p(y)? Pt dy
{(y€U., . ly—z|>e} |z — y|N+ps

< prl/ o " — lyn PP dy
B {y€U.y ly—z|>e} |z —y|N+ps

+ 2”1/ lux """ = ply) 17", (4.15)
{y€U.q ly—a|>e} |z — y|[NHPs
Let
A={y: T,(y1,...,yn-1) <yn <0 or 0 <yn
< T, syn—1), (w1, yn—1)] <o}
As x € %) then using (4.9) in Lemma 4.6, the first inequality in (4.13)

eRACTE
and the fact that the function ¢ ~ [¢t|?~! is globally (3—1)-Hdlder continuous,
we get that
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et = lyw PP
|z — y|NHes

lim dy
€10 J{yeU., ly—z|>e}

—1 _ _ —1 _ _
</ N G ldy+/ Bl N i L
- |z — y|NFps {y—z|>20} |z — y|NFps

K e V7] s
dr/ A(y) N day
/ U@1eyn 1 |=1} |z — y|NFps

1
! /{yz|>5&} |z — y|N+ps—(B-D)(p—1) dy
2

" 17 e L
:/ dr/ xa(y) N‘x_ s 4oy
0 {I(y1,--ynv—1|=1} Y

+ / Ly
y
{ly—a|> 20} [z —y[N*

\% p(x) (B=1)(p—1) do 2(ps—1)
S (27T)Nk1(1 + kfsjl) [/ %dr +/ :_’_WdT
0 (5= Vola) (F5=)pe
+ (2m)N =
0
(2 )Nk: (1+kpsfl) ops e )Nk: (1+kpsf1)21955p871 e )N 9
= (27 —_— ™ )Y —
! ! ps—1 ! ! ps — 1 do’
(4.16)
where we have also used that | — y| > w, y € A which follows from
the fact that |z —y| > r and |z — y| > p(x) for y € A. Now we estimate

the second term in the right hand-side of (4.15). Using (4.14), (2.4) and the
second inequality in (4.13), we get that

/ lyn|"~ = p(y)° Pt dy
{yeU.y,ly—z|>e} \x - y‘N—HDS

Ky (B2 -1)

</
- N 5 —2
(eUey ly—a|>ey  |@—y[NFPs

/k15o k_p 1Tps p
dr X{ —— do
YEUz, ly—z[>e} N 2 40y
k100 {yn=r} 0 |1‘ y| tes—

/k15o kp 174,5 1
dr/ do
1 — o |N+ps—2 Y

{yn=r,(y1,--yn—1|<do} |z —y|NFP

_ 2ps+1k§*1(2ﬂ)N /k16o rps—p
- ps—1 o lr—p@)pt

dy

dr
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2p5+1kp71 2N 2p(z) 1 k160 1
_ 2Ry (@m)T / _ - dTJr/ dr
ps—1 0 r ps+p|r_p<x)‘ps 2p(x) T—p(l’)

2P5+1k§_1(27r)N 2 pps—p - In ~In(o(z
g(/ e dr -+ (k) — (o >>). (4.17)

ps—1 r—1ps—1

Combining (4.15), (4.16) and (4.17) we get the estimate (4.11) and the proof
is finished. O

We have the following result.
Lemma 4.8. Let Q C RY be a bounded open set of class CY', p € (1,00),

max{Z%, 1} < s < 1, f:= B+ 1 and ug(x) = f(2)p(x)’~" for some

[ € C*(Q). Then ug satisfies the estimate (4.11).

Proof. We first mention the following fact. Let p € (1,00), 0 < s < 1 and let
u,v be two functions such (—=A)§, ju and (—A)g, v exist. Then

/|u z) — u(y)v(y )|p,2u($)v($)—u(y)v(y) dy‘

|z —y|NFps

< [ loete)— |£+),,§)' »

1 p—1
p—1 )P~ 1 |” Y|P~ p—1 lu(y u(y))|
<2 i) [ |x— \N+ps A e |N+ps “

y L[ () — vyt 1 [ u@) — )P
<2k ‘p / |x7 ‘N+ps dy + 27~ |” |p / W dy
IO @) (u(z) — u(y))|"~*
yorT / |mi re dy. (4.18)
Using (4.18) we obtain that
- [v(z) — vy~
(=8)p(u(@)v(@))] < 277 fu(z) P~ lim dy
’ o ’ €l0 {ye,|z—y|>e} |x - y|N+pS
— p—1
+ 27"y (2)[P~ ! lim (@) = uly)l"” “J(Vyj‘ d
€l0 {yEQ,|x7y\>s} ‘l‘ - y‘ P

o [ 100) D)

e

Next, let p € (1,00), max{&= - ,p} <s<1, p:= ps ! = + 1 and ug(z) =
f(x)p(x)P~ for some f € C*(Q). Since (—A) ,f and (— A)Qyppﬁ L exist and
satisfy the estimate (4.11), then by (4.19), it suffices to show that the function

|(f(y) = f(@))(p(x)"~t — p(y)?~H) [P~
Q | — y|Ntes
omit the proof since it follows the lines of the proof of Lemma 4.7. 0

dy satisfies the estimate (4.11). We

Now, we are ready to give the proof of the main result of this section.
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Proof of Theorem 4.1. Let ¢t > 0 be small enough. By [18, Lemma 3.1], there
exist two constants a1, as > 0 such that

/ dy<ai(t—7), 0<7<t<as. (4.20)
Qm\Qt

Let p € (1, 00), max{&= 7p} <s<1,p8:=E= L+ landu= fhs+g € CA(Q).
We have to show that (—A)§ ju € L(Q) for every q € [1,00). Let 6 > 0 be
small enough. Since g € C2(Q) and fhg € C%(Q;) (hence u = fhy +g €
C2(2})), it follows from (4.7) that [(=A)g ,ul is bounded on QF. It also follows
from Lemma 4.8 that (—A)g, ju satisﬁes the estimate (4.11). Let aj, as be as

n (4.20). Let m € N be such that —- < as and set

1 1
= > .
By, {mEQ Tl < plx) < k} k>m, keN

Using (4.20) and (4.11) we get that

| 1Ml de = [ Al de

o \Qm
< Z / A)g pul? dx
k>m
<y o 01 In(k+1)+Cy)? <oo. (4.21)
k>m

Now (4.21) together with the fact that |(—A)g, ul| is bounded on Qw imply
that (—A)g, ,u € L1(Q) for every g € [1,00). The proof is finished. O

In Theorem 4.1 we notice that in general (—A)g, ju does not belong to
L>(Q).

5. Proofs of the main results
In this section we give the proofs of the main results stated in Sect. 3.

Proof of Theorem 3.8. Let p € (1,00), max{%, %} < s < 1andu € C?(Q).

It follows from Theorem 4.1 that (—A)g, ju € L7-1(). Let v € W*2(Q) and
e > 0. Since

= ‘U.T . u(xr) —u p727u($) u(y) T
= Cxps [ o )/{yen @) ) e dyd

|z —
C s _o(u(x) —uly x) —ov(y
N” / / X{yeq: [e—ype} [u(@) —uly)” 2 {u(z) P E ZJ)|SV£PZ ®) gydn
and (—A)Q’p’gu satisfies the estimates (4.7)—(4.8) in Lemma 4.5, we get (3.17)
by applying the Lebesgue Dominated Convergence Theorem. O
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To prove Theorem 3.9, we need a preliminary lemma and a density result.

Lemma 5.1. Let p € (1, 00), max{®>= ,p}<s<1 B =B L +1and T > 0.
Let u € Cl0,TINCY(0,T] and v € C[0,T]. If N?~ Bu(0) emsts then

hmclps// |p 2(()_U(y))()ddy ps'U( )N2B()

310 |z — y|ttps 5.1)

where the constant Cy s is given by (3.9).

Proof. To prove the lemma, we follow the ideas of the proof of the linear
version (p = 2) contained in [17, Lemma 3.2] (see also [18, Theorem 7. 5}) Let
p € (1,00), max{p11}<s<1andﬂ—p31+1 Since max{2=1 11 <
s < 1, we have that

l<ps—(p—2)<2, 0<ps—(p—2)—1<land 2—-F)(p—1) =p—ps.
Let T > 0, u € C0,T], v € C[0,T] and assume that Ngfﬁu(O) exists.
Without any restriction we may assume that 7= 1 and Ng’ﬁu(O) = —1. Let
w € C[0,1]NCY(0, 1] be such that w(z) —w(y) = |[u(z) —u(y) [P~ (u(z) —u(y))
forall z,y € [0,1]. Let y € [0, 1] be fixed. We would like to have an expression of
the derivative w’(x) for « € (0,1]. Calculating we get that for every z € (0, 1],

p 'p

w'(z) = (p = 2)u(@) — u(y) P~ ' (2)sgn(u(z) — u(y))(u(@) — uly))
+Ju(@) — u(u) P72 (2)
= (p = 2)lu(z) — u(y)""*u/ (@) + Ju(z) — w(w)|"~*/(z)

= (p = Dlu(@) — u@)l" v/ (2). (5.2)

Using the function w and (5.2) we get that

) = w2 0le) — ) = wle) — w) = [ /(o) ds

== [ fuls) — w2 (s) s

Using Fubini’s Theorem, we get that,

/ / u(e) — ufy) -2 (&:ufﬂ)ﬁé( D ey
- / = |1+33s”d g
:/0 /5 |m_y1+ps/:w’(s)dsdacdy
== | "y / 1 |_(yy)+dx / " uls) — u(e) P2 ()ds
~o-1 | "y / s / 1 mf(yﬁimu(s) — u(@)P 2l (s)da
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5 1 1
p—1 / dy/ ds/ ‘ v(pr lu(s) — u(z)[P~2u' (s)dx
xr — S
= 2
- —1/dy/ of |x,y|1+ps O s
p—1) / dy/ ds/ \x— ‘1-&-1)3 ) |u' (8)[P~2u' (s)dx 4 J
L [ [ [t o ),
T ps—(p-2) \5 y|ps (p—2) |1 — y|ps—(r—2)

RN
><ds+J (5.3)

where

J—(pl)/oédy/yéds/:

o V@)uls) —u(@) [P (s) — v(y) W' ()P — yl" ' (s) |

o =yl
fl/dy/ ds/

I 2)[P72u'(s) — v(y)[u'(s) P2 — y [P0’ (s)
Iﬂc —y[tFes

X

dx. (5.4)

It follows from (5.3) that
5 el
o (u(z) —u(y))v(y
/ / @) — uly)2! (|£_y|(1+)25( ) taay
|p 2 /
d

|p2/
L 2/ / |s_ IPS T RS Y

s)|P- 2 '
h=-0r ps—(p—2) V / Il—yl”s (= 2) %
/ / 5) P2 ds] (5.6)
|1_y|pe 2 : :

p—1 _ p—1
(ps—(p—2)ps—(p—2)—1) (ps—p+2)(ps—p+1)

where

Let

Cp =
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By (5.5) we have that

6 rl —u v

|z yllﬂ’s
) +v(0 ))\U’( )P (s)
Tps—(p-2) / / |5 y|ps—(=2) dy
0) +v(0))|u’(s)["~>u’(s)
Ths—-2) /(“/i p_mm<pm dy+J+ 1

/ ./ O (s
ps— p 2 ‘5 y|PS (P 2)

(s)[P~2u'(s)
Ry 2/ /0 \s—y|ps oo dy+ I+ L+

|P 2 /(s) ( )|“( )|p QU/(S)
_C/ [ ops= <P D e e N
v(0)[ (s)[P~2u'(s) — v(0)]e(s)[P~2u! (s)
+Cp/5 |: gps—(p—2)—1 o |S—5|PS—(P—2)—1 ds+ J+ I + I,
(5.7)
where

_op=b [0 [ ) — el ()PP (s)
Tps—(p—2) {/0 d /0 5=yl dy
/ ds/ " |3, |1°g ((p)lz) vl dy| . (5.8)

It follows from (5.7) that
2 (u(z) — u(y))v(y)
/ / lu(z) — u(y)|P~ | T dzdy
1 1
= G0 >/0 L(z—m(p—l)(sps—(p—m—l T s@Ar-D]5 — S|ps—<p—2)—1] ds

1
1 1
+ CP”(O)/(; sz)(zonsps(pz)l T SR D5 — 5ps<p2>1] ds
+ I+ L+ L+ I

1
1 1
- va(o)/o L<2ﬁ>(p1)5ps<p2>1 T SEAe-D|5 — S|ps(p2)1] ds

1 1 1
+ Cpu(0) /5 L - S(Z*Q)(p71)|8 _ 5|p5,(p,2),1 ds
C T4+ I+ I, (5.9)

where
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o v(0) v(0) 1pNp—2 1 1
b= [ |5 - e | [WOP 0 — e | ds

! v(0) v(0) Np—2 1 1
+CP/6 [Sps_<p_2)_1 - |5_5|ps—<p—z>—1] {‘“ ()" ") = W} ds.

(5.10)
Using (5.9) we obtain that
(u(z) = u(y))v(y)
/ / lu(z) — u(y)|P~2 PE dxdy
1— |1 — g|+2Hl—ps 5 gp—ps—1 _ |1 _ g|(p+2)+1-ps
=Cpv(0) [/ | “ d8+/ ° | il ds
0 sP—ps L sP—ps

+J+L+ 1+ 13
1
5 (1V g)Pps—1 _ |1 — g|(p+2)+1—ps
oy [ L0 1
0

— d8+J+Il+IQ+I3.
sp—ps
(5.11)

Next, let J be given by (5.4). Since u(s) — u(z) = v/ (§)(s — z), (s,z) €
ly, 8] x [0,1], or (s,x) € [4,1] x [s,1] for some £ on the line segment from s to x,
and since 2 < 14+ps—(p—2) < 3, we have that the two integrals exist. Using the
Dominated Convergence Theorem, we obtain that lims ;o J = 0. It is also an
easy task to show that I; given by (5.6) exists and lims o Iy = 0 by the Domi-
nated Convergence Theorem. Now, since v is continuous on [0, 1] we have that
limy o (v(y) —v(0)) = 0. The existence of (5.8) is also easy to verify and apply-
ing the Dominated Convergence Theorem, we get that lims| o [o = 0. Finally,
since limy g |/ (t)[P~ 20/ (£)tZ=A =1 = limg o [/ ()2 PP~ 20/ (t)127F = —1,
we have that |u/()[P~2u/(t) = (m) Hence, we can verify that I3 ex-
ists and lims|o 3 = 0. We have shown that J, I, I and I3 are finite and
that

| =lim/[; =lim/l, =lim/l5 = 12
JllngJ 51{181 11512 1?13 0. (5.12)

Taking the limit of (5.11) as ¢ | 0 and using (5.12) we get that
hm Cl,p, / / |u _ ’LL |p 2( ( ) u(y))v(y) d:cdy

|z — y|1tPs

(1V s)PPs—1 |1 — g|(P+2)+1-ps

= C’LP,SCPU(O)/O e ds

1 — 5|2 +1=ps _ (1 g)p—ps—1
= —Cl7p750pv(0)/0 gP—ps ds

p,sU(O)Ngi’BU(O),

where we recall that C, ; is given in (3.20). We have shown (5.1) and the proof
is finished. 0

Next, we give a density result.
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Proposition 5.2. Let Q C RN be a bounded open set of class C*', p € (1,00),
m:aux{pp1 1} <s<1andp:= "= L+ 1. Then C5(Q) is a dense subspace of
W),

Proof. We show first that Cé(ﬁ) is a subspace of W*P(Q). Let u € C’é Q). It
is clear that u € LP(£2). We have to prove that

/ Ju(@) = w@)” gy < oo, (5.13)
QJQ

|z —y|NHPe

Since C1(Q) C W*P(Q) we have that (5.13) holds for every u € C'(Q).
Therefore we have to prove (5.13) for functions u of the form uw = fhg with
f € CHQ). Let then u = fhg for some f € C'(Q). Then

f((z — fWhs()
// |x—y|N+P5 dxdy
:// |F(@)hs(@) = F@)hs(y) + F@)hs) = F@hsWIP 0

[ — y s
1 |hs(z) — hg(y)”
<Py [ [ DI dady

_ p

|z —y|NHes

Since

”hﬁ”poc(g)/g Q|f(m)_f(y)| dady < oo,

o=y

it suffices to show that

|hg(z) — hg(y)[?
/Q ; —|x N dxdy < oo.

It follows from (3.17) in Theorem 3.8 that

CN’p’ / / |hﬁ )| d d
as Jas |17— \Nﬂ’s

:/ hﬁ( A)I;Qshg dx
-/ / s () = s (w)P2(ha() = ha(w)hae)
Qs x

|z —y|VHPe

+ / ha(=A)3 ghy da. (5.14)
0o

It follows from (2.4) and the fact that p is Lipschitz continuous, that there is
a constant C' > 0 such that

\hg(x) — ha(y)| < p(x)" % |p(x) — p(y)| < Cp(x)’ Pz —yl|, VzeQ}, yeQ’.
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Letting M := ||hg||Loo(Q) and using a changing of variable, we get that,

s () — ha()” s ()] / / s () — ha)P~!
<M
/Q/ . |x—y|N+ps drdy <M o |:c—y\N+ps derdy

<C p(m)(ﬁ*2)(13*1)
Q3

1
/Qé |z — y[N-T+p(s=D)+2 dydz
de 1

ps—p
<C o p(z) /éfp(fli) Fp(s—1)+2 drdz

<C [ #al" 6= play O o

<C/ PSP P(ls)ldr

—C/ Ps—P( p(l $)=1 g
=CB(ps—p+1,p(1 —s)) <oco. (5.15)

Combining (5.14), (5.15) and noticing that (=A)g, hs € L*(Q2) (by Theorem
4.1), we obtain the estimate (5.13). Hence, C3(©2) C W*P(Q). Finally, since
C'(92) C C4(Q) and is dense in W*P(9), we also have that C}(9) is dense in
W#P(Q) and the proof is finished. O

Some density results for some spaces similar to W*P(Q) (but different)
have been obtained in [15]. We give a simple version of their spaces that are
comparable to the one defined in the present paper. Let @ € RY be an arbi-
trary open set. For 1 <p <ooand 0 < s <1, let

WO&P(Q) ={ue Ws’p(RN) s u=0 a.e.on RN\Q}.

By definition, Wg P(Q) is always a subspace of W*P(Q) but in general there
is no obvious inclusion between W (Q) and W;*(Q2). It has been shown
in [15, Theorem 6] that if {2 is an open set with continuous boundary, then

D(Q) is dense in WOS (). This has been also previously obtained in [20,
Theorem 1.4.2.2]. But we mention that in [15] the defined spaces are more
general than WS P(Q). In fact we have the following. If Q is a bounded open
set with Lipschitz continuous boundary, then when s # %, we have W(f Q) =
WyP(Q) and furthermore, when 0 < s < %, then Wg’p(Q) = WiP Q) =
W#P(Q). We refer to [20, Chapter 1] for a further details on this topic.

Before we give the proof of Theorem 3.9 , we introduce some notation
and give some useful properties of open sets of class C1.

Let & > 0 be small enough. Let (Gi)ili_ll C R be such that 0 < 6; < ,
i=1,2,...,N—2 and 0 < Oy_1 < 27. We shall write

<I>(91, .. 9]\[ 2) = smN 2(91) SinNiB(tgg) s Sin(QN,Q),
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and set
g := (sin(@l) sin(f) - - -sin(@n_1), ..., sin(6y) cos(b2), cos(@l)).

Since 25 is an open set, for any direction §and z € Q, the set
Kﬁ’gzz {y: y=2x+1t0 € Qf for some tcR}

is a one dimensional open set. Moreover K ;}5 is the union of finite one dimen-
sional open intervals. For each open interval U of Kg’g, denote a1 := = + tlé',
as = T + tgé', where ¢ ;= inf{t : y =z + t0 € U} and ty := sup{t : y =
r4t0 € U}. We call a; and as the left end point and the right hand point of
the interval U, respectively. Then, a1, as € 9Q U 090, So we have four types
of open intervals:

(1) ay € 00, ay € IQ°;  (2) a3 € 0N, ay € O

(3) a1 € 90°, ay € O (4) a1 € 00’ as € 0Q°.
According to these four types of intervals, Q5 can be divided into four parts.
Qf’gzz U {(a1,a2) : (a1,a2) is a type i open interval of Ki’g}, 1=1,2,3,4.

zeN
Define

{F‘f’g :={z € 90 : z is the left end point of a type 1 open interval of Kﬁvg} (5.16)

Fg‘g := {2 € 90 : z is the left end point of a type 4 open interval of Kg’g}.
For z € Ffﬁu 1—\3757 we denote
L‘Z’§ :={(a1,a2): (a1,a2) is the open interval of Kf’g taking z as the left end point}.
For z € F(1$,§7 we denote

T = | Jlee K8 e =2 -1, ¢ ¢ GY°
t>0
and {y: y= zfsé’, s € (O,t)}ﬂF‘ls’e =0}.
The proof of the following result is contained in [17, Lemma 3.4].

Lemma 5.3. Let Q C RN be a bounded open set of class C™*. Then the follow-
ing assertions hold.

(a) For all z € T3 we have that (7i(z),6) > 0.
(b) There exists a constant ky > 0 such that for every unit vector 0,

St ~ o

p(z+t0) > 1(7’[(2’),9), Vzed, 0<t<ki(fi(z),0).

c) Let ps = dist(y, 0Q%). Then there exists a constant ko > 0 such that
Ps\Y Y 5
for every unit vector 6,

Lt o

pi(z —t0) = 2(7is(2),6), ¥z € 90, 0 <t < kaliis(2), 0).



1 Page 34 of 46 M. Warma NoDEA

Here, fis(2) is the inner normal vector to 0Q° at the point z.

The properties of open sets of class C! given here have been clarified
n [17,24]. We have included it here for the convenience of the reader and to
make the paper as self-contained as possible.
Proof of Theorem 3.9 Let p € (1,0), max{%, %} <s<1, 8:= ’;}5:11 +1 and
(—A)g, the (quasi-linear) nonlocal operator defined in (1.4). Throughout the

proof we use the notation of sets 95 d 1"5 d , LY g , HS J , function @, and vectors

g, 7i(x) introduced above. Let u € CB( ). Flrst we assume that v € C’ﬁ( ).
Using Theorem 3.8 and Lemma 4.8 we get that

s [ [ it oy (80) = w0 (0(0) o))
2 [ [ o) = uto) dr dy

o — oIV

= %1?01 v(—=A)s yu dz

=limCy . /m dx/gv(xﬂu(x) u(y) [P~ QW dy

+ %11&)1 " v(=A)g pu dx

. e [ () - uyp2 =1
=i O [ o [ elut) a2
e [, [ ) a2 A

|z — y|NFps

+hm/ 95 u dx
i o aula) = u(y)
~ i O | 3 | o@ute) — )T o ay

+%iﬁ)l QU(_A)aé,p“ dx. (5.17)
Calculating the first term in the right hand-side of (5.17) by using polar coor-
dinates we get that

CNps/ / v(z)|u(z) —u(y)|P~ 2%dzdy

27
:CN,W/ (z) dm/ d01~~~/ d@N_Q/ ®(O1,...,0n—_2)d0N_1
Q3 0 0 0

u(z) — u(z + r)

dr
T1+ps

></ [u(z) — u(z + rd)|P 2
{z4+r0cQd,r>0}

L L 27
:C’N,p,s/ d91~--/ d9N72/ D(01,...,0nN—2)dON_1
0 0 0

~ - %)
X Z/ v(x) dm/ lu(z) — u(z +T9)‘p_2w dr.
i—1 Qf‘e J{x4+rfeQd,r>0} ritps

(5.18)
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Calculating the integral in the right-hand side of (5.18) along the vector G we
get that

o = _su(z) —u(z + r§)
/Q{ﬁv(a:) da:/o X{x+r§em}|u(x) —u(z +r0)P e dr

—

= ‘/Féﬁ<ﬁ($)7 _*> dUz/O X{z+t§'€L:‘§}’U(I + t0) dt

u(z + t0) — u(z + (r + 1)0) d
—Tps r.

X /0 X{z+(t+r)gem}\u(r+t§)—u(z+(r+t)§)|p*2
(5.19)

Ifxeﬂf’g(i:ZS) and {z: z =z +t0 € Q° for some t >0} # (), then

{z: z=2+ 10 for some t>0}ﬁF‘;’§7éV).

So, as in (5.19), we have

3 —

0o ~ o su(x) —u(z +ro
Z/“_v(x) d;v/o X{Hrgem}m(w) —u(x +70)[P? (z) r1+(ps ) dr

i=2 7

= /F‘Sﬁ(ﬁ(x)ﬁ) dax/o X{x—teﬂeHi*"-}U(x +t0) dt
1

o - = _ou(x —th) — u(z + ro)
X /0 X{w+7,5695}|u(a: —t0) —u(z +r)|P s

dr.
(5.20)

For the integral over the set QZ’Q we have

o o ou(x) — u(z +r6)
/gzj~§v(x) dx/o X{airdeasyu(z) —u(z +r0) e dr

= /Fgﬁv(xxfis(x), —0) dam/o X{w+t§eLi";}v(m +16) dt

X/O X (ot (t+r)deasy[w(@ +10)

—u(z+ (r+ t)é‘)|p72 u(x + t0) _r?ﬁ[i—’_ (r+1)0)

dr. (5.21)

In (5.21), is(x) is the inner normal vector of 907 at the point .
Next we claim that

@0).0) [ Xgprugersn,
) /0 Xt (t4r)densy [u(@ + t0)

- u(x +1t0) —u(x + (r +1)0
—u(z+ (r+1)0)P2 ( + t0) rl-Eszr( +1)6)

dr, zeT? (5.22)
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and
(7i(x),0) / Xiz—tfe HITY dt
/ X{p4ricasyule —16) — u(z + )"~
u(x — t0) — u(x + rd) 5.8
EESEETT dr, v € T77, (5.23)
and

(ﬁg(m),79>/0 X (g stfic Lt dt

X /0 X{w+(t+7‘)§eﬂ5}|u(x +t0) —u(z + (r+ )0)[P~2
w(x + t0) — u(x + (r +)0) p

T r, € nge, (5.24)

are all uniformly bounded for § > 0, 6 and the corresponding z. The 7i(x) in
(5.22) and (5.23) and the 7s(x) in (5.24) are the inner normal vector to 92
and 09 at the point z, respectively. Indeed, let

T:=sup{t: z+1t0 € L‘;’g}7 (5.25)

and assume first that v € C2(Q). Consider the expression in (5.22). Using
the mean value theorem and a change of variable we get that there exists a

constant C' > 0 such that for z € 1"‘1;’9,

—

@00) [ Xprgerse,
lu(z + t0) — u(z + (r + t)0) [P

(oo}
x /0 X{m+(t+r)§€95} rl+ps dr
T oo 1

1 T e9) 1

< 01||vu||Lw(Q)TP*PS,

which is uniformly bounded for 6 > 0, 5, the corresponding z and we have
shown (5.22) for u € C%(Q). Similarly, it is easy to verify that (5.23) and
(5.24) hold for a function u € C?(Q). Hence, we can assume that u = fhg.
Written

FWhs(y) = f(@)hs(x) = (f(y) = f(@)hs(y) + (hs(y) — ha(2))f(2)

and applying (5.22), (5.23) and (5.24), the proof of the claims (5.22), (5.23)
and (5.24) can be also reduced to the case where u = hg = p(x)?~1. Therefore,
to prove the claims we assume that u(z) = p(x)?~L.
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Next, we prove the claim (5.22). Recall that by Lemma 5.3, (7i(z),6) > 0
and there exists a constant k; > 0 such that p(z + td) > L for all z € 99 and
0 <t < kilii(z),6).

Assume first that (7i(z), 0) > f’/—k@ and let T be given by (5.25). It follows
from Lemma 5.3(b) that the length of LffT is less than or equal to 3v/0k; and
hence, p(z + t6) > i(ﬁ(x),é} for t € (0,T). Therefore, using an addition a

change of variable, we get that for every x € F‘;’g,

(1i(x), >/0 Xattders®) dt/o X{z+(t+r)Fes}

lu(z + t0) — u(z + (r + t)) P!
,r.l-i-ps

<(@B-1)" 1 ) >/ dt/ Xa4(t4r)Fes
(i)(ﬁ 2)(p—1) <n(x)’9>(ﬂ—2)(p—l)

r2+P3_p

T o)
= 1
< i) 0 (5—2><p—1>+1/ t(6—2)(p—1)dt/ d
> <n(x), > 0 0 (T_t_’_r)prsfp T

dr

dr

T
:4<ﬁ($)79">(6—2)(p—1)+1/ $B=D =) _ gyp-ps=1 g
0

/ 5 2)(p—1) t)p—ps—l dt
(B=2)p—1)+1,p—ps)=4B(ps—p+1,p—ps).

Next, assume that 0 < (7i(z), ) < f/%' Using a change of variable, we

get that for every x € les,a,

N > |u(z + t0) — u(z + (r+ £)6)[7~"
<”($)79>/0 X (o iibers ) dt/ X{a+(t+r)0ens} itps dr
7 ju(@ + 10) — u(z + (r+ T)O) P~
dt d
{fiz /T s / X{a+(T+r)feas} (T —t + )i+ "
T—6 2 0\ |p—1
7 u(z +10) — u(z + (r + T)0)["
’I’L / dt/ X{z+(T+r)9€Q‘s} (T —t+ ,r.)l+ps dr.

(5.26)

IfT—6<t<T, then p(z +t0) > & — (T —t). Recall that u(z) = p(z)?".
Using the inequality (2.4) and the fact that (8 — 2)(p — 1) < 0, we get that
u(z +10) — u(z + (r+ T)0)| = [p(x +t0)° " — p(a + (r + T)0)° |
<p(z +t0)°2r + T — |
<[6— (T —1)])P=2C D 7 ¢ (5.27)
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Using (5.27) we get that there exists a constant C' > 0 (depending only on
N, s and p) such that

T - . "
. - |u(z +t0) — u(x + (r + T)0)|P
< <’I’L(l‘)7 9>/T s dt/ X{w+ T4r)feQs} )‘ dr

(T —t+r)ltes
£))(B=2(=1)
<C dt/ 3 dr
s —t+v~>ps ’

m/T 5(6_(T )= =D(p _ g)=pstr=l gy

C
= | B2 _ppprs—1 g
_p_ps+1/ (1-1)
= Y BB-p-1)+Lp—ps)
e p P —p
C
= — 0B - 1.p— . 2
PR—— (ps —p+1,p—ps) (5.28)

For the second term in the right-hand side of (5.26), noticing that p(z + (r +
T)§) > T — t + r and proceeding as in (5.27), we get that

—

[u(z +10) — u(@ + (r + T)0)| =|p(x +0)*~* = p(x + (r +T)0)"7"|
<p(x+ (r+T)0)V2|r+T—t| < |r+T — |1,

(5.29)
Using (5.29), we get that
T-5 7\ |p—1

i(z), 0 lu(@ + t6) — u(x + (r + T)O)|?
<TL 9 / dt/ X{x+(T+7")9€Qg} (T —t+ r)l—i-ps dr
< 3V " ! d
=i Jo X{a+(T+r)feqs} (T —t +r)ttps=(B-D(-1) "

3v/8 _

=k X{z+(T+r)eem}( "t

f/ 3V5 3V5
< — —lnT—lné < — (In(dq) — In(9)) .

(5.30)

Combining (5.26), (5.28) and (5.30) we obtain the claim (5.22).

Next, we prove (5.23). Since 052 is of class C1'1, we have that there is a
constant k3 > 0 such that

—

ly — 2| > ks(ii(z),0), ye HY e’

Proceeding as in (5.29) we get that

—

lu(z — t0) — u(z + rd)| < |r 4t/ (5.31)
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Using (5.31) we get that

. o o |u(x—t§) —u(x+r§)\p_1
<“(9U)»9>/0 Xtz—tGe HOY dt/o X{z+rfcqs} (t 4 r)l+ps dr

. . oo o0 1
< <n(m)’9>/0 X{a—ticHST dt/o X{x+r§em}(t+r)1+ps—(5—1)(p—1) dr

d N _ d
X{mftGﬂGHg’g} t 0 X{x+r§€Qg}(t+r)2 r

|
— .o [ L
= (ii(x),0) | X igent® g
/

da . .
D (i), 8) (in(de) — (ks (), )

which is bounded for all (7i(x), f) and we have proved the claim (5.23).
Next, we show (5.24). It follows from Lemma 5.3(c) that there is a con-
stant ko > 0 such that

—

0 < (fis(z), —0) < zeTdd (5.32)

3V
Vs
where 7i5(z) is the inner normal vector of 090 at the point x. Proceeding as

in (5.26) we have that for every x € Fg’e,

—

@10} [ Xy pugersn, o

X /0 X{a+(t+r)fecns} lu(z +t0) — u(z + (r + t)9)|p72

w(x + t0) —u(x+(r+1t)6)
,,11+ps

dr

T o N N 1p—1
- - |u(z+t0) —u(x+(r +T)0)|P
< ‘49 dt D06 d
> <Tl6($)v >/T76 /0 X{x+(T+r)f)EQ } (T —t+ 7“)1+p5 r

T—6
- {iT(x), ) / it

— —

° |u(z +t0) — u(x + (r +T)0) P~ 1
o X{a+(T+r)0ens} (T —t +r)ltes

Using (5.32) and (5.27) and proceeding as in (5.28) we obtain that there exists
a constant C' > 0 (depending only on N, s,p,d and k3) such that

dr. (5.33)

T e ) 0\ |p—
- - |u(z + t0) — u(x + (r +17)0)|P
(1is(x), —0) /T_5 dt/o X{z+(T+r)fes} (T —t+r)ltrs dr

< CB(ps —p+1,p—ps).

For the second term in (5.33), using (5.32) and (5.29) and proceeding as in
(5.30), we get that there exists a constant C' > 0 (depending only on N, s, p, d
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and k) such that

—

- T 5dt [u(z +10) —u(z + (r+ TP
> X{x+(T+r)6)EQ"} (T —t+r)i+ps r
(

C (In

The proof of the claims (5.22), (5.23) and (5.24) is finished.

Now, in the rest of the proof, the function u = fhg + g is in his general
form. It is easy to check that the term in (5.23) goes to zero as § | 0. Hence,
using (5.20) and the Dominated Convergence Theorem, we get that

™ ™ 27
lim d91 . / d@N,Q / @(01, ey HN,Q)dQNfl
410 0 0

u(z) — u(z + ré)

X (z dx/ lu(z) — u(z + rd)P~2
Z/ {a:+r§€ﬂg7r>0} rites
dr = 0.

Let M; be the bound of (5.24) and M := ||v]|s q- It follows from Lemma 2.1
that

My := sup / do < 0. (5.34)
0<6<61 JOOE

Using (5.34), (5.21) and (5.32), we get that
T T 27

lim d91/ dHN,Q/ @(91,...,91\[,2)6&9]\771
0 0 0

510
_ §)|p—1
></ ()] dm/ [u(2) ufic_—:r ) dr
Qi’g {(L‘+7'§€Q:§,T'>O} riTP

T T 2m
< MthHl ﬂdO’/ d91 / doN_Q/ <I>(91,...,HN_2)dHN_1
010 Jpg.@ 0 0 0

T T 27
S MlMlim da/ d&l/ dQN,Q/ @(91,...,91\[,2)
Q5 0

510
. L 35
x(0 < (ii(z), —0) < f}daN 1
36
< Nlim 222 = 0. .
< My MM (2m) " limy T =0 (5.35)

We note that for every x € 012,

{0: (i(x), U

u )8
'1
=3

o,

——
N
—_
<,
=
&
=
\v2

o
——
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Hence, using Lemma 3.7 and (5.19), we get that

4 ™ 2m
lim/ d01.../ daN_z/ B(0y, ... On 2)dx 1
510 o :
X / v(x) da:/ lu(z) — u(e + 1) u() —1u+(a: +10) o
9(15’0 {z+’r’§€Q(57r>O} prltps

™ ™ 27
= lim ddO'/ d@l/ d@N,Q/ (13(91,...,9]\],2)(191\[,1
610 Jpso 0 0 0

—

X <n(x),9>/ X{x+t§€L5,§}v(x +t0) dt
0 x

X/o X{x+(t+r)é~em}|u(x+t0)
(z + t0) — u(z + (t + 7)6)
T1+ps

—u(z + (t+r)f)P2E dr. (5.36)

=

Let a(t) = u(z + t0) and o(t) = v(z + tf). Then @ € C[0,T] N C*(0,T],
0 € C[0,T], where we recall that T is given in (5.25). Since u(t) = f(x +
t0)p(2+10)°~' +g(x +1t0) for some f, g € C*(Q) we have that N2~7i(0) exists
and is given by N2 Pu(0) = —[8 — 1P| f ()|~ 2 f(x). Applying Lemma 5.1
to the functions 4 and o we get from (5.36) that

™ ™ 2m
CN,p,s lim 4d0/ d@l/ dGN_Q/ @(91,...,0}\]_2)(191\]_1
810 Jps.@ 0 0 0

—

xﬁx,&/ X - sav(x+10) dt
{fi(z) >0 {x+t«9€Li}( )

></0 X{m+(t+r)0"em}|“(x+t§)
(z +t0) — u(z + (t +1)0)

_ 7p—2Y
u(z + (t+r)0)| Trps

_ p—lC stS —
- e | el e
P S

5 ™ 2m .
X / d91/ dQN,Q/ @(91,...,9N,2)<ﬁ($),9>6(p_1)
0 0 0

dr

= (ﬂ_ 1)pilcN, ,sC ,s -2
- Cips o /(,)Q v(@)|f(z)P~" f(x)do

5 T 27
x/ d91---/ deN_2/ ®(0y,...,0N_2)cos(01)’ P Ddoyn_,
0 0 0

_ CN,p,st,s /
Cl,p,s {|z|=1,zn>0,2€RN}

= _Cp7s/ oNZPu do. (5.37)
o0

37D do /6 (B 1R
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We have shown that the first term in (5.17) is given by (5.37) for every u €
C’g(i) and v e CL(Q). It is easy to see that the second term in (5.17) is given
by [ov(=A)§ u dx for every u € C3(Q) and v € C}(2). Combining these
two results we get (3.18) for u € C3(Q) and v € C4(Q). Finally, since C(Q)
is dense in W*P(Q) (by Proposition 5.2), we obtain (3.18) for u € Cg (Q) and
v € W#P(Q) by density. The proof of theorem is finished.

Proof of Corollaries 3.11 and 3.12 The identity (3.22) follows directly from
(3.18) and the expression (3.10) of N7 Pu given in Lemma 3.4. The identity
(3.23) also follows from (3.18) and the expression (3.12) of N2 #u given in
Lemma 3.5.

6. The fractional Neumann and Robin boundary conditions

In this section we use the results obtained in Sect. 3 to define a realization of the
regional fractional p-Laplacian (_A)?l,p with fractional Neumann and Robin
type boundary conditions. Let Q2 C RY be a bounded open set with Lipschitz
continuous boundary 9. Let p € (1,00), 0 < s < 1 and 7 a non-negative
measurable function in L>°(052). Let @, be the functional with effective domain
D(®.,) = W*P(Q) N L*(Q) and defined on L*(2) by

CNops —u(y)P 1
N,p, / ‘U(I) u(y)' d:rdy + 7/ 'Ylu‘p dO’, = Ws’p(Q),
Q P Joq

Py(u):={ 2p Jo |z —yNtps
0, u € L2(Q)\W*P(Q).

(6.1)
We have the following result.

Theorem 6.1. Letp € (1,00) and 0 < s < 1. Let @, be the functional defined in
(6.1). Then ®., is proper, convex and lower semi-continuous. Let f € L*(Q),
u € WP(Q) N L3(Q) and 0P, the single-valued subgradient of ®.,. Then the
following assertions hold.

(a) If 5 L« s <1, then f = 09, (u) if and only if for every v € W*P(Q) N

LQ( ),
CNps// () — uy)p-2 &) ;%2%@:“‘1/)) drdy
ulP~2u(x)v(z) do = vdx. .
+/mv|\ (2)0() d /Qfd (6.2)

(b) If0 <s < %, then w € WP (Q) N L%(Q) and f = 0P, (u) if and only if
for every v € WP (Q) N L3(Q),

O 2 00) =)0 =0 )) o
J ot =) o Ly sy = [ 5 ?6'3)
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Moreover, if 2 is of class CY', p € (1,00), max{ } <s<1landp:=
1;5:11 + 1, then

D(0®,) N 02( y={ue C’Q(Q) (=A)§ ,u € L2(Q), Cp’sj\/g_ﬁu

+y|u|P2u =0 on 9N} (6.4)

0%, (u) = (~A)}, u-
Proof. Let p € (1,00), 0 < s < 1 and @, the functional defined in (6.1). It is
clear that ®, is proper and convex. It is also easy to show that ®. is lower
semi-continuous. Let 0®, be the subgradient of ®,. It is clear that 0®, is
single valued. Let f € L?(Q), % < s < 1land u € WP(Q)N L*(Q). It is
straightforward (this follows as the case of the classical p-Laplacian) to show
that f = 0@, (u) if and only if (6.2) holds for every v € W*P(Q) N L3(2). If
0<s< 117, then the identity (6.3) is obtained similarly by observing that in this
case WSP(Q) = WP (Q). It remains to show (6.4). Let max{ } <s<1,
8= ps L 4 1 and assume that Q is of class C''. Set

Wy = {u € C3(Q), (—A)a,u e LA(Q), CpulN; Putafulfu=0 on 00}.

Let u € D(0®) N Cg(ﬁ) and f := 09, (u). Then by definition, f € L?(Q)
and (6.2) holds for every v € W*P(Q) N L?(2). Using the integration by parts
formula (3.18), we get from (6.2) that, for every v € W*P(Q) N L?(),

/v(—A)apu da:+/ v [Cp o NZ P u+ y[ulP~2u] daz/fv dz. (6.5)
Q 20 Q

In particular, it follows from (6.5) that for every v € D(2),

/Qv(—A)fz,pu di = /qu da.

Hence, 0@, (u) = (—A){, ,u = f. Since f € L*(Q), we have that 0., (u) =
(—=A)g u € L*(2). From this equality and (6.5) we also get that Cp JNZPu+
Y|ulP7*u = 0 on 9Q. We have shown that u € W, and 99, (u) = (=A)§ ,u.

To prove the converse inclusion, let v € W,,. Then it follows from Theorem 3.9
again that (6.2) holds for every v € W*P(Q) N L*(Q) with f = (=A)§ u =

0%, (u). Hence, u € D(0®,) N C’é(ﬁ) and this completes the proof of the
theorem. ]

In fact, using Theorem 4.1, we have that
D(0%,) N C3(Q) = {u € C5(Q), Cp N7 Pu+vufP>u=0 on 9Q}.
We conclude the paper with the following remark.
Remark 6.2. If v = 0 and % < s < 1, then 9@, is a realization in L?(f2) of
(—A)g, with fractional Neumann boundary conditions Ng’ﬁu = 0 on 09,
if v # 0 and % < s < 1, then 9@, is a realization in L*(Q) of (=A)g,
with Robin boundary conditions Cp oJNZ™7u + y|u[P~u = 0 on 0. The case

0<s< % corresponds to a realization in L*(Q) of (=A)g,, with Dirichlet
boundary condition v = 0 on 9.
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