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Homogenization of diffusion problems
with a nonlinear interfacial resistance

Patrizia Donato® and Kim Hang Le Nguyen

Abstract. In this paper, we consider a stationary heat problem on a two-
component domain with an e-periodic imperfect interface, on which the
heat flux is proportional via a nonlinear function to the jump of the solu-
tion, and depends on a real parameter v. Homogenization and corrector
results for the corresponding linear case have been proved in Donato et
al. (J Math Sci 176(6):891-927, 2011), by adapting the periodic unfold-
ing method [see (Cioranescu et al. SIAM J Math Anal 40(4):1585-1620,
2008), (Cioranescu et al. STAM J Math Anal 44(2):718-760, 2012), (Cio-
ranescu et al. Asymptot Anal 53(4):209-235, 2007)] to the case of a two-
component domain. Here, we first prove, under natural growth assump-
tions on the nonlinearities, the existence and the uniqueness of a solution
of the problem. Then, we study, using the periodic unfolding method,
its asymptotic behavior when € — 0. In order to describe the homoge-
nized problem, we complete some convergence results of Donato et al. (J
Math Sci 176(6):891-927, 2011) concerning the unfolding operators and
we investigate the limit behaviour of the unfolded Nemytskii operators
associated to the nonlinear terms. According to the values of the parame-
ter v we have different limit problems, for the cases v < —1, v = —1 and
€ ]-1,1]. The most relevant case is v = —1, where the homogenized
matrix differs from that of the linear case, and is described in a more
complicated way, via a nonlinear function involving the correctors.

Mathematics Subject Classification. 35B27, 35J65, 82B24.

Keywords. Periodic homogenization, Elliptic equations with jump,
Nonlinear interface conditions.

1. Introduction

In the present paper we investigate the thermal conduction in a composite
material of two components in the presence of a nonlinear interfacial ther-
mal resistance, which is described by nonlinear transmission conditions on the
interface.
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More precisely, we study the periodic homogenization of the following
problem:

—div(A*Vu§) + h5(z,u5) = f in Qf,

—div(A®Vu3) + hi(x,us) = f in Q5,

AVu§.ns = —AVu§.ng on I'¢, (1.1)
—A*Vu§.n§ = h(z,us —u§) on I,

u; =0 on 9N NOQE, i =1,2,

where Q = Q5 U, is a two-component domain, v € R, f € L2(9Q), n; is the
unit outward normal to QF, for i = 1,2.

The two components are open disjoint subsets of the open bounded set
Q) € R", separated by a common boundary I'*. The component 25 is the (non
connected) intersection of {2 with the union of the e-periodic translated sets of
€Y,, where Y5 is contained in the reference periodicity cell Y. The other one

¢ = O\Q, is connected (see Fig. 1 in the next section).

We assume that the thermal conductivity of material is given by A¢(z) =
A(x/e), the matrix A being Y-periodic, uniformly elliptic and bounded. The
nonlinear terms h$ in the equation are defined by hi(x,s) = h;(z/e,s) for
i = 1,2, where hy and hy are Carathéodory functions satisfying some natural
growth conditions.

In the boundary conditions in (1.1) the nonlinear term h® is given by
he(z,s) = h(xz/e,s/e), so that the heat flux through the interface is continu-
ous, and proportional via a nonlinear function h to the jump of the temper-
ature. This means that the rate of heat transfer across the interfacial barrier
is proportional to the temperature difference by a nonlinear rule. Actually,
according to experimental results, in most cases, the flux on the interface is
not a linear function of the difference of temperature between two components
(see for instance [10]). This nonlinear condition generalizes the linear one of
the well-known Barenblatt’s model (see [5]).

Let us point out that in this work we allow the holes to meet the bound-
ary of the domain {2 and then Qf, Q5, I'* are somewhat different from those
considered in the linear case [26], where Q5 only contains the holes inside
Q.

Let us also mention that nonlinear interface conditions also arise in some
evolution problem modeling the electrical conduction in biological tissues, in
the presence of an interfacial resistance property of the cell membranes, see
[2].

In the present work, we apply the periodic unfolding method to get the
asymptotic behavior of the nonlinear problem (1.1) as ¢ tends to zero. In [26]
the authors have recently adapted this method to the case of two-component
domains by considering two unfolding operators: the first one, denoted 7,
acts on functions defined in Q] and was originally denoted 7" in the literature
for perforated domains [13,15,16]; the second one, appropriate to case of two-
component domains and denoted 75, concerns functions defined in Q5. They
maps functions defined on the oscillating domains 97, §25 into functions defined
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on the fixed ones 2 x Y7 and €2 x Yy, respectively. In particular, the relationship
between these two operators and the properties of their traces on the common
boundaries was also studied. These results were applied in order to recover and
improve the homogenization and corrector results obtained by S. Monsurro and
P. Donato in [20,25,36].

The periodic unfolding method was introduced for the first time by Cio-
ranescu et al. [11]. It gives an elementary proof for the classical periodic homog-
enization problem originally considered in [6] (see also [14,40]) and corrector
results under natural assumptions (see [12] for a comprehensive presentation).
It was extended to the case of perforated domains in [13,15,16] and allows to
avoid using the extension operators, so that no condition for the existence of
such extensions is required as traditionally done in the literature (see [17,18]).

Let us mention that if {v,, } is a bounded sequence of L?(2), then the weak
LP-convergence of the unfolded sequence {7;(v,,)} is equivalent to the two-scale
convergence of {v,}. We recall that the notion of two-scale convergence has
been introduced by Nguetseng in [38] and further developed by Allaire in [1]
with applications to periodic homogenization.

In the first part of the present work, we show an existence and unique-
ness result of the weak solution of problem (1.1), using the classical Minty—
Browder theorem. Then, we complete the study done in [26] with some new
results needed here for our nonlinear problem, including some convergence
results concerning the limit of the unfolded nonlinear terms in the variational
formulation of the problem (see Proposition 4.7 for more details). In the second
part, we study the homogenization of problem (1.1) for the different values of
7< L

Let us briefly describe the difficulties due to the presence of the non-
linear jump and the nonlinear function hs. The main difficulty is related to
the nonlinearity in the boundary condition, which gives rise to a term of the
form

Y|/ axr 3
< (Tf (01) — T5 (v2)) da dor,.

In view of the results in [26], we prove that this term goes to zero for
v > —1, while for v < —1 the choice of test functions without jump, which
makes the term vanish, is enough to pass to the limit. This implies that the
homogenized matrix Ag is the same as that of the linear case with jump studied
before in the literature.

The case v = —1 presents a major difficulty since we have only the weak
convergence of 7,7 (uf — u§) /e in L*(Q2 x I') so that we need to identify the
limit of the unfolded boundary term. To do that, we use the Minty method for
monotone operators together with a suitable choice of sequence of test func-
tions and we obtain a boundary term in the limit problem. The homogenized
matrix is described in a more complicated way, since it is expressed via a non-

1 TE(ué — ut
E’H—l/ hs(x,ui _ ug)(vl — ) doy =7 — h (y7 b(ulu2)>
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linear function involving the correctors, as shown by Corollary 5.5. Moreover,
in this case, the uniqueness of the limit problem needs to be proved.

Concerning the nonlinear function ho, it leads to pass to the limit in
terms of the form

1
/ hs (x,u3) ve do =
Q5

T ha (y, T3 (u3)) 7y (v2) da dy,
|Y| QxYs

where the weak convergence of 75 (u) in L? (Q, H' (Y3)) proved in [26] is not
sufficient to pass to the limit. To overcome this difficulty we improve here the
previous results proving that this convergence is actually strong for v < 1 (see
Theorem 4.5). For the case v = 1, the assumption that hy = 0 is required since
we cannot improve the weak convergence result of 75 (u5). Some results for
this case have been announced in [41] where also Q5 is supposed connected.

The pioneer paper on this subject was proposed by Auriault and Ene in
[4] for the linear case, using the multiple scale method. In [20,21,25,36,37],
the linear case (h; = hy = 0 and h (y,s) = sh (y), where h (y) is an Y-periodic
positive bounded function) was studied using the Tartar method and assuming
that the holes do not meet the boundary.

For similar homogenization problems of elliptic type we refer the reader
to [9,27,28,30,33,34,39] and for related parabolic problems [22-24,29,31],
together with the references therein. For the homogenization of linear and
quasilinear elliptic problems with a nonlinear Robin condition containing a
nonlinear term with the same growth as that in the boundary condition con-
sidered in the present paper, we refer to [8,16], respectively, where the periodic
unfolding method was used.

The paper is organized as follows:

In Sect. 2, we introduce the problem together with the assumptions concerning
the functions h, h; and ho.

Section 3 is devoted to the existence and uniqueness of a weak solution of
problem (1.1).

In Section 4, we recall some properties of the unfolding operators introduced
in [13,15,26] and give some new convergence results.

Finally, in Sect. 5 we state and prove the homogenization results for the dif-
ferent case of the parameter, v < —1, vy = —1 and v € |—1,1].

2. Statement of the problem
2.1. Notations

In this section we introduce the main notations and the two-component
domain.

In R™ (n > 2), let © be an open bounded set with a Lipschitz continuous
boundary 9Q and Y := [];-, [0, ;[ be a reference cell, with {; > 0,7 =1,...,n.
We assume that Y; and Y5 are two disjoint connected open subsets of Y such
that Yo # @, Yo C Y and Y = Y; UY5, with a common boundary I' = 9Y5
Lipschitz continuous (see Fig. 1).
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FIGURE 1. The two-component composite

Remark 2.1. For the sake of simplicity, in this paper we assume that Y5 is
connected. Actually the results given here can be extended to the case where
Y5 has a finite number of connected components, in the spirit of Theorems
2.21 and 3.11 in [26].

Throughout this paper, ¢ will take its values in a positive real sequence
which tends to zero and c¢ is a constant independent of €.

For almost every z € R", we use [z],, to denote its integer part
(kili, ..., kunly), k; € Z for i = 1,...,n, such that z — [2]y, € Y and set
{z}y =2~ [y

Then, we have

r=c¢ ([g}y + {g}y) for a.e. x € R™.

Let us introduce the two-component domain as follows (see Fig. 1):
o for any k = (k1,...,ky) € Z™, ky = (k1ly, ..., kpl,) and
YE=k+Y, Yi=k+Y, i=1,2,
e K.={keZ"| eY)NQ+#wo, i=1,2} and

O =0\ [ e, T°=00{nQ, Q=005 (2.1)
keK.

We allow here the holes to meet the boundary of the domain 2. This
makes the domains Qf, 25 and I'* somewhat different from themselves in our
last paper [26] for the linear case, where 5 only contains the holes inside €.
Here the domain Q5 is the intersection of {2 and the union of the €Y -periodic
translated sets of the hole €Y,. Consequently, the interface I'® is bigger than
the corresponding in [26].

The following notations are also used in the sequel:
1Yl

i
vl
e u: the zero extension to the whole Q of a function v defined on 25 or Q5,
° X, the characteristic function of each open set w of R™,

.02': :1,27
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1
o M, (f):= @l [, f dx, for any open set w of R™ and for any f € L' (w),

2

o M («a,3,0): the set of the n X n matrix-valued functions A in (L (O))"
such that, for any A € R",

(A(z) A\, \) > |\ ae. in O,
|A(z) A < BN ae. inO,

fora, SR, 0<a<g.

2.2. The problem

Our goal is to describe the asymptotic behavior, as ¢ — 0, of the following
problem:

—div (A°Vug) + 5 (z,u5) = f in OF,
—div (A°Vu§) + h§ (z,u5) = f in Q5,

AVui.ng = —A*Vui.n§ on I', (2.2)
—AVus.ng = eV ThE (z,uf —u§) on ¢,
u; =0 on 0NN, i=1,2,

where the coefficient matrix A° and the nonlinear terms A%, h$ are given by

( f) (2.3)

i(f,s) fori=1,2,

with A, hy and hg satisfying assumptions (2.4)—(2.5) below.

The linear case, where hy = hy = 0 and h is of the form h (y, s) = sh (y),
was studied, under the assumption that the holes do not intersect the exterior
boundary, by Tartar’s method in [25,36], by two-scale method in [28] and
recently by unfolding in [26].

Here we investigate a more general situation, where a nonlinear function
of the jump of the solution appears on the rapidly oscillating interface together
with the presence of the two nonlinear zero-order terms h; and hs.

Throughout the paper, we assume that

AeM(a,8,Y), AisY-periodic, '

and
h satisfies (H1) — (H3),
hy satisfies (H;1) and (Hy), (2.5)
ho satisfies (Hy) and (H)),
for some o, 8 € R, 0 < a < 3 and assumptions (H;)—(H4) shown below.
Furthermore, the homogenization results obtained in Sect. 5 depend on

the value of . Then, for the reader’s convenience, we list the different cases
and the corresponding assumptions as follows:
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h or hg is strictly increasing if v # £1,
h is strictly increasing if vy =—1, (2.6)
h is strictly increasing and ho =0 if v = 1.
Let us introduce the hypotheses related to the two-variable functions
h, hy and hs.
Assumption H;: The function g (y, s) : R” xR — R satisfies assumption (H;)
iff
1. g is a Carathéodory function,
2. g(-,s) is a (measurable) Y-periodic function for all s € R,
3. g(y,-) is an increasing function in C! (R) s.t. g (y,0) = 0 for all y € R™.
Assumption Hsy: The function g (y, s) : ¥ x R — R satisfies assumption (Hz)
iff there exists a constant ¢ > 0 and an exponent ¢, with

1<¢<2ifn=2,3 and 1<¢g< 21fn>3,
n—
such that
0 _
8—g(y,s) §c<1—|—|s|q 1) for a.e. y € Yand for all s € R.

Assumption H3: The function g (y,s) : ¥ x R — R satisfies assumption (H3)
iff there exists a constant ¢ > 0 such that

59 (y,s) > cls|® for ae. y € Yand for all s € R.

Assumption Hy: The function g (y, s) : ¥ x R — R satisfies assumption (Hy)
(vesp. (H})) iff there exists a constant ¢ > 0 and an exponent p; (resp. pa),
with

2
1<p; <+4o0ifn=2 and 1§p1§n+2ifn>2,
n

(resp. 1 < ps < min {27 n+2 }) such that

n—2
dg
% (y, 3)

<c (1 + |s|p7‘_1) for a.e. y € Yand for all s € R.

Remark 2.2. It is easy to check that
(i) the function g (y,s) = & (y) (s + || " s) (vesp. € (y) (s +|s|"* ' 5)) sat-
isfies assumptions (Hi) — (Hs) (resp. (H1), (H3) and (Hy)) where £ (y)
is any positive bounded measurable Y-periodic function,
(i) if g(y,s) satisfies assumption (H;), then sg(y,s) > 0 for ae. y €
Yand for all s € R,
(iii) if g (y, s) satisfies assumptions (H1) and (Hz), then for some ¢ > 0,

lg (y,8)] <c(1+]s]?) for ae. y € Yand for all s € R,
since, due to the fact that g(y,0) = 0 for all y € R™, we have

s ag s -1
/0 E(y, T)dT /0 (1 + |7 ) dr

<c <c(|sl+]s]"),

l9(y, )| =

and
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o if[s| <1, |g(y, )| < c(1+ "),
o if [s| > 1, |g(y,s)] < 2c|s|? < 2¢(1+]s]7).

We now introduce the functional spaces adapted to our problem.
Definition 2.3. For every v € R,
HE = {u=(u1,uz)| u1 € Vi, ug € V' } (2.7)
equipped with the norm
lullfe = (Va7 + || Vus|); + &7 [|ur — w7 (2.8)
He 1L2(Qs) 21lL2(03) 1 21l L2(re) » .

where VE = {v cH! (Qf)| v=0on 89(789?}, 1 = 1,2, endowed respec-
tively with the norms
) ) 1/2
”UHVf = HVU||L2(Q§)7 ||'U||v,; = (||UHL2(Q§) + ||VU||L2(Q§)> :

Remark 2.4. (i) As observed in [13], the Lipschitz assumption of 9§ implies
that for every open subset 2y of R™ such that  C Qg and 0Q N ON] =
0N Q,

Vi = {v € H'(Q))| I € H'(QF), v =0 in Q5\O5 and v = v'|9§},

where Qf = Qo\ Ujczn evE.
ii e norm |||y, is equivalent to ||-||;;1,0-y by constants independent o
ii) Th ve |l ivalent t H(Ql)b tants ind dent of
e since the Poincaré inequality holds in the space V¥ with a constant ¢
independent of ¢, that is

||UHL2(Q§) S CHVUHLQ(Qi) Vv S Vls,
(see Theorem 2.9 in [13] for more details).

The space H defined above is not exactly the one introduced in [24—
26,36], since as mentioned above, here the holes can meet the boundary of
and then I'. is somewhat different. Nevertheless, it is easy to check that the
properties of the space HZ proved in the papers quoted above are still true for
this situation. In particular, the following proposition is still true.

Proposition 2.5. [24] There exist some positive constants ¢, ¢y and ca, indepen-
dent of ¢, such that

2 - 2
lullze < e (147 lullye vy ¥y €R, Yu € HS.
Moreover, if v <1

2 2 _ 2
crllullve vy < llulls < e (1+e71) ullve vy Vu € HS. (2.9)
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Let us now turn back to problem (2.2), whose variational formulation is
Find v = (uf,u5) € H5 such that

A*VuiVuy dx + A*Vu5Vuy dx +/ vihf (x,uf) dz
Q5 Q5 Q3

+/vﬁﬂ%@%h+ﬁ“/(meMWLﬁ*@)M
Qf

= fur dx + fva dx ¥ (vi,v2) € HE.
0f Q3

(2.10)

We state below an existence and uniqueness result for this problem, which
is a particular case of Theorem 3.1 proved in the next section.

Theorem 2.6. Let the function h satisfy assumptions (H1), (Ha2) and hy, hs
satisfy assumptions (H1), (H4). Suppose further that h or he fulfills assumption
(Hs3). Then, for every fived €, problem (2.10) has a solution u® € H.

If moreover h or ho is strictly increasing, then the solution is unique.

We end this section by some a priori estimates for problem (2.10).

Proposition 2.7. (a priori estimates) Let v < 1 and suppose that the function
h satisfies assumptions (H1)—(Hs) and hy, ha satisfy assumptions (H1), (Ha4).
If u® = (u§, u§) is a weak solution of problem (2.2), then there exists a positive
constant c, independent of €, such that

{ ||(VU§, vug)”LQ(Qi)XLQ(QS) < C,

_ 2.11
o5~ w5l agrey < € V2 210

Proof. With the assumptions given as above, problem (2.2) has a weak solution
due to Theorem 2.6. Arguing as in the linear case [26], together with the
coerciveness of h, the proof of (2.11) is straightforward. O

Remark 2.8. For v = 1, if the coerciveness assumption on h is replaced by
that on hg, then we still deduce the a priori estimates in (2.11) by using (2.9).

3. An existence and uniqueness result

Let O be a Lipschitz bounded open set of R". We take O1, Oy as the open
disjoint subsets of O such that O is connected and O, has a finite number of
connected components. We also assume that the interface S between Oy, Oy
is Lipschitz continuous and set S = 90 N 901, So = 00 N 0Os.

The main result of this section concerns the existence and the uniqueness
of a weak solution of the following more general problem:

—div (BVul) + hy (1‘,’&1) = f in Oy,
—div (BVUQ) + h2 (x,u2) = f in 02,
BVui.ny = —BVus.ng on S,

—BVuy.ng = h(x,6(u; —ug)) on S, (31)
Uy = O on 517
U = 0 on SQ,

for a given 0 € R.
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The existence and uniqueness result stated in Theorem 2.6 will follow as
a particular case.
Let us define the functional space H as follows

H ={u=(u1,u2)| w1 € V1, ug € Va},
endowed with the norm
2 2 2 2
lully = IVuillz2(o0,) + IVullzzo,) + llur — u2llz2s)  Vu = (u1,u2) € H,
where
Vi={veH' (0;):v=00n 5}, i=12,

with the norms [[v[|y, = [[Vvll 20, and [v]ly, = (vl g1(0,)-

N.B. In this section, we suppose that all assumptions H introduced in Sect. 2

are written with O instead of Y and without any periodicity assumptions.
Now we introduce an assumption more general than (Hz), which is

enough to obtain the results for the existence and the uniqueness.

Assumption H): The function g (y,s) : Y x R — R satisfies assumption (H5)
iff there exists a constant ¢ > 0 and an exponent ¢, with

1<g¢g<+4xifn=2 and 1<¢< i

ifn>2
n_21n

such that

99
2

<c <1 + |s|q71) V(y,s) €Y x R.

Theorem 3.1. Let f € L? (O) and B € M (o, 3,0). Suppose that the function
h satisfies assumptions (H1), (H4) and ha, he satisfy assumptions (H1), (Ha).
Assume further that h or he satisfies assumption (Hg). Then, there exists a
solution u = (uy,us) € H of the following variational formulation of problem
(3.1):

Find u = (uy,u2) € H such that

/ BVu;Vug d:L'Jr/ BVusVuy der/ vihy (z,u1) dx
Oq O O1
(3.2)
+ vohg (x,uz) dz+ [ (v1 —v2)h(x,0(ur —uz)) do
Os S

z/ fur dm+/ fvo dx VY (vi,v9) € H.
Ol 02

Furthermore, the solution is unique if h or hy is strictly increasing.

This theorem is proved at the end of this section, after some preliminary
results. The next proposition shows in particular that all the terms in (3.2)
make sense:

Proposition 3.2. Let the function h satisfy assumptions (Hy), (Hb) and the
functions hy, ho satisfy (H1), (Ha4). Suppose that r, r', s, s’ are such that

(i) ifn=2,r sel,+oo] andr > qr', s > ps’,
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oy _2(n-1) . 2n 11 1 1
(i) zfn>2,r—ﬁ,5—2 =— andr+r’ _5+5’ =1
Then, the following three maps are bounded and continuous:
Jiu=(uy,us) € H— J(u) €L (9),
Jiuy EHl (Oi)HJi(ui)ELS/ (Ol), 1=1,2,
where J (u) () = h(x,6(uy () —us (x))), J; (u;) () = hi (x,u; (x)) and for
every u;,v; € H (0;), i =1,2,

(v1 —wv2) h(z,6(u; —uz)) € L* (S), (3.3)
vih; (SU,’U,Z) e ! (Ol) .
Moreover, there exists a positive constant ¢ such that
1 (@)l sy < e (1 + lur = ol 77) - (3.4)

Proof. Let us first note that J = g1 o go where
gi:v€E L (8)— g1 (v) €L (S)
is defined by ¢1 (v) () = h (z,v (z)) and
g2:u=(uy,uz) € H—uy —ug € L"(9).

Taking into account that h satisfies (H1) and (H5), by the classical result in
[32], g1 is continuous and bounded. On the other hand, arguing as in [7,16], the
linear continuity of the inclusions H! (0;) C L" (S) for i = 1,2, gives that go
is bounded and continuous. Hence, the operator J is bounded and continuous
from H into L" (), which provides (3.3);.

We now turn our attention to the boundedness and the continuity of the
two maps Jy, Jo. If n > 2, the embeddings H' (0;) C L*" (O;) fori = 1,2, are
continuous.

Then, taking v; € H' (0;), since the functions hy, hy satisfy (H4) and
n+2 2"

n—2 @)

p1 < , we have

I (2, 05)] < e(1+ o) < 20(1+ lciei ) for i =1,2.

Consequently, the functions J;, @ = 1,2, are bounded and continuous from
H' (0;) into L") (0;), which implies (3.3)s.

For n = 2 we argue in a similar way as above, using the continuous
embedding H' (0;) C L* (0;), i = 1,2, Vs € [1,400].
Finally, inequality (3.4) comes from similar arguments as in [7]. O

Let us now recall a result from [36] that we shall need in the sequel.
Lemma 3.3. [36] There exists a constant ¢ > 0 such that

||UHL2((91)><L2((92) <cllully,

for every u € H.
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Proof of Theorem 3.1. We first prove the existence of the solution by using the
Minty—Browder theorem for the operator G : u = (u1,u2) € H — G (u) € H’
where

(G (u),v H/H— / BVu;Vv; dx + Z/ vih; (z,w;) dz

i=1,2 i=1,2

—1—/5(7)1—1)2) (z,0(u1 — ua)) dO’—Z/ fu; dx.

i=1,2

Clearly, the continuity and the boundedness of G follow from Proposition
3.2. Moreover, the fact that the functions h, hq and hy satisfy assumption (H;)
provides the monotonicity of G.

Let us turn our attention into the coerciveness of G. If h satisfies assump-
tion (H3), taking into account Remark 2.2 and Lemma 3.3, we have

(G (), W) g = @ [Vt Bagoy) + @ I VualZagoy, + ¢llur — usl2as)
~ 1720y (et ooy + 2l zgon)
> e |lullfy — ez llully,  Vu € H,
If the coerciveness assumption of h is replaced by that of ho, then
(Gu),u)y g =« ||VU1||iz(01) ta HVU2||2L2(02) + C||U2||2L2(02)
~ 171220y (It z(oy) + 2l 2o
> ¢ (o) + 42l 0y) = 1 llully
> o |[ullfy —er llully,  Vu € H.

Obviously, the above inequalities imply that G is coercive.

Hence, by the Minty—Browder theorem, the operator G is surjective so
that there exists uw € H such that G (u) = 0, that is a solution v € H of
problem (3.2).

Let us now check the uniqueness of the solution.

Suppose that problem (3.1) has two solutions u = (uj,uz), w =
(w1, ws) € H. Choosing as test function v = v — w in (3.2), we have

Z / (Vu; — Vwy) (Vu; — V) da
T Z / i — wi) [hi (z,u;) — hi (z,w;)] d

+ /S [h(z,0(u; —uz)) — h(x,0(w; — we))] [(ug — uz) — (w1 — wa)] do =0.
(3.5)
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By virtue of the ellipticity of B, the monotonicity of h, h1, hy and the
fact that h (or hg) is strictly increasing, equality (3.5) gives

up —uz =w; —wse on S (or ug = wsy in Oy).

{V(ui—wi):O in O; fori=1,2,

Then, using the Poincaré inequality in V; we obtain v = w, which ends the
proof. O

4. Periodic unfolding method for two-component domains

In this section, we first recall the unfolding operators 77, 75 for the two-
component domain and the boundary unfolding operator 7,° together with
their main properties.

The operators 77 and 7,7 have been introduced in [13,15,26] and 75 in
[26], where the relationship between the traces of 7F and 75 is also studied.
Although as mentioned in Section 2 the domain 5 defined in [26] is somehow
different, all the results therein concerning the unfolding operators are still
true for this case. Indeed, the main difference concerns 7;°, due to the fact
that uf does not belong to Ve = {v € H' (Q5)| v =0 on 9Q} as in the linear
case studied in [26], but belongs to VF (see Definition 2.3). Also, the fact that
the domain § contains some more holes (or part of them) does not make any
relevant difference. Consequently, it is easy to check, taking into account [13,
Theorem 2.13], that the convergence results recalled in Theorem 4.3 below are
still true in this case.

In the second part of this section, we state some results concerning the
composed operators 7, o h and 7,° o h;, i = 1,2 where h, hy and hy are the
nonlinear functions in problem (2.2). Moreover, we prove (see Theorem 4.5
below) a new strong convergence result for 75 (u§), which is needed to pass
to the limit in the unfolded nonlinear term concerning hs in the variational
formulation (2.10).

In order to define the periodic unfolding operators, let us introduce the
following sets as in [13] (see Fig. 2).

o Ke={kez' eYrcQl, Q.=int U c(bi+Y), A =0\Q.,
keK.
o 5= U evF, AT=00\05, =12
keK.

4.1. The periodic unfolding operators

Definition 4.1. For any function ¢ Lebesgue-measurable on 25, the periodic
unfolding operators 7;°, ¢ = 1,2 are defined by the formula

10) (5 E}y +€y) a.e. (x,y) € ﬁs xY;,

T° T,y) =
¢ @) wy) {O a.e. (r,y) € Ac X Y;.
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FIGURE 2. The sets (AZE and A,

For any function ¢ Lebesgue-measurable on I'¢, the periodic boundary
unfolding operator 7,7 is defined by

10) (5 E}Y +€y) a.e. (x,y) € ﬁs x T,

Ty T,y) =
b (8) (z,y) {O a.e. (r,y) € A. x T

For the readers’ convenience, we recall the main properties of 7;° for
i=1,2 as follows:

Proposition 4.2. [13,15,26] For p € [1,+00|, the operators TS are linear and
continuous from LP (05) to LP (2 x Y'), i = 1,2; moreover,
(1) 77 (ey) =TF (p) T (), for every ¢, ¢ Lebesgue-measurable on €.
(ii) For every ¢ € L' (Q5), one has

TE () ) dody= [ o) dm:/ﬂf%(éﬂ) dw—/Afﬂx) dz.

Q3

1
YT Jaxy,
(iii) For every ¢ € LP (5),
ITE (Ol o@xvey < Y177 10l o) -
(iv) For ¢ € LP (Q),
75 (p) — ¢ strongly in LP (Q X Y;).

(v) Let {p:} be a sequence in LP () such that p. — @ strongly in L (2).
Then,

77 (¢°) — ¢ strongly in LP (Q x Y;).
(vi) Let p € LP (Y;) be a Y -periodic function and set ¢ (z) = ¢(x/e). Then
TS (%) — ¢ strongly in LP (Q x Y;).
(vii) Let oo € LP(QF) satisfy |[cll oy < C- If T (pe) = ¢ weakly in
LP (Q xY;), then
P — 0, My, (p)  weakly in LP ().

(viii) If ¢ € W'P(Q5), then V,[TF(p)] = eT7 (Vo) and T7 (p) €
L7 (Q, W (V7).



Vol. 22 (2015) Homogenization of diffusion problems 1359

(ix) If o € L* (I'°) for s € [1,+00], then

17y ()]

Let us now recall the main convergence results which have been proved
in [13,26].

1/s s
Le(@xr) = Y| /o€l [l Ls(De) -

Theorem 4.3. [13,26] Let v € R and u® = (u§, u§) be a bounded sequence in
HS. Then,

-
175 ()~ T5 ()2 qgrery < O

and there exists a subsequence (still denoted ¢), uwy € H} (Q) and @ €
L2 (Q,H1 (Yl)) with Mr (1) =0 a.e. © € Q such that

per

{Tf (u5) —w strongly in L* (0, H' (), )

T¢ (Vu§) = Vuy + Vi weakly in L? (Q x Y7).

Moreover, if v < 1, there erists a subsequence (still denoted €), us €
L?(Q) and up € L* (Q, H' (Y2)) with Mr (d2) =0 a.e. x € Q such that

{7—25 (u3) — us weakly in L* (Q, H* (Y2)), (4.2)
T5 (Vu§) = Vs weakly in L? (Q x Ya).
Furthermore, if v < 1, then u; = ug and
(i) if v < —1, we have
Uy = —yrVuy on Q x T, (4.3)

where yr =y — Mr(y).
(ii) if v = —1, there exists &r € L? (Q) such that

77 (u) = 75 (u3)
9

—~ Ty —TUs +yrVus + & weakly in L? QxT). (44)

Remark 4.4. From now on, we set
Ug = Uy — yrVug — fr S LQ(Q,Hl(}/g)) (45)

With this notation, in (4.2), we can replace V,ua by Vu; + V, Uy and (4.3)-
(4.4) can be rewritten respectively as follows:

Uy =mus+& onOQxID ify<—1, (4.6)
T (u§) — T3 (u§) Je = Uy — Uy weakly in L? (Q xT') ify=—1. (4.7)

Let us mention that, when comparing to [26], the notations of Uy and 5
used here are interchanged, in order to simplify the presentation.
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4.2. Some convergence results

The main difficulty when passing to the limit in the unfolded version of problem

(2.2) is clearly given by the nonlinear terms. Concerning 75 (u$), its weak

convergence in L? (Q, H! (YQ)) provided by Theorem 4.3 is not sufficient.
This is why we first need to prove that the above convergence is actually

strong. We do that in the next theorem, then we obtain the convergences of

the unfolded nonlinear terms.

Theorem 4.5. Lety < 1 and u® = (uf, u3) be a bounded sequence in H. Then,
there exists a subsequence (still denoted €) and uy € H} () such that

{725 (u§) — uy strongly in L? (0, H' (Y2)) , (4.8)
Tf (uf) — I3 (u3) — O strongly in L* (Q, L" (I')) ,
where r is defined in Proposition 3.2.
Proof. From the proof of Theorem 2.18 in [26], we have
T5 (u§) — uy  strongly in L? (Q x I'). (4.9)

Moreover, since Y5 is bounded with a Lipschitz boundary IT', by the Friedrichs
inequality we have for some positive constant c,

2 2 2
ol < e (ll3a) + 1V0l3a0,)) Vo€ H (%2),
which applied to the function 75 (u§) — uy gives

€ (. € 2 € (. € 2 e/ ev2
175 (u3) — U1||L2(Q><Y2) <c (HTQ (u3) — ulHL2(Q><F) +IVyZ; (u2)||L2(Q><Y2)> )
(4.10)
since u; is independent of y. Note that

IVyTy (“§)||L2(Qxyz) =c||7y (VUE)HB(Qsz) <ceg, (4.11)

in view of Proposition 4.2(iii), (viii) and the fact that u° is a bounded sequence
in H:. Taking into account (4.9)-(4.11), we deduce (4.8);.
For the second convergence in (4.8) one has

/Q 1T (45) — T ()|
<9 /Q 1 (u5) — sy + 2 /Q 175 (u5) — w20 oy

2 2
<17 ) — il do [ 175 08) = gy de) — 0

where we use (4.1)1, (4.8); and the continuous embeddings H'(Y;) ¢ L"(T),
i = 1,2 (see Proposition 3.2). This completes the proof. O

The following lemma is needed to prove the next proposition.

Lemma 4.6. There exists a positive constant c, independent of €, such that, for
any v € V5,

[[v] Lo = C””va ) (4.12)
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for every s € [1,2*] if n > 2 and s € [1,400] if n=2.

Proof. Let Qo be an open subset of R™ such that Q@ C Qy and d (990, Q) >
diam(Y'). Set Qf = Qo\ Uyezn €Ys'. Observe that, for & small enough, 9
does not meet the boundary of the holes intersecting 9. Consequently, if v
is the zero extension to {1 of a function v € V7, then according to Remark
2.4(i), v € HY(Q§) and v = 0 on 995.

Hence, from classical results in [17,18], there exists an extension operator
P# from H' (Q5) to H}(Qo) such that,

||P€5||H3(QO) < CHﬁHHl(Qgp

where the constant ¢ is independent of ¢.
As a result, by using the Sobolev embedding H{ (Q9) C L*(Qo), we
obtain

o]

Ls(Q5) — 0] L5(Q8) < |[P7o Lo(90) S C1 ||P€5||H5(QO) < HU”Vf )

where the constant ¢y does not depend on &, which concludes the proof. [

Proposition 4.7. Let the function hy satisfy assumptions (H1), (H4) and hs
satisfy assumptions (Hy), (H}). If u® = (uf,u3) is a bounded sequence in HY,
then there exists a subsequence (still denoted €) and u; € H} () such that
() T¢ (h5 (x,u5)) — hy (y,u1) strongly in LY/P (Q x Y7),
(i) 75 (A (,u3)) — ha (y,u1) strongly in L*/P> (A x Ya) if v <1,

where

t =max{2,p1} if n=2,
te [maaz{Q,Z—fg},T‘[ if n>2.

Remark 4.8. In order to treat the nonlinear term by unfolding, in the sequel we
use the fact that, from the definition of the unfolding operators and assumption
(Hl) on h, hl and hg,

7—1'6 (hf ('7 U)) ($7y) =h (y,’]’f(v)(x,y)) , fori=1,2,
7y (b= (- w)) (2, y) = h(y, T, (w) (2, y)),
for any function v measurable on €27 and w measurable on I'“.
Proof of Proposition 4.7. From Proposition 4.2(iii) and Lemma 4.6, one has
1/s
175 (ui)HLS(QXYl) < Y] / ”uiHLS(Qf) < C||VU§HL2(Q§) <c, (4.13)

for all s € [2,2*] if n > 2 and s € [2,+o0] if n = 2.
Then, choosing s = 2* if n > 2 and s > maxz {2, p1} if n = 2, we obtain
by the interpolation inequality,

175 (ul) — Ul“Lt(QxYl) < O[Ty (uf)

1—a a
—u1l|ps(axyy) 175 (WD) — willp2ouyy)  VE € (28], (4.14)
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with a = f((;__g € ]0,1]. Hence, combining (4.1)1, (4.13) and (4.14), we get, up

to a subsequence,

T (u§) — uy  strongly in L' (2 x Y;) Vt € [2,5], (4.15)

for the above choice of s.
Now, in (4.15) we choose t = max{2,p1} f n = 2 and t €
{max {2,2—3} ,2*[ if n > 2. This means that p; < t. Since h; satisfies

assumptions (H;) and (Hy), from the classical results in [32] and convergence
(4.15), we obtain

ha (y, 75 (u5)) — ha (y,u1)  strongly in LY/P1 (Q x Y3), (4.16)

which implies (i) by Remark 4.8.
Finally, when v < 1, convergence (ii) is a direct consequence of Theorem
4.5 and the growth condition (H}) on hs. O

Remark 4.9. Due to the disconnectedness of the set 25, we cannot obtain for
v € Vi a similar result as that in Lemma 4.6. This is shown by the following
counter-example, suggested by Mardare [35]:

Let us fix kg € IA(E and set

{5"/2 in Y},
v =

0 elsewhere.
Then, if s > 2,
n k 1/S n n k 1/8
[ollog) == ¥ = A1t = oo, ase—o,
while
1/s
E
ol gy = Nollaqagy = [Y22] -
5. Homogenization results
Here, we prove in details the result for v = —1, which is more complicated.

For the other cases we only clarify the points where the proof is different.

5.1. The case v = —1

In this case, although the strong convergence of 75 (u§) proved in Theorem 4.5
allows to pass to the limit in the nonlinear term hy, we meet a main diffi-
culty concerning the nonlinear function h of the jump in the equation. Indeed,
from (4.4) we have only weak convergence of the term (77 (u5) — 73 (u§))/e in
L? (2 x ') and this does not allow to pass straightforward to the limit in the
interface term, as done in [26] for a linear h.

Nevertheless, in the spirit of the Minty method for monotone operators,
by choosing a sequence of suitable test functions, we are able to compute the
limit of the unfolded term h (y, 7,7 (u] — u3)/e), although we cannot improve
the weak convergence of 7,7 (uj — u3)/e.
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Theorem 5.1. For v = —1, let (2.4), (2.5) and (2.6)2 hold true. If u® =
(u§,us) is the solution of problem (2.2), then there exist uy € H{ (Q), Uy €
L? (Q,H},. (Y1)) and Uy € L? (Q, H' (Y2)) such that

per
TE (u§) — wy strongly in L* (Q, H' (Y1),
T¢ (Vu§) = Vug + Va1 weakly in L? (Q x Y1), 5.1)
75 (u§) — wg strongly in L* (0, H* (Y2)), '
75 (Vu§) = Vug + Vs weakly in L? (Q x Ya).

The triplet (u1, U1, Us) is the unique solution of the following problem:

Find uwy € H) (Q), 1y € L* (0, H,, (Y1)) with Mr (G1) = 0

per

and Uy € L? (Q H! (Yg)) such that

Z/QXY () (Vur + V) (Vo + Y, @)dxdy—&—'Y‘ 3

1=1,2 1=1,2

1
Y]

1 A ~
/ whi (y,u1) de dy + — h(y,uy — ug) (1 — Do) dx doy
QxY; |Y| Qxr
/ f(z ) dz Ve € Hj (Q), & € L* (Q,H,,, (Y1),

P, € L? (Q,H1 (Y2)).
(5.2)

Remark 5.2. Observe that in view of Theorem 2.6, assumption (2.5) and the
strict monotonicity (2.6)z of h imply that the variational problem (2.10) admits
a unique solution u® € HS. Besides, Proposition 2.7 gives the boundedness of
the norm of v® in H5.

In the proof of Theorem 5.1, we will need the following result:
Lemma 5.3. Let the spaces W, (Y1) and B defined by
Wper le {g € per(Yl |MF - O}
B = H}(Q) x L*(Q, Wper(yl)) x L2(Q, H'(Y)).
Then, ||-||z given by the formula
2 ~ 2 ~ 2
vl = Vo1 + vyleL2(Q><Y1) + Vo1 + va2HL2(QxY2)
+ 1181 = Bl Z2(xry » v = (01,01, 0) € B
s a norm on B.

Proof. Let us prove that if [|v| 3 = 0 then v = 0, the remaining properties of
a norm being trivial. Suppose then that ||v||z = 0. We have

{i}\l = 62 on () x F, (53)

~ 112 ~ 12
M = ||VU1 + vy”l”[ﬁ(gxyl) + ||V’Ul + vaQHLQ(QXYg) =0.
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It is easy to see that

2 ~ 12 ~ 2
M =1Y| ||Vvl||L2(Q) + ||VyU1||L2(Qxy1) + ||Vyv2||L2(QxY2)
+2/ Vvlvyﬁl dx dy + 2/ Vvlvyﬁg dx dy. (54)
QxY; QxXYsy

Applying Green’s formula, we deduce from (5.3); and the Y-periodicity
of 617

/ Vo1V, 01 dz dy —I—/ V1V, 0s dz dy
QOxY:

QXYQ
- 81)1 ( (’)ﬁl > - / 8’1)1 ( 8@\2 )
= dy | dx + dy | dx
z—zl/ﬂ (91‘2 Y, 6‘yl y ; Q 8%1 Ys 8yi 4

= / 11Vur.n (y) dz doy, —|—/ UaVur.ng (y) dx doy, (5.5)
QxI QxI

= / (U1 — U2) Vur.ng (y) do doy =0,
QxT

since Vov; is independent of y and ny = —njy.
Combining (5.3)—(5.5) implies
V’Ul =0 in Q,
Vy? =0 ?n Q x Y7, (5.6)
Vyva =0 in  x Y5,
61 = E)\Q on Q xTI.
This means that
v =0 in €,
v =0 in Q x Y]
U1 m b (5.7)

Uy = C(z) in every connected component of  x Y3,

61:7}\2 OHQXF,

where we make use of the Poincaré inequality on H} () and the Poincaré—
Wirtinger inequality on W, (Y1). This yields v = 0 and the proof is complete.
O

Proof of Theorem 5.1. The proof consists of three steps.
Step 1: Passing to the limit.

From Theorems 4.3, 4.5 and Remark 4.4, convergences (5.1) follow for a
subsequence. In order to get the limit problem, we take (vy, v2) as test functions
in (2.10), where

v; = @ () + ew; () ¥ (2)  with ¥5 (x) = ¥(z/e), i =1,2,
for p, w; € D(Q), ¢y € HY,, (Y1) and ¢5 € H* (Y3) (extended by Y-periodicity

per
to R™).
Proposition 4.2(v) gives

77 (v;) — ¢ strongly in L? (Q x Y;), (5.8)



Vol. 22 (2015) Homogenization of diffusion problems 1365

since v; strongly converges to ¢ in L? (). Let us also note that
Vu; (x) = Vo + et (x/e)Vw; (z) + w; (x) Vi (x/e).
Then, if we set ®; (z,y) = w; (z)¥; (y), i = 1,2, we have
77 (V) = T7 (Vo) + & i T (Vi) + Vi T (wi)
— Vo + V,®; strongly in L (2 x Y;). (5.9)

Hence, from convergences (5.1)2 4, (5.8), (5.9) and Proposition 4.7, we obtain
by unfolding,

1
AVuiVu; de = — A(y)TF (Vu;) T (V) dz dy
Qs ‘Y| QxY;
1 ~
|Y| QxY;
(5.10)
1
[ rwavdo= o [ b T T () da dy
QF |Y‘ QxY;
1
|Y| QxY;

for i = 1,2 and
fur dx + fvg do — / 01 fp dach/ Oxfp de = / fodx. (5.12)
Qs Q5 Q Q Q
On the other hand, in view of Remark 4.8,

/ he (z,uf —us) (v1 — ve) do, = 5/ he (z,uf —ug) (1] — wath3) doy,
Lo (y, T(“‘“’) (1 ) TE (1) — 2 (4) T5 (w2)) s dor
Y[ Joxr €

(5.13)
Note that Theorem 4.3 implies

’ Zy (uf —u3)

€
Thus, in view of assumption (Hsz) on h and the fact that ¢ < 2, there exists
¢ € L*/9(Q x T) such that, up to a subsequence of ¢,

<ec.

L2(QxT)

TE (U — ué
h <y M) —~ ¢ weakly in L9 (Q x T). (5.14)
Then, we obtain

lim e (z,uf —ug) (v, — ve) do, =

— ¢ (®y — ®By) dx doy. (5.15)
=0 Jpe Y] Joxr ! : Y
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Collecting (5.10)—(5.12) and (5.15), passing to the limit as € — 0 in the varia-

tional formulation (2.10) for v = —1 and (v1,v2) chosen as above, by density
we deduce the following limit problem:
) (Vur + Vyu;) (Vo 4+ V, ;) de dy
|Y‘ 2212 /Q><Y v Y
1
+ — (P — ®2) dx do / (y,u1) dz dy
Y] Jaxr vt Y] 121:2 Q><Y (5.16)
/ f@)e(x)de Vo€ Hy(Q), & € L* (Q,H),, (Y1),
Py € L? (Q,H1 (Y2)) .

Step 2: Identification of the limit ¢ in (5.16).
We now show that
C= Ry, — ). (5.17)
In order to do that, we use the Minty method for monotone operators, as
done for instance in [19] for Leray—Lions operators by the unfolding method or
n [3] for a parabolic problem with a jump of solution by the two-scale method.
This leads to use some test functions adapted to our nonlinear problem.
Consider the sequences

w; () = Ao () +eXin (a:, g) + keio (;v, g) , fori=1,2,

where
)\06D(Q),)\1]€D(Q Cz?gr( )), (518)
A2j € D (Q,C% (Y3)) extended by Y-periodicity to R”, j =1,2. '

First, taking (u§ — w§,us — w5) as a test function in (2.10) written for
v = —1 implies

Z/ A*Vu; (Vui — Vy) dm—i—Z/ ui —ws) hi (z,u;) dz

1=1,2 1=1,2

—|—/ (uf — @] —us + ws3) h® (z,u] — dUL—Z (i —@f) dx.
: i=1,27 %

(5.19)
Moreover, from the monotonicity of h, hy, hs and the assumption A €
M («, 8,Y) we have

> | ANV - V@)(Vu§ — Vo) da

i=1,279

N Z/ uf — 5 [hE (2, u5) — S (0, 05)] der

7=1,2
+ / (0 — 5 — @5 + w§) (B (2,45 — u§) — IF (2, @5 — w§)] doy > 0.
(5.20)
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Thus, combining (5.19) with (5.20) yields

S [ 4Vt (Vi - V) o+ Z/ (uf — ) 1§ (2, 5) da

i=1,279 i=1,2
+/ (u§—us -5 + @5) b (2,05 — @5) dow < > [ f(uf — ) da,
N i=1,27 %
(5.21)
which gives, by unfolding, for ¢ small enough
1
| AT (V) (37 (V) - T (V)] do dy
IY‘ i=1,2 QxY;
(u — @) by (3, T (55)) da dy
|Y| 1212/Q><Y
L [Ewi) )], (, EE) g g,
Y] Jaxr £ £ £
1
<= T ()T (v — w;) dz dy.
‘Y| i=1,2 QxY;
(5.22)

On the other hand, it is easily seen that, as € — 0

Ta( ¢) — Ao strongly in L? (Q x Y;),
*T (5)\11 ( ) + keXiz (96‘ £)) — Air(z,y) + kAiz(2,y) (5.23)
strongly in L2(Q H(Y;)) and Lz(Q xT), fori=1,2.

Consequently,

TE e _ €
M — A1 —Aa1 + k(A2 — M) strongly in L2 (2 x ). (5.24)

Moreover, for ¢ = 1, 2, since
x x
Vot (z) = Vo (z) + eVi (g; g) + VA (x g)
+ keVs (x g) + kY A (x g) ,
we obtain
TF (Vb)) — Vo () + Vydir (2,9)+kVyAiz (z,y)  strongly in L? (Q x Y;) .

Thus, passing to the limit in (5.22) as € — 0, one deduces

> / A(y) (Vo + Vydin + kVyAi2) [Vur + Vs
QXY

i=1,2

— (Vo + Vydi + kvy)\iz)] dx dy
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+/ [U1 —Uz —A11+A21 —k (A2 —A22)] b (y, A11 = A21 +k (A2 —A22))dz doy
QxT

+ > / (u1 — Xo) hi (y, Xo) da dy < |Y|/ fur—Xo) dz dy,  (5.25)
i=1,272xY; Q2
where we use (5.23), (5.24) and the convergence results in Theorem 4.3.

Now let us choose A\g = Af and A\j; = A}y, 7 = 1,2 such that, as n — +o0

A — up  strongly in H} (),
Ay — uy  strongly in L? (Q, HY,. (Y1)), (5.26)

per

Ay — Uy strongly in L? (Q, H' (Y2)),

and pass to the limit as n — +oo in (5.25), we obtain

—k Z / A (y) (Vul + Vyit\z + kvy)\ig) Vy)\ig dx dy
i=1,272xYi

— k’/ ()\12 — )\22) h (y,ib\l — ag +k ()\12 — )\22)) dx dO'y <0. (527)
QxI
Since (5.27) holds for every k € R, we deduce the following equality:

Z / A(y) (Vur + Vyu; + EVyXia) Vydie dz dy
i=1,27OxY;

+ / ()\12 — )\22) h (y,ﬂl — Uy + k ()\12 — )\22)) dx dO'y =0. (528)
QxI

On the other hand, choosing ¢ = 0, 1 = A\12, P2 = Ago as the test functions
in (5.16) implies

> / A(y) (Vur + V) Vy iz da dy +/ ¢ (M2 — Ag2) dz doy, = 0.
i=1,2 QxY; QxT

(5.29)
Combining (5.28) with (5.29), one gets

k Z / A(y) VyriaVyAio do dy — / ¢ (A2 — Ag2) dx doy
i=1,2 QxXY; QxT

+ / ()\12 — )\22) h (y,ﬂl — Uy + k ()\12 — )\22)) dx dO'y =0. (530)
QxT
Thus, letting k¥ — 0 in (5.30) provides
QxTI

/ ()\12 — )\22) h(y,al — a2> dl‘ dO'y = C(/\12 — /\22) dI dO'y
Qxr

which gives (5.17).
Step 3: Existence and uniqueness of the solution of the limit problem (5.2).
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Let us consider operator P : u = (uy,uy,Uz) € B — P(u) € B’ defined
by

P = 3 [ AG) (Vur+ Vo) (Vor + 9,50 dedy

i=1,2

+ / vihi (y,u1) dedy
Z axy;

i=1,2

+/ h(y,u1—u2) (01 —02) dz day—|Y|/ fur dx Vv = (vi,01,02) € B,
QxT Q

where the space B is given in Lemma 5.3.

It is easily seen that P is bounded continuous, coercive and monotone.
Thus, from the Minty—Browder theorem, P is surjective, which implies that
Eq. (5.2) has a solution u = (uy,u;,Us) € B. Let us check the uniqueness of
u. If problem (5.2) has two solutions u = (u1, U1, U2) and w = (wy, @1, W2), we
have

(P(u) = P(w),v)p g =0 Vo= (v1,01,02) € B.
Choosing v = u — w yields
(P(u) =P(w)u—-w)p 5

= Z / A(y) (Vuy — Vwy + Vyt; — Vo)
QxY;

i=1,2

X (Vu1 — Vwi + Vyﬂz - Vy@) dx dy

+ ) /Qm (hi (y,u1) — hi (y,w1)) (w1 —wi) dz dy (5.31)

i=1,2

+/ (h (y,ﬂl — 172) — h(y,&}l —&72)) (ﬂl — ﬂg —(:31 +@2)dx dO'y =0.
QxT

Using the assumption A € M («, 3,Y) and the strictly monotonicity of h, we
obtain

V(ul—wl)—&—vy(ﬂi—@i)zo inQxY;, i=1,2,
ﬂlfﬁjlf(ﬂgfﬁg):o OHQXF,

which by Lemma 5.3 gives ||u — wl||z = 0, so that u = w. Hence, convergences
(5.1) hold for the whole sequence. This completes the proof. O

Remark 5.4. The fact that we cannot directly pass to the limit in the unfolded
nonlinear term h (y, 7,7 (u] — u5)/e) makes the situation here different from
the case of nonlinear Robin boundary conditions treated in [7,16], where some
weak convergence of the Nemytskii operator associated to the nonlinear func-
tion h was proved.
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In order to describe the homogenized problem solved by w1, we introduce
for every z € R", the following problem:

Find (X (-, 2), X2(~,z)) € Wper (Y1) x H*(Y3) such that

) / Vo dy [ B, 002) = 02 (01 = ) do
i=1,2
Al(y) zVuy dy — A(y) zVvg dy, Vv € Hper(Yl), vy € HY(Y?),
Yl Y2
(5.32)

where the space Wy, (Y1) is defined in Lemma 5.3.

The existence and the uniqueness of the solution of the above problem
can be proved using the Minty—Browder theorem as in the proof of Proposition
3.2, for the functional space

W = {v = (v1,v2) 1 V1 € Wper (Y1), v2 € Hl(Yg)},
endowed with the norm
2 2 2 2
[vllw = [IVUillz2vy) + 1VV2llz2(v) + llvr = v2ll2ry Vo = (vi,02) € WL

Corollary 5.5. For v = —1, under the hypotheses of Theorem 5.1, if u® =
(u§,u$) is the solution of problem (2.2), then there exists u; € H} () such
that, fori=1,2,

U — fiuy weakly in L? (Q),
AVu§ = 0; My, (A(y)[Vur + Vyx,(y, Vur)])  weakly in (L2 ()"

(5.33)
and uy s the unique solution of the following nonlinear problem:

—div (D(Vul)) + 91./\/1)/1 (h1 (-,ul)) + 92./\/1)/2 (h2 (',U1)) =f inQ,
uy =0 on 09,
(5.34)
where

Z(’ My, [ )(z + Vyx, (v, ))} = My (A)z

+ Ze My, ( X, (v, )) (5.35)

and for every z € R", the pair (X1(~,z),xz(-,z)) is the unique solution of
problem (5.32).
Proof. Choosing ¢ =0in (5.2) yields
) (Vur + V,4;) V@, do dy
|Y| Z ~/§Z><Y

1=1,2

- h (y,ﬂl — az) ((I)l - (I)Q) dx dO'y = 0. (536)
|Y| QxT
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This implies that

—divy (A (y) Vyui (z,y)) = divy (A(y) Vui ()  ae. in Qx Y,
—divy, (A (y) V2 (z,y)) =divy (A(y) Vug (x))  ae. in Q x Vs,
Ay) [V (2.) + Vo ()] m )
= —A(y) [Vyls (z,y) + Vuy (z)] n2 ae. inQxI,
—A(y) [Vyur (z,y) + Vuy ()] ny = h (y, 01 — Uz) ae. in QxT,
Uy (z,-) Y-periodic.
Clearly, (5.37) provides (U1, uz) under the following forms:
uy (z,y) = x, (y, V),
(5.38)

a2 (‘Tvy) = X2(yavu1)7

where, for every z € R™, the pair (x, (-, 2), x,(-,2)) € Wper(Y1) x H'(Y2) is

1 2
the solution of problem (5.32).
On the other hand, choosing ®; = ®3 =0 in (5.2) gives

v 2212/QXY,4(y (Vur+Vytis) Vo do dy+ — 7 212/9 i (y,u1) ¢ da dy
- [ F@e@ d. (5.39)
that is
37 Simna dive i A) Vs () + (. T dy
+|51/| i= 12fy (y,ur (x))dy = f in 9, (5.40)
up =0 on 09,

where we replaced (5.38) in (5.39). This, using (5.35) gives the homogenized
problem (5.34).

Let us now check the uniqueness of solution u; of problem (5.34). Suppose
that u} is a solution of (5.34) and set uj = x1(y, Vui) and uy = x2(y, Vui).
Since (x1(+,2), x2(+, 2)) is the unique solution of problem (5.32) for every z €
R™, (uf,uy,ul) satisfies (5.36) and (5.39). Summing these two equalities, one
has that (u},u7,a3) is a solution of problem (5.2) which by Theorem 5.1 has a
unique solution. Hence, u} = u; and problem (5.34) admits a unique solution.

Finally, convergences (5.33) follow from Proposition 4.2(i), (vi), (vii)
together with (5.1) and (5.38). O

5.2. The case v < —1

In this case, as done in [26], thanks to the relationship between the traces of
uy and ue on I' provided by Theorem 4.3, we can overcome the difficulty given
by the presence of the nonlinear jump on the boundary.
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Theorem 5.6. For v < —1, under assumptions (2.4), (2.5) and (2.6); let u® =
(u§,us) be the solution of problem (2.2). Then, there exist uy € H} (Q), Uy €
L? (Q,H},. (Y1)) and Uy € L? (Q, H (Y2)) such that convergences (5.1) hold.

per
If u (extended by periodicity) is given by
u in Q x Y
a=1{" e (5.41)
Us + &0 in QX Yo,

with &r as in Theorem 4.3, then the pair (uy,u) is the unique solution of the

following problem:

Find uy € Hy (Q),0 € L* (Q, H,,, (Y)) with Mp (@) =0 a.e. in Q
such that

1

|Y| QxYy

1

+ / hi (y,u1) ¢ dx dy
|Y| l-zl:Q QxY; '

A(y) (Vur + Vyu) (Ve + V@) dx dy

/f ) dv Vo€ Hj(Q), Vo € L* (Q,H,,,. (V).
(5.42)

Proof. Let us choose

vy = vy = () +ew (x) Y° (2)

as the test functions in (2.10) where ¢, w € D (), ¥ € H),, (V) and ¢° (z) =
¥ (z/e). This makes the integral on the interface vanish, so that we only have
to treat the volume integrals.

By similar arguments as in the proof of Theorem 5.1, we get (5.8)—(5.12)
where ®; and ®, are replaced by ®(x,y) = w(x)y(y).

Hence, passing to the limit as ¢ — 0 in the variational formulation (2.10)
with the above choice of (v1,v2), by density we deduce

i P
|Y| Z /QXY ) (Vur + V,4;) (Ve + V@) dx dy
7=1,2
i(y,ur) ¢ da dy
g Z/Qy vy
/f x)dr Vo€ Hj(Q), V& e L* (Q,H,,, (Y)). (5.43)

Let us now recall that from Remark 4.4 the relationship between the
traces of u; and we on I' is given by u; = Uy + & on Q x I'. Then, the
extension by periodicity of the function u defined by (5.41) is a function (still
denoted by @) which belongs to L? (€2, H},, (Y)) and satisfies

per
Vy“|QxY1 = Vyu1, yu|Q><Y2 = Vyus.

Consequently, (5.43) gives the limit problem (5.42).
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Finally, the uniqueness of (u1,u7,us), which implies the convergences of
the whole sequence in (5.1), comes from the next corollary. O

Corollary 5.7. For v < —1, under the hypotheses of Theorem 5.6, let u* =
(u§,u§) be the solution of problem (2.2). Then, there exists uy € HJ (Q) such
that, fori=1,2

us — O;uq weakly in L* (Q), (5.44)

AVus — Al Vuy  weakly in (L (Q)) '
A’lv and A,QY being the constant matrices defined by

Aiej = 01 My, (Ae; — Avm Aiej = 0 My, (Ae; — AVXJ,)
where {e;}, s the canonical basis of R™ and the correctors Yj, j=1...,n,
are the unique solutions of the cell problems
—div (A(y) V(X, —y;)) =0 inY,
(5.45)

X, Y -periodic, MF(XJ, )=0.
The function uy is the unique solution of the following problem:

{dw (A0Vuy) + 0. My, (hy () + s My, (ha () = £ in ,

up =0 on 09,
(5.46)
where the homogenized matriz Ag is given by
Agej = My(Aej - AVYJ) = A,lyej + A,zyej. (5.47)
Proof. Convergences (5.44) can be proved similarly as in [26].
Choosing ¢ = 0 in (5.42), we get
1
— A(y) (Vur +V,u) V@ dx dy =0,
|Y| QxY
which implies that
divy [A (y) (Vyu(z,y) + Vus (2))] =0 ae. in Q x Y,
u(x,-) Y-periodic.
Consequently by standard arguments one obtains
8u1
X 5.48
8% )X, (5.48)

where yj, j=1,...,n, are the solutions of the cell problems (5.45).
Now we choose ® =0 in (5.42),

1
— A(y) (Vur +V, @) Vo do dy + — hi (y,u1) ¢ dx dy
‘Y| 195°94 |Y| QxYy
1
byt [ e dedy= [ f@)e) d.
|Y| QXYQ Q
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that gives
1 . ~
—mdlv (fy A(y) [Vur (z) + Vyt (z,y)] dy)
1 1 .
i b o @) dy -+ e (g (@) dy = in 9 (5-49)
u1 = 0 on 0f).

Replacing (5.48) yields (5.46). The uniqueness of the solution wu; of problem
(5.46) is straightforward. O

Remark 5.8. It is easy to check from the proof that for this case, we only need
assumption (H5) defined in Sect 3, instead of (Hz), to obtain the homogeniza-
tion result.

5.3. The case v € |—1,1]

Let us turn to the last case, where we state the results for v € ]—1,1[ and
v = 1 separately.

Theorem 5.9. Assume that v € |—1,1] and that (2.4)—(2.6)1 hold. If u® =
(u§,u$) is the solution of problem (2.2), then there ewist u; € H} () and
Uy € L? (Q,H1 (Yl)) such that

per

) — uy strongly in L* (€, H*

(ug (Y1),

75 (u§) — wy strongly in L* (0, H* (Y2)), (5.50)
(Vu§) = Vuy + Vi1 weakly in L? (Q x Y1), '
(

1
Vus) =0 weakly in L? (Q x Ya),
and the pair (u1,Uy) is the unique solution of the problem

Find uy € Hy (Q),0; € L? (Q, Wper (Y1)) such that,

1

‘Y| QxY;
1

+ — / hi (y,u1) ¢ dx dy
|Y| 1:21;2 QxY; ( 1)

A(y) (Vur + Vyur) (Ve + V,®1) dz dy

(5.51)

:/Qf(:c)go(x) dr, Y € HY(Q), V&, € L? (Q, HY,, (V1)) .

Proof. Theorems 4.3 and 4.5 imply convergences (5.50);_3 and
Ty (Vus) — Vs weakly in L? (Q x Y3), (5.52)
for some 1, € L2 (Q, H? (Yg)), up to a subsequence.
We now choose as test functions in (2.10) the functions v; (x) = ¢ (x) +
ew; () Yg (z), i = 1,2, where ¢, w; € D(Q) and 5 (x) = 1, (%), with i, €
H! (Y1) and ¢, € H! (Y3) (extended by Y-periodicity to R™). Arguing as in

per

the proof of Theorem 5.1 gives convergences (5.10)—(5.12).
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Now we treat the nonlinear jump on the interface. Taking into account
Remark 4.8, Proposition 4.2(iz) and the fact that the function h satisfies
assumption (Hsz), we have

57+1/ he (z,uf — ug) (v1 — v2) doy

_€7+1 M € (wr) — S (w v do
Y erh<, 5 )(%(y)'fl( 1) — 2 () T3 (w2)) da do,

h <y’ ,Tbs (uzi ug))
2 (y) T2 (p2)l 2y

<o (17|17 (uf -

<certt

. 191 (9) 71" (1)

La(QxT)

(2xT)
US)H%Q(QXF))
<certt (1 4712 |jus — u§||%2(ps))

<certt (1 + 5*(1+7)‘Z/2) <c (€7+1 + 5%(“#1)(2*!1)) —0, (5.53)

since v > —1 and g < 2.
From (5.10) to (5.12) and (5.53), passing to the limit as ¢ — 0 in the
variational formulation (2.10) for (v, v2) given as above, we get

Vo € Hy (), V(®1,®2) € L? (0, Hp,, (V1)) x L (2, H' (Y2)) ,
1 .
A(y) (Vur + Vyur) (Ve + V@) dz dy
‘Y| QxYy
7.2
+ = hi (y,u1) ¢ dz dy
|Y‘ 2:21;2 QxY; ( 1)
1
by [ AWV (T4 V0 dody = [ f@)e() do
|Y‘ QxYs Q

As in the proof of Theorem 3.3 in [26], choosing ¢ = ®; = 0 and &3 = 0
gives that Vs = 0 in 2 x Y5. Hence, convergence (5.50)4 follows from (5.52).
Finally, the uniqueness of (u1, %) which implies the convergences of the whole
sequence in (5.50) comes from the next corollary. O

By similar arguments to those used in Theorem 5.7, we can prove the
following:

Corollary 5.10. For~ € |—1,1[, assume that the hypotheses of Theorem 5.9 are
satisfied and u® = (u5,u§) is the solution of problem (2.2). Then there exists
uy € H} () such that

ui — O;uq weakly in L* (Q),i
12

AE% — AYVuy  weakly in (L
A*Vus — 0 weakly in (L (

n

Q’))" (5.54)
)",
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and uy is the unique solution of problem (5.46), where the homogenized matrix
Ag 1s the constant matriz defined by

Agej == 91MY1 (Aej — AVX],). (555)

The correctors X j=1,...,n, are the unique solutions of the cell problems

—di(A(y) V(x;, —y;)) =0 Y,
A(y) V(x; —y;)m =0 onT, (5.56)
X; Y -periodic, ./\/lp(xj) =0.

Let us now state the homogenization result for the case v = 1, where

we make use of the same test functions and similar arguments in the proof of
Theorem 5.9.

Theorem 5.11. Let v = 1 and the assumptions (2.4)—(2.6)s hold. If u® =
(u§,us) is the solution of problem (2.2), then there exist u; € H} () and Uy €
L? (Q, H! (Yl)) such that convergences (5.50)1 3,4 hold and (uq,Uy1) uniquely

per
satisfies
uy € Hy (), Uy € L* (Q,H,,, (Y1)) with Mr (1) =0 a.e. z € Q,
1 _
v A(y) (Vur + Vyin) (Vo + V@) dx dy
| ‘ QxY;
1
+ 57 hi (y,u1) ¢ dx dy
| | QxY;
— [ f@e() do, Vo€ @), Vo1 € L (2 HL, (1)),
Q

Moreover, the homogenized problem is the following:

{—dw (A0Vuy) + 0 My, (hy (w)) = in 9,

(5.57)
u1 = 0 on 99,

where AY is defined by (5.55).

Remark 5.12. When v = 1, Theorem 4.3 only provides the weak convergence
of 75 (u§) to the function ug in L?(Q; H(Y2)), so that we are not able to
characterize uz, except when h is linear as in [26]. In that case, this is done by
choosing v; = 0 and vy € D() as test functions in the variational formulation
and passing to the limit as ¢ — 0. To do that, the weak convergence above
is sufficient since eh (y, 7,7 (uj — u3)/e) is of the form h(y) 7,F(uf — u5). This
is not the case anymore when h is not linear then here we cannot prove the
uniqueness of uz. Consequently, the convergence of 75 (u5) in (4.2); holds only
for a subsequence.

Observe also that the assumption ho = 0 is motivated by the fact that
Theorem 4.5 does not apply for v = 1, so that one cannot pass to the limit
in the unfolded term concerning ho. The same assumption has been used by
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Timofte in [41] for the case where the domain €5 is also connected. The case
hs # 0 remains an open problem.
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