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Abstract. We consider a nonlinear partial differential control system de-
scribing phase transitions taking account of hysteresis effects. The con-
trol constraint is given by a multivalued mapping with nonconvex closed
bounded values in a finite dimensional space depending on the phase
variables. Existence of solutions and topological properties of the set of
admissible “trajectory-control” pairs are discussed in detail.
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1. Introduction

In the space-time cylinder Qr := [0,7] x €, where Q C RY is a bounded
Lipschitzian domain and 7' > 0 is a fixed final time, we consider the system

wi + Ol gy (w) 3 g(v,w) —Y(v,w) — F(w), (1.1)
cwy + dvy — Av = a(v,w) + b(v, w)u, (1.2)
v(z,0) = vo(x), w(x,0) = w(x), (1.3)
with boundary condition
g—z =0 on [0,7] x 09, (1.4)
subject to the control constraint
u € U(t,z,v,w) on Qp, (1.5)

where K (v) = [f«(v), f*(v)] is a possibly degenerate interval in R, the symbol
Ol vy denotes the subdifferential of its indicator function, ¢, d are given pos-
itive constants, f., f*,g,a,b,1, F are given functions satisfying Hypothesis 1

The research of PK was supported by GACR Grant P201/10/2315 and RVO: 67985840, the
research of AT and ST was supported by RFBR Grant no. 13-01-00287. The support of the
Russian Academy of Sciences during the stay of PK in Irkutsk is gratefully acknowledged.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-014-0294-x&domain=pdf

514 P. Krejéi, A. A. Tolstonogov and S. A. Timoshin NoDEA

below, (v, wp) are given initial conditions, and U is a multivalued mapping

with closed bounded values in R satisfying Hypothesis 2 below. Note that the

differential inclusion (1.1) is related to the so-called generalized play, see [1].
We consider also alternative control constraints to (1.5) in the form

u € coU(t,z,v,w) on Qr, (1.6)
u € extcoU(t,x,v,w) on Qp, (1.7)

where the symbol “co” stands for the convex hull of a set, and “ext” is the
collection of all extreme points of a set. Since U (t, z, v, w) is a closed bounded
set in R, the set coU(t,z,v,w) is a closed interval, and extcoU(t,z,v,w)
contains two points.

A system similar to (1.1)—(1.4) without control u has been studied by
many authors. We refer the reader to the references [2,3] for the physical
interpretation and an extensive bibliography on the phenomena described by
this system. When f.(v) = —1, f*(v) = +1, for instance, a system of the form

y(v,w)w + 0I—1 17(w) > L(v — ve) } O

Lwi + cvy — Av = h(v,w, x,t) (18)

with unknown state variables v (the absolute temperature) and w (the or-
der parameter, or phase variable) can be derived from general thermodynamic
principles as a model for phase transitions as proposed by Visintin in [4,5] un-
der the name relazed Stefan problem. In this model, L (latent heat), ¢ (specific
heat capacity), and v. (critical temperature) are positive material constants,
~v(v,w) > 0 is the relaxation time characterizing the phase transition speed
in the phase dynamics equation for different values of the state variables, and
h(v,w,z,t) is a variable heat source density in the energy balance equation.

The hysteresis character of phase transition processes has been repeat-
edly pointed out in the literature starting from [6], and the potential of specific
hysteresis techniques has been exploited for solving more complex phase tran-
sition systems, e.g. with mechanical interaction as in [7]. Problem (1.1)—(1.2)
can also be interpreted in this framework. The right hand side of Eq. (1.1) is
obtained by dividing the first equation of (1.8) by the relaxation time under
suitable (mild) assumptions on the nonlinearity. A possible optimization of the
phase transition process can be achieved in a natural way by a partial control
of the heat sources in the energy balance equation. This is why the control
variable u appears only on the right hand side of Eq. (1.2).

Note that differential inclusions of the type (1.1) are not just particular
examples of hysteresis relations. It was proved in [8, Theorem 2.7.7] that every
scalar return point memory hysteresis operator can be represented by first
order differential inclusions with a one-parameter family of indicator functions.

The majority of works on systems with hysteresis have been mainly fo-
cused on existence, uniqueness and long time behavior of solutions. Along with
the articles [2,3] of this type we also mention the works [9-11]. In all these
works it was assumed that ¢ (v,w) = 0, F(w) = 0, b(v,w) = 0, the function
a(v,w) is bounded, the functions f. and f* describing the hysteresis region
are also bounded. The only exception is the work [12] in which the system is
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given by Egs. (1.1), (1.8) with ¢ (v,w) = 0, F(w) = 0, and the functions f,,
f* have the form

fe(ry=ar+ 0., ff(r)=ar+p8%, a>0, p.<p%, reR. (1.9)

Note however that the hysteresis region in this case though unbounded
is of a very special type.

When it comes to control systems with hysteresis their study is at an
initial stage. An interesting from the authors’ point of view work [13] in this
direction deals with the system described by Eqs. (1.1), (1.8) with (v, w) = 0,
F(w) = 0, the functions f,, f* given by (1.9) and the control h(t,z). In this
work the problem of minimization of the integral over T' of the sum of squares
of norms of the functions v —v,, w —w, and h with values in the space L?(12),
where vy, w, are given functions, was considered. An approximating system
was constructed by approximating the subdifferential 91, (w) by smooth func-
tions and relations between solutions of the initial and approximating systems
were studied. Necessary optimality conditions were obtained for the approxi-
mating system.

In recent works [14,15] a control system with hysteresis described by two
ordinary differential equations with nonconvex constraints depending on the
phase variables was investigated. In the first work the authors studied the
existence of solutions and relations between solutions of the initial system and
the system with convexified control constraints. In the second one the problem
of minimization of an integral functional with nonconvex in control integrant
and relationships between the solutions of this problem and the solutions of
the problem of minimization of the convexified with respect to the control
integrant over the solutions of the system with convexified constraints were
considered.

Given numerous applications, it seems natural and necessary, in addition
to the problems treated in [14,15], to consider for systems with hysteresis
especially for those described by partial differential questions all the questions
traditionally considered for control systems of other classes. The present work
starts these investigations.

In this article we study the following problems:

a) existence of solutions and, in case when the control constraints do not de-
pend on the phase variables, uniqueness and continuous data dependence
of trajectories;

b) closedness of the solution sets of the system (1.1)—(1.4) with the con-
straints (1.6) and (1.7);

¢) the property of being an absolute retract and arc-wise connectedness of
the solution sets of the system (1.1)—(1.4) with the constraints (1.6) and
(L.7).

The existence and uniqueness results alone extend the existing literature
[2,3, and others] to the case of unbounded nonlinearities and unbounded hys-
teresis domains, which have not been considered before. Moreover, we prove
the existence of more regular solutions than in these works.
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The article is organized as follows. In Sect. 2 we recall some notions we use
in the rest of the paper and give the assumptions on the data of the problem we
consider. Section 3 states the main results of the paper (Theorems 3.2, 3.3) and
auxiliary theorems (Theorems 3.5, 3.6) necessary to prove the main results. In
Sect. 4 we construct the time discretization of our system with ¥ (v, w) = 0
and a fixed control u, and study some of its properties. In Sect. 5 we obtain
a priori estimates for the solutions of the time discrete system independent
of the discretization parameter, which allows us in Sect. 6 to show that the
solutions of the discretized system converge to a solution of the initial system
with (v, w) = 0 and a fixed u. In Sect. 7 we prove Theorems 3.5 and 3.6 giving
the existence of our system with a fixed u and the continuous dependence of
the solutions on the initial conditions and the control. Section 8 is devoted
to construction of the multivalued Nemytskii operator associated with our
problem and investigation of properties of its fixed points. Finally, in Sect. 9
we prove our main results (Theorems 3.2 and 3.3).

2. Main notations, definitions and assumptions

Let (X,] - |x) be a Banach space, 7 = [0,7] an interval of the real line with
Lebesgue measure i and o-algebra ¥ of p-measurable subsets of 7.

In what follows we use the following notations: cb X is the family of all
nonempty closed bounded subsets from X. We denote by co A the convex hull
of a set A C X, and by ¢o6 A the closed convex hull of A. The collection of all
extreme points of a closed convex bounded set A C X is denoted by ext A as
above. If A C X, then

|Alx =sup{|y|x; y € A}.

By dx(y, A) we mean the distance from the point y to the set A C X, and by
Dx(+,) the Hausdorff distance on the space cb X.

For the space X with its topological dual X’ the symbol w-X means that
the space X is endowed with the weak o (X, X’) topology, and w*-X’ that the
space X' is endowed with the weak o(X’, X) topology called the weak-star
topology. For subsets A C X and B C X’ the symbols w-A and w*-B denote
that the sets A and B are endowed with the topologies induced by those of
the spaces w-X and w*-X'.

By C(7,X) we denote the space of all continuous functions from 7" to
X with the topology of uniform convergence on 7.

A subset A of a Hausdorff topological space Y is called a retract if there
exists a continuous map ¢ : Y — A such that ¢(y) =y, y € A. Such a map ¢
is called a retraction of Y onto A.

A subset A of Y is called an absolute retract if for each separable metric
space Z, each closed subset B of Z, and each continuous map ¢ : B — A there
exists a continuous extension of ¢ onto Z taking values in A [16].

A set A is said to be arc-wise connected if two arbitrary points zg and xq
in this set can be connected by an arc [16]. Recall that an arc in A connecting
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the points zp and z is the homeomorphic image of the interval [0, 1] under
some mapping o : [0,1] — A such that o(0) = g, o(1) = 7.

A multivalued mapping F' : Y — cb X is called Dx-continuous, if it is
continuous from Y to the metric space (¢cb X, Dx(+,-)).

Let (£,.A) be a measurable space. A set F of measurable functions from
€ to X is called decomposable if for any v,w € F and any E € A we have
vXE +wxe\p € F, where xg denotes the characteristic function of the set E.

A multivalued mapping F : £ — X is called measurable if F~1(V) =
{re€& F(r)NV #0} € A for any closed set V C X.

Let H be a Hilbert space with norm |- |y and scalar product (-,-)g.
A function ¢ : H — R = (—00,+00] is called proper if its effective domain
domy = {x € H; ¢(x) < +00} is nonempty. We denote by I'g(H) the set of
all functions ¢ : H — R which are proper, convex, and lower semicontinuous.
For a function ¢ € Tg(H), we denote by dp(x) its subdifferential at the point
x, which is defined by the variational inequality

Op(x) ={h € H; (h,y — ) < ¢(y) — p(x) Vy € H}.
It is known [17] that d¢ is a maximal monotone operator, domdp C dom ¢
and dom dyp = dom ¢, where the bar stands for the closure in H and dom Jy
is the domain of dy.

In the sequel L°(£) is the space of measurable functions from € to R
X =LY(9Q), X? = X x X with the norm |(z,y)|x2 = |z|x + |y|x, H = L*(Q).
As usual, we identify the space L°(Q27) with the space L°(7,L°(Q )) The
same identification applies to the spaces L'(Qr), LY(7,L'(Q)) and L?(Q7),
L3(T,L*(Q)). We denote the norm of a function h € LP(Q2), 1 < p < oo, by
the symbol |h|,.

Let H'(Q) and H?(Q) be the Sobolev spaces W12(€2), W?22(1), respec-
tively. Denote by V the space H'(Q). The norm on V is defined as follows:

1/2
loly = (v, 003/,

where (v, w)y = (v,w)y + q(v,w),

q(v,w) = /Q(Vv(a:),Vw(x))RN dz, v,weV (2.1)

Identifying H with its dual space, we obtain V — H < V' with dense,
continuous and compact imbeddings.
Consider a linear continuous operator £ : V — V'

(Lv,w) =q(v,w), v,weV, (2.2)
where (-, -) is the bilinear form establishing the duality between V and V' and
q(v,w) is defined by (2.1). The mapping

—Axn: D(-Ay)CH—H (2.3)
denotes the restriction of the operator £ onto the subspace of the space V,

consisting of the elements v for which the inclusion Lv € H holds. It is known
[2] that

D(=Ay) = {v e H*Q); dv/on =0 in HY?(0Q)}
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and
—Apnyv = —Av for all v € D(—Ay),
where 9/0n is the derivative in the direction of the outward normal to 0. As
usually, [Vo|%, = SN | Doy, v e V.
Problem (1.1)—(1.4) is considered under the following hypotheses.
Hypothesis 2.1. The following assumptions hold throughout the paper:

() fe,f*: R — R, a,b,g : R? — R are locally Lipschitz continuous in all
variables with linear growth, that is, there exists a constant G > 0 such
that

|fe )]+ 1 ()] + g (v, w)] + [a(v, w)| + [b(v, w)]
<G+ o]+ |w|) Y(v,w) € R?;
Moreover, f,, f* are nondecreasing, f.(v) < f*(v) for all v € R.

(ii) F:R — R is nondecreasing and locally Lipschitz, F(0) =0, ¢ : R? — R
is locally Lipschitz, w1 (v,w) > 0 for all v,w, and there exists k; > 0
such that ¢ (v, w) = 0 for |v| > ky;

(iil) vo € L™®(Q) NV, wy € L>(Q), wo(z) € K(vo(z)) a.e. on £,

[voloo <7, 7> 0. (2.4)
In connection with the constraint (1.5), we assume the following,.
Hypothesis 2.2. The mapping U : 7 x Q@ x R x R — cbR has the following
properties:
(i) The mapping (t,2) — coU(t,x,v,w), v,w € R, is measurable;
(ii) There exists a function k € L(7,R*) such that
Dg(coU(t,z,v1,w1),coU(t, z,v9,w2)) < k(t)(Jvr — va| + w1 —wz|)  (2.5)

a.e. on Qr, (v, w;) ER i =1,2;
(iii) There exists R > 0 such that for all (v,w) € R x R we have

|U(t,z,v,w)|g < R a.e. on Qp, R>0. (2.6)

3. Main results

Let Hypothesis 2 (i), (ii) hold. Using the statement e) of [18, Theorem 3.5], it is
easy to show that for any measurable functions v, w : & — R the multivalued
mapping (t,z) — coU(t,z,v(x),w(x)) is measurable and has closed values.
Then from [18, Theorem 5.6] it follows that there exists a sequence f,, : 7 xQ —
R, n > 1, of measurable functions such that

coU(t,z,v(z), w(z)) = {n‘fjl fn(t,x)} ,(tx)eT xQ,

where the bar stands for the closure in R.

From Fubini’s theorem we infer that for a.e. t € 7 each function x —
fu(t,z), n > 1, is measurable. Therefore, according to Theorem 5.6 in [18] for
a.e. t € T the multivalued mapping = — coU (¢, z, v(x), w(x)) is measurable.
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Consequently, if Hypothesis 2 holds, we can consider a multivalued mapping
(t,v,w) — T'(t,v,w):

I(t,v,w) ={u e H; u(z) € coU(t,z,v(x),w(x)) ae. on Q}, (3.1)

whose values are convex decomposable compact subsets of w-H. Then, we
can define the mapping ext I'(¢, v, w), which according to Corollary 5.2 in [19]
satisfies the equality

ext T'(t,v,w) = {u € H; u(x) € extcoU(t,z,v(x),w(x)) ae on Q}. (3.2)
From the Krein—-Milman theorem it follows that
extcoU(t,z,v(x),w(z)) C U, x,v(x),w(r)).
Then the multivalued mapping
U(t,v,w) ={u € H; u(z) e U(t,z,v(r),w(z)) ae. on Q} (3.3)

has as its values nonempty closed decomposable bounded subsets of the space
H. Since

extI'(t,v,w) CU(t,v,w) C I'(t,v,w),
we have CoU (¢, v,w) = I'(¢,v, w). From this equality and (3.1) we obtain
col(t,v,w) ={u € H; u(z) € coU(t,z,v(x),w(x)) ae on Q}.  (3.4)

From Hypothesis 1 it follows that, keeping our notations, we may consider
the functions f., f*, F' acting from R to R and the functions a,b, g, acting
from R? to R as functions from H to L°(Q) and from H x H to L°(%),
respectively.

Let Iic(,) be the indicator function of the set

Kw) ={we H; w(z) € K(v(z)) a.e. onQ}, (3.5)
v € H and Ol (,)(w) be its subdifferential at the point w € H.

Definition 3.1. A triple {v,w,u} is called a solution of the control system
(1.1)—~(1.4) with the constraint (1.5) on the control u, if

weWYA(T, H), ve W"(T,H)nC(T,V)NLX(T,H*(Q)), u € L*(T, H),

(3.6)
and
w' + 0l () (w) 3 g(v,w) —Y(v,w) — F(w) inHa.e onT, (3.7)
cw' +dv' — Ayv = a(v,w) + b(v,w)u in H a.e. on 7T, (3.8)
w(0) = wy, v(0)=1vy in H, (3.9)
u(t) e U(t,v(t),w(t)) in H ae.on T, (3.10)

where U(t, v, w) is the multivalued mapping defined by the formula (3.3), and
the prime over w and v denotes derivative with respect to ¢.
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Solutions of the control system (1.1)—(1.4) with the control constraints
(1.6) and (1.7) are defined similarly by changing the inclusion (3.10) by the
inclusions

u(t) € cold(t,v(t), w(t)) inHa.e onT, (3.11)
u(t) € extcold(t,v(t), w(t)) inHae. onT, (3.12)

respectively.

If a triple {v,w,u} is a solution of the system (1.1)—(1.4) with the con-
trol constraints (1.5), then {v, w} is called the trajectory corresponding to the
control u, which we will denote as {v(u), w(u)}. Therefore, a solution of the
system (1.1)—(1.4), (1.5) is the pair {(v(u),w(u)),u} consisting of the trajec-
tory (v(u),w(u)) and the control u. We denote by Ry (vo, wp) the set of all
solutions of the control system (1.1)—(1.4), (1.5). The symbols Resu (vo, wo)
and Rextss v (vo, wo) denote the sets of all solutions of the systems (1.1)—(1.4),
(1.6) and (1.1)—(1.4), (1.7), respectively.

The main purpose of this work is to prove the following results.

Theorem 3.2. Let Hypotheses 1, 2 hold. Then the set Rextssv (vo, wo) s non-
empty, the following inclusions are valid
Rextes v (o, wo) C Ry (vo, wo) C Res v (vo, wo) (3.13)
and the inequality
(W)l (@r) + [W(W) Lo @) + V' (W)]2(7.m)
+ [w'(w)| 2 (7, 1) + |ANv(W)|L2(7, 1) + [Vo(U)| Lo (7,m) < C(R,7)  (3.14)
is true for all {v(u),w(u),u} € Resv(vo,wo), where C(R,r) is some constant

depending on the constants R,r appearing in the inequalities (2.4), (2.6).

Theorem 3.3. Let Hypotheses 1, 2 hold. Then the sets Rextes v (vo, wo) and
Resu(vo, wo) are closed, arc-wise connected absolute retracts in the space

C(T,H)x C(T,H) x L*(T,H).

Corollary 3.4. If Hypothesis 2 (i) holds also for the mapping U (t, x,v, w), then
the statement of Theorem 3.2 is also valid for the set Ry (vo, wo).

In order to prove Theorems 3.2, 3.3 we need to consider the system of
Egs. (3.7)-(3.9) with
u € SR, (3.15)
where
Sk ={ue L*(T,H); |u(t,r)] < R ae. onQr}. (3.16)
This system of equations is called the dominating system. The set of
all solutions {(v(u),w(u)),u} of the dominating system (3.7)—(3.9), (3.15) is
denoted by R(vg, wp).
The following results will serve as a basis of the proofs of Theorems 3.2,
3.3.

Theorem 3.5. Let Hypothesis 1 hold. Then for any u € Sg, there exists a
unique solution {v(u),w(u)} of the system (3.7)=(3.9). Moreover, for each el-
ement {(v(u), w(u)),u} € R(vo,wp), the inequality (3.14) is true.
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Theorem 3.6. Let Hypothesis 1 hold. Then there exists a constant L*(R,r) >0
such that for any (vi,wh), i = 1,2, satisfying Hypothesis 1 (iii), the following
inequality holds

[(v(ur) = v(u2))[x () + |(wlur) — w(uz))|x (¢)

t
< L*(R.r) (Ivé — R+ b =l + [ fan = walx () dT) et
0
(3.17)

for all solutions {(v(u;), w(u;)),u;} € R(vh,wi), i = 1,2, of the dominating
system.

4. Time discretization of the dominating system

In this section, we first consider the case (v, w) = 0. In the sequel the con-
stants which will appear in inequalities and depend on the constants R and r
from the inequalities (2.4), (2.6) will be denoted, for simplicity, by letters with
the upper index x.

Let {r,}22; be an increasing sequence of integers, and let 7, = T'/ry,.
Let R > 0 be fixed, and let {u;;j =1,...,r,} be a given sequence such that
uj € L>®(Q), |uj| < R ae. on Q for all j = 1,...,7,. We define the time
discrete counterpart of (3.7)—(3.9) as the elliptic system in 2

w; = Qr(v;)(Wj—1 + Tn(gi-1 — F(w;))), (4.1)

c d

?(wj — ’U.)j,1) + ;(Uj - 'Ujfl) - A?)j = aj,1 + bj,1Uj, (42)

% =0 on 99 (4.3)
for j =1,...,r, and for unknowns v;,w;, with initial conditions vg, wo as in

Hypothesis 1 (iii), and with the notation
gji-1=9(vj-1,wj-1), aj—1=a(vj-1,wj1), bj—1 =bvj_1,w;_1), (4.4)
where for a fixed v € R, Qg () : R — K(v) is the projection onto K (v) defined
as
E=z2 if z e K(v),
§=Qru)(2) & ¢ = fulv) if 2 < fu(v), (4.5)
§=f"(v) if 2> f*(v).
The relation £ = Qg (,)(2) admits an equivalent variational characteriza-
tion

£ € K(v),
(z=8E-y)>0 VyeK(@v).

This is in turn equivalent to the inclusion

ze€&+ GIK(U)(f). (4.7)

£=Qrw(2) & {
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Since for any v,w € H, w € dom I, the equality 0li(,)(w) = {h €
H; h(z) € 0lg vy (w(z)) a.e. on Q} holds, Eq. (4.1) can also be stated as
a natural discretization of (3.7) with ¢ (v, w) = 0 in the form
1
—(wj = wj—1) + F(w)) + Ol ;) (wj) 3 9(vj-1,wj-1)- (4.8)
We start with an easy lemma.

Lemma 4.1. Let Hypothesis 1 hold, and let p,v € R and 7 > 0 be given. Then
the equation

w = Qk)(p —TF(w))
has a unique solution w € R. If moreover
w; = Qg (v (pi — TF(w;)), i=1,2
for some vy, 1,02, 2, then
(w1 — wa)(v1 — v2) = =1 — pal Jv1 — v2], (4.9)
lwi — wa| < |1 — @2 + max{|fi(v1) — fu(v2)[, [f*(v1) — f*(v2)[}.  (4.10)

Proof. For given v, ¢, the function 0(w) = w— Qg () (¢ —7F(w)) is increasing,
0(+£00) = £o0, hence there exists a unique w such that #(w) = 0. Let now
p1 € R and v; > ve be given, and set

Wy = QK (vy) (1 — TF(W2)).
We prove that
(U)1 - UA}Q)('Ul - UQ) 2 0, (411)

lwi — o] < max{[f.(v1) = fu(v2)],[f7(v1) = fF(v2)}. (412
To this end, we distinguish the cases
(a) o1 — 7F(wy) > f*(v1). Then wy = f*(v1) > f*(va) > ws. Furthermore,
w1 > TF(w) 4wy > 7F(s) 4 e, hence wy — e = f*(v1) — f*(v2), and
(4.11)(4.12) follow.
(b) o1 — 7F(w1) < fiu(v1). Then wy = fi(v1). If now wy > vy, then ¢ <
TF(w1) +wy < 7F(w3) 4+ Wa, hence Wy = fi(v2) < fi(v1) = wq, which is
a contradiction. We thus have 0 < wy — 9 < fi(v1) — fi(v2), which we
wanted to prove.
(¢) o1 — 7F(w1) € K(v1). Then ¢ = wy + 7F(wy). If now ws > wy, then
p1 < W9 + TF(s), and we obtain wy = fi(ve) < fi(v1) < wy, which is
a contradiction. Hence, Wy < wy. If we < wq, then ¢ > wq + 7F(W2),
so that we = f*(v2), w1 < f*(v1), hence 0 < wy — Wy < f*(v1) — f*(ve),
and the proof of (4.11)—(4.12) is complete.
It follows from (4.6) that for {1 = Qg (v)(21), {2 = QK (v)(22), we have ({1 —
&) (21 — z2) > (& — &) We now apply this inequality to the case z; =
1 — TF (W), 20 = p2 — TF(w2), v = vg, & = W, £ = ws, and obtain

(2 — wa) (1 — @2) > T(F(2) — F(wa)) (s — wa) + (b — wa)? > (b — wa)*.

We complete the proof of Lemma 4.1 combining this inequality with (4.11)—
(4.12). 0
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The solution of (4.1)-(4.3) will be constructed by induction. Given
vj—1,wj—1 € L>®(Q), we see from (4.11)—(4.12) that Eq. (4.1) defines a func-
tion w; = f;(z,v;), which is nondecreasing and locally Lipschitz in v;. Hence,
(4.2)-(4.3) is a semilinear monotone elliptic equation of the form

d
ifj(&?,@j) + ?Uj - AU]‘ = hj_l, (413)
% =0 on 9Q (4.14)

with a right hand h;_; € L*°(2), hence it admits a unique solution v; € V' [20].
In Proposition 5.2 below we prove that v;,w; belong to L>(£2). In order to
do so, we need the following auxiliary result which will enable us to construct
supersolutions and subsolutions to (4.1)—(4.3).

Lemma 4.2. Let j > 1 and numbers 0 < 9 < v1 < -+ <951, 0 < v‘“c <
vine < - < Ué—nfl, wite < e < - < w;ml be given, wir® € K(vir),
Yo > |F(wg)|. Let vi*®, wi® satisfy the system
1 .
T—(w}nC — W) 4+ F(w lnc) + QIK(Umc)( 1) 3y, (4.15)
n
c inc inc d inc inc
— (Wi = wi™) + — (v = v}%) = Oy, (4.16)
Tn Tn
with some C' > 2c. Then U‘“C > v;ncl, wmc > w;ncl

Proof. Assume first v”‘c < vmcl Then, by 6), w mC > wi’“C If now 2 (wirc—
Ta\d

(4.1
mc ) + F(w mc) vj—1 > 0, then w = fu(v m") < fo (v ““C 1) < win"l, which is
1 (,wmc 1nc )+F( mc) ’ijl S 0,

a contradlctlon We thus necessarily have J

hence
1 in in 1n in
7(ch_ g61)<% I_F( ) <71 — Fwg™) < 2v5-1.
n
By virtue of (4.16) we have

d .
L@ — i) > (C = 20)y,_1 > 0,

1
Tn J J—

which is a contradiction. Thus, we have proved that vmc > vmcl.

We now prove that wmC > w"‘C To this aim, we distinguish again two
cases.

(8) %y = LL3%). Then w2 £(5%) 2 L.(37%) = s
(b) w mc 1> fulv ;n—l)

(bl) If j =1, then
1

Ll — ) Puf) — F(u) + 0l ey () 370 — F(w) 20,
and if wi"® < wi®, then wit® = f*(vir€) > f*(vit€) > wy, which is
a contradiction.

(b2) If j > 1 and ;1 — F(w"®) > 0, we argue as in (b1).



524 P. Krejéi, A. A. Tolstonogov and S. A. Timoshin NoDEA

(b3) Ifj > 1and vj_1 fF(w}nc) < 0, we notice first that QIK(U}n_cl) (wé.nfl)
N(—00,0) = 0 by hypothesis (b). By induction hypothesis, we have

w;ncl > wmc From (4.15) for j replaced with j — 1 we thus obtain

Vi—2 — F(w}“cl) > 0. This yields 0 < ;1 —vj-2 < F(w}™,) —

F(wmc) hence w‘“C > w‘“c and Lemma 4.2 is proved. O
We also have the symmetric result

Lemma 4.3. Let j > 1 and numbers 0 < v < v1 < -+ <951, 0 > vdec >
viee > .. > vdecl, wgee > wiee > . > w?ﬁcl be given, wiec € K(v§e),
vo > |F(wge)|. Let vdec w?ec satisfy the system

1 ec ec ec
— (Wi —w§®q) + F(w] )+8IK<UM)( )3 —yj_1, (4.17)

Tn
i(wdec _ wdec ) 4 i(vdec _ vdec ) _C (4 18)
—\wj j—1) + (v -1 Tt '
n n
with some C' > 2c. Then vdcc < v;iccl, w;-i"c < w;—iicl.

This is easily obtained from Lemma 4.2, replacing vdec by —v}“c, w
by wmc F( dec) by F( mc) f*( dec) by f ( 1nc)’ and f* (,U;lec) by
~fo(=0).

Let us come back now to system (4.1)—(4.3). The linear growth condition
in Hypothesis 1 (i) together with (4.4) and the inclusion w;_q € K(v;_1) imply
that

dec
J

lgj—1| + [aj—1| + [bj—1| < G(Jvj_1| + |wj—1| + 1)
< G(|vj_1| + G(lvj_1] + 1) + 1). (4.19)
For B = G(1 + G) we thus have
max{|g;—1l, |aj-1],[bj—1]} < B(Jvj-1] +1). (4.20)

We now choose a constant Cr > 2¢ which will be Spemﬁed later, and con-

sider auxiliary difference equations for supersolutions vu wj and subsolutions
v w)
wh = Qe Wy + alg)1 — Fwh)), (421)
c d .
;(wg —wh )+ a(v? —vf_)) = Crg}_1, (4.22)
b * b
w; = QK(U;)(WI;'—1 = Tn(gj_1 + F(w3))), (4.23)
Coh_ b d b b .
;(wj —wj_q)+ E(Uj —v;_4) =—Cgrg;_4 (4.24)

with the choice g5_; = B(max{h;;j 1l \vb 11} +1), and with initial conditions
08 > [00]oe, wh = F*(03), v < —|v0]oe, wh = f.(v}). The constant B is possibly
taken larger in order to guarantee that gj > max{|F(wg)|, |F(wy)]}.

The solutions of (4.21)—(4.22) and (4.23)—(4.24) are constructed by in-
duction. Assume for instance that vg, . 7”2'_1 and wp, . .. ,w?-_l are already
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known. By Lemma 4.1, Eq. (4.21) defines wg as a nondecreasing locally Lip-
schitz continuous function of vg-. Hence, (4.22) is of the form f; (U?) = h; with
a locally Lipschitz continuous increasing superlinear function f;, which neces-
sarily admits a unique solution. The argument is similar for (4.23)—(4.24).
Notice that by (4.8), Eq. (4.21) is of the form (4.15), and (4.23) is of the
form (4.17). Hence, by Lemmas 4.2, 4.3, the sequences v?, wg are nondecreasing,

and ’U?, w? are nonincreasing. We therefore have
d *
0< 7@ - 02_1) < Cjo—la (4.25)
d *
02> ?(Uij’ - Ul;'—l) > —Crgj_1- (4.26)

Similar inequalities are also valid for wg-,

L@ =) = (0 — 1) < CrB((Wh_, —f_)+1).  (427)

Tn

w';. In particular,

() —wh) = (i, —wj ) < CrB(W)_y — v} 1) +1). (4.28)

The inequality (4.27) is a discrete Gronwall type inequality of the form ¢; —
¢j—1 < aty(cj—1 + 1) which admits the upper bound cj < (cp+1)ed¥™m —1 <
(co+1)ef™ —1for j =1,...,7,. Since v > [V0]oos ¥ < — V0|00, according to
(2.4), (4.27) there exists a constant C* > 0 independent of the discretization
parameter n such that

—Cr <l <0<l <O, (4.29)

* b i *
—C" <w; <w; <C (4.30)

for all j =0,1,...,7,.

5. Estimates

We start with a discrete counterpart of the celebrated Hilpert inequality, the
original version of which can be found in [20]. We denote by H : R — {0,1}
the Heaviside function, that is, H(z) =1if z > 0, H(z) =0 if z <0.

Lemma 5.1. Let (4.1) hold for some vj_1,v;,wj—1,w; € R, and let v* € R and
w* € K(v*),w* # w; be arbitrary. Then we have

(wj —wj—1 = Tn(gj—1 — F(w;))) H(w; —w") (5.1)
< (wj —wj—1 = Ta(gj-1 — F(w;))) H(vj —v7),

—(wj —wj—1 = Tn(gj—1 — F(w;))) H(w" —wj) (5.2)
< —(wj —wj—1 = Ta(gj-1 — F(w;))) H(v" —vj).

Proof. We distinguish the cases

() wj1+7n(gj—1—F(w;)) € K(v;). Then wj —w; 1 —7n(gj—1 = F(w;)) =0
and the assertion holds trivially.
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(b) wj—1+7n(gj—1 —F(w;)) > f*(v;). Then w; = f*(v;), hence w; —w;_1 —
Tn(g9j—1 — F(w;)) < 0. If now w; > w*, then (w; — wj—1 — 7(gj—1 —
F(w;)))H(wj—w*) = —|wj —wj_1 —7n(g;—1 — F(w;))], and (5.2) follows.
Furthermore, the left hand side of (5.3) vanishes and the right hand side
is nonnegative, hence (5.3) holds as well. Consider now the case w; < w*.
Then f*(v;) = w; < w* < f*(v*), hence H(w; — w*) = H(v; —v*) =0,
H(w* —w;) = H(v* —v;) =1, and both (5.2), (5.3) follow.

(€) w1 + 7n(gj—1 — F(w;)) < fu(v;). Then w; = fu(vj), wj —wjq —
Tn(gj—1 — F(w;)) > 0, and we argue as in (b). O

Proposition 5.2. Let Hypothesis 1 hold, and let (v;,w;) be the solution of (4.1)-
(4.3). Then for everyn € N, every j = 0,1,...,7,, and a.e. x € 0, we have,
for a suitable choice of Cr, that

b b
v; <wj(w) < v?, w; <wj(r) < w?

In particular, the time discrete approximations are uniformly bounded with
respect to the sup-norm.

Proof. We only prove the upper bound, the other case is fully symmetric. We
proceed by induction, assuming that the bound is already proved for j — 1. By
Lemma 5.1, we have for w;(x) # wg that

(wj = wjo1 = Tu(gj—1 — F(w))) H(w; — w})
< (wj —wj—1 — Tu(gj—1 — F(w;)))H (v, ?) (5.3)
—(wg - wg;l - Tn(gj—l F(w )))H(w] w; )
< —(w§ —wi_y = Ta(gj_y — F(w}))H(v; - v}). (5.4)
Summing up the above inequalities, we obtain

~((wy — wh) ~ (w1 — wi_) Hlw, ~ wh)
(g1 — gj—1)H (w; — wh) + (F(w;) — F(wh)H(w; — )
< (g = wh) = (wyr —wl_)H(; - o)

(g1 — gj—1)H(v; — v}) + (F(wy) — F(wh))H(v; — o),  (5.5)

whenever w;(x) # w]lj We now subtract (4.22) from (4.2) and obtain

c d
—((w; — wh) = (wjy —wh )+ — (v~ vh) = (o1 —vh ) — Afy; —of)
=a;-1+ bj,1Uj — CRg;Ll. (56)

We have by hypothesis w;_; < wg_h vj—1 < vg_l, gj—1 < g}‘_l a.e. Further-
more, by monotonicity of F, we have

(F(wy) = F(w§))H(w; —w§) = (F(w;) = F(w}))H(v; — o).

J
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It thus follows from (5.5) for w;(z) # wg that

1
E(wj — wh) H (w; — w})
1

Tn

< —((wj — wh) — (w1 —wh_ ) H(v; — %) + (g, — gj—1)H (v; —vf),

(5.7)
and testing (5.6) by H(v; — vg) yields that

(g —wh) — (w1 — w_ )y =) + 2 (0 — o) H 0y — 0})

< A(v; — v?-)H(vj - v;i) + (aj—1 +bj_1u; — Cryg;_y) H(v; — vg) (5.8)

Let Q9 C Q be the set of all 2 € Q such that w;(z) = wg For a.e. z € O
we have by (5.8) that
d f

—(v; — v H(v; — v}) — Afv; — vl H(v; —0f)

Tn
< (aj-1+bj_1uj — Crg’_y) H(v; — v%). (5.9)
For z € Q\QY we add (5.8) to (5.7) multiplied by ¢, and obtain
c d
(= wi) Hwy = wf) + = (05 = o) H(v; = vj) = Alvg = v)) H (v = )
< (aj-1 = cgj—1 + b1y — (Cr = ¢)gj_ ) H(v; — vf). (5.10)

We have by hypothesis that [a; 1]+ c[gj—1]+ [bj—1u;| < (1 +c+ R)gj_;.
Hence, choosing Cr > 1+ 2¢ + R, we have for a.e. = € §) that
c d
T—(wj — w§)+ + ?(vj - U?—)"‘ — A(v; — vg-)H(vj — vg) <0, (5.11)

where (-)T denotes the positive part. We further have
/ —A(v; — vg-)H(vj — vg) dz > 0. (5.12)
Q
Indeed, this is obvious if we replace the Heaviside function H by its

regularization Hs with a positive parameter §, which is defined as

1 for z >4,
Hs(z) =<} z/6 for z € (0,0),
0 for z <0.

Letting 0 tend to 0, we obtain (5.12). We conclude that

c d

/Q (Tn(wj - w?)Jr + —(v; — v?)*) dz <0, (5.13)

which completes the proof of Proposition 5.2. g
The next result manifests an “almost monotone” and “almost Lipschitz”

dependence of w; on v;.
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Lemma 5.3. There exists a constant M™* > 0 such that for all j =1,...,r, we
have
(wj = wj—1)(vj —vj—1) = =T M"|v; — vjal, (5.14)
(wj — wj—1] < M" (70 + v — vj-1]). (5.15)

Proof. We trivially have w;_1 = Qg (v,_,)(w;—1). Hence, it suffices to apply
Lemma 4.1 with w; = Wj—1, VY1 = Vj-1, Y1 = Wj—1, W2 = Wj, V2 = Uy,
w2 = wj_1 — Tp(gj—1 — F(w;)), the upper bound for |v;|, |w;| from Proposi-
tion 5.2, the inequalities (4.29), (4.30) and the (local) Lipschitz continuity of
the nonlinearities. O

Proposition 5.4. Let the assumptions of Proposition 5.2 hold. Then there exists
a constant CY independent of n such that

1 & i}

— > lv—val3 <O (5.16)

Vi3 <O Vi=0,1,....7, (5.17)

1 & .

p D lwy —wjal5 < O, (5.18)

T Y |Av;[3 < CF. (5.19)
j=1

Proof. We multiply (4.2) by v; — v;_1 and integrate over (2. It follows from
Lemma 5.3 and from Proposition 5.2 that

d
— (v —vj-1) = Avj(v; —v;-1) < Csloy — v,
n

with some constant C5 > 0 independent of n. Hence, by Cauchy-Schwarz
inequality,

d X
— (v = vj1)* = 2805(v; = vja) < T

with some constant C'; > 0 independent of n. Integrating over {2, summing up
over j, and using the elementary inequality

1
/ —Avj(vj —vj_1)dr = / Vo - (Vo; = Vo;_q1)de > §(|ij\§ — [Vj_1l3),
Q Q

we easily obtain (5.16)—(5.17). Inequality (5.18) then follows from Lemma 5.3
and Proposition 5.2, and (5.19) is obtained directly from (4.2), (5.16), and
(5.18) by comparison. O

6. Passage to the limit

Let u € Sg. For a.e. x € 2, we can define

1 JTn
uj(x)T/( u(t,x)dt, j=1,... 1.

J—1)n
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We now let n tend to infinity and prove that the solutions to (4.1)—(4.3) con-
verge in a suitable sense to a solution of (3.7)—(3.9) with ¢ (v, w) = 0.

With the sequences {v;}, {w;}, we associate the piecewise linear and
piecewise constant interpolates for z € Q and t € [(j — 1)7,,j7,) by the
formula

1 .
o™ (t,x) = vj-1 () + —(t = (G = D)7a)(vj —vj-1), (6.1)
50 (¢, 2) = vj(a), (6.2)
Q(n)(t7l') = Uj,l(fL'), (63)
for j =1,...,ry,, continuously extended to ¢t = T', and similarly for w(®), @™,
w™ | and @™ . Propositions 5.2 and 5.4 yield the estimates
T
| (e 0B+l 0) ar < . (6.4)
T
| 1< i, (65)
0
supess Vo™ ()2 < O, (6.6)
te(0,T)
supess (|0 (¢, 2)| + |w™ (¢, z)|) < CF, (6.7)
(t,x)eQr

for some C§ > 0.

From (4.2), (4.3) and Theorem 3.4.3 in [21] we infer that for each t € T
we have 9™ (t) € H?(Q). Therefore, ANo™ (t) = Av(™(t), t € T and the
Eq. (4.2) with the boundary condition will be written in the form

c(w™) + dw™) — Ano™

=a(@™,w™) 4+ b(™, w™)a™ in Hae. on 7, (6.8)

From (6.1) it directly follows that
supess [0\ (t,x)| < Cp (6.9)

(t,z)eQr

Now from Theorem 3.4.3 in [21] and (6.5), (6.9) we see that
8™ L2z w2 < i, n>1, (6.10)

for some C} > 0.

From (6.4), (6.7) it follows that v, w(™ ¢ W'2(T,H) N L>=(Qr). By
compact embedding V' < H and (6.4)—(6.7), (6.10) there exists a subsequence
(still indexed by n) and elements v,w € W12(T, H)NL>®(Qr)NL*(T, H*(Q))
such that

7™ — v weakly in L*(T, H*(Q)) (6.11)
Ant™ — Ayv  weakly in L*(7, H) (6.12)
v — v strongly in C(T, H) (6.13)
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v™ — v weakly in WY2(T, H) and weakly* in L (7, V) N L= (Qy)

(6.14)
w™ —w  weakly in WY2(T, H) and weakly* in L (Qr) (6.15)
™ — u  weakly* in L (Qr) and strongly in L?(Qr). (6.16)

By virtue of (4.6), the relation (4.1) can be equivalently rewritten as

o™ e K(@™)  ae., (6.17)
(9™, w™) = F@™) —w) (@™ ~y) >0 acvy e K@™). (618)
We can choose in (6.18) in particular y = QK@(n))(w(m)) for some m # n.
Let L* be the Lipschitz constant of all nonlinearities in the domain |v| <
Cg, lw| < Cg (cf. (6.7)). We then have [@(™ —Q g (o (w™)] < L*[p(™) —p(m)]|
a.e., hence
(" + F(@™) - g™, w™) (@™ — ™)
< L™ + F@™) = g(o™, w™)]jp) — 2™,
Interchanging the roles of m and n, we obtain
(wi™ + F@™) = g™, w™)(@™ — o)
< Lfwy™ + F (@) = g™, w™)|[pt" — o],
The sum of the two inequalities now yields the estimate
< L*(Jo™ — ™| 4+ [w™ — w™ )™ — @™
(™ + ™|+ Gl — o) (6.19)
with some constant C¥ > 0. We have for a.e. (t,2) € Qr the inequality

) oy < 1O m
(w” —wi™) (@™ —am) > 22w —wm)?
(g™ + o™ (™ — w4 @t™ —w™)). (6.20)
Moreover, for t € [(j — 1)7p, j7s), we have |@(™) —w™)|(t) < |w; —w;j_1|
and [5(™ — v |(t) < |v; — vj_1|, hence, according to (5.16)

T T
/ 5™ — w™2(t)dt < 73 / 5™ — MR dt < mCE (6.21)
0 0
C¢ > 0, with similar estimates for w™ v Set
Sn () = [@™ —w™ |5 (1) + 70 — 0™ |5(t) + [w™ — w™]y(t)
™ —ola(e) 4 ™ — 0™ o (8) + o™ ~ o1
™ 0 (t) + (507 o o (1) + o~ o),
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It thus follows from (6.19), (6.20) for a.e. t € (0,T) that
d n m * n m
) w3 < 20 ) — w30

4 CE G (D) (1 + ™ |2(8) + [wf™ |2 (t)) (6.22)

with some constant C7 > 0 independent of n and m. The Gronwall argument,
Holder’s inequality, and (6.4) yield

. 1/2
w™ — ™ 2(4) < OFe?l’ T Smn (D)% dt 6.23
2 8
0

with some constant C§ > 0. By (6.21), the L?>-norm of §,,, is small for large
n,m, and we conclude that w(™(t) is a Cauchy sequence for each t € T.
From (6.4) it follows that the sequence w(™, n > 1 is equicontinuous on 7.

Hence, according to the Arzela—Ascoli theorem the sequence w(™ converges in
C(7T,H). Using (6.15) we obtain

w™ —w in C(T,H). (6.24)
Denote by Sc; (©2) and S (Qr) the sets
Scy () ={ve H; |v(z)| <C; ae. onQ}, (6.25)
and
Sce (Qr) ={v e L*(T,H); [v(t,z)| < C; ae. on Qr}, (6.26)

respectively. From Hypothesis 1 (i) it follows that for any v € Sc; (2) the set
K(v) defined in (3.5) is a nonempty convex weakly compact subset of the space
H and the inequality

Dy (K(v1),K(v2)) < Ly — valn, v1,v2 € Scy () (6.27)
holds, where Dy is the Hausdorff metric on the space cb H. Let
K*(v) ={w € LT, H); w(t) € K(v(t)) a.e.onT}, v e Sc:(Qr). (6.28)
From (6.27) we see that for any v € Scs(Qr) the set K£*(v) is a nonempty
convex weakly compact subset of the space L?(7, H) and the inequality
Dpz(r my(K*(v1), K*(v2)) < L¥v1 — v2|r2(7,m), v1,v2 € Scg () (6.29)

holds.
It is well known that if v € Sc; (27) and w € £*(v), then

6[)@«(@(11)) = {h S LZ(T, H); h(t) S 8I;c(v(t))(w(t)) a.e. on T}, (630)

where [jc«(,) is the indicator function of the set K*(v).

Let v be a function satisfying (6.13). From (6.7) it follows that v €
Sce (7). Let y € K*(v) be an arbitrary point and y™ = PTics (p(n)) Y be the
projection of the point y onto the set X*(v(™). Using (6.7), (6.8) we obtain
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o™ e K (™), (6.31)
li
(g™, w™) — F(@™) — w™ @™ — 4™y 27 gy

= /T (g™ (), w™ (1)) — F@™) (1)) = w ™ (£), " (£) -y (£)) s dt,

(6.32)
where (-, ) p2(7, ) is the scalar product in L*(7, H).
From (6.28) and the fact that y € K*(v) we infer that
ly =y ™2,y < L7 v — 0™ |27 ). (6.33)

Passing to the limit in (6.31), (6.32) and taking into account (6.21) and similar
inequalities for w™, v(™, (6.13), (6.14), (6.24), (6.29), (6.32) we obtain

w e K*(v), (6.34)
(9(v,w) — F(w) —w',w — y)r2(7, iy > 0. (6.35)
Since y € K*(v) is arbitrary, from (6.34), (6.35) it follows that
glv,w) — F(w) —w' € O+ () (w). (6.36)
Using (6.30) we have
w' + 0Iic(py(w) 3 g(v,w) — F(w) in H ae. on 7. (6.37)

Analogously, passing to the limit in (6.8) and taking into account (6.14), (6.15),
(6.12), (6.16) and similar inequalities for w(™, v(™) we obtain (3.8) for ¢ = 0.
On the space H consider the function

1 1 .
o(v) = { §|v\fq + §|Vv|fq, if veV;

+o00, it ve H\V.
Then ¢ € To(H) and [13]
domdp = D(—Ap), (6.38)
dp(v) = v — Apnw. (6.39)

From (3.8), (6.38), (6.39) it follows that
—cw' —dv' +v+a(v,w) +blv,w)u € dp(v) in H aeon 7T. (6.40)
Since v € W12(T, H) and
—cw' — dv' + v+ a(v,w) + b(v,w)u € L*(T, H),
from (6.40) and Lemma 3.3 in [17] we infer that the function

1 1
= (o(t)) = SO + 51Vl
is absolutely continuous. Hence, the function
t— lo(®)lv = (lo(@)|F + Vot)[3)"/? (6.41)

is continuous. Therefore, the set {v(t); t € T} is bounded in the space V and,
thus, relatively compact in H. Since the imbedding H — V"’ is dense and the
function v(t) is continuous from 7 to H, it is continuous from 7 to V with
weak* topology. Consequently, from (6.41) we infer that the function ¢ — v(t)
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is continuous from 7 to V. Hence, v € WH3(T,H)NC(T,V)N L*(T, H*(Q))
and w € W2(7 |, H) according to (6.11), (6.14), (6.15).

Thus, the system (3.7)—(3.9), (3.15) with ¢» = 0 has a solution {(v(u),
w(u)), u}.

Obviously, according to (6.4)—(6.7) we have

|U/(u)|%2(T,H) + |w/(u)|%2(T,H) < (g, (6.42)
|Av(w)lZa (7 m) < Co, (6.43)
IVo(u)|pe(r 1) < Cp, (6.44)
(lo(w)] + [w(w)]) @7y < Co- (6.45)

Therefore, the existence of solution of the system (3.7)-(3.9), (3.15) and the
estimate (3.14) are proved in case of ¢ = 0.

7. Proofs of Theorems 3.5 and 3.6
We proceed again by comparison. First, we add a purely technical assumption

f:(0) <0 < f7(0). (7.1)
Of course, this can easily be obtained by shifting the functions f*, f., and
w by the constant $(f.(0) — f*(0)), with corresponding modifications of the
nonlinearities.

Second, by (4.21)—(4.22), (4.23)—(4.24), we have that the differences
%h}g fvg_l\, %|v]b fv;71|, %\wﬁ fw§_1|, %|w3 7w371|, are all bounded inde-
pendently of n and j. The piecewise linear interpolates v#(") | w#(7) 4?(7) 4,?(7)
defined as in (6.1) form therefore a bounded sequence in W1>°(0,T). Select-
ing suitable weakly-* convergent subsequences and passing to the limit as in
(6.17)-(6.23), we obtain functions v¥, w#, v”, w” as solutions to the systems

w* 4 F(w?) + BIK(Uu)(wu) > B(max{|vf|, [v"[} + 1), (7.2)
ab® + dv* = CrB(max{|v*], [v"| + 1), (7.3)
v*(0) = vf, wh(0) = (), (7.4)
W’ + F(w”) + 0l oy (w”) 3 —B(max{[v*], ||} + 1), (7.5)
ai’ + di® = —CrB(max{|[v*], [v"|} + 1), (7.6)
"(0) = vy, w’(0) = f.(vp), (7.7)

where we choose v} > max{k1, |vo|oo}, v} < —max{k1,|vo|se}, and the con-

stant B sufficiently large, B > max{|F(wg)|, |F(w})|}, such that the counter-
part of (4.20)

max{|g(v, w)|, [a(v, w)|, [b(v, w)[} < B(|v| +1) (7.8)

holds for all v € R and w € K (v).
The functions v, w® are nondecreasing, positive, and bounded in [0, T,
v, w” are nonincreasing, negative, and bounded in [0,T]. They do not depend

on 1, and this will play a substantial role in the proof of Theorem 3.5.
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The argument will be based on another variant of the Hilpert inequality,
cf. [20].

Proposition 7.1. Let g1,v1 € L>®(T) be given, and let wy be the solution in T
of the differential inclusion

Let wy € K(vg) for some vy, ws. Then for a.e. t € T such that wy(t) # wy we
have

("li)l + F(wl) — gl)H(wl — ’LUQ) § (wl + F(’LUl) — gl)H(Ul — UQ), (710)
— (1 + F(wy) — g1)H(wy —wy) < =(i1 + F(w1) — g1)H(vz — v1).
(7.11)

Proof. The statement is obvious if wq(t) + F(wq)(t) — ¢1(t) = 0, as well as
if wy(t) + F(wy)(t) — g1(t) > 0 and wy(t) < wa. Assume now that w;(¢) +
F(wy)(t)—g1(t) > 0and wy (t) > wa. The only problem may occur if vy (t) < vs.
Then we have wy(t) = fo(vi(t)) < fi(va) < wo, which is a contradiction.
Similarly, everything is clear if wq (t) + F(w1)(t) — g1(t) < 0 and wy(t) > ws.
In the case w1y (t) + F(w1)(t) —g1(t) < 0 and wq(t) < we, v1(t) > vy we obtain
similarly wq(t) = f*(v1(t)) > f*(v2) > wo, that is, a contradiction again. [

Corollary 7.2. Let go,va € L®(T), a = 1,2 be given, and let w, be the
solution in T of the differential inclusion

’lba(t) + 6IK(UQ(t))(’LUa(t)) ) ga(t). (7.12)
Then for a.e. t € T we have

(1 — 2)(t) sign(wy — w2)(t) < (w1 — w2)(t) sign(vy — v2)(t) + 2|1 — g2|(t).
(7.13)

Proof. Tt follows from Proposition 7.1 and from the formula sign(z) = H(z) —
H(—=z) that
(@i (t) + F(w1)(t) = g1(2)) sign(wi(t) — wa(t))
< (i (t) + F(w)(t) — 91(2)) sign(va (£) — v2(t)) (7.14)

whenever wi (t) # wa(t). Interchanging the indices 1 and 2 and summing the
resulting inequalities, we obtain (7.13) for all ¢ such that wq(t) # wa(t). For
a.e. t € T we have the implication

wi(t) = wa(t) = in(t) = wa(t),
hence (7.13) holds for a.e. t € 7. O
Proof. (Proof of Theorem 3.5) Consider the truncated system
w' + Oy (w) 3 g(v,w) — hpr(v,w) — F(w) inHae on 7T, (7.15)
cw' +dv' — Ayv =a(v,w) +bv,w)u in H ae. on 7T, (7.16)
v(0) = vy, w(0) =wy in H, (7.17)
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with u € Sg, where M > 0 is a fixed cutoff parameter, and

(v, w) for |w| < M,
Yy (v,w) =< Y, M)  for w> M, (7.18)
Y(v,—M) for w < —M.

The function v, is bounded and Lipschitz continuous. Indeed, by Hypoth-
esis 1(ii) we have |¢pr(v,w)| < max{|(0,w)];|0] < ki,|w] < M} for all
(v,w) € R2. Hence, the function § := g — ¢ps satisfies Hypothesis 1 (i), and
the existence of a solution (v, w) for every fixed M > 0 with the regularity as
in Theorem 3.5 is established in Sect. 6. It is clear that (v, w) satisfy

wi + O gy (w) 3 g(v,w) — Par(v,w) — F(w) a.e. on Qr, (7.19)
cwy + dvy — Av = a(v,w) + b(v,w)u a.e. on O, (7.20)
v(z,0) = vo(z), w(z,0)=wo(x) a.e. on € (7.21)

‘We now repeat the procedure from the proof of Proposition 5.2, subtract
(7.2) from (7.19), and test the difference by H (w —w*) to obtain a counterpart
of (5.5) in the form

(wy — wi) H (w — w?) + (F(w) = F(w")) H(w - w)
+(g" = g(v,w0) + ¥ar (v, ) H (w — wf)
< (wy — wf)H(v = v*) + (F(w) — F(wh) H(v - v*)
+(g* 79('0,11)) +/(/)M(va))];‘r(v 71)71), (722)
whenever w(t,z) # wk(t), where we denote g* = B(max{|vt|, [v"|} 4+ 1). By
hypothesis, we have (v, w)H (w—w?) > 0, ¥ar (v, w)H(v—v¥) =0, (F(w)—
F(w*))H(w — w*) — (F(w) — F(w*))H (v — v*) > 0, hence
(wp = wf) H (w — w) + (9" = g(v, w)) H (w ~ w)
< (w—wh) H(o — %) + (¢ — g, w)Ho ). (7.23)
If v(t,z) < vi(t), then g*(t) — g(v,w)(t,x) > 0, and (7.22) yields
(w0 —wh) H(w — wh) < (1w, — wh)H(v — oF) + (9" — g(v,w)) H(v — o).
(7.24)
If v(t,x) > vi(t), then g*(t) — g(v,w)(t,z) < B(v(t,z) — vi(t)), and we have
(wy = wi) H(w = w?) < (w; — wf)H(v — v¥) + B(v - of)
+(g* — g(v,w)H(v — o). (7.25)
Combining (7.24) with (7.25) we obtain
(wy — wtﬁ)H(w —w') < (wy —w)H(@w —o!) + Bu — o)t
+(g* — g(v,w))H (v — ), (7.26)

whenever w(t, ) # wh(t).
We further subtract (7.3) from (7.16) and test the difference by H(v—uv¥),
to obtain
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c(wy — w)H (v — vf) + d(v; — v H(v — o) — Av — v} H (v — ot)

< (a(v,w) + b(v,w)u — Crg*)H (v — v*). (7.27)
Set Q% = {(t,2) € Qr : w(t,x) = w(t)}. For ae. (t,z) € Q% we have
we(t, r) = wtﬂ(t), and, as a consequence of (7.27),

d(vy — V) H(v —v?) — A(v — o) H (v — oF)
< (a(v,w) + b(v,w)u — Crg*)H (v — v*). (7.28)
For (t,z) € Q\Q%, we multiply (7.26) by ¢ and add the result to (7.28) to
obtain
c(wy — w)H(w — wh) + d(v, — v H(v — o) — Av — v!) H (v — vf)
< eBv — o) + (a(v, w) + b(v, w)u — cg(v,w) — (Cr — ¢)g*)H (v — v*).
(7.29)
We now argue as in (7.26), choosing Cr as in (5.10): For v(t,x) < v¥(t),
the right hand side of (7.29) vanishes. For v(t,z) > v#(t) we have a(v,w) +
b(v,w)u — cg(v,w) — (Cr — ¢)g* < B(Cr — R —2¢ — 1)(v — v*). We now put
together (7.28) with (7.29), and find a constant Br independent of ¢ and M
such that for a.e. (¢, ) € 2 we have
c(wy — w)H(w — wh) + d(v, — v H(v — o?)
~A(v— o)) H(v —ov*) < Br(v — )T, (7.30)

Integrating over 2 and using (5.12), we obtain

c% Q(w —wh)F(t, ) dz + d% /Q(v — )t (t, x) dx
< Bgr / (v — o) (t, z) dx. (7.31)
Q

The standard Gronwall argument yields v(t,z) < v#(t) w(t,z) < w(¢t)
a.e. in Qp. We similarly prove that v(t,z) > v°(t) w(t,z) > w"(t) a.e. In
particular, both v and w admit bounds in L*°(Qr) which are independent
of M. Taking M sufficiently large, we see that the constraint in (7.18) is
never active, and the solution of (7.15), (7.16) with u € Sg is the desired
solution of (3.7)—(3.9), (3.15) from Theorem 3.5. Uniqueness is obtained as a
by-product below in the proof of Theorem 3.6. The inequality (3.14) follows
from the uniqueness of a solution of the system (3.7)—(3.9), (3.15) and from
the inequalities (6.42)—(6.45). O

Proof. (Proof of Theorem 3.6) We test the difference

c(wy —wa)y + d(vy — v2)y — A(vy — v2)

= a(vy,wr) + b(v1, wy)us — a(ve, we) — b(va, wa)us

by sign(v; — v2). Using Corollary 7.2 and an inequality analogous to (5.12),
we obtain for a.e. t that
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d d
ca|w1 —walx () + dE‘Ul — va2|x (t)
< B+ R)L*(Jwr — wa|x (t) + [v1 — va|x(t)) + Cglur — uz2|x(t)

with a constant C. The statement of Theorem 3.6 (and, in particular, unique-
ness of solution to system (3.7)-(3.9), (3.15)) follows from the Gronwall argu-
ment. O

8. Nemytskii multivalued operator and properties of its fixed
points

Let
SY = {uec L°(T,L°%(N)); |u(t,z)] < R a.e. on Qr}.

Lemma 8.1. The topologies of the spaces L'(T,L*(?)) and L*(T, L*(2)) co-
incide on the set S%.

Proof. Indeed, for uy,us € S%, we have by the Holder inequality that

1/2
/ lux — o (t, 2) dt dar < <|QT|/ lur — us (¢, 2) dtdm)
QT QT

1/2
< <2R|QT|/ |ur — usl(t, x) dtdx) )
Qr

where |Qr| denotes the Lebesgue measure of Qp, and the assertion follows.
O

In what follows we denote by S}% the set S% equipped with the topology
of the space L'(7, X).

We can consider the mappings col (¢, v, w) and ext CoU (¢, v, w) defined
by the equalities (3.1) and (3.2) as mappings defined on 7 x X x X, X = L'(Q).
Their values are closed decomposable bounded subsets not only of the space
H = L*(2), but also of the space X = L'(€). In the sequel, when we consider
the mappings ol (t, v, w) and ext ©0U (L, v, w) with values in the space X we
denote them as col/!(t, v, w) and extcolU? (t,v, w), respectively.

Lemma 8.2. Let Hypothesis 2 hold. Then the mappings t — colU*(t,v,w),
t — extcoU(t,v,w) are measurable for v,w € X, and satisfy the inequalities

Dx (coU* (t,v1, wr),c0U" (t,v3,w3))
< k() (Jvr — v2|x + w1 — walx), (8.1)

Dx (extcoU! (t, vy, wy), ext U (t, v2, ws))
< k(t)(Jor —v2|x + w1 — walx), (8.2)
a.e. on T for (v;,w;) € X, i=1,2.
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Proof. Since the values of the mapping coU (¢, z,v,w), v,w € R are intervals
of the real line R, the set ext coU(t, z,v,w) consists of the boundary points of
the set coU (¢, z, v, w). Hence, from (2.5) and Hypothesis 2 it follows that the
mapping ¢t — ext coU(t, z, v, w) is measurable and

Dr(extcoU(t, z,v1,w1),ext coU(t, z,ve, ws)) < k(t)(Juy — va| + w1 — wa)
(8.3)
a.e. on Qr, (v, w;) € R, i =1,2. Fix z € X. Then according to [19, Proposi-
tion 4.1],

dX(z,ext@UI(t,v,w)):/QdR(z(x),extcoU(t,x,v(x),w(x)))dx.

Since for z € L'(Q) the function (t,z) — dg(z(x),extcolU(t,x,v(x),
w(x)) is an element of the space L!'(Qr), from Fubini’s theorem it follows
that the function ¢ — dx(z,extcoU(t,v,w)) is measurable for any z €
X. Then according to Theorem 3.5 from [18] the multivalued mapping ¢t —
extcolU! (t,v,w)) is measurable. Using [19, Proposition 4.2], we obtain

Dx (exteoU! (t,v1,wy),ext U (L, va, w3))
< / Dr(extcoU(t, z,vi(x), w1 (x)),ext coU(t, z,va(z), we(x)))dz. (8.4)
Q
Now the inequality (8.2) follows from the inequalities (8.3), (8.4). The measur-

ability of the mapping ¢t — €oU (¢, v, w) and the inequality (8.1) are similarly
proved. O

Let F be the operator which with each u &€ S}% associates the unique
solution (v(u),w(u)) of the system (3.7)—(3.9), i.e.

(v,w) = F(u), u€ Sk. (8.5)
According to (3.17) for v} = v3, w} = wE we have

| F(u1) — Flu2))|x(t) < L*/O |ur — ua|x (1) dr. (8.6)

As above, we denote by Q[_g,g) the projection of R onto the interval [~R, R].
Then, for u € L'(7, X) the function

u(t, z) = Q-g,p) (u(t, )) (8.7)
is an element of the space L(7,X). Let
Flu) = F(a), uvelY(T,X). (8.8)

Then, F(u) is an extension of the operator F(u) from the set Sk to the entire
space L'(7, X), which with each u € L'(7, X) associates the unique solution
of the system (3.7)—(3.9). From (8.7), (8.6), (8.8) it follows that

F(u) — Flus)|x(8) < L* /0 lur — up|x (7) dr, (8.9)

uy,uz € LY(7, X).
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For any u € LY(7,X) let
bext(u) = {f(t) € LN(T,X); f(t) € extcoUd(t, F(u)(t)) a.e.onT}, (8.10)
beo(u) = {f(t) € LY(T,X); f(t) e @U(t,F(u)(t)) a.e. onT}. (8.11)
From (8.9) it follows that the operator F is continuous from L'(7, X)
to C(7,X?) and thus to L'(7, X?). Consequently, according to Lemma 8.2
the mappings t — extcolU (¢, F(u)(t)) and t — ol (¢, F(u)(t)) are measurable
with closed values in X. Hence, from (8.10), (8.11) and properties of measur-
able multivalued mappings it follows that the sets @ext (%), ¢es(u) are non-
empty bounded closed decomposable subsets of the space L'(7, X). Usually,
the mappings u — @ext(u), u — @es(u) are called the multivalued Nemytskii
operators.
On the space L'(7, X) consider the scalar function

P(u) = /Tp(t,u(t))dt (8.12)
with .
p(t,u) = exp (—ZL*/O k(7) dT) ], (8.13)

where L* is the constant from the inequality (3.17) (or (8.9)) and k(t) is the
function from the inequality (2.5). It is clear that P(u) is a norm equivalent
to the norm of the space L!(7,X). Denote by Dp(-,-) the Hausdorff metric
on the space c¢b L*(7, X) generated by the metric P(u).

Theorem 8.3. Let Hypotheses 1 and 2 hold. Then the following inequalities are
valid:

D (Gesa 1), b (12)) < 3 Ples — ), (3.14)
D (deoftr), Gea(2)) < 3 P(ur — u2). (8.15)

These inequalities are proved by repeating verbatim the proofs of similar
inequalities in [22, Theorem 2.1] or [23, Theorem 4.1] using the integration by
parts, the inequalities (8.9), (8.1), (8.2) and (8.12), (8.13).

Denote by Fix ¢eyy and Fix ¢5 the sets of all fixed points of the operators
@ext and ¢eg, respectively.

Theorem 8.4. Let Hypotheses 1 and 2 hold. Then

(i) the sets Fix ¢ext and Fix ¢z are nonempty;
(i) the sets Fix ¢oxt and Fix o5 are closed arc-wise connected absolute re-
tracts in the space L*(T,H).

Proof. According to Theorem 8.1 all the assumptions of Theorem 3.1 from [24]
are valid for the operators ¢ext and ¢es. From this latter theorem it follows
that Fix ey # 0 and Fix ¢ss # 0.

From Theorem 4.1 and Corollary 4.1 from [24] the sets Fix eyt and
Fix ¢c5 are closed arc-wise connected absolute retracts in the space L'(7, X).
Since Fix oyt C Fix ¢e5 C S%, the statements of the theorem now follow from
Lemma 8.1. O
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9. Proofs of Theorems 3.2 and 3.3

According to Theorem 3.3, for any {(v(u),w(u)),u} € R(vo,wp), u € S%
inequality (3.14) takes place. Therefore,

(v(u)(t),w(u)(t)) € S x S&, teT, ue Sy, (9.1)
where
8% ={z¢e LYQ); |z(z)] < C(R,r) a.e.on Q},

and C(R,r) is the constant from inequality (3.14). From inequalities (8.5),
(8.6) it follows that the operator F is continuous from Sk to C(7, X?). Sim-
ilarly to Lemma 8.1, we can prove that the topologies of the spaces L'()
and L?(2) coincide on the set S2. Then, from (9.1) and Lemma 8.1 we infer
that F is continuous from Sg to C(7,H) x C(7,H), where Sg is the set
(3.16). From (8.8) we see that the operators F and F coincide on the set Sg.
Since Fix ¢ext, FiX ¢pes C S%, from the definition of solutions of the control
system (1.1)—(1.4) with the control constraints (1.6) and (1.7), (3.7)—(3.9),
(3.11),(3.12) and (8.5), (8.8), (8.10), (8.11) it follows that {(v(w), w(u)),u} €
Rextes v (vo, wp) if and only if

(v(u),w(u)) = F(u), u € FixX dext- (9.2)
Similarly, {(v(u),w(u)),u} € Resv(vo,wo) if and only if
(v(u),w(u)) = F(u), u € Fix ¢es. (9.3)

Now, the nonemptiness of the set Rextesu follows from the statement (i) of
Theorem 8.2 and equality (9.2), the nonemptiness of the sets Ry, Res v follows
from the inclusions (3.13). Since

Rextes v (vo, wo) C Ry (v, wo) C Resv(vo, wo) C R(vo,wo),

the inequality (3.14) follows from Theorem 3.3. Theorem 3.2 is thus proved.
Theorem 3.2 follows from the statement (ii) of Theorem 8.2, (9.2), (9.3)
and the continuity of the mapping F from Sg to C(7, H).
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