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1. Introduction. Statement of the main result

We work on the existence of strong solutions for the incompressible fluid with
shear thickening viscosity, especially, Ostwald-de Waele model (refer to [3]).
Ladyzhenskaya first worked on such a flow in [14].

Let Q C R? be the whole space Q = R3, or the periodic domain =
[0,1]3. Let 0 < T < +00. Set Qr := Q x (0,T). We consider a non-Newtonian
incompressible fluid which is governed by the following system of PDE’s

divu=0 in Qr, (1.1)

u+ (u-Viu—dive=f-Vp in Qr. (1.2)

Here, u = (u',u?,u?)" denotes the unknown velocity of the fluid and p

the pressure. Furthermore, f = (f!, 2, f3) denotes a given external force. In

addition, in the second equation o = (o;;) denotes the deviatoric stress which
is defined by

. 1
0ij = 5ij(D(w) (1.7 =12,3), D(u) = 5(Vu+ (Vu)T).
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We impose the following condition on S = (S;;) which is often called the
deviatoric stress tensor.

Sij = Sjis (symmetric)  (1.3)
|S7j(£)‘ S Cl|§|q717 7’7.] = 17 2a 37 (grOWth) (14)
0S;;j _ o
vol&]*™?In* < ﬁ(ﬁ)nkmij <€, (coercivity)  (1.5)
0H
IH : M3, — R: S8 = 5—(9),
3
vl§|? < H(E) < w3l (potential)  (1.6)

for all £,n € ngm, where ngm stands for the vector space of all symmetric
3 x 3 matrices.

We complete the system (1.1)—(1.2) with the initial condition
u=uy, on Qx {0}, (1.7)

and with the space periodic boundary condition when = [0,1]3. When the
periodic boundary condition is considered, we assume that the initial data and
the external force have average zeros, so that the velocity is also average zero.

The existence of weak solutions is shown in [14,15] with the periodic
boundary condition, and in [18] in the whole space. Only recently, the exis-
tence of weak solutions with the Dirichlet boundary condition is shown in
[10,21]. The existence of strong solutions is shown in [14] for ¢ > L with the
periodic boundary condition. The strong solution is obtained for ¢ > % when
the Laplacian term is added to o or S in [16]. For g < g < 2, the short time
existence results of strong solutions with the periodic boundary condition are
obtained in [6,9]. For ¢ = 2, the result is well known.

In this article, we have three directions. The first one is to show the short
time existence of strong solutions in case of shear thickening fluids ¢ > 2. The
second one is to obtain a Serrin type regularity criterion, and the last one is
to obtain the Hausdorff dimension of the time singular set.

Serrin type regularity criteria for the Navier-Stokes flow (¢ = 2) have
been studied by many researchers, for example, [11,19,20]. Later, the two
component regularity criterion was studied in [7] for the vorticity. The two
component regularity for the velocity was done in [1] in 1997, which was pub-
lishded in [2], and the one component regularity criterion in [17]. And there
are more results in similar directions [5,8,12,13,22], etc. For non-Newtonian
fluids, such a regularity criterion is studied in [4] for shear thinning fluid.

Definition 1.1. Let uy € L2(Q) and let £ € L7(0,7; W17 (Q)). We call
u € L0, T;L2(Q)) N LI(0,T; Wy (Q)) a weak solution of (1.1)-(1.7) with
bounded energy, if
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/ —u- pidedt — / u®u: Vedrdt —|—/ S(D(u)) : D(p)dzdt
Qr Qr QT

T
:/ <f(t),<p(t)>dt+/u0-g0(0)dz (1.8)
0 Q

for all ¢ € C*>(Q) with supp(p) C Q x [0,T) and div, ¢ = 0, and there holds
the following energy inequality

SIn(0)3 + //a D(u)drdr < |l + // e (1.9)

for almost all t € (
In the above, ¢’ means the Holder conjugate of q.

Definition 1.2. Let ug € W 2(Q). We say that a weak solution u: Qr — R3
is a strong solution to (1.1)—(1.7) if

Vu € L3(Qr) N L=(0, T; LY N L3(Q)),
w € L3(Qr), oeL?(0,T;Wh7(Q)),

loc

and there holds

/ ID(u)|??|VD(u)|2dzdt < +o0. (1.10)

The aim of the present paper is to prove the short time existence of a
strong solution to the system (1.1)—(1.7) in the following sense:

Theorem 1.3. Assume q > 2. Let Q be a periodic domain or the whole space.
Let ug € WH2(Q) be divergence free, Vug € L4(Q), £ € L?(0,T;L?(Q)) and
Vf € L3/%(0,T;L%/2(Q)). We also assume that ug and f have average zero
when Q is a periodic domain. Then there exists Ty with 0 < To < T such that
a weak solution u to (1.1)—(1.7) becomes strong in the cylinder Qr,.

The proof is provided in Sect. 2.

The second and the third main results concern the regularity issue of
weak solutions, which are provided in Theorems 1.4 and 1.5. If we consider the
scaling invariance for the Eq. (1.2), the following scaling property of solutions
is satisfied:

uy(z,t) = Au (A%x, /\%t> , pa(z,t) = A%p (A%x,)\q%t) .
Therefore, a Serrin’s type condition for the gradient Vu is given as

33— 2
M + == 2.
o B
In the next theorem, we show that weak solutions become strong if the above
condition is additionally assumed.

Vue LS =L°(0, T;LY(Q),  where
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Theorem 1.4. Let 2 < q¢ < 11/5. Suppose that u is a weak solution to (1.2) in
Qr. Assume further that Vu € Lﬁ’f(QT) with @—l—% <2and o> @.
Then u is a strong solution to (1.2) in Qr.

3(

For a = squ)’ for the reqularity we need the smallness of the norm as

usual.
We estimate the Hausdorff dimension of the set of singular times.

Theorem 1.5. Let 2 < q < 11/5. Let Q be a periodic domain [0, 1]3 and
u be a weak solution to (1.1)~(1.7). Assume £ € L7 (0,T;WhH7(Q)). Then
there exists a closed set S C [0, T, whose %
measure vanishes, such that u is continuous from [0, T]\ S into V.

-dimensional Hausdorff

Remark 1.6. (1) In [4], the Serrin type regularity condition and the Haus-
dorff dimensions of the set of the time singularity were obtained. More
explicitly, the regularity condition for u is u € Lf ™ (Qr), where

6 5g—6

—+
(%

8
<53—8 f0r5<q<2,

and the Hausdorff dimension of the time singularity was 152;56‘1 in [4].

(2) In [3] for 2 < ¢ < 11/5 the Hausdorff dimension of the time singular set
was obtained as in Theorem 1.5, but for the proof the time independence
of f was assumed, which should be fixed as we did in the proof of Theorem
1.5 in Sect. 3.

2. Short time existence of strong solutions

In this section we prove Theorem 1.3. To do that, we first consider an approx-
imate system, and then, estimate the gradient of velocity.

2.1. Approximate solutions
In order to solve system (1.1)—(1.7) we proceed as in [10,21]. For given € > 0
we define
O (7) = Di(e7), TER,
where &1 € C*°(R) denotes a cut-off function, such that 0 < ®; < 1 and
—2<P] <0inR, P; =1 on (—o0,1], ®; =0 in (2, +00).
We use the notations ||ullg e, = (fOT (Jq |u|adx)ﬁ/adt) Y8 and

[ullosr = llla,0Qr-
By using the well-known monotone operator theory together with

M 12Qr)

Banach’s fixed point theorem one gets a weak solution u. with

to the following approximate system

divu. =0,

i , 2.1
u; + (ueP:(Jue]) - V)ue —dive, = =Vp. + £ in Qr (21)
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together with initial condition (1.7), and also with the periodic boundary con-
dition when Q = [0,1]3. Here,

oc = eD(u.) + S(D(u.)) a.e.in Qr.

Taking into account (1.4) and (1.5) together with Korn’s inequality we obtain
the a priori estimate

el 0, w2) + IVUell] < clluoll3 + clI£[13. (2.2)

By means of reflexivity and a standard compactness argument we can choose
a sequence (g,,) such that €, — 0 and

u., —u in L0, T;Wh1(Q)), (2.3)
u., —~u in L¥(0,T;L*(Q)), (2.4)
u., —u in L*Qr). (2.5)

As it has been proved in [16,21], u is a weak solution to (1.1)-(1.7) with
bounded energy.
(2). In view of (1.6) we have

/t S(D(ue)) : D(ue¢)dwdr = /Qt gg‘j

:/Otjt/QH(D(uE))da:dT
~ [ @)~ [ HDG)s

(D(ue))Dij(ue ¢ )dxdr

Once more making use of (1.6) this shows that!

|§;QT, + Hvuanioo(ojf;m(g))
< | Vuollf + el (ue®e (jue]) - V|3, + I

e,

Ig?QT/

<cK? + c/ [u. || Vu,|?dzxdt, (2.6)

T

where
K = | Vuol[2? + [ Vuollz2 + [f]l2:0, -

for every 0 < T’ < T.
Since for ¢ > 1—51, the regularity of solutions are known, we restrict the
case 2 < g < 1—51

I Remark, by the definition of ®. we have u:®.(Juc|) < % Hence, owing to Vue € LY(QT)
there holds (ue®:(Jue|) - V)ue € L2(Q7).
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Lemma 2.1. Let u. be a solution to the approrimate system. Then there holds

2
lueilBig,, + IVl g, + [[cliTue]

el

< c(2 s @O, )

7q—12 6

where p = =52 andv—m'

Proof. For the sake of notational simplicity we omit the subscript ¢ and write
u instead of u..
Using Cauchy-Schwarz’s inequality, we get

/Q [ul?[Vuldedt < [ull% o, [Vl a0,
T/

With help of Holder’s inequality along with Sobolev’s embedding theorem we
find
_3q
la(®)[liq < cllu@)ll, “‘ *[Vu(t) g ae te(0,T).

Thus, the former inequahty with the aid of the latter inequality implies

00,q;Q

Tqg—12 _3q
[ mevuasar < el o, 191 2o, IV e,
TI
Then, estimating the right hand side by the aid of (2.2) and (2.6) we get

3
| wlvuande < o (k2 + [l 9u?) T 190l g,
Qr/

so, using Young’s inequality we get

10g—12
[ v < o+ 05 vl ). (2.8
QT/
FOI' Convenience, we denote
Tq—12 _5g—6
T -9 "TT5-9

Let 6 € (0,1) and s € (1,2) such that
1-0 6 1 1-6 6 1
_

q 37q_1’ S qg 2

Clearly,

0— 12—3q’ 1_9:3q—47 S:q(3q—4)’
8 Tqg— 12

By means of Holder’s inequality we get

< ||vu||1,q,QT/Hvu||q 3¢;Qpr — ( ) Hvu”l ,q,QT/”vu”q 3¢;Qpr

In view of 1% = % - % = 7q8_ql2 we see that
< (1) IVl
= ( ) ! 00,q;Q ” u||q73q;QT/'
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Inserting this inequality into (2.8) we get

3q)
/ uf?|Vul2dadt < c(/c2 R (1) o QT, vy QT,)
Qs
By using (2.6) and Young’s inequality we are led to

/ u?|Vul2dadt
Qs

2 NG q 2 T,(Sf{;4) n(12—3q)
< c</c K () 2 ([l IVl g, }Hqusq’QT/)
5 4q(7g_12) (Tq—12)(5¢— alE e e 1 2
< C(IC + K Gat12)(a-2) (T ) (Ga+12)(q— 2) ”vu‘ . 3;;QT/q +§H|u| |V“|H2;QT,’

therefore,

(12—349)(59—6)
/ |u| \Vu| dadt < c IC2 IC(5‘?+12><‘1 2) (T,) (75<1q+1122>)((5qq 5 HV |‘4q(§q.+lg)<qg2) .
Qo 2:3¢;Q 1/

Finally, (2.7) follows from the last inequality by using (2.2). O

2.2. Gradient estimates of stress of the approximate solution
The aim of this section is to provide some important gradient estimates for
the stress 0. = S(D(u.)), where u. denotes the solution of the approximate
system (2.1). In order to simplify notations throughout this section, instead of
U, Pe, O, etc., we will write u,p, o

Since (u,p) is a weak solution to (2.1) and u; € L*(Qr), we see that
(u, p) satisfies the following integral identity

T’ T
/ / uy - edydt Jr/ / o : Dodydt
o Jo o Jo
T T’ T’
—/ / h. : edydt +/ /pdiv pdydt +/ / f - pdydt
o Jo o Jo 0o Jo

for all 0 < 77 < T and for all p € C*®(R,CF(R?)), or for all ¢ € C>*(R*)
with the spatial periodic boundary condition if Q = [0, 1]?, where

(2.9)

h. =Vu-ud.(|u]) ae in Qr.

Let v € {1, 2, 3}. By e, we denote the unit vector (1,0, 0), (0,1,0), (0,0,1)
for v = 1,2, 3, respectively. Let A"y denote the difference quotient

Ah@(y) _ (P(y + he}'z) B (P(y), y € R3.
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Then, into (2.9) we inserting ¢ = —A~"A"u, applying integration by parts
we get

1
iHAhu(T’)H%;Q + Alo o AMDudydt
Qv

1
:2||Ahu(0)||§;ﬂ—/Q AMh, : AMadydt + g APf - Aradydt.  (2.10)

Estimating the right hand side of (2.10) we are led to
1
Alg : A"Dudydt < = ||AMa(0)¢o|3
Qrr 2
+ ‘ / Aln, - (Ahu)ggdydt' + ‘ / Alf - Ahudydt‘ (2.11)
QT’ QT/

We recall the product rules for the difference quotients.
AM(fg) = A"fg+ f(- + hey)Alg,
AT"(fg) = A" fg(- — he,) + fA™"g, and (2.12)
(AT"f)(-+ hey) = A",

Now, by the fundamental theorem of calculus we calculate

1
Alo = %(D(u) + ThAhD(u))dT Athl(u) ae. in Qr. (2.13)
0

Observing (1.5) we see that
Alg : APD(u)

1 .
= /0 ?’)ZZ (D(u) + ThA"D(u))dr A" Dy (w)A" Dy ()

1
> 1/0/ [(1—=7)D(u) + 7D(u(- + hew))|”"_2d7'|AhD(u)|2 + €|AhD(u)|2
0
> 2797 2|D(u) + D(u(- + he,))|7 2|APD(u)|? + ] A"D(u)[%.
The inequality above together with (2.11) yields

/Q (e +|D(u) + D(u(- + he,))|9?)|A"D(u)|*dydt

A - Ahudydt|.
Qs

< cl|A"u(0)[3 + ¢

/ Alh, : Ahudydt’ +c
Qs

(2.14)

On the other hand, from (2.13) along with (1.5) we estimate

|Aho| < 291, (5 + |D(u) + D(u(- + hew))|q*2) |APD(u)| a.e.in Qr.
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With help of Hélder’s inequality we find

2
, 2
q q’

1A% 50, < c(/@ <6+|D(u)+D(u(-+he7))|(q_2))

T

|A"D(u) |q/dydt>

2(¢—=2)

<K [ e+ D)+ Dl + he)[) AMD(w) Py,
Qr/

where
Ke. = cerz + K.

Since K. > 0 without loss of generality we may assume that 72 < [luoll2 < K.
Therefore, in what follows we may replace K. by . Combining this inequality
with (2.14) and using Young’s inequality one obtains

2(g=2)

[Vuol3 + K @

2(g=2)
q

1A |20, <K Alh, - Ahudydt

1,
/ Alf Ahudydt’. (2.15)
Qv

2(g—=2)

+ K

In order to verify the regularity of h. we first mention that Vu €
L°(0,T;L4(2)) (owing to (2.6) and its related remark) and u € L?(0,T; W22

6424

(2)) along with Sobolev’s embedding theorem imply that Vu € L3 (Qr) —
L3(Qr). In addition, using Holder’s inequality we see that Vu € L6(0, T; L1#¥q
() — L%(0,T;L3(Q)). By means of Sobolev’s embedding theorem we get
u € L%(Qr). This shows that

|Vh.| < c|Vul? + clu||D?u| € L3 (Qr).

Now, by means of reflexivity and Riesz—Fischer’s theorem we may pass to the
limit » — 0 on both sides of (2.14) and (2.15) to obtain

(g—2)
||O'y_y||2/;QT, < o (]C2 + ‘/ h., :uywdydt‘ + ‘/ £, :uyvdydt’),
Qrr Qr/
(2.16)
and
[ D), P < k| [ by s du
Qrr Qpr
+ ‘/ £, -uywdydt‘. (2.17)
QT/

Finally, it remains to estimate the second integral on the right of (2.16)
and (2.17), respectively. For, we make use of the transformation formula of the
Lebesgue integral and get

/ h., :u, dydt :/ (u;1u7®5(|u|)) uiwd:cdt. (2.18)
QT’ I’Y

ol
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Calculating
(ut,w/@c(lul)) = ()o@ () + i, (o @ ().,

from (2.18) using integration by parts together with the transformation
formula of the Lebesgue integral we deduce

1 .
/ h., :u, dydl = —5/ \uyw\2uj (<I>E(|u|))y_dydt
QT’ Q 7

T/
+ / ué)ufh (uji)e(\u\))ywdydt.
From this identity and the inequality
‘(ujq)g(|u|))yk <c|Vu| a.ein U" x (0,7),

we easily see that

/ /hJ :uyvdydt‘ < c/ |Vu|3dxdt+c/ |Vul|?|u|dzdt
0 Q Qr/ Qrr

< c/ |Vu*dadt + (T/)QT;ZIC%
Q

T

[ vull|
2,Qr

For the exterior force term,
/ fyw :uywdydt’ < c/
Qv Q

Inserting these estimates into (2.16) and (2.17) respectively we obtain

|Vu|3dxdt+c/ V| % dadt.

T’ Qr/

4(q q

Vol <265+ [ juP|Vufdua
QT’

2(a—2) 2(a—2)

3
+K / |Vul?dedt + K IVEI3 (2.19)
Qrr 2T

and
/ ID(u)[?2|VD(u)2dydt < K2+ Ki + (T') "% / 2| Vul2dzdt
QT’ QT’
3
4 c/ Vuffdedt + |VE|2 , = M(T).
T 2T/
(2.20)

We use the following notations
j(T/) = Hqug,Bq:QTﬂ

2

E(T) = c(K? + IVulll, 0, + (|1l \Vu|||2;QT/).

Clearly,

T’ 1 2
/ (/ |Du|3qdy)3dt§/ |V|Du|#|? < q—/ D ()|9"2|VD (u) 2dydt.
0 Q Qr/ 4 Qrr
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Thus, using Korn’s inequality and taking into account (2.20) get
J(T") < eM(T).
Applying Holder’s and Young’s inequalities one finds

IVul3q,, <(T O HVuHooqQT,HVull
< () e (1)
< T'E(T')559 + 67(T") (2.21)

for small number §. Thus, we obtain

q, 3q QT’

a= q— 3
T(T') < eM(T') < (T') T E(T) + T'ET)50 + K2 + | V|7, - (2.22)
3
For simplicity, we use the notation K7 = K2 + \|Vf||§ o
29T
According to Lemma 2.1 we deduce
g(T/) < C(K:2 + Ic4qp (T/)(7q_12)v._7(Tl)3(4_q)U). (223)

Into the right of (2.23) inserting (2.22) we obtain

20(2¢243¢—12) —4(5¢%2 —25q+24)

E(T/) < CIC4qp ((T’) q g(T’) (5¢+12)(q—2)

35¢—52)(3—q

(T E(T )(fq(wsqﬁzxq%)g(T/)
—2¢24108q—144
—|—c<l€1 (5q+12)(¢—2) ( )(7(1 12)v +/C2>
—2¢g24+108q—144
= \I/(T/)S(T/) +C<IC1 (5¢+12)(¢—2) (T/)(7q—12)'u +IC2>

Clearly, ¥ is an increasing and continuous function with ¥(0) = 0. In
case ¥(T) < % we put T, = T and there holds

—2¢%24108g—144

E(T) < 2c(/c<°“+”><q2‘> T(Ta=12w 4 /c2) = K».

Otherwise, there exists T, € (0,7, such that

W(T.) = %

Thus,

—2¢%24+108¢—144

E(T) < zc(KWM T{PY /c2) < Ko.

In case T, < 1, we have

%: W(T,)

A 20(2¢2+43¢—12) —4(5q%2 —25q+24) 2q(35¢—52)(3—q)
5 12 —2 5q—9)(5 12 —2
< ckC*ap T, q ’C2 (5¢+12)(¢—2) + /CQ( q—9)(5¢+12)(q—2)
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since
20(2¢* 4 3¢ — 12)
q

< dqu.

This implies

2 _ q(5q+12)(q—2)
—4(59“ —25q9+24) 2¢(35¢—52)(3—q) ):| 2(5q—6)(2¢2+3q—12)

4 5q+12)(q—2 5q—9)(5q+12)(q—2
T*Z |:26K: qp <K2(q )(g—2) +’C2(<1 )(5q )(¢—2)

(2.24)
On the contrary, if T, > 1 we get
—4(542 —254+24) 29(35¢—52)(3—q) — et e-2)
T* > |:2CK:4qp (’CQ (5¢+12)(¢—2) + ]C2((>11—9)(5q+12)(q—2) >:| (225)

Thus, we have the following result.

Theorem 2.2. Let (u.,Vp:) be a solution to the approximate system (2.1).
Then

||u8,t||2;QTO + Hvuenoo,q;QTo + [[Vue |q73q;QTO < cly

for all0 < e < 1, where Tpy is the minimum of (2.24) and (2.25). Furthermore,
we have from (2.19), (2.20) and (2.21) that

”vusHS;QTO < K,
/ ID(u)[*2|VD (w)Pdydt < ek,
Qr,

||v‘76||q’;QT/ < ks,

where ¢ is independent of €.

3. A regularity criteroin and time singularity

In this section, we first provide a regularity criterion like the Serrin condition
for the Navier-Stokes fluid, and then estimate the Hausdorff dimension of the
set of singular times.
Proof of Theorem 1.4. Like (2.10) taking ¢ = —A~"Ahu as a test function
and considering the divergence free property, we obtain

1d

§£||Ahu||§;9 + /Q Alo : A"Dudy
=— / ((A"u) - Vu) - Arudydt —|—/ A - Aludydt.

Q Q

This yields
Ld
2 dt

g/ |Ahu|2|vu\dy+/ AP ] | Alu|dy.
Q Q

1A 30 +/Q ID(u) + D(u(- + he,))|""?|A"D(u)[*dy
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On the other hand,

2
PU

801, < e [ 1D+ Dl + e, 27 |A"D() dya )

/

U

2—q
2

< c(/T ID(w) + D(u(- + he,))|“ = =7 q’dydt)

< ([ 1D+ Dl + he, 2| Dw Pyt

T

and

1A 30, <

24 ’ Alh, Ahudydt’
QT’

2(g—=2)

+ KT

Alf Ahudydt‘. (3.1)
Qr/

Now, passing to the limit, we obtain

d
Ivula +2 [ DY Pay < [ [Vuiay+ [ (91 Vulay
i Q Q Q

and therefore, we have

d
GIvula+2 [ D@y < [ (Fuly+ [ (98 Tuldy.
Q Q Q

On the other hand, we observe that

(g=2) 3
IVla, < K77 (k4 [ vufdsar+ el g, )
and
3
/ ID(u)|2|VD(u)[*dydt < K* + c/ Vul?dzdt + | VL] -
2
T T
We use the following notations
\7( = ||Vu||q 3¢:Qr>
2
E(T) = e(K? + [Vuls g, + [[Iul1Vulllyq, )-
By the Young and interpolation inequalities, we obtain
ey et Yoty ;
||Vu||3 Q= ||Vu||0(‘;+:f) QHqug;Qq < c||Vu||6(‘L++qq 3.0 + eHquBq;Q‘

e
Using the interpolation inequality again, we have

6(a+q—3)
”V H:((:;:—gqq 39) o= < ||Vu||2QHvu| 2cx+3q 5

2a+3q—T7"




14 H.-O. Bae et al. NoDEA

Thus, we obtain
T 3
) <K e [ IVulalvulZ e+ Ve g,

2 3
<K +csup||Vu||2 QHVUHU‘Q(QT + ||Vf|‘%’QT

According to Lemma 2.1 we deduce
E(T") < c(IC2 + Kctar (T’)(7q12)”j(T’)m>. (3.2)
Into the right of (3.2) inserting (2.22) we obtain

20(2¢%243¢—12) —4(5q%2 —25q+24)

E(T) < kP ((T/) a E(T') Gar1-2)

2¢(35—52)(3—q)

(T’)4q“5(T’)(5qs>(oq+12><q2>>g(T’)
—2¢24108q—144
+ C</C1 (5q+12)(¢—2) (T/)(7q712)v + IC2>
—2¢%+108g—144
= \I/(T/)S(T/) + C(/Cl (5a+12)(q—2) (T/)(7q—12)'u + /C2> )

Clearly, ¥ is an increasing and continuous function with ¥(0) = 0. In
case ¥(T) < % we put T, = T and there holds
—2¢24108q—144

&(T) < QC(KWM (Ta-12) +IC2) K.

This estimate implies via following similar methods of Theorem 2.2 that w is
a strong solution to (1.2). We complete the proof. O

We now estimate the Hausdorff dimension of the set of singular times.
The argument is similar to Theorem 4.2 in [3]. In [3] the exterior force term f
is independent of time ¢, but with this assumption there was a little error in
the proof, which can be fixed easily if we add the dependency of f on time ¢.
For the reader’s convenience, we present the whole estimates for the proof.
Proof of Theorem 1.5. We note that

_ a(39=5) 4 3¢(3=q)
/|Vu\3dm:/|Vu|(3 e N
Q Q
39—5 3—q

(/ |Vu|2dx> </ |Vu|qu> (/ Vu|3qda:>
Q Q Q

o o\ N
- [Vul|“dz |Vu|?dz + ¢ |Vu|*Ydz

€ Q Q Q

A= 1+ |Vl

IN

IN

Set
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Considering the inner product of (1.2) with
— A" A
——

A3sd—s

b

15

using the difference quotient method as in the process obtaining (3.1) and

taking e small, we have

3¢g—5 d s¢-11 9
—— — A5 D(w)|97*|VD d
et T g ) P IvD)

§C’/ |Vul?dx + = 2q/|Vf\q dx.
Q

311 5
and
3q—5 Aoq 11
2(5q — 11) dt

Let S be a singular time. Integrating from s to S, we obtain
s
_3a-5 [A%"q?sl( - A% 151 )} < C’/ / |Vul|?dzdt
s Q

2(11 — 5q)
S
+C/ /|Vf\f/dxdt.
s Q

Since S is a singular time, with the aid of Theorem 1.4, we note that

[ 1vus)ds -

and therefore, AFes (S) = 0. Hence we have

<C/ |Vul?dx + e 2q/|Vf\q dz.

3110

5g—11
L S

3‘1_5( |Vu(s)|2dx> e Vultdadt
2(11 = 59) \Ja -

By Holder’s inequality, we have

2(5¢—11)
2(3q—
(/ |[Vu(s |qda:> <C’/ /|Vu|qudt—|—0/ /|Vf|q dxdt.

Setting
s
U(s) E/ / [Vu(r)|?dzdr,
s Q
and
S ’
F(s) = / / |[VE(T)|? dadr,
s Q
we have

/ |Vu(t)|%dz = -U'(t),
Q
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and
/ IVE(H)|Y dz = —F'(t).
Q

Thus, we obtain

2(5g—11)

(=U'(t)) a@a=5 5 < CU(t)+ CF(t),

and

Therefore, we have

(3¢—5)

=U'(t)(U(t) + F(t))2q<11 50 > (O,
Since —F'(t) > 0, we have

q(39—5)

(—=U'(t) = F')(U(t) + F(t)) > > C,
and
(U'(t) + F'(0) (U(t) + F(1)) 370 < ¢

Integrating from s to .S, we have

22-15q+342 22-15q+342

(U(S) + F(5)) 2= — (U(s) + F(s)) 201750 < =C(5 - s).
Since U(S) = F(S) = 0, we have

S S , 2(11—5q)
/ / |Vul|?dzdt + / / |VE|? dedt > C(S — s)2-15a+s® . (3.3)
s Q s Q

0= {t : / |Vu2d:c<oo},
Q

then O is right open. So O is the countable union of semi-open intervals, say,

0= U[ai, bl)
In particular, we set the open set
01 = [J(ai, ba),

then & = [0, T\ 01 is closed and has Lebesgue measure zero. Let t € (a;, b;).
Since we have local existence of the strong solution, we obtain

Let

( a)
S (b — ) B e < c/ /|Vu|qdazdt+0/ /|Vf|qudt < .

For every € > 0, we can choose a finite part I of I satisfying

2(11—5q)

Z(bi_ai) §€7 Z(bi—ai)m <e.

igl. igl.
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The set [0, ]\ U,¢;, (ai, bi)is the union of finite number of mutually disjoint
closed intervals B;, j = 1,2,..,N. It is clear that U;‘V:1 B; O §. Since (a;, b;)
are mutually disjoint, (a;, b;) is contained in one and only one interval B;. We
denote I; the set of 4’s satisfying Bj D (a;, b;). It is clear that

Bj= U(ai»bi) U(BjﬂS), for all j.

i€l
Hence we have
diam Bj = Z(bz — ai) S €,

and

2(11-5¢) N 2(11-5¢)
<dH 22—15q+3q2> (S) < Z (diam Bj)22-15a+34”

Jj=1
2(11—-5q)

N 22—15q+3q2
< E E (bi — a;)

j=1 \i€l;

2(11—5q)

< E (bi — a;)2-15a+3a> ¢,

il

where dH* is the k-dimensional Hausdorff measure. Since € is chosen arbitrary,
we complete the proof. 0
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