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Multiple positive solutions of singular
and critical elliptic problem in R?
with discontinuous nonlinearities
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Abstract. Let Q be a bounded domain in R? with smooth boundary. We
consider the following singular and critical elliptic problem with discon-
tinuous nonlinearity:

cxuz
() —Au:)\(%—&-qu(u—a)), u>0 in Q
U =0 on 0N

where 0 < ¢ < 1,0 < a < 47 and 3 € [0,2) such that g—l— &= <1and
<
g(t—a) = { (1]’ i > Z Under the suitable assumptions on m(z, t) we show

the existence and multiplicity of solutions for maximal interval for .
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1. Introduction
Let © be a bounded domain in R? with smooth boundary. Consider the fol-
lowing elliptic problem with the discontinuous nonlinearity g:
Ot’(l/2
—Au =\ (W—Fqu(u—a)) , u>0 inQ
U =0 on 092

(Py)

where 0 < ¢ < 1,0 < o < 47 and (§ € [0,2) such that g—i—ﬁ < 1. The dis-
1,t<a

continuous function g(t — a) is defined as g(t — a) = {0 t>a

and m(x,t) €

C1(Q x R) satisfies the following assumptions:

® Birkhduser
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) m(z,0) = 0,m(z,t) >0 for ¢t > 0 and is nondecreasing in ¢.

) lim sup 171(56,75)6_“2 =0, lim inf m(ac,t)e“2 = o0, for e > 0.
t—oo 20 t—00 Q)

) tlim inf m(z,t)te” = oo, for € > 0.
—0 e

)

There exists My > 0 such that for ¢ > 0, F(z,t) = fot f(z,s)ds <
at?
(f(w,t) + )My where f(,t) = ™.

(H5) For € > 0, lim sup ge*a(lﬂ)tg = 0 and there exists My, Ky > 0 such
T zeh
of

that Bt > —Ms+ Kof(z,t) for all z € Q, ¢t > 0.

Problems of the type (Py) have drawn the attention of many authors in
recent years as they occur in various branches of physics. Due to the disconti-
nuity in the nonlinearity, the solutions are realized as zeroes of the generalized
gradient given by Clarke [9]. In [5] authors have discussed the existence and
multiplicity for Laplace equation with discontinuous nonlinearities with criti-
cal exponents in R™ for n > 3. The existence of unique solution with sublinear
nonlinearity has been proved in [14]. Existence results for semilinear equation
with continuous and exponential nonlinearity motivated from Moser—Truding-
er inequality has been extensively studied starting from [1-3,10]. The combined
effects of concave and convex nonlinearities are studied in the beautiful work
of Ambrosetti et al. [4] for critical exponent problems and these results are
discussed for the exponential nonlinearities in [12].

In this work we study the combined effect of exponential and discontin-
uous sublinear nonlinearity by combining the generalized gradient approach
and usual variational and sub-super solutions methods. Let h(t) = g(t — a)tL
and H(s) = fos h(t)dt where ty = max{t,0}. Consider the following functional
associated to (Py):

In(u) = %/Q|Vu|2—)\/QF(x,u)—)\/QH(u).

The idea is to characterize the solutions of (Py) as critical points in the sense
of Chang [8] and Clarke [9] for the functional Iy on Hg(£2). To obtain the
existence of solution we minimize Iy over the closed convex set M), = {u €
HY(Q) : u < u < a} for suitably chosen sub and super solutions u and @ of
(Py), respectively. Then using the generalized gradients theory we show that
this minimizer is a critical point of I. Next we show that the first solution
thus obtained is also a local minimum for I in H{(£2). Due to the presence of
singularity ﬁ, the solutions are no more C*. So the classical result of Brezis
and Nirenberg [7], cannot be applied to this case. Here we adopt the approach
as in [13]. Due to the presence of discontinuity in the sublinear term in (Py), it
is interesting to investigate the Hg(£2) local minimizer of I for all @ > 0 and
maximal range of A. The important feature of it is the appropriate use of the
Hopf maximum principle to handle the discontinuity(see Theorem 3.1). The
study of Palais—Smale level is also delicate due to the effect of discontinuous
nature of the sublinear term. We use sequence of Moser functions with variable
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support as in [12] to obtain the Palais—Smale sequence below the critical level.
Here we would like to mention that the results obtained are new even for the
case 3 =0.

We consider the following preliminary notions. Let X be a real Banach
space, X* be it’s dual space and (,) denotes it’s duality action. Then for
z,v € X and a locally Lipschitz continuous function f € X*, the generalized
directional derivative f°(z,v) (of f at 2 along v) is defined as follows:

fO(z,v) = lim sup 1(f(x—|—h+)\v) — f(z+h)).
h—0 x|0 A

The generalized gradient of f at x, denoted by 9f(x), is defined as follows:
Of(x) C X*;w € df(x) if and only if (w,v) < fO(z,v), forallv € X.

Also 9(kf)(x) = kO(f)(x) for all k € R. We define x € X to be a critical
point for f if 0 € Jf(x). Thus in view of Theorem 2.1 and Theorem 2.2 in [§],
w € I (u) if and only if there exists a function w € L () such that

(w,v) = / VuVu — )\/ flz,u)v — /\/ ulwv, for all v € Hy(Q)
Q Q Q

and
w(z) € [g(u(z) — a),g(u(z) —a)] forae z €
where g(u — a) = hinjilf g(s — a) and g(u — a) = limsup g¢g(s — a).

S—u

Hence u defines a critical point for I if and only if there exists a function
@ € L*°(Q) such that

/ VuVov — / flz,u)v — / ulwv =0, forallve HI(Q)  (1.1)
with
w(z) € [g(u(z) — a),g(u(z) — a)] for a.e. x € Q. (1.2)

Definition 1.1. A solution of (Py) is a function u € H}(Q) such that u > 0 in
Q and u satisfies Egs. (1.1) and (1.2).

By elliptic regularity, such a solution u € C+7(Q\{0}) for some 7 € (0, 1)
and hence |Q,| = 0 where Q, = {z € Q : u(r) = a} and || is the N—dimen-
sional Lebesgue measure of €2,. The exponential nature of the singular nonlin-
earity f(x,u) is motivated by the following singular version of Moser—Trudinger
inequality studied in [3], where the existence of positive solution for singular
nonlinearity of Hardy’s type is studied.

Theorem 1.1. [3] Theorem 2.1 Let Q@ C R™, n > 2 be a bounded domain con-
taining the origin and u € WOI"(Q) Then for every a > 0 and 8 € [0,n)

2
oo
/Q W < 00. (13)
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Moreover,

2
au
(&

sup ——= < oo if and onlyif

+
IVall 2 <1 Jo [2]?

IR

o
o <1. (1.4)

The imbedding in (1.4) is compact if 2 + g < 1. The non-compactness
of the imbedding in the limiting cases (g + % = 1) is obtained using the
Moser functions as in [15,17]. The presence of singularity ﬁ in the nonlin-
earity implies the unboundedness of positive solutions of (Py) when § > 1.
The asymptotic behaviour of solutions can be obtained using the comparison
principles and clever choice of test functions [16]. With this introduction, we
state the main result of this paper:

Theorem 1.2. Assume (H1)-(H5). Then there exists A > 0 such that
(i) for alla > 0 and X € (0,A], (Py) admits a solution.
(ii) for A > A, (Py\) has no solution.
(iii) For A € (0,A) and a > 0, (Px) admits two distinct ordered solutions
ux(z) <ox(z), v € Q.

2. Existence of a solution

In this section we show the existence of a positive solution of (Py) for A in the
maximal interval (0, A] and for all @ > 0. We consider the following problem.

Q) —Au = dulg(u—a), u>0 in Q,
A U =0 on 0.

Lemma 2.1. For all A >0 and a > 0, (Q,) admits unique solution.

Proof. We adopt the approach as in [14] to the bounded domain set up. The
associated functional Ex(u) = 3 [, [Vu|? — A [, H(u) is bounded below on
H{§ (). Indeed, by Sobolev imbedding, Ex(u) > |ul|> — C 25 [lul| 7! > —oo.
Also we note that for ¢ € C5°(2) and t > 0 small,

t2 e )\tqﬂ o+
E\(td) = —|¢||> = \—— .
) = S0l =3 [ et <o

Let {u,} be the minimizing sequence for the minimization problem E, =

\|Hﬁi<nR E)(u) for R > 0 sufficiently small. Then by the Ekeland Variational

principle, there exists v,, such that Ex(v,) < Ex(up) < Eq+ 1, lup —uy[ < L
and E)(vy,) < Ex(v) + 2[jv — v, ]| for all v € H(2). Taking v = v, + t), 9 €
HL(Q), we get
Ey\(vy + t) — Ex(vy) < el
t - on
Letting t — 0T, we get EY(v,,1) > 7@7 for all v € HE(Q). Therefore

by Theorem 2.1 and Theorem 2.2 in [8], there exists w,(z) € [g(vn(z) — a),
G(vn(z) — a)] such that
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/ Vo, - Vi — )\/ h(vp)wpyp > — Hw” , for all vy € H}(Q) (2.5)
Q )

Now by the compact imbedding of H}(Q) into Lq+1(Q) and the boundedness
of {vn} we get a subsequence {v, } and vy € H{j(Q) such that [, h(v,)wn) —
Jo h(vx)wtp where w is the weak* limit of w,, in L>(Q) and [, Vv, - Vi) —
fQ Vuy - V1. Therefore, taking limit n — oo in (2.5), we get

/ Vuy -V — )\/ h(vy)wyp > 0, for all ¢ € H&(Q)
Q Q

Hence Ef(vy,1) > 0 and vy is a solution of (Q,). Using the weak maxi-
mum principle it is easy to check that vy > 0. Now uniqueness follows as in
Lemma 3.3 of [4]. O

Lemma 2.2. Assume (H1) and (H2). Then there exists A > 0 (small enough)
such that (Py) admits a solution for all A € (0,A).

Proof. Let u be the unique solution of (Q,). Then w is a sub solution to (Py).
Also, consider the minimal solution % of

—Au-)\<m(x|;‘)§+uq>, u>0in Q,
u = 0 on 09,

where A € (0,A] for some A > 0. Existence of 4 follows by minimizing
the corresponding functional over the ball B, = {u € H}(Q) : ||u| < r} for
r > 0 small as in [6]. Thus @ is a super solution to (Py). Also as —Au < Au?
and —Au > Au? in Q with w,% = 0 on 02, by the comparison principle
(Lemma 3.3 of [4]), we get u < @. Let A € (0,A] and My = {u € H} () :
u < u < 4 aee. in Q). Then M, is a closed convex subset of H}(Q) and I,
is weakly lower semi-continuous on M. Indeed, if u,, € M), u, — u weakly
e(a+5)ﬂ2

||

Therefore by applying the dominated convergence theorem and (1.4) we obtain

/ F(z,up) — / F(z,u). It is easy to see that / H(u,) — / H (u), thanks
Q Q Q Q

in H}(Q), then from (H2) and (H4) we have F(z,u,) < ¢ + ca.

to compact imbedding of H}(Q) into LIT(Q). Since I, is coercive on My,
there exists uy € M) such that I(uy) = ir}\g I\(u). Here we use Perron’s
uweMx

method to show that wuy solves problem (Py). For ¢ € C5°(2), define ¢¢ =
(ux+ep—u)", ¢ = (ur+ep—u)” and ve = uy +€p — ¢° + ¢. Then v, € M)y
and it is easy to check that uy + t(ve — uy) € M) for 0 < ¢t < 1. Since uy is
minimum of I over M), we have

In(ux +H(ve = ur)) = Ix(un)
t
Taking the limit ¢ — 0%, we get IY(ux,ve — uy) > 0. Hence, by Theorem 2.1
and Theorem 2.2 in [8], there exists w, € L>(£2) such that w.(z) € [g(ux(z) —
a), g(ux(z) — a)] and

> 0.
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/ VuaV(ve — uy) / fzyup)(ve — uy) — )\/ ufwe(ve —uy) > 0.
Q Q
So,

1
/QVU,\Vqﬁ—)\/Qf(a:,uA)(b—/\/Quiweqﬁ > E(E€ - E)

= [ Fue [ oA [ wu
E. Z/QVu)\Vq/)E —)\/Qf(x7u)\)¢e —)\/Quliwe(bs.

Further, as f(x,t) is nondecreasing in ¢ > 0 and @ is a supersolution for (P),
we have

%Ee _1(/ VurV(ux + b — @) — /f“’ e A/ukwe(f)

> [ WP+ [ V-oves [ (o - fen)e

; /Q(aq — ufwe) P
A
> . V(uy —u)Vo + p /Q(ﬂq —ulwe)o*

where

and

> V(uy —@)Ve =o0(1) ase — 0
Q(

where Q¢ = {x € Q: (ux +€¢)(x) > u(x) > ur(x)} and the last equality holds

since |Q¢| — 0 as € — 0. Similarly, — E. < o.(1). Hence,
€

/Vu,\qu—)\/ f(:r:,uk)(b—)\/ ulwep > 0c(1), for all ¢ € C°(Q).
Q Q Q

Letting € — 0, we get
/ VurVo — )\/ fz,ux)p — )\/ ufwxg >0, for all ¢ € CG°(Q)
Q Q Q

where wy () € [g(uxr(z)—a), glur(x)—a)] is the weak™ limit of {w.} in L>°(Q).
This implies that I{(uy, ¢) > 0, for all ¢ € C5°(€2). Thus uy solves (Py). O

Lemma 2.3. Let A = sup{\ > 0: (Py) has at least one solution}. Then A < co.

Proof. Multiplying the equation in (Py) by the first eigen function ¢1 of —A
and integrating by parts, we get

CX'LL2
M [ b = A fo R 61 4wyl — @)
Q

Now, from (H2), for any € > 0 small and t > 0, there exists K = K(a) > 0
cxt2
such that % +tig(t — a) > Kt. From this it follows that A < co. [
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Lemma 2.4. For all A € (0,A], (Py) admits a solution.

Proof. The existence of solution to (Py) for A € (0, A] follows from Lemma 2.2.
Let A <\ < A. Then by the definition of A, there exists A € (A, A) such that
(P5) admits a solution, say @. Then @ is a supersolution for (Py), and @ > u
where u is the unique solution of (@,). This comparison can be obtained using
the comparison theorem in Lemma 3.3 of [4] by taking u and @ as sub and
super solutions of —Au = Aufg(u — a) in Q and u = 0 on 9f), respectively.
Now considering the set My = {u € H(2) : u < u < @} and proceeding as in
Lemma 2.2 we obtain a solution of (Py). To show the existence of solution to
(Pp), we take {\,} C (0, A) such that A\,, — A asn — oco. As there exists solu-
tion uy, of (Py,) such that uy, € C17(Q\{0}) for some v € (0,1) and hence
the N— dimensional Lebesgue measure of the set {x € Q : uy (z) = a} =0,
we have

/ Vuy, Vo=, (/ f(x,uAn)qS—i—/ g(u,\n—a)uiﬂ ¢> for all ¢ € H}(Q).
Q Q Q ’

(2.6)
Taking ¢ = u,, in (2.6),

/Q\VuAn\Q = (/Q flzyun,)uy, + /Qg(uAn - a)u§:1> . (2.7)

Moreover, by the definition of uy, we have I (uy,) = rn]\i4n I, (u) < Iy, (u)
ucMy,,

1
< §||g\|2 This implies,

1 1
3 lunI? < §IIMHQ+M/ F(%UAHHM/ Huy,)- (2.8)
Q Q

From (2.7) and (2.8) we get

1 1
3 [ Feuu, = [ P, < g lul?
1
+ [ Hn) ~ 5 [ oo, - ajut!? (29)
Q 2 Jo
Also, from (H4), for any K > 0, there exists C' > 0 such that

%f(x,t)t — F(z,t) > (; - ;{) f(z,t)t — C, for allt > 0. (2.10)

Thus, from (2.9) and (2.10), for K > 2 we have

11 1,
(3- %) [ 7o < 5l

1
+/ H(uy,) - 5/ glux, —a)ul™ +C. (2.11)
Q Q
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Using (2.7), (2.11) and Sobolev inequality we estimate ||uy, || as
Jur, I < KalulP + Kz [ uf 40
Q
< Kiflu))? + KaS||ux, |77 + C (2.12)

where S is the best constant in Sobolev imbedding. As 0 < ¢ < 1, {uy,} is
bounded in H}(Q). Thus uy, — ua weakly for some uy € H}(Q). Also from

(2.11) and (2.12) we get C= sup/ f(z,un, )uy, < oco. Given € > 0, define

n Jo
e = sup  |f(z,s)|. Then for any A C Q with |A] < 3, we get,
z€Q, |s|< 2

fx,U)\n U,
[l [ Gt
A An{|uz, |>2=C} [ux., |

€

+/ L ) <e
An{Jux, |<2-E}

€

Thus by Vitali’s convergence theorem we have [ f(z,uy,) — / flx,up)
Q Q

which in turn implies / flz,uy, ) — / f(z,up)¢ for all ¢ € C§°(92). Also
Q Q

using dominated convergence theorem it is easy to check that / gluy, —
Q

a)ul ¢ — / g(up — a)ul ¢ for all ¢ € C§°(Q2). Hence by passing through the
' Q
limit in (2.6), we get up as a solution to (Pa). Also by using the comparison

theorem of Lemma 3.3 in [4] we have u < up and thus uy # 0. O

3. H;(Q2) local minimum of I for A € (0,A)

In this section we prove that for all A € (0,A) and a > 0, uy (the solution of
(Py) obtained in Sect. 2) is also a local minimum for Iy in H}(Q) topology.

Theorem 3.1. For A € (0,A) and a > 0, uy is a local minimum for I in
HLQ).

Proof. Here we adopt the approach as in [13]. Let us suppose by contradiction
that there exists A € (0,A) and a sequence {u,,} C H}(Q) such that u, — wuy
strongly in H(2) and Iy (u,) < Ix(uy). Let u, % and uy be the subsolution,
supersolution and solution of (Py), respectively as in Lemma 2.4. Define v,, =
max{u, min{u,, a}}, w, = (u, — @), w, = (u, —u)~, S, = support ()
and S, = support (wy,). Then u,, = v, — w,, + Wy, v, € M = {u € HY(Q) :

u<u<a}and Iy(uy,) = In(vy) + A + By > In(uy) + A, + By, where,

1 2 —12 u
A= [ 09u P = 19aE) A [ (P ) - Pl)

. /S (H () H(w)
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1

_ w12 = [Vul?) = T, uy) — F(x,u
Ba= g [ (9wl =) = [ (Fom) — P )

A [ () - Hw).
§n,
Now we claim that A,, B, > 0 for large n which is a contradiction to our
assumption that I(un) < In(uy).
Since @ is supersolution for (Py) we estimate A,, as follows.

1, o o
A > L] “L [ (@, @) “L h(@)
—/\/_ (2,1 + @) — F(z, 7))
—)\/ (@ + @) — H(@)
= 5lealP 4 A [ (o)~ o+ b0,))o,

n

H/s (@), — (H (@ + ,) — H(7))

0
As lim sup — f —a(l+ot® 0, we can estimate the critical term as in [2] to

=00 e

get,

/_ (f (.4 6,) — (. 0))n = C1| 5oV 0.

Shn

Now to estimate the discgntinuous term we divide the dgmain S,, into three
subdomains, viz., Q1 = S, N{z € Q: a(z) > a}, Q2 =S, N{z € Q:a(z) <
a< (ﬂ—i—wn)( )} and Q3 = S N{z € Q: (a+w,)(z) < a}. Since in Qy, h(a) =

0,H(u)=H(u+w,) = 71 we get / [h(@)w, — (H(u+ w,)— H(u))] =0.
Q
—q+11 aqdtl
d H(a + w,) =
71 d H+dn) = 2y
estimate the corresponding integral as,

In Qo, we have h(z) = @?, H(u) =

qdtl  gatl
q+1 B q+1)

/92[h(“)w"—(H<u+wn>—H<u>>1 -/ w_<

Qo

:/ @5, — (a—) (i4+-0(a—1))",
Qo
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! (@ 4 wy,)9H!
In Q u) =ul, H(u) = H(u+ w,) = ——
n Qgz, h(u) = u?, H(u) 1 and H(u + w,) )

the corresponding integral over 23 is estimated from below as

and hence

/Q (@) in — (H (4 ) — H(@))] = fo, @010, — o (@ + 0,70 — ar+)

= — Jo, (@ + 0w,)? — af)w,, 0 € (0,1)
(3.14)

Since @ is a supersolution of (Py), by Hopf maximum principle, there exists
C’" > 0 such that @ > C’d(z,09) where d(x,0Q) =distance of = from 9.
Hence, noting that d”(x,9Q) € L'(Q) for v > —1 and using Hélder’s inequal-
ity with » > 1 such that (1 — ¢)r < 1 and Sobolev inequality we get

an wn2 1 v 2
< — < - - 7
fyiws =< o= = ([ amamyes) s

< Coflwa*.

Using this in (3.13) and (3.14), we have the following estimation for A,,.
An 2 3llon]? = Cv |Sul 4| @n|* — Collwn]?,

Similarly, we get By, > 2HwnH2 Cy 1S, )M |w,, |2 = Calw,, |-

Now we prove that [S,],|S,,|, ||@n|| and |Jw,| — 0 as n — oo. To obtain
this first we claim that there exist a constant C' > 0 such that @(z) — ux(z) >
Cd(z,00) and u — uy < —Cd(z,09) in . Since @ is not a solution of (Py),
we can choose a ball B C €) such that « > u) + 26 in B for some § > 0. Now
consider the following problem

—Av=Mj¥(v—(a—wuy)) in Q\B,

v=49 ondB,

v=0 on 09,
where ¥(s) = 1if s < 0,%(s) = —1 if s > 0. Then by the standard elliptic
theory there exists v € W2P(Q\B) N C*7(Q\B) for some v € (0,1) and for
all p > 1. Also taking v~ as the test function in the above problem and not-
ing that @ > uy in Q\B, we have v > 0 in Q\B. Furthermore, as m(x,t) is
nondecreasing in t, we get

—A(T—uy) > MNag(a —a) —ulg(uy —a)) > —Auf in Q,
and @ — uy > 26 on OB, 4 — u) = 0 on JN). Thus,

—A(a —ux —v) > AN(—ul —u{¥(v— (@ —uy)) in Q\B,
U—uy—v>0 ondB, (3.15)
u—uy—v=0 on@Q.

Taking (@ —uy —v)~ as the test function in (3.15) and integrating over Q\B,
we have

[N P [ - e @ )@ o)
O\B o\B
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Now for (@ —uy —v)~ > 0, ¥(v — (@ — uyx)) = —1 and thus the right hand
side in the above inequality is zero. This implies (& — uy —v)~ = 0 in Q\B,
ie., v <u—uy in Q\B. Therefore, —Av = Auf in Q\B, v € CY7(Q\B), v >0
in Q\B and g—fj < 0 on 0N where v is the outward unit normal at 9. Thus
we can find C; > 0 such that v(z) > Cid(x,09) for all z € Q\B and hence
a—wuy > Cd(xz,00) for all z € Q@ and C > 0 sufficiently small.

Similarly, as u is a subsolution for (Py), u —uy < —26 in B for some ball
B C Q and § > 0. Then considering a solution v of the problem

—Av =X U (v— (u—uy)) inQ\B,
v=—§ ondB,
v=0 on 0,

and using the similar arguments as above we can find a Cy > 0 such that
v(z) < =Cad(z,00) for x € Q\B and u — uy < v in Q\B. Thus u — uy <
—Cd(x,09) in Q for C > 0 sufficiently small. This proves the claim.

Now to estimate |S,|, we take Q, = {z € Q : d(x,0Q) > o} and note
that for any e > 0 there exists a o > 0 such that [Q\ Q,| < 5. Since u, — uy
strongly in H}(Q), we have

Sl <10\ Qo] + 150 N Q|
1

<S4 / ( )2 <
-4+ — Uy, — U €.
2 020'2 S'”ﬂga

Therefore,
[l = [, 1 ()2 < 2 (It —ur)[2+ fs, [V (e =D)[2) = 0 s m — oo,

Also, using the same approach as for |S,,| and ||, ||, we get |S,,| and ||w,,|| — 0
as n — oo and thus B, > 0 for n large. This completes the proof of the
Theorem 3.1. O

4. Existence of second solution

Now we prove the existence of the second critical point of Iy using Ekeland’s
variational principle on the set Ay = {u € H}(Q) : u > uy a.e. in Q}. Since
uy is a local minimum for I in H} (), there exists pg > 0 such that Iy (u) >
In(uy) for {u € HY(Q) : |lu — ux|| < po}. Furthermore one of the following
holds:

(ma) inf{Ix(u) : u € Ay, |u — ux|| = p} = Ix(uy), for all p € (0, po).

(mg) There exists p1 € (0, pg) such that inf{Ix(u):u € Ay, |[Ju—ux|| =p1} >
[A(U)\).

Here in case of (m1) we use the generalized Mountain pass lemma of Ghous-
soub and Preiss [11] and in case of (ms) we use the classical Mountain pass
lemma.

Lemma 4.1. Let (mq) holds. Then for each p € (0, po) there exists vy € Ay
such that ||vx — ux|| = p and vy is a critical point of I.



1842 K. Sreenadh and S. Tiwari NoDEA

Proof. From (my), for any p € (0, po) there exists a sequence {u,} C Ay such
that

1
lun —ux|| = p and I (uy) < In(uy) + —.

For 0 < § < min{pg — p, p}, define the closed subset R = {u € Ay : p—9 <
lu — ux|| < p+ 0}. Then we have inf{Iy(u) : u € R} = Iy(uy). Since Iy is
lower semicontinuous on R, by Ekeland’s variational principle there exists a
sequence {v,} C R such that I)(v,) < In(upn) < In(ux) + %, [un, — v < %
and I (v,) < In(v) + L{lv — v, for all v € R. For any w € A, choose € > 0
sufficiently small such that v, + ¢(w — v,) € R and thus we get

In(vn + e(w —vy)) — In(vy)

1
> ——[lw —vall,
n
and letting € — 01 we get
0 1
I (vp, w — vy) E—EHw—vnH. (4.16)

Since v, is bounded in H{(£2), up to a subsequence, v,, — vy € Ay weakly in
HL (). We claim that vy, is a critical point of I. To prove this, for ¢ € C§°(€2),
set pne = (Un + € — uy)~. Then choosing w = (v, + € + @n.) € Ay, from
(4.16) we get

1
If\)(vn, €+ ‘Pn,e) > *EHEQS + <Pms||-

Thus from the results on generalized gradients in [8], for each n € N, there
exists wy,e € L®(Q) with wy, (z) € [g(vn(z) — a), §(vn(z) — a)] and

/ Vou V(b + pne) — A / F(@vn)(€d+ @) — A / VT (€d+ o)
Q Q Q
>~ e+ onll (117)

As ||wp,e|| o) < 1 for all n, we can assume that w,, . — w, in L>(2) asn —
oo with respect to the weak* topology and w.(z) € [g(va(z) —a), g(va(z) —a)].

Now following the approach as in [5], we define Q,, . = {z € Q : v, (v)+egp(z) <
ux(z)}, Qe = {x € Q :vp(z) + ep(z) < up(z)} and Qp = {z € Q : va(x) =

Since 0 < ¢pe < ux + €¢] and v, < uy — €p in Q, ., by dom-

inated convergence theorem we get v, — ¢, in L?(Q) and flz,v,)
Q

(€d+on,e) — /Qf(%UA)(GQbJr(Pe) as n — oo where ¢, = (vy+€ed—wuy)~. Also

W, ePn, eV — / wepevy as n — o0o. Note that [Q, \Qe|, [Qe\ Q.| — 0 as

Q Q
n — oo and |Q:\Q| — 0 as € — 0. The first term in (4.17) can be estimated
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as

/ Vo, V.= anV(u)\—ed)—v)\)+/ Vv,V (vy—uvy)

z/ anVgae—/ |V (v, —vx)|?+ VuaV(vy—vp)+0,(1)
Q. Qe

S/anVgoe—i—/ Vv,\V(v,\—vn)+0n(1):/ VuaVpe+on,(1)
Q Q. Q

Now as ||¢n,e|| < C foralln € Nand e € (0,1), by passing to the limit in
(4.17) as n — oo we get,

/Vv,\V(eqb—i-goe)—)\/f(at,v,\)(eqﬁ—i—(pe)—)\/v?\we(e¢+<p€) >0. (4.18)
Q Q Q

Using the facts that f(z,t) is nondecreasing in ¢, p. € H}(Q), uy is a
critical point for Iy and |[{z € Q : uy(z) = a}| = 0, from (4.18) we have the
following estimate.

(/V’U)\V(b )\/fxv,\(b A/we(va)
> Avmfmwﬁ+y@ﬂmm F(un))e
+A/Q(wev§ — glux — a)ul)ep.

_/ V(vyx —upx)Vee + )\/ (wev§ — glur — a)ul)pe  (4.19)
Q Q

Now as |Q2:\Qg| — 0 for e — 0 and vy = uy on €, the first term on the
right-hand side of (4.19) can be estimated as follows:

/V (va —uxn)Voe = / |V (ux — o) [? +6/ V(vx —ur)V
= /V(,\*U,\)Vsﬁ
Qe

= e/ V(vx —upn)Ve = o(€)
2\

Also as (wev§ — g(uxy — a)ul) = 0 a.e. in Qp, we estimate the second term on
the right-hand side of (4.19) as

béwug—gwA—amb¢f=/) (wev? — glux — a)ul),

QN

+/ (wev — glux — a)ul ).
Q\ Q0

—/ ul (ux — € — vy)
Q\Qo

f&/ 16| = oc(e)
Q\Qo

Y

v
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Therefore, from (4.19) it follows that

1
/QWAW)*A/Qf(x,vx)dFA/Qw@vi > EOE(E)'

Thus as € — 0 we get I9(vy, ¢) > 0, for all ¢ € C5°(€2). That is, vy is a critical
point for Iy. Now we prove that vy # u). In view of the definition of R, it
suffices to prove that v,, — vy strongly in Hg (). Taking w = v in (4.16) we
get wy, € L>®(Q) with w,(x) € [g(vn(z) — a), Gg(v,(x) — a)] such that

1
/ anV(vAfvn)f)\/ f(x,vn)(mfvn)f)\/ viw, (vy—v,) > —=]lva—vn]|-
Q Q Q n
This implies,
/ VuaV(vy —vy,) — )\/ fzyvn)(vx —vy) — )\/ vdw, (vy — vy)
Q Q Q

1
+ —llox = vall = flox = val|*. (4.20)

We claim that / flz,v)vn — / f(z,va)va. As in [2], from (H2), for € > 0
Q Q
small, we have

2
m(x, v, )e*nv
[ iwu= [
v >k v >k |x|

2 2 2
. 67371%2/ e3mvn _0 6737”62/ 6167ruﬁ~167r(vn#uk)
o |z Q |z]P

— 0(6_377162)7

where the last equality follows from the following estimate.

1
o7
/ 6167ru§+167r(vn7u/\)2 /elﬁﬂp'ui P /61671'1)(1)"7.u)2
< Z_ - -
f— /
) || 7P || 7P |z|P
Q Q

p

1
w2 >
<C
|x|ﬁp

Q
with p > 1 such that 8p < 2 and p’ = 1%. Note that as v, € R and hence
||vn, —uall < p+6, we can choose p and ¢ small such that the right hand side of
the above inequality is finite for all n, thanks to (1.4). Hence, by the dominated

convergence theorem, letting n — oo and k& — oo, we get / flx,vp)v, —
Q

f(x,vx)vx. Thus, by passing through the limit in (4.20), we conclude that
Q
||vn, — vrl] — 0 as n — oo. O

To obtain the second solution in case of (ms), we need to study the com-
pactness of the Palais Smale sequence. First, we recall the following Moser
functions ¢,
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1 1
(logn)z |z| < o

_ 1 log() 1
bn(z) = \/72? (logn)% w < |x‘ <1,
0 |z| > 1.
Define ¢% (z) = ¢,,(£5%2) where d,, = (logn)~'/2 and x is choosen such that
n 4,

Ba, (20) C Q as n — oo. It is easy to check that [|¢d~| = 1.

Lemma 4.2. Assume (H1) — (H5). Then we have the following.
(i) In(uy +tedn) — —o00 ast — oo.

. ™
(i) sup In(ux +to") < In(un) + =(2 = B).
>0 @
Proof. Using (H2), we can find positive constants C; and Cs, such that for

e(oz—e)t2

———— — (5. Thus, we have
|z|°

t>0and 0 <e<a, F(z,t) > Cy

el |pin 2
£

<O+t 41) — C’din(o‘_e)t2 — —00 as t — o0.

In(uy +t¢d) < O(* + 117 4+ 1) — O/ ,
B(zo, ™)

This proves (7). Now contrary to (i7), suppose there exists a subsequence, say
{¢d»}, such that
™
max In(ux +tgim) > In(uy) + 5(2 - 0) (4.21)
where

Dt =5 [ Voo =2 [ o+ o) -2 [ o)

2
:IA(uA)+5+)\/ F(a:,u,\)—F(%uA+t¢Z")+t¢‘f{‘f(x,u>\)
Q

+A / H(uy)—H (uy+todn ) +totul g(uy—a) (4.22)
Q
Also from (H5), for some 6,, € (0,1), we get
B
[ Floun) = Fa.un g 1168 foun) = =2 [ Tt tibaoi)eion
Q Q

SCtz/ |¢i"|2—t20( : )
Q logn
(4.23)

We estimate the last term on the right hand side of (4.22) as follows.

/ (H(uk) — H(uy + t¢d) + tqﬁ”uig(u,\ — a)) < C’/ tedn
Q Q

tO((lo,::L)%)

(4.24)
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Now by (i) of Lemma 4.2 and (4.21), there exists t,, € (0, 00) with ¢,, < K, for
some K > 0 such that

max In(uy + téd) = In(uy + t, o) (4.25)
Thus from (4.21)—(4.25) we get,
2 n
tiz”(2—6>—0< d ) (4.26)
a (log )’

Also from (4.25) we have Iy (uy + t,¢%n) > Iy(uy + t,¢dn + tedn) for t > 0.
This implies

In(ur +tadir) = In(ux + taditr +t05")

lim sup > 0.

t10 t

That is, (—Ix)°(uy +t,¢dn, ¢%n) > 0. Thus 0 € I(—1Iy)(uy +t,¢%") and hence
0 € OI\(ux + t,¢d"). So there exists w € L>(Q) such that

w(@) € [g ((un +tady)(2) = a) , g ((ux + tad")(2) = a)]

and
/ V(uy + tp, ¢t ) Vo — A/ fla,ux + tpdt v
Q Q
— )\/ (ux + tndd)lwv = 0 for all v € H(Q).
Q
Now taking v = t,¢% in the above equation we get

tiJFtn/ VUAvﬁbin*A/(UAJFthSg,n)qU)tn@bZ" :)‘/ f(x,uAthn(bfL")tnqﬁi".
Q Q Q

(4.27)
Now we estimate the right hand side of (4.27). Define C,, = min ., ux(x)
|[z—zo|< 50
where C), — ux(z) as n — oo. Then,
A/ f(xvuk"*'tn(éydzn)tn(b;izn
Q
a(Cpttndar)?
23 [t e Gt
B(zo,%n) ||
> Kim(tn ¢ (20)) tndn (o) 22 Cntndi” (zo)taltn i (20))* / | P dar
B(wo, %)

o 42

> Kym(tn g (20) tndin (wg)d2 ) e(Katnlos ) AHE 60-(2-0) log n)
Taking d,, = (logn)~'/? and using (4.26), it is easy to check that

Kot,(logn)*/? + (;ti - (2- 5)) logn = Ks(logn)'/?
™
Thus we get

ng,(log n)t/?

A/Qf(ﬂf,ux + b i > Kym(tn gt (o) )t o (xO)W
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where the right hand side of the above inequality tends to co as n — oco. But
this is a contradiction as left-hand side of (4.27) is bounded. This completes
the proof of (ii). O

Lemma 4.3. Assume (H1)-(H5). Suppose that (mg) holds. Then there exists a
second solution vy of (Py) such that 0 < uy < vy.

Proof. Here we follow the approach as in [5]. Define a complete metric space
(X,d) as
X ={n € C([0,1], Ax) : n(0) = ux, [[n(1) — uxll > p1, Ix(n(1)) < In(unr)},
where d(n,x) = maxc () = x(3)]|
Since Iy(uy + tgdn) — —o00 as t — oo, we have 1(s) = uy + stopi» € X
for to sufficiently large. Thus X defines a nonempty complete metric space.

Also set yo = 7]1é1)f( srél[%ﬁ] I\ (n(s)).

Then (ii) of Lemma 4.2 and (msg) imply
™
In(ur) <70 < In(un) + —(2 = B).

Now applying Fkeland’s variational principle to the functional v : X — R
defined as

Y(n) = Jnax, In(n(s))

we get a sequence {ni} C X such that

. 1
(i) Jnax, Ix(mk(s)) <0 + T

1
ii I < I — — lineX.
(ii) Jnax, A (s)) S Jmax, A(n(s))+ o Jmax [n(s)=ni(s)|| for alln
Now as in [5] there exists t, € Ty where I'y = {t € (0,1) : I\(nk(t)) =

m[zg)i] In(nk(s8))} such that if we set vy, = i (t) then
s€|0,

w — U 1
190 > 1 A 4.28
*(”’“’maw{l7||w—vk||}>— g Jorallw e (4.28)

and
In(vk) = Y0 as k — oo. (4.29)

Now we claim that ||vg|| < C for allk € N. Putting w = 2vy, in (4.28) we find
wy € L>®(Q), wi(z) € [g(vr(x) — a), glvk(x) — a)] such that

1
|ve||? — /\/Qf(m,vk)vk - /\/kavZH > —%maz {1, [|ug || }- (4.30)

Also from (4.29) we get

%HkaQ—/\/QF(J;,vk)—/\/QH(vk) < 70+ 0x(1). (4.31)
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From (H4) we note that F(x,t) < ef(x,t)t + M for allt > 0 and € > 0.
Substituting this in (4.31) we get

%Hvkﬂz - e)\/Q Iz, vp)vg — )\/Q H(vi) <90+ C + or(1), (4.32)

Now from (4.30) and (4.32) we get

1 €
(3 - lowl* < —maz {1, [Jop||} + 70 + C + 0x(1)

Thus {vy} is bounded in H}(Y). Using this in (4.28) we conclude that

o

B w—u) >
By taking a subsequence if necessary, we find vy € Ay such that vy — vy
weakly in H}(Q) and pointwise a.e. in . Now we proceed as in case of (my)
to derive that vy is a critical point of I.

Now we claim that vy # ux. Since vo # Ix(uy), in view of (4.29) it suffices
to prove that vy, — vy strongly in HE(Q) as k — oo. Note that from (4.30)

and the fact that ||vg| < C we have C = klim sup/ flz,vp)v, < 00. First
— 400 0

1+ ||w]) for all w € Ay.

we claim that {f(.,vx)} is an equi-integrable family in L*(SY). For this, define

pe = max _|f(xz,s)|. Then, for any A C Q with |A] < 5%, we get
wGQ,|s|§% He

T,V )V
[ 1< | " M+/ )]
A An{jue>2¢} vkl An{jue] <28}

< §+u€|A| <e

Now by applying Vitali’s convergence theorem, we get

Jim /Q fl,v) = /Q F(,0n)- (4.33)

Therefore, from (H4) and the dominated convergence theorem, we have

lim F(x,vk):/ F(z,vy) and lim H (vk) /H vy). (4.34)
Q Q

k—oo k—oo

Thus we get

I)\(v)\)g lim inf[,\(vk). (435)

k—-+oo

If {vi} does not converge to vy in H} () strongly, then from (4.34) and (4.35),
In(vy) < 0. Also as In(uy) < In(vy) we take € > 0 sufficiently small such
that the following equation holds.

(0 = @)1+ < (o~ @)1 +6) < =(2-5)  (4.36)
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Now let 69 = )\(/

(F(z,vy) +/ H(vy)). Then , we have
Q Q

lim |jvg)> =2 lim <I>\(vk) + /\/ F(z,v,) + /\/ H(vk)> = 2(vo + do)-
k—+o0 k—-+4oco QO QO
(4.37)

7

From (4.36) and (4.37)
(

o _212- B +d)  202-0) (. lwl® 7
Mol < = Zo =)~ e <1 2(70-1—50))

Choose p such that

a1+ o)|ue)? el N\
27(2 - f) <p<<1 2(70-1—50)) (4.38)

By the Lion’s type Lemma in [3] (Theorem 2.3), (H2) and (4.38) we obtain,

v

2

ea(1+6)vz eQﬂp(Z_ﬂ)W
sup | ————— §sup/ — < o0. 4.39
R e (4:39)

Now for M > 0, / f @, v)vg :/ Sz, v)vg +/ fx,vi)v and by
Q <M o >M
(4.39) it is easy to check that

[ swwn=o [ U)o [ <
T,V )V = — = (& —_— | -
v >M v >M |z|ﬁ v >M |z|ﬁ

Hence /f(a:,vk)vk — /f(x,m\)v)\ as k — oo, thanks to dominated
Q Q

convergence theorem. Now proceeding as in case of (m1), we get vy —
vy strongly in HJ (). O
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