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Abstract. In this paper we consider the following Hamiltonian system
Ju+ B(t)u+ VW (t,u) = 0. (HS)

Under a new superquadratic assumption on the potential, we prove that
(HS) has a sequence of subharmonics. This will be done using a minimax
result in critical point theory. Also, we study the asymptotic behavior of
these subharmonics and we establish the existence of a homoclinic orbit
for (HS). Previous results in the topic, mainly those due to Rabinowitz
and Tanaka, are significantly improved.
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1. Introduction and main results

This paper deals with the existence of subharmonic solutions (i.e. kT -periodic
solutions, & € N) and their asymptotic behavior for the following first order
Hamiltonian system

Ji+ B(tyu+ VW (t,u) =0, (HS)

where W € C'(R x R?V R) is T-periodic in the t-variable, B is a continuous
T-periodic and symmetric 2N x 2N-matrix function, and J is the standard

symplectic matrix
(0 Iy
J= ( Do ) |

Recall that a solution u of (HS) is said to be homoclinic to 0 if v # 0 and
u(t) — 0 as [t| — oc.

® Birkhduser
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The problem of finding subharmonic and homoclinic solutions for (HS)
has been the object of many works under different assumptions on the growth
of W at infinity (see [4-9,12,14,15,17] and references therein). Most of them
treat the superquadratic case using the so-called Ambrosetti-Rabinowitz con-
dition, that is, there exists pu > 2 such that

0 < uWi(t,z) < (VW(t,x),z), forall tecRandzcR*\{0}. (AR)

Here, the superquadraticity condition (AR) will be replaced by a new weaker
one firstly introduced in [1] to establish the existence of a sequence of subhar-
monics for (HS). Also, the existence of a homoclinic orbit for (H.S) is proved
when the matrix B satisfies

B is independent of t and o(JB) NiR = (), (1.1)

where o(B) denotes the spectrum of B. This work is motivated by the results
of [12,15] mainly.

Definition 1.1. A vector field V defined on R?¥ is called positive if (Vz,z) > 0,
for all x € R?Y \ {0}. We call V is a normalized positive vector field if V is
positive, linear and satisfies the following conditions:

(V) JV=VvJ

(Vo) (Va,z) = (v,2), Vo e RN,

Throughout this paper (-,-) denotes the standard inner product in R2V
and | - | is the induced norm.

Definition 1.2. Let V a normalized positive vector field on R?Y and {¢,} its
flow, ;1 > 0 be a constant and h € C(R?" |R). We call h a positive homogenous
function of degree u with respect to V if h(z) > 0 for all z € R2¥\{0} and

h(gsx) = e**h(x) VzeR¥ VseR.

If Vo = x then ¢,z = e’z and we obtain the classical definition of
homogenous function of degree p.
Theorem 1.3. We assume that W satisfies the following assumptions:

There exist a normalized positive vector field V, constants
(Hy) p>2and R > 1 such that

0 <pW(t,z) < (VW(t,x),Vr), Vlz|=R,

(Hy) W(t,z) = o(|z|*)as x — 0 uniformly in t
(H3) W(t,xz) >0, V (t,z) € R x R?N|

there exists

(Hy4) ¢ >0 such that

VW (t, )| < c(VW(t,z),Vz), V |z|>R.

Then there is a sequence (k;) C N, k; — 00, and corresponding distinct
k;T periodic solutions of the system (HS).
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The assumption (Hy) is new, as far as the author is aware, and it

can be replaced by the following one firstly introduced by Xu in [16].

. Wi(t,z) . Wi(t,z)
(Hs) I\ZIFJEEWW(t,x)_ ad lﬁf‘;pmuvv(t,x)_

Precisely, assume that B is of class O, we have

Theorem 1.4. Under the assumptions (Hy)—(Hs) and (Hs), the conclusion of
Theorem 1.3 holds.

In the case where W is independent of ¢, the assumption (Hs) is naturally
satisfied, so, we obtain

Theorem 1.5. Suppose W is independent of t and satisfies (H1)—(Hs), then
the conclusion of Theorem 1.3 holds.

Corollary 1.6. [2, Theorem 1.3]. Suppose W is independent of t, satisfies (Hy)—
(H3) and B = 0, then the system (HS) possesses a nonconstant T-periodic
solution.

In recent years many authors studied the existence of homoclinic orbits for
Hamiltonian systems. Most of them treat the second order systems. The first
order systems (H.S) is studied by Coti-Zelati et al. in [5] under an assumption
of strict convexity on W (¢, x) with respect to x and using a dual variational
formulation. Also, the problem was considered by Hofer and Wysocki in [9],
where they made the following assumptions essentially

(Hj) there exist o > 1, ky > 0 such that
W(t,z) > ki|z|®, V (t,z) € R x R?N,
(H}) there exists ¢ > 0 such that
VW (t,z)| < clz|*™t, V¥ (t,z) € R x R?N,

In their approach, they used first order elliptic system and nonlinear Fredholm
operator theory. Later, Tanaka in [15], kept the assumption (H}) and changed
(H}) by a weaker condition similar to (Hy). He used a minimax result in criti-
cal point theory to establish the existence of a sequence of subharmonics which
converges to a nontrivial homoclinic orbit. In all above works, the assumption
(AR) is fundamental. In this paper, we use a globally version of the assump-
tion (H;) which is weaker than (AR), (see Remark 1.9), we drop the restrictive
assumption (HY) and we assume that all the eigenvalues of the constant matrix
JB are not purely imaginary. Furthermore, the following technical condition
is needed:

(Hg) There exists a normalized positive vector field V such that
(Bx,Vzx) > (Bx,x), Y axecR¥,

The existence of a nontrivial homoclinic solution for (HS) will be proved as it
was done in [15]. Precisely we have:
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Theorem 1.7. Suppose B satisfies (1.1) and (Hg) and W satisfies
(HY) there exists a constant > 2 such that

0 < uW(t,z) < (VW(t,x),Vz), VacR* {0},

H)) VW(t,z) = o(|z|) as * — 0 uniformly in t, and (Hy) or (Hs). Then
2
the system (HS) possesses a nontrivial homoclinic solution emanating
from 0.

An interesting class of Hamiltonians satisfying the assumption (Hy) are
the homogenous ones in the sense of Definition 1.2. This class was studied in
[3] in the autonomous case, where a result of existence of periodic solution
for (HS) was proved [3, Theorem 1.5]. The following theorem completes and
improves the result in [3].

Theorem 1.8. Suppose W is a positive homogenous function of degree pp > 2
with respect to a normalized positive vector field V', then there exist a sequence
(kj) € N,k;j — o0, and corresponding distinct k;T periodic solutions of the
system (HS). Moreover, if B satisfies the assumptions (1.1) and (Hg), then
the system (HS) possesses a nontrivial homoclinic solution emanating from 0.

Remark 1.9. It is obvious that if Vo = z, then (H;) becomes the classical
condition (AR) and (Hg) is naturally satisfied. Example 1.4 in [2] shows that
(Hy) is weaker than (AR) essentially. Moreover, let N =1,

1 1 0 1
V(—l 1) and B(_1 O)'

A straightforward computation shows that V' and B satisfy the assumptions
(1.1) and (Hg). Therefore the above theorems improve the results in [12,15,17]
mainly.

Remark 1.10. In [15], it is shown that condition (1.1) implies that, in an appro-
priate function space, the operator —J% — B is invertible , i.e., a(—J% —B)N
(—a, ) = 0 for some o > 0. In a recent work, Ding and Willem [7] relaxed
the above condition. They allowed the matrix B to be ¢-dependent, periodic
and such that a(fJ% — B)N(0,a) = 0 for some o > 0 and they established
the existence of a homoclinic orbit for (HS). We note that our approach can
be modified so that it includes systems with the more general linear term like
in [8]. As it is mentioned in [17], this needs to change our functional setting,.
So, in order to minimize technicalities, we restrict our attention to the case of
systems with invertible linear part.

2. Functional framework and variational formulation

Let Sy = R/(TZ) and Ep = HY?(Sp,R?N) be the Sobolev space of all
T-periodic R*M-valued functions u in L?(St,R*Y) whose Fourier series

e 2mtJ
u(t) = Z exp( ]T )aj, a; € RN
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satisfies
j=+o0
lullf, = Tlaol* +T > il - la;|* < +o0.

j=—00

The inner product on Ep is defined by

j=+o00
(0,v) 5, = T(ao,bo) + T > |jl(a;.b;)
Jj=—00
where
j=4o0 .
2imtJ
v(t) = j_z_:oo exp (T) bj, b € R?N.

It is well known that Ep is compactly embedded in LY(S7,R?Y) for every
v € [1,+00) and there exists a constant ¢, such that

lullzr < eyllullpy, YV ue Er. (2.1)

Define two self-adjoint operators A, B € L(Er) by extending the bilinear forms
T T
(Au,v) = / (=Ju,v)dt, (Bu,v)= / (B(t)u,v)dt, Y u,v € Er.
0 0
By [10] and the standard spectral theory, B is compact on Er. Denote the
eigenvalues of A — B on E by
<Ao< Ay <0:()\0) <A1 <Ay

where when dim ker (A —B) =0, ¢ (A — B). Let {ex;}jen be the eigen-
vectors of A — B corresponding to {Ay;}, respectively. Define ET = span
{e1,€9,...}, B~ = span {e_1,e_o,...}, EY = ker(A — B). Hence there exist
an orthogonal decomposition Ep = ET & E~ @ E° with dim E° < oo, dim
E* = dim E~ = oo and an equivalent inner product in Er, denoted by (-,-)
and defined by

(u,v) - ((-A - B)u+’v+)ET - ((A - B)uivvi)ET + (UO7UO)ET'

foralu=ut+u" +u’,v=v"+v~ +2%in ET @ E~ @ E°. Hence, we have
T
A(ﬂm_B@%Wﬁ:«A—m%@m:WﬁW—WWF

where || || is the norm induced by (-, -). Let V' be the normalized vector field in
(Hy), then V is an invertible endomorphism on R?" and there exist constants
a,b > 0 such that

alr) < |Vz| <blz|, VxeR?N. (2.2)

Define a vector field V on Er by (‘7u) (t) = (Vu)(t). Using conditions (V1), (Va)
and the Fourier series, a direct computation gives
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Lemma 2.1. [1] For all u € Ep, we have

1) (.A'LL, VU)ET - (Au’u)ET)
i) allulle, <|[Vuller < bllulle,-

Since the growth rate of the the function W at oo is not restricted, we
introduce modification of W as follows. Let K > 1 and xx € C*°(R,R) such
that xx(s) =1 for s < K, xk(s) =0 for s > K 4+ 1, and xx(s) < 0. Define

Wi (t,x) = xx (|2 )W (t, @) + (1 = xx (Jz]))rilz]”,
where

W(t,x)
max
K<|z|<K+1 |z|#

rK =

Lemma 2.2. Wy satisfies all assumption satisfied by W. Furthermore, by (Hy),
there are constants ay,as > 0 independent of K such that

Wik (t,z) > ar|z|* —a, V (t,z) € R x R?Y, (2.3)

Proof. The properties (Hs), (H}), (Hs) and (Hjs) are easy to prove. For the
proof of (H;) and (2.3) see [2]. It remains only to prove the new condition (Hy).
Indeed, by the definition of x x and rx we have X% (|z|)(W (¢, z) —rx|z|*) > 0
and therefore

VWi (t, 2)| < X (J2)(W(t,2) = rclal”) + xx (J2]) VIV (¢, 2)]
+ (1 = xx(lz))recle ="
On the other hand, for |z| > R,
(VW (t, ), Va) = X (|2)(W(t,2) = rl2|") + xx (|2)) (VW (2, ), V)

+u(l = xx (J2])rrle

So, by (Hy), we obtain

VW (t,z)] <e(VWk(t,x), V),
where ¢ = c+ 1. O

Now, to prove Theorem 1.3, it suffices to find a nontrivial solution for
Jiu+ B(t)u + VW (t,u) =0, (HSk)
with ||u||p~ < K. Define the functional I : Ep — R, by

1/OT(Ju B(t)u, ) dt — /WKtU)t

IK(U) B

1 -
1t 2= 1)~ [ Wity

By the form of W at infinity, we know that Iy € C'(E7,R), and the critical
points of the functional I are the T-periodic solutions of (HS)k (see [11,13]).
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Moreover,

I (u)(v) :/0 (—Ju—B(t)u,v)dt—/o (VWi (t,u),v)dt,
=(ut —u,v) - /T(VWK(t,u),v)dt, Yu,v € Ep. (2.4)
0

Using the ideas of [16], we have the following two Lemmas on the C° bound
of the periodic solutions of (H.S)g

Lemma 2.3. Suppose W satisfies (Hy) and (Hy). If ug is a T-periodic solution
of (HS)k such that

T T
/ Wi (£, s )dt < M, / (VWic(t,ur), Vug)dt < M (2.5)
0 0

then there is a constant L independent of K and dependent on M only such
that

||UKHLao < L.

Proof. Let ux a T-periodic solution of (HS)g satisfying (2.5). By (2.3), we
have

T
M > WK (t,ug)dt > a1/ lug () |Fdt — axT > alT(mm lug (¢ )|)M —asT,
teSt

which 1mphes

min fug (t)] < Co, (2.6)

where () is independent of K. We claim that there exists a constant L indepen-
dent of K and depends on M only verifying ||uk||r= < L. If not, without loss
of generality, using (2.6), we may assume that there are K, L,, € R ¢, € St
such that

L, — 400 as n — 400,

lun(t)] > R, ¥t € [0,tn),

[n(0)] = R, [ttn(tn)] = Ln,

where u,, = ug, .
Now, since u,, is a solution of (HS)k, we have

th g
un (tn)] = [un(0)| = o s —|un(s)| ds

‘/o fin(s)]

t”L
< [ lin(o)lds
0

< / CUB()un(s)| + VWi, (5, un(s)) ) ds.  (2.7)
0
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and by (Hy) we get

L, < \|B||Lm/0" |un(s)|“ds+c/0W(VWKn(s,un(s)),v(un(s)))ds—|—R.
(2.8)

From the proof of Lemma 2.2, we know that
Wk (t,z) > ar|z|", V |z| > R. (2.9)

So, by (2.5), (2.8) and (2.9), we obtain

B - tn tn .
L, < % Wik, (s,un(s)) ds + c/ (VWk, (s,un(5)), V(un(s))) ds+R,
1 Jo 0
Bl|1
< WBlle= 3o oar 4 g,
a
but this contradicts the fact L,, — oo as n — oo. ]

Lemma 2.4. Suppose W satisfies (Hy) and (Hs). If ux is a T-periodic solution
of (HS)k werifying (2.5), then there is a constant L independent of K and
dependent on M only such that

||uKHL°° S L.

Proof. Define

o(r)= sup _Wilt,z) (r) = _Wiltz)
je|>rtesy [TFW (E @)’ lelzrtesr 2| (¢ @)

By (Hs), we have

lim o(r)=0 or lim o(r)=0.

r——4oo r—s—+4o00

Case I: Suppose that lim o(r) = 0. By definition, o(r) decreases to 0. Fix
T

—too
ro > R large enough such that a; — o (rg)M > 0. Let ux a T-periodic solution
of (HS)k verifying (2.5). Note that uy satisfies (2.6). We claim that there
exists L independent of K and depend on M only such that ||uk|| < L. If not,
there exist K, L,, a,,b, € R such that L,, — 400 as n — +o0,

(an,bn) C{t € ST;70 < |un(t)| < Lpn},

|un(an)| = 1o and |u,(b,)| = L, for all n large enough, where u,, := ug
Denote

n

Hk(t,z) = %(B(t)xw) + Wk (t,x), H(t,z) = %(B(t)x,x) + Wi(t, ).
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In the following, B; and W, denote respectively the derivative of B and Wi
with respect to the t-variable. Since u,, is a solution of (HS)g, , we have

by d

Hy, (bp, un (b)) — Hi,, (an, un(an)) = dt

Hp, (t,u,(t))dt

an

by
- / (Y Hig, (b (8)) i () + Hi,, (£ un (£)] d

n

/abn [;(Bt(t)un(t),un(t)) + WKn,t(t,un(t))] d

n

IN

by, bn
Bl [l ®F dt+ [ o (DO Wi, (v 0) e

n n

bn bn
<d [ Wi, () de+ alo)Ll [ Wi (tun(®)de
<dM + o(ro)ML~, (2.10)
where d is a positive constant.On the other hand, by (2.3), we get

Hg,, (bn,un(bn)) — Hg, (an,un(an)) — max [Hg, (t, )|
|z|<ro,teST

1
> alun(bn) " = az = 5||Bl[1o [un (bn)|*

1
> a L — as — =||B||pe L2 — H(t, z)|. 2.11
> a1 Ll — az 2\| [z Ly lxlgfg)%}giesT| (t, )] (2.11)

Combine the inequalities (2.10) and (2.11), we obtain
1
(al—O’(T())M)LZ—*HBHLooLi§a2+CM+ max |H(t,z)|.
2 |z|<ro,teST
Since a3 — o(ro)M > 0, > 2 and L, — o0 as — +00, the last inequality
leads to a contradiction and our claim is true.
Case II: Suppose that lirﬂ 0(r) = 0. We modify slightly the proof of

Case I to obtain the following inequality
1
(a1 4+ 6(ro)M)LY — ~||B||p=~L? <ay +cM + max |H(t,z)|.
2 |z|<ro,teST

Using the same argument as in the above, we obtain a contradiction. O

In order to prove our main results, we state the following critical point
theorem.

Theorem 2.5. [13] Let E be a real Hilbert space with E = Ey®Ey and By = Ei-.

Suppose f € CH(E,R), satisfies (PS) condition, and

(f1) f(z)=3%(Le,z)p+ ¢(x), where L= L1 Py + LoPs and L; : E; — E; is
bounded and self-adjoint, i = 1,2,

(f2) ¢ ' is compact, and

(f3) thereexistasubsequenceE CE, sets SCFE,QC E and constants a > w
such that
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(1) SCEI andf\SZOM
(i) @ is bounded and flag < w,
(iii) S and 0Q link.
Then

— inf h(1
c ,gelrilelgf( (1,))

is a critical value of f and ¢ > «, where T' is defined by I' = {h € C([0,1] x
E7E)|h(07x) =, h(laz”aQ =, h(ta ‘T) = 60(t,x)L + K(t,I)}
Here, § € C([0,1] x E,E) and K is compact.

3. Proof of main results

To find a nontrivial critical point of Iy, we use the above theorem with E; =
E*,Ey = E~ ®E°. As shown in [13], the functional Ik satisfies (f1) and (f2).

Lemma 3.1. Iy satisfies the (PS) condition, i.e., if {un} C E, with I (u,) —
0 and |Ik(uy)| < M, for some constant M > 0, then {u,} has a convergent
subsequence.

Proof. In this proof Cy,k = 1,...,10, are positive constants. By the equiva-
lence of norms on Ep, for n large enough, we have

~ 1 ~
M+ Ci|lunl| = M + ||Vupllg > Tk (un) — 5[}((un)(Vun)
From Lemma 2.1, we receive
T T _
/ (—=J Uy, uy) dt = / (=T, Vuy) dt.
0 0

Then, we obtain

1 (T _ T
M+ Ch||unl|| > 5/ (B(t)tun, Vu, —uy,)dt —/ Wi (t,up,)dt
0 0

e -
+§/ (VWK(t,un),Vun) dt.
0

By (H;) and (2.3), we get

e - M T
M + Cy|lun|| > f/ (B(t)tn, Vin — upn) dt + (— - 1) / Wi (t, un)dt — Co

2 Jo 2 0

T T
> 1/ (B(t)un, Vit — un) dt + (ﬁ - 1) a1/ lun|# dt — Cs.
2 Jo 2 o

(3.1)

On the other hand, by (2.2) and Hélder inequality, there is a constant Cy > 0
such that

2. (3.2)

T
0
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From (3.1) and (3.2), we obtain

C
M+ Ciunl| = ==l + (5 = 1) arlunl = G,
which implies
Janllf < C5(1+ lfunl)). (3.3)

Writing u,, = u,l +u, +ul € E¥ @ E~ @ EY, since E is a finite-dimensional
space, it follows from (3.3) that

[ < Co(L + un | ). (3.4)
Now, taking v = v, in (2.4), yields
T
Il (un) () = [l — / (VWi (t, un), ).

For n large enough, by Holder inequality and the form of VW at infinity, we

get
p=1 1
T L I T I
ux|2s||u:||+</ vwx<t7un>|wdt> (/ |u:|“dt>
0 0

< i+ Cr (1 + lunll) et N
< Cs (1wl ) N1
Thus, by (3.3)
sl < Cs (14 a5 ) < Co (14 a5 ) - (3.5)
Analogously, with v = u,, in (2.4), yields
ez Il < Co (1 + lunl) 5. (3.6)
The inequalities (3.4)—(3.6) imply

- p=1
Jotnl < Wi+l |+ 11 < Cro (1 -+ un 5 + flun /) -

This shows that the sequence {u,} is bounded in E7. Then by a standard
argument (see [13]), {u,} has a convergent subsequence. O

Lemma 3.2. Ik satisfies the condition (fs3).

Proof. By (Hs) and the form of Wi, for any € > 0, there exists M > 0 such
that

Wik(t,z) < elz|> + M|z|*, VR, (3.7)
Using the norm || - || instead of || - || g, (2.1) and (3.7), we get for u € Ey,

1 T 1 ,
T (u) = 5Hlt||2 —/0 Wi (t, u)dt > §IIUH2 = (ecallull* + M, ||ul")

Y

1 _
Sllull® = (ecz + MepJufl"=2)Jul*.
2
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1 1
Choose e = —,p = ( )ﬁ and denote by B, the closed ball in Er of

662 GMCu

radius p centered at origin. Let S = 0B, N E1, then Ix(u) > o = for all

u €S, and (i) of (f3) holds.

The proof of (ii) of (f3) is slightly different from that in [13]. Indeed,
to obtain @ with r; and ro independent of K, we let e € 9By N E; and
u=u"4+u" € B, then

r
6

T
Iiutre) = 5% = ) = [ Wicltou+re)ar (3.8)

By (Hs), it is obvious that Ix(u) < 0 on Es. Since EY is finite dimensional,
there exists ag > 0 such that

llell < asllellze,  [[u’ll < asflu®] e (3.9)

for all u® € E°. Moreover, by (2.3), there is a; > 0 independent of K such
that

Wi (t,z) > a2|z|> —aq, ¥ (t,z) € R x R*Y, (3.10)

The orthogonality of u°, 4~ and e in L? and (3.10) imply

T
/ Wi (t,u+re)dt > a3|lu+re||2: — asT
0
> aj([[u |72 + 72 + 72 llellZ2) — aaT. (3.11)

By (3.8), (3.9) and (3.11), we get

1 _
Iic(u+re) < (% = u”|?) = (Ju’l* + %) + asT

1 1
< —=r? — ~|lul)? T 12
<-37 2||uH +as (3.12)
for all r > 0 and u € Es. Let 7 = ro = v/2a4T, then Ik (u + re) < 0 either
r > 711 or |lul] > re. Consequently Ix < 0 = w on 9Q, where Q = {re ;r €
[0,71]} @ (B, N Es). By Lemma 6.27 of [13], S and 0Q link and (ii) and (iii)
of (f3) hold. O

Proof of Theorem 1.3. The functional I satisfies the assumptions of Theo-
rem 2.5, so, it possesses a critical value cx > 0 and corresponding nontrivial
critical point ug. It remains to prove that ux satisfies (H.S) for appropriately
chosen K. Since h(t,z) = x belongs to I', one has

cx = Ix(ug) < sup Ix(x)
z€EQ

1 T
< sup —(r*— Hu_||2)—/ Wi (t,u® +u™ +re) dt
0<r<ry flu”+ud | <rs 2 0
1
< -2 (3.13)

2



Vol. 20 (2013) On the existence of periodic and homoclinic orbits 1359

Note that 71 and 79 are independent of K. Arguing as in (3.1)— (3.2), we get

1 1 ~
5?"% > cx = Ir(uk) — §I}<(UK)(VUk)

C4 2 1 1 T i
>l + (5 + / (VWi (b ), V) db — Cy (3.14)
HJ Jo
C T
> = llunlte + (5= 1) [ Wicltu)de - s (3.15)
0
C
>~ FHlusclFe+ (5 = 1) arllusclf = Ca.

Since C5 and Cy are independent of K and p > 2, the last inequality gives
urllre < M. (3.16)
Also, by (3.14) and (Hy) for Wk, we get

T
/ |VWK(t,uK)|dt S Mg. (317)
0

The inequalities (3.16) and (3.17) yield
lirllor <[[B@ukllLr + VWt ure)l| L < Ms. (3.18)

Denote i = fOT ug (t) dt, g = ux — . The inequality ||u||pe < ||| 11
(see [11, Proposition 1.1]) for @, (3.16) and (3.18) provide K-independent L
bounds for 4k and uk respectively. Hence, for some Ko > 0, |Juk]||r~ < Ko.
Taking K > Ky, it follows that ug is a T-periodic solution of (H.S).

Now, we show that in fact there are infinitely many distinct solutions
for (HS). Substituting kT for T in the above, it is easy to see that the prob-
lem (HS) possesses a sequence (ug)gen of kT-periodic solutions. Since any
T-periodic solution is also kT-periodic, an additional argument is required to
distinguish them. Let ¢, = Ij(ug ), where I}, is the functional defined on Ejr by

1 (kT kT
() = / (—Ji— Buwuwydt— | Wetwdt  (3.19)
0 0
where K depends on k. Next we prove that c¢i is bounded from above inde-
pendently of k. Indeed, by (3.13), the corresponding critical point ¢y satisfies

1
e < gr%(k), (3.20)
where 71 (k) is determined by the condition
1 kT
In(u+re) = 5(7’2 — Jlu™ ) - Wk (t,u+re)dt <0 (3.21)
0

for all » > 7 (k) with v and e adequately chosen. Let Eyr = E,:%BE,C_ @Eg be an
orthogonal decomposition defined as above for Ep. Take u = u®+u~ € EQ@E;
and e € E; be constructed as follows: For ¢ € Ef = E* with [|¢]| = 1, let

L [é(t), i te0,T)
e(t)_{o, it ¢e[T,kT)
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and regard e as kT-periodic function defined on R. Then e € E;", ||e|| = 1 and
particulary e # 0. Moreover, by (H3) and (2.3), we have

kT

T
Wk (t,u+re)dt > / Wk (t,u+re)dt
0 0

> ay / ) e dt — asT. (3.22)

On the other hand, by Holder’s inequality
2/p
m

T T .,
/|u(t)+re(t)|2dt§[/ () +re®Pdt| (1), (3.23)
0 0

Using the orthogonality of v and e in L? and combining (3.21)—(3.23), we get

n/2
1 _ T
Ip(u+re) < 5(7"2 —Jlu™|I?) - a T3k (/ |e(t)|2dt> +axT. (3.24)
0

Since p > 2, it follows from (3.24) that there exists ro independent of k such
that

Ip(u+re) <0, forall r>mr.

Then (k) < rg and it follows from (3.20) that

2

e < 50 (3.25)

Now, if for some k > m, uk(t) = u(t) = um(t). So u is kT-periodic, denote I;TT
its minimal period. By a simple change of variables (see (2.2) in [12]), we obtain

Cr — Ik(uk) = lkjﬁ (U)

k

Also, u is mT-periodic, then we have = 7 for some positive integer I, and

em = Im(um) = lm L (u),

thus
k

Clp = —Cpp.
m

Since ¢, > 0 and the sequence (cx) is bounded, it follows that there can be at
most finitely many k& > m such that uy = u,, for any given m € N. 0
Proof of Theorem 1.4. In the proof of Theorem 1.3 the assumption (Hy) is
used only in (3.17) to show that ux is bounded in C°(R, R?") independently
of K. Now, by combining (3.14)—(3.16), we obtain the assumption (2.5). Hence,
replacing (Hy4) by (Hs) in the proof of Theorem 1.3 and using Lemma 2.4, we
obtain the same result.

Proof of Theorem 1.7. Let £ := —(J% + B) be the self-adjoint operator acting
on L?(Skr,R), k € N, under periodic boundary conditions and X = D(|£|'/?)
with the norm

llullx = [[[£]"?ullz2, ¥ ue X
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In [15], it is shown that the condition (1.1) implies X = FEjyp, the norms
[| - |lx and || - || gy, are equivalents and X has an orthogonal decomposition
X = X+t @® X~ where the quadratic form u —— (Lu,u)rz is positive (resp.
negative) definite on X (resp. X ). Moreover,

(Cu,u)pe = [Jut|? = |ju”|]? foralu=u"+u" e X=X X .

Recall that ¢, = I (ux) is a critical value of the functional I}, defined in (3.19)
and uy is the corresponding critical point.

Lemma 3.3. There is a constant C1 > 0 independent of K and k such that
l[ukllcr < C1
forallk e N and K > 1.

Proof. By (3.25) we know that ¢, is bounded independently of K and k. More-
over, using (Hg) and (H1), there is a constant C such that

1 _
C > I(up) = Ip(ug) — §Ik/(uk)(vuk)
kT N kT
= / (Buk, Vuk - uk) dt — / WK(t, uk)dt
0 0

+ 5 / (VWK(t, uk), V’U,k) dt
0

> <; - 1) /OkTwWK(t,uk),f/uk)dt

o

" kT
Z (7 - 1) WK(t,uk) dt.

2 0

which implies for certain constant M > 0

kT B kT
/ (VWK(t, uk), Vuk)dt § M, WK(t,uk)dt S M. (326)
0 0

Note that since Wx > 0, by (2.3) and (3.26), we have

kT
M > Wi (t, ug)dt

0
T
> / Wi (t, ug)dt
0
T

v

al/ e (£)| Pt — asT
0

12
alT(fg};I; \uk(t)|> —aT

Y

Y

o
T( i ¢ ) — asT.
o T min g (t)] as

So, inequality (2.6) holds independently of K and k and the proof of Lemma
2.3 goes through with kT replacing T. From Lemmas 2.3 and 2.4, we know
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that uj, must be bounded in C° independently of K and k. Then, for a suffi-
ciently large Ko such that ||uy||z~ < Ko , ux is a O solution of the original
problem (H.S) and therefore is bounded in || - ||c1. O

Lemma 3.4. There is a constant § > 0 independent of k such that
llug||lpee >0  for all keN.

Proof. From the above we may assume that wuj is a critical point of the func-
tional defined on X by

1 kT kT
Ji(u) = 5/ (=Ju — Bu,u)dt — Wk, (t,u)dt.
0 0
Let € > 0, by the assumption (H}), there exists 6. > 0 such that
VW, (t,z)| < e|z| for |x| < 4.. (3.27)
Suppose that ||ug||p < .. Writing uy = u; +u; € XT @® X~ and using the
definition of uy, we obtain

kT
0 = Jy(ur) (uf —uy) = ||l |* - / (YW, (t, ur), uyt — ug; )dt.
0

Therefore, by (3.26), we get
kT
lunl = [ (OWi b))
0

kT
<c [ fullef - uglde
0

< el furllZ--

By (2.1) and the equivalence of norms, there exists a constant denoted also by
¢ such that

[lur][* < eca|lug]*.

Choosing € < 1/ca, we get up = 0. But this contradicts the fact Jy(ug) > 0.
Then we have ||ug||p~ > dc. O

Now, we can find a sequence (ji)ren of integers such that

e, [ur(t + 5 T)| = max|ug(t)] € [0, Cu].

Let ug(t) := up(t + jiT). It is easy to see that uy is a solution of (HS) and
Ji(ur) = Ji(ug). By Lemma 3.3, we can extract a subsequence from any given
sequence of integers k, — oo such that

Up, — ug as n—oo in CL_(R,R?N),

where ug € CH(R,R*Y) is a solution of (HS). To conclude the proof of Theo-
rem 1.7, we use the following [15, Lemma 2.9].
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Lemma 3.5. [15] ug satisfies the following
(a)  up #0.
(b)  ug € LP(R,R*N)  for all p € [2, ).
(¢) w—0 as t— £oo.

Proof of Theorem 1.8. The proof is based on the following [3, Lemma 1.3].

Lemma 3.6. [3] Suppose h € CY(R?N R) a positive homogenous function of
degree 1 with respect to a mormalized positive vector field V, then for any
r € RV

a)  Vh(psx) = =236, Vh(z),
b)  (Vh(x),Vz) = ph(x),
c) h(z)=alzl

d)  |Vh(z)| < a2t

where a1, as are positive constants.

Let W a positive homogenous function of degree p > 2 with respect to a
normalized positive vector field V', then, W satisfies (H]) via property b) and
(H}) via property d) of Lemma 3.6. Also, by combining properties b), ¢) and
d), it is easy to see that W satisfies (Hy). On the other hand, the assumptions
(Hy) and (H}) imply (Hp) and (Hz) respectively. So, all the hypothesis of
Theorem 1.3 are satisfied. Furthermore, if B satisfies the assumptions (1.1)
and (Hg), the conclusion of Theorem 1.7 holds.
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