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Abstract. We prove Hélder continuity up to the boundary for solutions
of quasi-linear degenerate elliptic problems in divergence form, not nec-
essarily of variational type, on Lipschitz domains with Neumann and
Robin boundary conditions. This includes the p-Laplace operator for all
p € (1,00), but also operators with unbounded coefficients. Based on the
elliptic result we show that the corresponding parabolic problem is well-
posed in the space C(2) provided that the coefficients satisfy a mild mono-
tonicity condition. More precisely, we show that the realization of the
elliptic operator in C(Q) is m-accretive and densely defined. Thus it gen-
erates a non-linear strongly continuous contraction semigroup on C(Q).
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1. Introduction

Given a bounded Lipschitz domain € in RY, we show that all weak solutions of
certain degenerate quasi-linear elliptic problems are Hélder-continuous up to
the boundary of , which generalizes the results in [27] to non-linear equations.
More precisely, this is true for equations of the form

—div A(z,u, Vu) + B(z,u,Vu) =0 on (1.1)

A(z,u,Vu) - v+ h(z,u) =0 on 0N '
where A: O x RxRY - RV, B: QxR xRY - Rand h: 90 xR — R
are measurable functions such that there exist constants 1 < p < oo and
0 < p1 < po and non-negative functions 11, 1o and 13 satisfying

2A(z,u,z) > p|zP — () |ul? — ()
|A(z, 4, 2)] < polz|P7" + (@) ufP~ 4 ¢ ()
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|B(x,u, 2)| < a(@) 2P~ + (@) [ufP~ + ¢ (2) (1.2)
[, u)| < a@)|ulP~t + a(x)
forall z € Q, u € R and z € RY, and such that
W1 € L7e(Q), by € Li-T(Q), 3 € LT2(Q), thy € Li=17%(0Q) if p < N,
Y1 € L¥ (), o € L¥15 (Q), 3 € LT (), by € L¥-15 (9Q) if p = N,
Yy € LN, 1y € L71(Q), s € LP(Q), ¢g € L'(0Q) if p> N

with some ¢ € (0,1). In particular, the Aj,-equation with Robin boundary
conditions is included for all p € (1, 00), together with a large variety of lower
order perturbations, including unbounded coefficients. Also we do not require
a variational structure of the equation. We refer to [21] and references therein
for a short account on applications for the A,-operator. The assumptions on
the coefficients are optimal in that the regularity assumptions on A and B
are the right ones within the class of LP-functions for results about interior
regularity [29,25], see also [32] or [23, Theorem 4.1.1] for bounded coefficients.

The other main result of this article, which crucially depends on the
elliptic regularity of the previous sections, gives conditions on the coefficients
which ensure that for every 7 > 0 the unique solution v € W1°°(0, 7; L?(Q)) N
L= (0, 73 W (Q)

ue(t, x) — diva(z, Vu(t, z)) + ( u(t,z)) =0 0<t<T, z€
a(xz,Vu(t,z)) - v+ h(z,u(z)) = O<t<r,zed (1.3)
u(0, ) = uo(x) z €N

is continuous on the parabolic cylinder [0,7] x Q whenever uy € C(Q). More
precisely, we show that the corresponding elliptic operator is m-accretive on
C(Q) and thus generates a non-linear contraction Cop-semigroup on C(9). In
order to obtain this result we have to assume that a, b and h are Carathéodory
functions that such A(z,u, z) = a(z, z), B(z,u, z) := b(z,u) and h satisfy the
above conditions (1.2). Moreover, we assume the following mild monotonicity
assumptions,

(21 — 22) (a(x, 21) — a(z, z2)) > 0,
(ug — ug) (b(x,u1) — b(x,uz)) > 0, (1.4)
(w1 = uz) (h(z,u1) — h(z,u2)) = 0,

which are much weaker than the standard monotonicity assumptions as con-
sidered for example in [26]. In particular, (1.4) includes the A,-operator for
every p € (1,00). Thus for all p € (1,00) the problem

wi(t, ) — Apu(t,z) + bo(z)[ulP2u=0 t>0,z€Q
\Vu(t, ) P2 2452 4 (@) |uP2u=0 t>0, z €
u(0, z) = ug(x) ASEY:

is well-posed in C(Q) if by € L>®(Q) and hy € L>(9Q) are nonnegative. We
also obtain a similar result for Wentzell-Robin boundary conditions. All of
these results are based on the author’s PhD thesis [28].
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There are several good reasons to study elliptic and parabolic equations
in C(Q). On the one hand, for Dirichlet boundary conditions it is the natural
space to formulate the boundary conditions, cf. [3-5], and it is the natural space
for maximum principles. But also for Neumann or Robin boundary conditions
the space C(Q) is nicer in some respects than the L?-spaces with q € [1,00).
For instance, the composition operator f — go f is locally Lipschitz continu-
ous in C(Q) whenever g is locally Lipschitz continuous, but in general fails to
map L?(Q) into L4(f), so rapidly growing non-linear perturbations can more
easily be handled in C(Q) than in LI(Q).

The results of this article are new regarding several aspects. Our results
are valid for open sets whose closure is a Lipschitz submanifold with bound-
ary in RY, which for simplicity we call Lipschitz domains for the purpose
of this article. Since the class of all Lipschitz domains contains the class of
strong Lipschitz domains, i.e., the domains that are locally the epigraph of
a Lipschitz continuous functions, there is no harm in using the ambiguous,
but convenient terminology “Lipschitz domain”. On the other hand, there are
Lipschitz domains that are not strongly Lipschitz, for example the topologi-
cally regularized union of two crossing beams, which is physically relevant [18,
Section 7.3]. This explains that the class of Lipschitz domains has drawn some
interest lately, see for example [13,18,19,22].

Holder continuity of solutions of linear equations with Robin boundary
conditions on Lipschitz domains has been extensively studied, sometimes only
in special cases, see for example [6,11,14,27,33]. The main elliptic result of this
article, Theorem 4.4, seems to be new in the non-linear case even for smooth
domains, but compare [17,24] for corresponding results under more restrictive
assumptions on the coefficients, which are obtained by different methods. The
linear parabolic problem has been studied in [27,33] in terms of semigroups.
Our non-linear results seem to be new, but one can find similar regularity
results under stronger assumptions on the coefficients in the literature [8,15].
Our result seems to be particularly interesting because we neither assume that
the corresponding elliptic operator has a variational structure nor that it is
strongly monotone.

The article is structured as follows. After introducing some notational
conventions and basic properties of Lipschitz domains in Sect. 2, we show
in Sect. 3 that every solution of (1.1) for h = 0 is Hdélder continuous,
thus proving the main elliptic result for Neumann boundary conditions. The
proof is based on a reflection argument that the author has used already for
the linear case [27]. The general idea is much older, compare for example
[31, Section 2.4.3], but has apparently not been exploited to this extent before.

In Sect. 4 we obtain a priori estimates for the Robin problem. We use
Moser’s iteration in a similar manner as in [9]. Our result is more general than
those in [9] in that we allow general quasi-linear operators, but less general in
that we restrict ourselves to Lipschitz domains. Combining these a priori esti-
mates with our main result for problems with Neumann boundary conditions
we extend the regularity result to general h.
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Finally, in Sect. 5 we make use of the elliptic theory in order to show
that the parabolic problem with Robin boundary conditions is well-posed in
the space of continuous functions. The result is based on non-linear semi-
group theory. Following the ideas in [2], we are able to apply our methods also
to equations with Wentzell-Robin boundary conditions. We do not have to
assume that the L?-realization of the operator is a subdifferential, i.e., we do
not assume that the corresponding elliptic problem has a variational formula-
tion.

2. Notation and preliminaries

Throughout the article we follow the convention that constants denoted by ¢
are allowed to vary from one line to the next and may depend freely on the
parameters N, Q, p, ¢ and upper bounds for |||, ||¥2]], ||¢s]] and ||i4] in
their respective spaces, as introduced in (1.2). Any additional dependencies
are explicitly indicated by subscripts.

Definition 2.1. Let Q C R”Y be open and bounded. We say that Q is a Lips-
chitz domain or, more precisely, that Q is a Lipschitz submanifold with bound-
ary in RN if for every x € 0 there exists an RN-neighborhood V of x
and a bi-Lipschitz mapping 1 from V onto (—1,1)" such that ¥(V N ) =
(—=1,)N=1 x (0,1), i.e., ¢ is invertible and both v and ¢~! are Lipschitz
continuous.

Remark 2.2 ([16, Section 1.2.1]). Every domain with Lipschitz boundary is a
Lipschitz domain, so there is no harm in confusion between these notions in
the present context.

If Q is a Lipschitz domain, then it is an extension domain [12, Theo-
rem 7.25] which implies that C°°(2) is dense in WP(Q) for p € [1,00) and
that the usual Sobolev embeddings hold. The natural measure on the bound-
ary of a Lipschitz domain is the (N — 1)-dimensional Hausdorff measure. It is
the unique measure for which the divergence theorem holds. This fact is easily
transported from the reference domain (—1,1)V~! x (0,1) to Q, see also [10,
Section 5.8]. We agree that integrals over the boundary of a Lipschitz domain
are always to be understood to be taken with respect to the (N — 1)-dimen-
sional Hausdorff measure, which we denote by o if the need arises.

Let 1 < g < oo. If we write [|ul|Lq(q), where u is a measurable function
on ), we regard that expression to equal infinity if v & L?(2). For convenience
we use the notation

lull Laag) = [|uloall (o0

for functions u € W1P(Q2), which admit a trace u|pq € LP(9S), and again we
define this expression to equal infinity if u|sq ¢ LI(0N).

We will need a change of variables formula for boundary integrals. In
order to prove it, we start with a few facts about the derivative of bi-Lipschitz
mappings.
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Lemma 2.3. Let U C R™ be open and let ¢: U — R™ be a bi-Lipschitz map-
ping, m > n. Then v is differentiable almost everywhere and the Jacobian
J(x) = (det(' (z)T4' ()2 of o satisfies o < Jip < 3 almost everywhere,
where the constants  and 3 depend only on n, m and the Lipschitz constants
of v and y~'. If m = n, then )’ is invertible almost everywhere with uniformly
bounded inverse and o < |dety’| < 3.

Proof. Rademacher’s theorem asserts that 1 is differentiable almost every-
where. More precisely, the entries of 1)’ are essentially bounded by the Lips-
chitz constant of ¢, which proves the upper estimate for Ji. As for the lower
estimate, let L > 0 be the Lipschitz constant of )=, so that [1(y) — ¥(x)| >
L=z —y| for all x,y € U. If z is a point of differentiability of ¢, then

L™ to] < [W(z + tv) — ¢(2)| = [t (2)v + ot)].

For t — 0 we obtain that [¢(z)v| > L~!|v| almost everywhere for all v € R",
hence

ol 19/ ()" (@)v] > (' (2)" 9 (2)v | v) = [¢' (@)o]* = Lo,

Thus the eigenvalues of ¢’ (x)79’(z) can be bounded from below by L2, which
shows that J¢¥ > L~" holds almost everywhere.
Finally, if m = n, then the chain rule [34, Theorem 2.2.2] implies that

W™ (¥(x) = (@' (@)~

Since the entries of (¢)~1)" are essentially bounded, this proves that (¢/)~! is
uniformly bounded outside a set of measure zero. The estimate for the deter-
minant follows from Ji = |det¢/|. O

We can now prove the following change of boundary integrals.

Lemma 2.4. Let Q1 and 2o be Lipschitz domains and : Qo — €y a bi-Lips-
chitz function. Then 1) has a unique extension to Qy, and (0Q) = 08, where
we identify 1 with its emtension In this situation, there exists a measurable
function m: Qo — (0,00), which is unique up to nullsets, such that

/g*/ (gov)m
121971 12192

for all positive measurable functions g on 01 and hence for all integrable
functions. Moreover, 0 < a < m < ( almost everywhere with constants o and
0B that depend only on v, 1 and Q5.

Proof. The assertions about ¢ and the uniqueness of m are clear. In order to
show the existence of m, fix y € 9Qs and define = := ¥ (y) € 9Q;. Fix neigh-
borhoods V5 of y and V7 of z such that there exist bi-Lipschitz transformations
1 Vi — (=1, 1) and ¢9: Vo — (—1,1)" as in Definition 2.1. Without loss
of generality we pick V5 so small that ¢(V3) C V3. Write

i = Yilan,nvs: 0% NV — H = (-1, 1)V 71 x {0}.
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Then the bi-Lipschitz function ¢ = ¢ 0o 902_1: H — H is the local rep-
resentation of |sq,, and we regard H as an open subset of RV ~!. Then for
every positive measurable function f on H we obtain that

Lfaéqumw

by the change of variables formula for Lipschitz functions [10, Section 3.3.3].
Also by the change of variables formula we obtain that

[raert= fou
H oQ;

for i = 1,2, where J <p;1 denotes the Jacobian of 30;1 as a mapping from H
into RY. Combining these formulas, we see that

| o= [ woethaer = [ gowr oper opldety!
o021 H H

- Jeilopop
=/ (gowi opopy) =t | det ¢’ 0 o
09 Jpy " 0w
for all positive measurable functions g on 0§2;. By Lemma 2.3, this implies the
claim. 0

3. Elliptic Neumann problems

Let Q C RY be a Lipschitz domain and p € (1,00). We prove that all weak
solutions u € WP(Q) of

{ —div A(z,u, Vu) + B(z,u, Vu) = f(z) — (divF)(z) on Q

Alx,u, Vu) v =g(z) + (F - v)(z) on 900 (3.1)

are Holder continuous, provided A satisfies the structure conditions (1.2) and
f, F and g are in appropriate Lebesgue spaces, namely

{feLﬂ49»FeLwﬁ4mmﬂxgeLﬂ¢4mn i pS N, 30

feLl(Q), FelLii(:RY), geLY(0) if p>N.
We could absorb f and F (but not g) into the coefficients, but it turns out
to be more convenient to have an explicit right hand side. By convention,

L/l 1F] and ||g|| will always refer to the norms of f, F and g in the spaces
indicated in (3.2).

Definition 3.1. We say that u € W1P(Q) is a weak solution of (3.1) if

/QVnA(x,u,Vu)—l—/QnB(x,u,Vu)z/an-i-/QVnF—f—/mng
(3.3)

for all n € C>(Q). If (3.3) holds merely for all n € C°(Q), we say that u is a
solution of the equation given by the first line of (3.1), without any boundary
conditions.
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Remark 3.2. A function u € WHP(Q) is a weak solution of (3.1) if and only
if (3.3) holds for all n € WP(Q) since C>*(Q) is dense in W1?(Q) and all
expressions in (3.3) are continuous as 7 varies in W?(£2), compare Proposi-
tion 5.1, where an even stronger assertion is proved. In what follows, we will
use this fact frequently.

We deduce boundary regularity from the following interior regularity
result, which is an immediate consequence of results due to Serrin.

Theorem 3.3. ([29, Section 1.1, Section 1.4, Section 1.5]) Let A and B satisfy
the structure conditions (1.2) and let f and F be as in (3.2). Then there exists
a € (0,1) such that every weak solution u € WP (Q) of

—div A(z,u, Vu) + B(z,u, Vu) = f(z) — (div F')(z) on Q (3.4)

s in CIOO’S(Q). Moreover, for every relatively compact subdomain w C Q) there

exists cq, > 0 such that

1 1
lullco.o @) < caw (A7 + IFI7T + ullLo(e)) + Caw (3:5)
holds for all weak solutions u € WHP(Q) of (3.4).

In order to apply Theorem 3.3, we extend the solutions of (3.1) locally
along the boundary of Q2 and show that the extension satisfies an elliptic equa-
tion on the larger domain. Then interior regularity of the extended function
implies boundary regularity of the original function.

It is convenient to carry over the function to the reference domain
(—1,1)N=1 % (0,1) and to extend the resulting function on that domain. As a
first step, we show that the structural properties of the equation are preserved
under bi-Lipschitz transformations.

Proposition 3.4. Let Q; and Qo be Lipschitz domains in RN and let ¢: Qo —
Q1 be a bi-Lipschitz bijection. Let u € WHP(Qy) and v := uot. Given functions
A, B, f, F and g as in (1.2) and (3.2), define

Az, u,2) = (@' (2)) 7A@ (@), u, 29" () 71) | det o' ()|
B(z,u,2) = B(y(x),u, 29/ (x) ") | det ¢/ ()|

for z € Qs, u € R and row vectors = € RN . Moreover, let f = (fo)|dety)|,

F =) Y (Foq)|dety!| and § = (g o)m with m as in Lemma 2.4.

(a) The function v is in WLPA(QQA) with Vv = (Vu o )4’ almost every-
where, and the functions f, F and ¢ are in Lebesgue spaces with the
same exponent as f, F' and g, respectively. More precisely, || f|| < ¢yl f|l,
IE) < eyl Fl and 1g]] < cylgll-

(b)  The functions A and B satisfy the structure conditions (1.2) on Qa, where

the parameters depend only on 1 and the parameters for A and B.
(¢) Ifue WhP(Qy) satisfies

VnA<x,u,Vu>+/ nB(x,u,vm:/ nf+/ VnF+/ ng
Qq 951 Q 15)

Ql Q1

(3.6)
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for all n € C(Qy UT) with some relatively open set T' C 00y then
v € WEP(Qy) satisfies

Vij A(z, v, Vv)+/

ﬁB(x,uvw:/ i f+ VﬁF+/ Mg
Q2 Qo Qo s

(3.7)

Q2

for all fj € C°(Q2 Uy~ HT)).

Proof. The assertions in (a) follow from the chain rule for Sobolev func-
tions [34, Theorem 2.2.2], the change of coordinates formula for Lipschitz
transformations [10, Section 3.3.3] and Lemma 2.4. We have also used that
| det 9’| is bounded from below and above, see Lemma 2.3.

In order to check (b) we fix u € R and a row vector z € RY. Then

2 A0, 2) = 20 (@) AQH(), w2 (9 (@) 71) [ det /()
> (= 0'@) 7 = v (@) [ul? — 91 (6(2))) |det (@)

> 'fdt/.(“— P [uf? — )
fes?z;n| et | pr— |W’||p|z| Y1 |ul? —

with the function 1/31 = 1)1 01 possessing the same degree of integrability as
1. Similarly,

|A(z,u,2)| < esssup | det ¢/ s(pos? 2P + PolulP + 1&2)

Qo

|B(x,u,z)| < esssup | det 9’| (sp_11ﬂ3|z|p_1 + 1&1|u|p_1 + 1&1)
Q

2

where s := esssupgq, ("), tho == 1P 0 ¢ and 13 := 153 0 1. Hence A and B
satisfy (1.2) on Q.

As for (c), let T' C 9 be relatively open and assume that w satis-
fies (3.6) for all n € C°(Qy UT). Then by denseness (3.6) is fulfilled for
all n € WyP(Q, UT), the closure of C2°(; UT) in W'?(Q). Let 7 be in
C(Q2 Uyp~HT)) and write n = 7 o =1, Then by a standard smoothing
argument we obtain that 1 € W, *(€Q; UT). Moreover,

Vi = (Vo )W) = (Vioy ) o™~

by the chain rule. Hence

/ Vi(z) Az, o(2), Vo(z)) + /Q ii(x) Bz, (), Vo())
/Q V(@) AW(@), u((@)), Vu(e(z))) | det o (z)]

+/ n(¥(x)) B(y(z), u(¥(x)), Vu(ih(z))) | det ' (z)|
Qo
/QIVU(J: (z,u(z), Vu(x —|—/Ql77 (z), Vu(x))

/nf+ VnF+/ ng
Q1 121921
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:/ ﬁ(fow)\detw’H/ Vﬁ<w’>*1<Fow>|dew’|+/ ii (g o ¥)m
Qo Qo

0o
:/ ﬁf+/ VﬁF+/ .
Qo [ 2192

where by the change of variables formula for integrals over the domain as well
as over its boundary, see Lemma 2.4. O

Remark 3.5. In part (c) of Proposition 3.4, the values of g on 99 \ ' do not
appear in the assertions. Hence we can apply the result also if g is given only
on I' and is left undefined on the remaining part of 0§}, by artificially defining
g=0o0n00; \T.

We will also use the following representation of boundary integrals as
integrals over the domain itself.

Lemma 3.6. Let Q' = (—1,1)Y and H := (—-1,1)V =1 x {0}, and let g € LY(H),
q € [1,00). There exist functions k and K in the spaces

ke L¥ (), KeL¥1(QRY) if ¢>1
ke Ly = (), K € L¥v1= (Q;RY) if ¢=1,

where € € (0,1) is arbitrary, such that k and K satisfy

/779=/ nk+ [ VnK
H 4 Q

for alln € C(QY). Moreover, ||k|| + || K| < Cq75||g||Lq(H).

Proof. Define the linear functional ¢: C2°(€Y') — R by ¢(n) = [, ng. If ¢ > 1,
then

[l < 1l g g Iollncan < ealinll o s, o llzocin

by the Sobolev embedding theorems. Similarly, if ¢ = 1, then

o)l < lInllzanllgller i < eclinllyrx, o gl

for every € > 0. Hence ¢ extends to a continuous linear functional on
1, v 1,2 . Lo . .
W, V() or W, 77 (), respectively, which implies the claim, see

[34, Section 4.3]. O

We now prove the main result of this section: every weak solution of (3.1)
is Holder continuous up to the boundary of 2.

Theorem 3.7. Let Q be a Lipschitz domain and assume (1.2) and (3.2). Then
there exist o € (0,1) and cq > 0 such that every weak solution u € WHP(Q)
of (3.1) is in C%%(Q) and satisfies

1 _1 _1
lullco.aey < ca(IFI77 + IFI77 + iz + llull o) +ca- (3:8)
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Proof. Let u € W1P(Q) be a weak solution of (3.1). Let z be in 9Q and fix
V and ¢: V — (=1,1)" as in Definition 2.1. We will show that u is Holder
continuous in a neighborhood V, C V of z. Since u solves (3.1) we know in
particular that

/VnA(x,wVU)Jr/nB(xyu,W):/nf+/VnF+/ ng
Q Q Q Q o0

for all n € C°(QU(VNIN)). Write Q) = »(QNV) = (=1,1)¥ 1 x(0,1). Then
by Proposition 3.4, see also Remark 3.5, the function vy := u o 1y ~! satisfies

VnAl(x,vl,Vvl)-i-/

Q1

"731<$avlavvl):/

nfi+ VWF1+/ n g1
o o PIon

Q
for all n € C°((—1,1)N =1 % [0,1)) with functions Ay, By, fi, F} and §; that
satisfy the conditions (1.2) and (3.2),

Define the reflection 1: RY — R by

1/10(;E1, N 71'N—1,$N) = (1‘1, ceey IN-1, —l‘N).

Then vy == v1 01y € WHP(Qy) satisfies

VUAQ(%U%VUQH'/

Qg

7732(90702,VU2):/

nfot+ | VnkE +/ 132
QQ QQ (992

Q0
for all n € C°((—1,1)V~1 x (—1,0]) by Proposition 3.4 with functions Ay, B,
f2, F» and gy that satisfy the conditions (1.2) and (3.2).

Define Qg = (—1,1)" and regard

vi=uv1lg, +v2lq,,
A = Alﬂgl + Ag]lgz, B = Bl]lgl + BQ]IQQ,
f=flo, + fola,,  F=Flg, + Fylg,

as functions on Q. Then A, B, f, F and § satisfy the conditions (1.2) and (3.2).

Moreover, v € W1P(Qq) and Vv = Vo1, +Vuelg,. In fact, the Gauss-Green
theorem [10, Section 5.8] shows that for all n € C2°(€g) we have

Vnv = Vnuv + Vn e
QO Ql Qg

=/ 77111”91—/ 77V121+/ 77“2V92—/ 1 Vg
o Q1 009 Qo
=—/an—/nv@

o Qs

since v; = vy on the intersection of the boundaries and the outer normals
equal v, = —en and vq, = ey on that set, where ex denotes the N unit
vector in R™. In addition, i vanishes on the remaining parts of 9Q; and 9%
by assumption.
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Using in addition Lemma 3.6 we thus obtain that

VnA(x,v,Vv)—l—/ n B(x,v, Vv)

Qo Qo

=/ nfi+ VUF1+/ 77§1+/ n fa + Vﬁﬁ2+/ 792
(951 Qq o Qo Qo 19

=/ n(f+k)+ [ ViE+K),
Q0 Q0

for all n € C°(Q) with functions k& € L9()) and K € L(Qo; RY), where
q > p% for p < N and q = ﬁ for p > N. Thus v € WP(Qq) is a weak
solution of

—div A(z,v, Vv) + B(z,v, Vv) = (f + k) — div(F + K) on Q,

where the coefficients A and B and the right hand side f—i— k and F + K
satisfy the assumptions of Theorem 3.3. Consequently, there exists a € (0, 1)
such that

Hvl||00»a((—%,§)N71x(0,%)) < ||”Hcoya((—§,§)1v)
A _1 _1
<ca(lf + K7 +IF + K[|7 + [|v]l Lo () + Ca
_1 1 _1
<ca(lF17T + NFN7T + (gl 7 + llull o)) + Cas

see also part (a) of Proposition 3.4. Since u = vy o ¢ and ¢ is Lipschitz con-
tinuous on V', we have shown that there exists a neighborhood V, C V of z
such that uly, € C%*(V,) and

lullcon vy < ca(IFI7T +IFI7T + g7 + lfullzo@) + ca-
Since 02 is compact, there exist finitely many z; € 99 such that 09 C
UL, V.. Set w; == V., NQ and wy = Q\ U/~ wiSectionubsetQ). Then
uly, € C%¥(wg) by Theorem 3.3 and ul,, € C%%(w;) for i = 1,...,m
by what we have just shown. Thus we have proved that u € C%%(Q2) for
o = min;—,  n «;, and more precisely we have shown that (3.8) holds. O

Remark 3.8. (Existence of solutions) Theorem 3.7 is only concerned with the
regularity of solutions, not with existence or uniqueness. Nevertheless, under
the additional assumption that (u,z) — A(z,u, z) and (u, z) — B(z,u, z) are
continuous for every x € 2 and

(21 — 22) (A(z,u, 21) — Az, u,22)) >0

for all z € Q, v € R and 2,22 € RY it can be shown that the operator
A: WhP(Q) — WhP(Q) given by

(Au,n) ::/A(x,u,Vu) Vn+ [ B(xz,u,Vu)n
Q Q

is pseudo-monotone [30, Proof of Theorem II.6.1]. Moreover, one can check
that there is some wy € R such that

(Au,u) +w fo [ulP _

lullwip@y—oo  [[ullwie)

(3.9)
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if w > wp. Since by theorem due to Brézis [30, Theorem I1.2.3] every pseudo-
monotone operator that satisfies (3.9) is surjective, we see that under the above
additional continuity and monotonicity conditions for every ¢ € WP (Q)
there exists a function u € WP(Q) satisfying

(Au,m) + W/Q ulP"un = o(n)

for all n € WHP(Q) if w > wp. Combining this observation with Theorem 3.7
we see that

{ —div A(z,u, Vu) + B(z,u, Vu) + wluP2u = f(z) — (divF)(z) on Q
Alz,u,Vu) v =g(z)+ (F - v)() on 99N

has a weak solution u in WP (Q) N C%*(Q) whenever w > wy provided that
f, g and F are as in (3.2).

This reasoning for existence of solutions easily extends to Robin bound-
ary conditions as considered in the next section. One can for example invoke
a perturbation argument as in [28, Section 4.1] to show pseudo-monotonicity
of the operator that includes the boundary term.

For w = 0, on the other hand, we do not expect existence of weak solu-
tions for all right hand sides. In fact, the equation

—Au=f on Q
%:O on 0N

is a special case of (3.1) and it is well-known that this equation has no weak
solution u € W2(Q) if [, f # 0.

4. Elliptic Robin problems

Let © € RY be a Lipschitz domain. In this section we prove that all weak
solutions u € WP () of

—div A(z,u, Vu) + B(z,u, Vu) + wu = f(z) — (divF)(z) on
A(z,u, Vu) - v+ h(z,u) = g(x) + (F - v)(x) on 090
(4.1)
are Holder continuous, provided A, B and h satisfy the structure condi-
tions (1.2), f, F and g are as in (3.2) and w is a nonnegative constant. Like for

Neumann boundary conditions, we say that u € W1P(Q2) is a weak solution
of (4.1) if

/VnA(x,u,Vu)—F/nB(as,u,Vu)—i—/ nh(z,u)
Q Q o

:/nf+/V77F+/ ng
Q Q o0

holds for all n € C*°(§) or, equivalently, for all n € W1P(Q) N L?(Q).
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We start by proving L?-bounds for solutions of the slightly simpler equa-
tion
{ —div A(z,u,Vu) + B(z,u,Vu) + wu=0 on (4.2)

A(z,u, Vu) - v+ h(z,u) =0 on 0N

via Moser’s iteration technique. If we assume some strong monotonicity of the
coefficients, the a priori estimates could be obtained via an elegant interpola-
tion argument, see [28]. But in order to cover the general case we have to use
the iteration procedure instead.

We need the following variant of Ehrling’s lemma.

Lemma 4.1. Let X, Y and Z be Banach spaces. Assume that X is reflexive.
LetT: X — Y be a compact linear operator and let S: X — Z be an injective
bounded linear operator. Then for every § > 0 there exists cs > 0 such that
ITxlly < dllzllx + csSxllz

holds for all x € X.
Proof. Assume to the contrary that there exists dp > 0 and a sequence ()
in X such that

[Tnlly > dollanlx + nllSznllz.

After rescaling (x,) we can assume that ||Tz, ||y =1 for all n € IN. Then ()
is bounded in X, and after passing to a subsequence we thus can assume that
z, — x in X. Then Sz, — 0 by the above estimate and Sz, — Sz by weak
continuity, so we obtain that Sz = 0, which implies x = 0. Since T is compact

this implies Tz, — 0 in Y, contradicting ||Tz,|y = 1. O
Proposition 4.2. If u € W1P(Q) solves (4.2), then
lullwrr@) < cllullzr@) + ¢ (4.3)
and
lull Laey + [lullzaan) < cqllull o) +cq (4.4)

for every q € [p,0).
Proof. Let u € WP(2) be a weak solution of (4.2), and let ¢ € [p,00) be
arbitrary. Fix a > 1 and define
Vg = ((\u| + 1)‘1_”+1 — 1) sgn(u)l{‘mga}
(a+1)97PH —1
a+1

(Jul + 1) sgn(u) Ly >a)
and

wo = (Ju] + )7Ly <ay + (@+1) 7 (Jul + D)Iusa}-

Then by the chain rule [34, Theorem 2.1.11] the functions v, and w, are in
WhP(Q) with weak derivatives

Vue = (¢ —p+ D) (lul + D) PVul <y
(a+1)7PH 1
a+1

Vu ]l{‘u|>a} (4.5)
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and

[Vwa| = =(Jul + 1) 7 |Vu| Loy + (@+1) 7 |Vl Lijusas

4
p

hence
P p
(q) |V’U}a|p < (\u| + l)q_p|Vu|p]1{‘u|§a} + (a + 1)""’|Vu|p]1{|u‘>a}. (46)

We will also need that

1 (a4l
— 1)97P <

plat T s a1
which follows from the fact that (o + 1)77P+1 > 2.

From (4.5), (4.6), (4.7) and (1.2) we obtain that

< (a+1)77P, (4.7)

/ Vo Az, u, Vu)
Q

2(q—p+1)/

{lul<a}

(a+1)PH1 — 1 /
pr [ Vul? — prful? — 1y
o+ 1 {|u|>a}< )

> / (u] + )T P|Vul? — 2(q —p+ 1) / by (Ju] + 1)0
{|lu|<a} {

(lul + 1) (2| Vul? = g ful” = 1)

lu|<a}
B[ @ yreal <2 p ) s )l 1y
{lu|>a} {lu|>a}
M1 (P\P
> PP WP —2(q—p+1 P
> (D) [ vl =2a=p+1) [

Similarly, we see that
‘/ Ve, B(x,u,Vu)‘
Q
<[l (V)
{lul<a}
+/ (a+ 1)T7P(|u] +1)(1/13|Vu|p_1 + Py JufPH +1/J1)
{lul>a}
p—1 q=p (o _ q
< [ (D) G+ ) O T g+ 1)
{lul<a} p

+2/ Uy (Jul + 1) + / Ys3(a+ 1) F Y|yt
{lu|<a} {lul>a}

x(a+1)qpp(|u|+1)+2/{| N }zpl(oz+1)‘1*?’(|u\+1)?

=/¢3|Vwa|p_1wa+2/z/}1w§
Q Q
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and

[ ot <2 [ ealve Qul 1077 <2 [ gt

Using in addition that u solves (4.2), we have shown that

0:/VvaA(x,u,Vu)—i-/vaB(x,u,Vu)—i-/ vah(:au)—kw/vau
Q a9 Q

> “21( )/\Vwa|p—2( p+2/1/11wp /¢3\Vw P~Lep
-2 ¢4wg7
o0

ie.,

||wa||€vl,p(9) < cq/52¢1w§ +Cq/ﬂw3|vwa|p_lwa+cq /89 Yawh, (4.8)

where for simplicity we have assumed that ; > 1 almost everywhere, which
constitutes no loss of generality.
We now distinguish between the cases p < N, p= N and p > N.

(a) Assume p > N. Then by [1, Theorem 5.8] there exists § € (0,1) such that

[wallLoe @) < lwall@) < clwallfyi@lwal iz (o)

Hence

/¢1w§+/¢3|vwa|p_lwa+/ Pawh,
Q Q

< 91l er @) lwallfee o) + 193l Lr (@) [ Vwa P~ [wallLe (o)

LP P—1(Q)
Hllvall o) lwallf < a0

1-6 —146
< cllwallgr.o oy lwallCo? + cllwa By lwalltrfo,

< 5||waHW1,p(Q) + Ca\lwallm(g)
for every & > 0 by Young’s inequality. Picking 6 > 0 small enough we
obtain from this estimate and (4.8) that
lwally10 o () < Cq”wozH]Zp(Qy
This proves (4.3) since for p = ¢ we have w, = |u|+ 1 and |Vw,| = [Vul,
thus
||u||€vl,p(9) < HwaH];Vl,p(Q) < C”wOéHZ[),P(Q) < CHUHI]ip(Q) +c

Finally, estimate (4.3) implies (4.4), in this particular case even for ¢ = oo,
by the Sobolev embedding theorems.

(b) Now assume p = N. Then by the interpolation inequality for Lebesgue
spaces and the Sobolev embedding theorems we find for every r € [1, 00)
an exponent 6, € (0,1) such that

[wal

L) < ||wa||L2r Q)HwaHLl(Q < C”wozHWl P Q)”wa”Lp Q)
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Moreover, since the trace operator is compact from W1P(Q) to L"(99)
for every r € [1,00), we can estimate

[wallzr @) < dllwallwie) + csllwallre @)

for every § > 0 by Lemma 4.1. Using these two estimates and Young’s
inequality, we obtain with certain exponents 6 and 6’ in (0, 1) that

/w1w§+/¢3|wa\p*1wa+/ Yau
Q o0

P
<l e o B2 g + 1051

LE©@) LT2E (0 I
)
+||1/)4 p—1
Lp—1—

p—1
| ||L%(Q)H all 2 o

H all »

(69)
0 1—-6 —146"
< c||wa||€vl,p<m||wau‘;§,(m> + c||wa|\€w;<m||wa\|Lp<m + ellwall” 4
£

< 5”wa|‘€vl,p(g) + C5||wa||lzp(s2)

for every 6 > 0. As in the previous case p > N this implies (4.3) and
hence (4.4) by the Sobolev embedding theorems.
(¢) Finally, assume p < N. Then

/ b, < ol

p—e £
E(Q)H @ HLrﬁéV)pﬁ(Q)HwaHLg(Q)
= C||wa|\p;%( )Ilwallip(g) < cllwallyyrss ) lwallzs @)
< lwallly oy + sllalll o

for every § > 0 by Young’s inequality. Similarly,

/wg\VwaF*lw
Q
<

< CHwaHWl,p(Q)IIwaIIiNpr Q)”wa”LP(Q) < cllwallfy s o lwallzs @)

HIVwal” 2 g llwal

€ )
L7o1(Q) L%(Q)”wa”LE(Q)

< 5Hwa||€vl,p(g) + Cé”“’ct”ip(g)

. . (N—-1)p
Moreover, since the trace operator is compact from W1P(Q) to L~N-pt=

(092), we can estimate

[wall -1 < 5||w<x||w1m(n) + CénwaHLf’(Q)
L N=p+e (8Q)

for every § > 0 by Lemma 4.1. Thus, picking § > 0 small enough in the
previous estimates, inequality (4.8) yields

||w(XH€V1,:D(Q) < Cqu(XH[[),P(Q)' (4-9)

As in the previous cases this implies (4.3).
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Moreover, from (4.9) and the Sobolev embedding theorems we
deduce that

p p < P ] < P .
”waHLNA%(Q) + ”wa”L“JVvilﬁp 00y cllwallyrp o) < callwallpe )

Since w,, approaches (|Ju| + 1)9/P from below as a — oo, the monotone
convergence theorem implies that

[l + 209212 Nl 07 e < el D]

from which we can deduce that

Jull ~a +lull o
L ) L

~1)q < a . 4.10
5 (@ DL ooy cqllullzace) + ¢4 (4.10)

Since this estimate holds for all ¢ € [1, 00), defining
N \n»
= (N — p) b
and iterating (4.10) we obtain that

[l Lam (@) + Nlull | 5

ooy ~ Nl e ”uHL%w

S CQn—lc[In—Z Hu||an_2(Q) + Canlch—Z + CQn—l
<. < anuHqu(Q) +cp = Cn”U”Lp(Q) + Cp.

Since ¢, — 00 as n — oo, this proves (4.4). O

Remark 4.3. In the proof of Proposition 4.2 we silently passed over a sub-
tlety that arises when deriving (4.8). A priori we can test the Eq. (4.2) only
against functions in W1P(Q)N L%(Q). However, we tested the equation against
Vo € WHP(Q) without knowing that v, € L*(Q). Still, since sgn(v,) = sgn(u)
we can pick a sequence (7,,) of functions in W1P(Q) N L?(Q) that converges
to v, in W1HP(Q) such that the sequence (1, u) is pointwise monotonically
increasing. Then it follows from the monotone convergence theorem that

0= VnnA(w,u,Vu)+/nnB(x,u,VU)er/nnu+/ 7 (2, )
Q Q Q o0

—>/VvaA(a:,u,Vu)—l—/UaB(x,u,Vu)—t—w/vau—i-/ Vo h(z,w)
Q Q Q o0
asn — 0o.

Now that we have L9-bounds at our disposal, it is easy to deduce the
Hoélder continuity of solutions from the corresponding result concerning Neu-
mann boundary conditions.

Theorem 4.4. Let Q2 be a Lipschitz domain and assume (1.2) and (3.2). Then
there exists a € (0,1) such that every weak solution u € WHP(Q) of (4.1) with
w > 0 is in CO(Q). Moreover, if f, F and g range over norm-bounded sets
in their respective spaces, then the CO%-norms of the corresponding solutions
u remain bounded provided their norms in LP(Q2) remain bounded.
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Proof. Let u € WYP(Q) be a weak solution of (4.1). Then u is a weak solu-
tion of

(4.11)

—div A(x,u, Vu) + B(z,u, Vu) + wu =0 on Q
Az, u, Vu) - v+ h(z,u) =0 on 0§

for A(z,u, z) = A(z,u, z) — F(z), B(x,u,2) = B(z,u,z) — f(x) and h(z,u) :
= h(z,u) — g(x). Assumption (3.2) ensures A, B and h satisfy (1.2).

If p > N, then u € C%*(Q) by a Sobolev embedding theorem. The bound-
edness assertion about u follows from Proposition 4.2 applied to the Eq. (4.11)
since the constants in (4.3) depend only on upper bounds for the structure
parameters of A, B and h, which in turn depend only on A, B, h and upper
bound for f, F' and g.

Now assume p < N. Pick ¢ € [p,00) such that ¢ > w and
q> p—]fe with € > 0 as in the structure condition (1.2). We obtain from Prop-
osition 4.2 applied to Eq. (4.11) that u € LY(Q) and u|pn € LI(0Q) with a
bound that depends only on bounds for the structure parameters of A, B and
h. Thus

ho = h(-,u(-)) € L7172 (9Q)

by the structure assumption (1.2). Since u is a weak solution of the Neumann
problem

{ —div Az, u, Vu) + B(z,u, Vu) = f(z) — wu(z) — (div F)(xz) on Q
A(z,u, Vu) - v = g(x) — ho(z) + (F - v)(x) on 01,
(4.12)

we obtain that u € C%*(Q) with the same a € (0,1) as in Theorem 3.7. The
boundedness assertion about u in C%(£2) follows from (3.8) and the observa-
tion that the right hand side of (4.12) can be estimated in terms of A, B, h,w
and upper bounds for f, F' and h. O

Remark 4.5. Working with the full Eq. (4.1) instead of (4.2) in Proposition 4.2,
we could have found an estimate like (3.8) also in the situation of Theo-
rem (4.4). However, for our purposes nothing is gained by this more precise
estimate, so for the sake of simplicity we avoided this additional effort.

Sometimes it is convenient to replace the functions on the right hand side
of (4.1) by an arbitrary bounded linear functional on W1P(Q). Therefore we
formulate the regularity result of Theorem 4.4 also for such equations.

Corollary 4.6. Let Q@ C RY be a Lipschitz domain and assume (1.2). Let
q € [1,00) satisfy
<—— ifp< N
1SN UP
q< N ifp=N
a<p ifp>N
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and fix p € WH4(Q)'. Then every function u € W1P(Q) that satisfies

Vn A(z,u, Vu) —|—/ n B(x,u, Vu) —|—/ nh(z,u) =(n)

Q Q [2}9)

for all n € C>®(Q) is Holder continuous on €.

Proof. This is a direct consequence of the representation formula for function-
als on Sobolev spaces [34, Section 4.3] and Theorem 4.4. O

5. Parabolic problems

Let © € RY be a Lipschitz domain. We show that the parabolic problem
u(t, ) — diva(z, Vu(t,z)) + b(z,u(t,z)) =0 ¢t >0, x €Q
a(z, Vu(t,z)) - v+ h(z,u(x)) =0 t>0, zedl (5.1)
u(0,x) = up(x) x €

with Robin boundary conditions is well-posed in the space C(2) under suitable

conditions on a, b and h. More precisely, we assume that a: Q x RV — RV,

b: 2 xR — R and h: 902 x R — R are measurable and continuous in the
second argument. We also require that there exists p € (1, 00) such that

{ za(x,z) = plzl” — (), la(@, 2)| < pol2P7F + o (),
bz, w)| < ¢r(@)|ulP™ + (), |h(e,u)| < a(@)ulP + Pa(2)

for all z € Q, u € R and z € RN with 1y, ¥ and v, as in (1.2), i.e., the func-
tions A(z,u, z) = a(z, z), B(x,u, z) = b(x,z) and h satisfy (1.2). Moreover,
we assume the monotonicity conditions

(5.2)

(21 — 22) (a(w, 21) — a(z, 22)) > 0,
(ug — ug) (b(xz,u1) — b(x,uz)) >0, (5.3)
(u1 — u2) (h(z,ur) — h(z,u2)) >0

for all z € Q, ui,us € R and 21,20 € RY.

In order to prove well-posedness in C(Q
operator which is naturally associated with (
thus generates a semigroup on that space.

It is convenient to first introduce a version A of the operator associated
with (5.1) acting from V = WHP(Q) N L?(Q) into its V' and to study its
properties. Later on we will turn our attention to its part in C(£2) in order to
obtain the main result.

) we are going to show that the
5.1) is m-accretive on C(2) and

Proposition 5.1. The space V := W1P(Q) N L3(Q) is a separable, reflezive
Banach space for the norm |lullv = |[ullw1.r) +||ullL2(). Under the assump-
tions (5.2) and (5.3), via

(Au,v) = /QVU a(z, Vu) +/

; vb(z,u) + /69 vh(z,u). (5.4)

we have defined a bounded, continuous, monotone operator A: V — V',
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Proof. We prove the assertions only for p < N; the case p > N is similar.
Identifying V' with a closed subspace of the direct sum W1?(Q) @ L?(Q2) we
see that V is a separable, reflexive Banach space. For u and v in WP(Q) we
have by (5.2) that

190 e u] < 190lloiey ([ (vl 4027

-1
< clollwrny (IVulrig) + 2]

—1
< (cllully™ + o) lvllv-

p—1

P

Lpr— I(Q)

Similarly, using in addition the Sobolev embedding theorems, we obtain that

/|Ub zu)| < il g et 1]

< CIIUI\Wl v m( clullfy o +¢) < (cllulf + <) lollv

Np
LN=-p)(»=D (Q)

and

[ bl <ol e ol g o ™ 41
o0 L N-w

Lot (BQ)H|

LW(@Q)
< C”U”WLP(Q)( ”u”Wlp ) +¢) < (clullf +)lllv.

Thus A is well-defined and || Aul|y: < c||uHV_ + ¢ for all w € V, proving that

the operator A is bounded, i.e., that .4 maps bounded sets into bounded sets.

Now we show that A is continuous. To this end, let (u,) be a sequence

in V that converges to v € V. Passing to a subsequence, we can assume that

Vu, — Vu pointwise and that |Vu,,| < m for some function m € LP(Q2). Then
a(x, Vuy(z)) — a(z, Vu(z)) for almost every x € Q and

|a(x, Vug)| < pomP ™" + 1y € L”%(Q)

Hence a(-, Vu,) — a(-, Vu) in Lﬁ(Q) by the dominated convergence theo-
rem. An analogous reasoning yields that

b(-un) — b(-,u) in LY %5 (Q) and (-, un) — h(-u) in LGS (9Q).
Thus, given € > 0, we have
[ (At = Au,0) | < [V llaC, Vi) = al, Fu)ll, o o

ol g, o 1) = b v

L Np—N+p (Q)

+ — h Yy Un
o1, e o I ) = R0 e

< ellvllwir)
for n > ng(g), which shows that Au,, — Au in V.

Finally, the monotonicity of A, i.e., (Au — Av,u —v) > 0 for all u,v € V,
is a trivial consequence of (5.3). O

Next we show that I 4+ a.A is bijective for all a > 0.
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Proposition 5.2. Under the assumptions of Proposition 5.1, for every ¢ € V'
and every o > 0 there exists a unique function uw € V' such that

(u ] v) 2 () + a (Au, v) = @(v) (5.5)
forallveV.
Proof. Define the operator A,: V — V' by
(Aar, v) = (u | V) 2(q) + a {Au,v).

From Proposition 5.1 we obtain that A, is bounded, continuous and monotone.
From (5.2) we obtain that

[ Vuew o)z m [ 1Vl - [ o=l Vulfyg -
Q Q Q

for all u € V. Moreover, (5.2) and (5.3) yield

/Qub(as,u) :/Q(u—O) (b(z,u) — b(x,0)) + /Qub x,0) /1/11|u\

> —[lall, 3 g ], ) = —cllullurogon

for all u € V, and analogously we see that [, uh(z,u) > —c||ullw1.r (o). Com-
bining the latter three estimates we have shown that

(Aattya) > )32y + |Vl ) — cllillwr.ogay —
> ﬁ(H“HL?(Q) + ||V“|\Lp(sz))q —cllully —¢ (5.6)

for ¢ :== min{2,p} > 1 and some (§ > 0.
From Lemma 4.1 we obtain that

[ulle @) < dllullv + csllullrzo) < edl|VullLr ) + cdllullLe @) + csllullrz (@)

for all w € V with an arbitrary § > 0. Picking § > 0 small enough we deduce
that

ull ey < cllVullLe ) + cllullz2(o)

Hence [jull2, = |lulr2() + [VullLr(o) is an equivalent norm on V. Thus
from (5.6) we obtain that
ul|d, —cllull2p — ¢
fiming He® S gy Ay —dlulap me (5.7)
lullv=oo [lully  full2p—o0 [ell2,p

and call (5.6) the coercivity of A,. Since A, is also bounded, continuous
and monotone, the operator is surjective by the Minty-Browder theorem [30,
Section I1.2]. This means that (5.5) has a solution for every ¢ € V'. Moreover,
if Aqu; = Aqus for two functions vy and us in V', then by monotonicity of A
we obtain that

0= (Aaur — Aquo,ur —ug) = (w1 — u2 | ur — uz)paig) = [lur — U2||2L2(Q),

implying that u; = us. Hence the solution of (5.5) is unique. O
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Our next step is to show that the part A in L7(Q) is accretive, i.e.,
that (I + a.A)~! is a contraction with respect to the norm of L4(f) for each
q € [2,00]. Setting ¢ = oo we thus obtain in particular that the part of A in

C(2) is accretive.

Proposition 5.3. Let (5.2) and (5.3) be satisfied. Let f1 and fo be in LI(2) C
L3(Q), q € [2,00] and define p;(v) = (f; | V) 12(q) SO that ¢; € V'. Then the
unique solutions u; of (5.5) for the right hand sides y; satisfy |[u1 —uz||Laq) <
| f1 = fallLa()- Moreover, if q > %, then uy and us are in C(Q).

Proof. Fix q € [2,00) and k > 1. Then by the chain rule [34, Theorem 2.2.2]
the function

Vg = (|u1 — ug| A k)q_Z(ul — Us),
where z A y denotes the minimum of x and y, is in V' with weak derivative
Vg = (¢ = 1)|ur — u2|"*(Vur — Vug) L {ju, —us|<k}
+ k972 (Vuy — Vug) Ly —us >k}

Since at each point vy is a positive multiple of u; — uy and Vuy is a positive
multiple of Vuy — Vug, we deduce from (5.3) that

(Auy — Aug,vg) > 0.
Hence with A, as in the proof of Proposition 5.2 we obtain that
—2
[l = el AR s = el = (= 2 0] ) < (Aot = Az, )
Q
= ¢1(v) = 2(vr) < lf1 = fallLaco) vkl

P
LT-1(Q)

q—1

—92 a
< |f1 = fallLaco) </ (Jug — uz| A k)q lur — U2|2>
Q

Dividing in this equation and afterwards letting k tend to infinity, we obtain
from the monotone convergence theorem that [ju; —usa||Le(q) < |[f1 — f2llLa(o)
for every q € [2,00). If f1 and f2 are in L>°(Q2), we pass to the limit ¢ — oo
and obtain that ||u; — uz| =) < [[f1 = fallLe(q)-

Now assume ¢ > %. By definition, the function w; is a weak solution of

—diva(z, Vu) + b(z,u) + o tu; =a”1f;  on
a(x,Vu) - v+ h(z,u) =0 on Of).
Hence u; € C%*(Q) C C(Q2) by Theorem 4.4. O
Regard C(Q) as a subspace of V’ by identifying a function f € C(Q) with
the linear functional v + (f | v) 2. Then the part A° of A in C(Q) is the
restriction of A to

D(A%) ={ueVnNCH): Auec C(Q)}.

We regard A° as a non-linear (and single-valued) operator on C(Q). Prop-
osition 5.3 implies that A° is m-accretive, i.e., for all « > 0 the operator
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I+ aA®: D(A®) — C(Q) is bijective and (I + «A°)~! is a contraction on
C(Q2). We now show that A€ is densely defined.

Proposition 5.4. Under assumptions (5.2) and (5.3) the set D(A) is dense in
C(Q).

Proof. We give the proof only for p < N and only mention that the case
p > N can be treated analogously. First assume that u € C°(Q), so in par-
ticular v € V. Then ¢ = Aju € V', where A; is defined as in the proof of
Proposition 5.2. More precisely,

la(z, Vu)| < /LQHVUH]Z;I(Q) + 2 < ey + P2
b, w)| < v ([ullf gy + 1) < cuty

h(a,w)] < dalllulf =g + 1) < cut

and hence

go(v):/Qvu—k/QVva(%Vu)—|—/va(x,u)+/mvh(m,u)

< cullola ol +vall s
+eullell p(mnwlnmﬂ S S A
< culol

Wl R ()

for all v € V. Thus ¢ extends to a bounded functional on W* N (). Con-
sequently, there exist k € LP%(Q) and K € LPNj(Q; R™) such that

gp(v)z/vk—&— Vo K
Q Q

for all v € V, see [34, Section 4.3]. Pick sequences k, € CX(f) and K,, €
C>(;RYN) such that k, — k and K,, — K in the L7 7-norm. Then fn =
ky, — div K,, is in C2°(2) € C(9). Thus by Propositions 5.2 and the additional
claim in (5.3) there exists u,, € D(A) such that (I + A%)u, = f,.

Define ¢, (v) == (fn | v)p2(q), Which can equivalently be written as ¢, :
= Aju,,. Then

on(v) — 0(v)] < /Q o] [k — K| + /Q Vol |K, - K]

< llellwor) (lhn =kl ey g + 1 = Kl 2 g ) -

This shows that ¢, — ¢ in V’. In particular we see that (¢,,) is bounded in
V', which implies that
<Alunaun> == Cpn(un) S Cu”un”V

By (5.7) this implies that (u,) is bounded in V. Thus passing to a subsequence
we can assume that (u,) converges weakly to some @ € V.
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By Minty’s theorem [30, Proposition I1.2.2] we have
<-A1'U — Pn, UV — un> >0

for all v € V. Since ¢,, — ¢ in V' and u,, — @ in V we obtain by taking limits
that

(A1v —p,v—1u) >0

for all v € V. Using Minty’s theorem once again we deduce from this that
A1t = ¢ = Aju. By the uniqueness assertion of Proposition 5.2 this implies
% = u. Thus we have shown that v, — v in V.

We have seen that (u,) is bounded in V' and hence in particular in LP(£2).
Since by construction u,, is a weak solution of

—diva(z, Vuy,) + b(z,up) + up = ky, —divK, onQ
a(x,Vuy) - v+ h(z,u,) = K, - v on 02,

we obtain from Theorem 4.4 that (u,) is bounded in C%%(£2). Passing to a
subsequence we thus can assume that (u,,) has a limit in C(Q). Since u,, — u
in V, this limit is u. Hence we have shown that for each u € C*(Q) there
exists a sequence u, € D(A) such that u, — u in C(Q). This proves that
() is contained in the closure of D(A°) in C(Q2). Since C*°(€2) is dense in

C(€), we have shown that D(A) is dense in C(f2). O

In order to state the main result of this section it is convenient to intro-
duce the notion of a non-linear contraction Cy-semigroup. The definition is
consistent with the linear case, i.e., a family of linear operators on a Banach
space X is a non-linear contraction Cyp-semigroup if and only if it is a linear
contraction Cop-semigroup in the usual sense of for example [20].

Definition 5.5. Let X be a Banach space and let B: X D D(B) — X be an
m-accretive operator on X, i.e., for all & > 0 the operator I +aB3: D(B) — X
is bijective with (I +aB)™!: X — X being a contraction. Then by the Crand-
all-Liggett theorem [30, Section IV.8] the limit S(t)ug = limy oo (I+LB) "ug
exists for ug € C == D(B) and t > 0 and the mappings S(t) satisfy

(i) S(t): C — C is contractive for every ¢t > 0;
(i) S(0) = idos
(iii)  S(t+s) = S(t)o S(s) for all t,s > 0;
(iv)  t— S(t)ug is continuous for all ug € C.

We say that (S(t)):>0 is a non-linear contraction Co-semigroup on C' and call
—B its generator.

The following remark about non-linear contraction Cy-semigroups and
their generators justifies that we regard the trajectories of a non-linear con-
traction Cy-semigroup with generator —B as the unique solutions of the prob-
lem u'(t) + Bu(t) = 0. For the definition of a C%-solution, which is frequently
also called mild solution in the literature, and proofs of the following facts we
refer to [30, Section IV.3 and Section IV.8] or [7].
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Remark 5.6. If B is m-accretive and (S(t)):>0 is the semigroup generated by
—B, then for each ug € C := D(B) and T > 0 the unique C%solution of
u'(t) + Bu(t) = 0,u(0) = up on [0,T] is given by u(t) = S(t)uo.

Moreover, if X is a Hilbert space and ug € D(B), then this unique solu-
tion w is Lipschitz continuous, u(t) € D(B) for all ¢ > 0 and u/(t) + Bu(t) =0
for almost every ¢ > 0. In this situation we say that u is a strong solution of
u'(t) + Bu(t) = 0.

Now regard L?(f2) as a subspace of V’. Then the part A of A in L%(Q),
i.e., the restriction of A to

DA") ={ueV:Aue L*(Q)},
acts as an m-accretive operator on L?(2) by Propositions 5.2 and 5.3. More-
over, the set D(AM) is dense in L?(2) by Proposition 5.4 since D(A®) C
D(AH) and C(Q2) is continuously and densely embedded into L?(f2). Hence

—AM generates a non-linear contraction Co-semigroup (S(t))i>0 on L?(€).
Remark 5.6 then leads to the following notion of an L2-solution.

Definition 5.7. For every 7 > 0 the restriction of u(t) = S(t)ug to [0,7] is
in W12 (0, 7; L2(Q)) N L>®(0,7; WHP(Q)) for all 7 > 0 and satisfies u/(t) +
AHy(t) = 0 for almost every ¢t > 0. This function u it is the unique solution
of (5.1) for the initial value ug € L?(Q2). We refer to u as the L?-solution
of (5.1).

The following is our main result.

Theorem 5.8. Assume (5.2) and (5.3). Then A° is m-accretive on C(€), the
semigroup generated by —A° being the restriction of (S(t))i>o0 to C(Q). Thus
for ug € C(Q) the unique L*-solution u of (5.1) is continuous on the closed

parabolic cylinder [0,00) x Q, i.e., continuous up to the parabolic boundary.

Proof. By Propositions 5.2 and 5.3 the operator A€ is m-accretive. Hence —.A°
generates a non-linear contraction Cp-semigroup (S¢(¢))¢>0 on C(Q), see Def-
inition 5.5 and Proposition (5.4). Since (I + c.A¢)~! is the restriction of (I +
aAf)=1 to C(Q), see the additional assertion in Proposition 5.3, the oper-
ator S¢(t) is the restriction of S(t) to C(Q). Thus t — S (¢)ug is continu-
ous as a function with values in C(Q2) provided that ug € C(Q2). In this case
u(t,z) = (S(t)up)(z) is jointly continuous with respect tot > 0and x € Q. O

By the general theory about m-accretive operators, Theorem 5.8 provides
a regularity result also for inhomogeneous parabolic equations. The following
definition explains the situation in Hilbert spaces as laid out in [30, Section
v 4).

Definition 5.9. Let H be a Hilbert space, let B: H D D(B) — H be m-accre-
tive, and let T > 0. For all ug € D(B) and f € W11(0,T; H) there exists a
unique function v € WH1(0,7; H) ¢ C([0,T); H) with «/(¢t) € D(B) almost
everywhere that satisfies

{ Zl((()t)) i’ f(;u(t) = f(®) (5.8)
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for almost every ¢ € [0,7T]. This function w is Lipschitz continuous and right-
differentiable, and we call u the strong solution of (5.8) on [0, 7.

Given f € L'(0,T; H) and uy € D(B), there exists a unique generalized
solution v € C([0,T]; H) of (5.8) on [0,7T], i.e., u(0) = wuy and there exist
sequences (f,) in LY(0,T; H) and (u,) in C([0,7]); H) such that f, — f in
LY0,T;H), up, — u in C([0,T); H) and u,, is a strong solution of u/,(t) +
Buy(t) = fn(t) on [0,T] for every n € IN. We say that u: [0,00) — H is a
generalized solution of (5.8) if u[j 7 is a generalized solution of (5.8) on [0, T']
for every T' > 0.

From Definition 5.9 and Proposition 5.1 and 5.2 we obtain that for every
f € L ([0,00); L*(Q)) and ug € L*(2) there exists a unique generalized solu-

tion u € C([0,00); L2(Q2)) of u'(t) + AHu(t) = f(t) on [0, 00) with u(0) = ug.
We thus regard this function u as the unique L?-solution of

ue(t, x) —diva(z, Vu(t, z)) + b(z, u(t,x)) = f(t,z) t>0, z€Q
a(z, Vu(t,z)) - v+ h(z,u(z)) =0 t>0, 2€00 (5.9)
u(0, z) = up(z) x € Q.

From what we have already shown, we can now easily deduce the following
result about regularity of solutions of the inhomogeneous parabolic problem.

Theorem 5.10. For ug € C(2) and f € L] _([0,00); C(Q)) the unique L*-solu-

tion u of (5.9) is in C([0,00); C(Q)), i.e., u is continuous up to the parabolic
boundary.

Proof. Since A° is m-accretive by Theorem 5.8, we obtain from [30, Corol-
lary IV.8.4] that there exists a unique C°-solution of u € C([0,0); C(Q)) of

{u’(t) + Acu(t) = (1)
u(0) = up.

The definition of a C%-solution allows to check easily that u € C([0,00); L*(Q))
is a C%-solution of

{z’(((;f))Jri"iu(t) = f(t) (5.10)

Moreover, the unique L?-solution of (5.9) is a C%-solution of (5.10) as well
by [30, Propositions IV.8.2 and IV.8.1 (d)]. Since the C%solution of (5.10) is
unique by [30, Corollary IV.8.4] we have thus proved the claim. 0

Let us finally look at a class of examples that satisfy the conditions (5.2)
and (5.3). Since in the diffusion Eq. (5.1) the function a(x, Vu) is the flux, it
is natural to assume that it points into the direction of steepest descent, i.e.,
into the direction of Vu. If we assume in addition that the magnitude of the
flux depends only on the steepness of u and possibly on the location = € €2,
i.e., if we assume that a(z,z) = m(z,|z|) z, then we have a simple criterion to
check condition (5.3).

Lemma 5.11. Assume that a(z,z) = m(x,|z|)z for a measurable function
m: R x Ry — Ry. Then the first condition in (5.3) is satisfied if and only if
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y — m(x,y)y is nondecreasing for every x € . Similar assertions hold for b
and h.

Proof. For all x € Q and all z; and 25 in RY we have

(21 — 22) (a(x, z1) — a(z, z2))
=m(z,|z1]) |21 = (m(z, [21]) +m(z, |22]) 21 - 22 + m(z,|2]) 2]
>m(z, |21]) [21]* = (m(z, [21]) +m(z, |22])) [21] 22| +m(z, [2]) 2]
= (la1] = |22]) (m(a, [z21]) 21| = m(z, |22]) |22])

with equality if z; and z5 point into the same direction.

If y — m(z,y) y is nondecreasing, then both factors in the last expression
have the same sign. Thus the product is nonnegative and the first condition
in (5.3) is fulfilled.

Conversely, if the first condition in (5.3) is fulfilled, then by choosing 2o
to be a positive multiple of z;, we see that

(a—b) (m(z,a)a —m(z,b)a) >0
for all a,b > 0, which implies that y — m(z,y)y is nondecreasing. O

As a consequence of Lemma 5.11 we see that an important and com-
monly encountered class of equations of p-Laplace-type satisfy conditions (5.2)
and (5.3). For simplicity we consider only examples with p < N, but similar
assertions hold true for p > N with slightly different integrability assumptions
on the coefficients.

Ezample 5.12. Let p € (1,N). Set a(x, z) :

-2

= ao(z)(s + |2|P72) z or a(x,2) :
= aop(x)(s® + |2)?)"7 2 with a constant s > 0 and a measurable function
ag: Q — [u1, pa], where 0 < py < pa. Set b(x,u) == bo(z)|u[P~?u and h(z,u) :
= ho(z)|u[P~2u with nonnegative measurable functions by € LDN?(Q) and
ho € LPJX%((“)Q) for some & > 0. Then the assumption in (5.2) and (5.3) are
satisfied and thus Theorem 5.8 applies. In the special case s = 0 and ag(z) = 1
for all z € Q) we obtain that the equation

u(t,z) — Apu(t,z) + bo(z)[ulP2u = f(t,z) t>0, z€Q
[Vau(t,z)[P~2 2455 4 p () |ulP~2u = 0 t>0, z €0
u(0, z) = up(z) ASEY:

has a unique C%-solution u € C([0, ) x Q).

The strategy of this section applies also to certain dynamic boundary
conditions, which are often called Wentzell-Robin boundary conditions, if we
carry out the arguments on a suitable product space, confer also [2] where
this idea was originally introduced to the literature for linear equations. More
precisely, we consider the equation

u(t, z) — diva(z, Vu(t, ) + b(z, u(t, z)) = 0t > 0, x €
Bu(t,x) + a(x, Vu(t,z)) - v+ h(z,u(t,z)) = 0t > 0, z € 0N (5.11)
u(0, ) = ug(x) x €.
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At least formally, we can use the first line in (5.11) to express u; in terms of u
in the second line. Then we arrive at what is classically called Wentzell-Robin
boundary conditions.

We can show well-posedness of (5.11) in the space of continuous func-
tions. Since the arguments are very similar to what we did before, we only
sketch the proof of the following theorem, but see [27] for a detailed proof in
the linear case.

Theorem 5.13. Assume (5.2) and (5.3). Let 3: 00 — R be measurable and
such that

0 < essinf § < esssup 3 < oo.
o0 a0

For ug € C(Q), problem (5.11) has a unique solution. This solution is contin-
uous on the parabolic cylinder [0,00) x €.

Proof. Define the reflexive, separable Banach space
V= {(u,uloq) : u € W'P(Q) N L*(Q), ulsn € L*(0Q)}
and let Ay : V — V' be defined by the formal expression (5.4). The proof of
Proposition 5.1 shows that Ay, is bounded, continuous and monotone. For
q € [2,00] consider L9(Q2) &, L9(0N2), which for ¢ € [2,00) is equipped with
the norm given by
||(U79)||qu(Q)@qu(aQ) = Hu”%q(g) + HgH%q(ag;gdg)a

whereas for ¢ = oo we set

[1(w, 9l Lo (@)@ Lo (092) = ull oo (@) + 1920 (0238 do) -
Here o denotes the surface measure on 992, i.e., the (N — 1)-dimensional Haus-
dorff measure. Set H = L2(2)® L?(99), and equip C = {(u,ulpq) : u € C(Q)}
with the norm of L™ () @, L (992). Then both of these spaces are subspaces
of V' via
((u,9), (va|asz)>vf,v = SCGZQT[L2(Q)]UU + (gl U)L2(aﬂ;ﬁ dao)

for v € V and (u,g) € H or (u,g) € C, respectively. We consider the parts A},
and A$;, of Aw in H and C, respectively, with domains

DAY) ={ueV: AyueH}

D(ASy) ={ueVvnC: AyueC}

Then similar arguments as in the proof of Propositions 5.2 and 5.3 show that
AN and A, are m-accretive on H and C, respectively. Let (S(t));>0 be the
semigroup generated by —Al.. If Uy € D(AJ) and U(t) == S(t)Up, then
U'(t)+ AR U(t) = 0 for almost every ¢ > 0. Writing U () = (u(t), u(t)|aq) this
means that

/Q Vi alx, Vu(t)) + / n bz, u(t)) + /a nhaa)
— (ATE O mlon)) = (W (1) | (7lon))y; = — / 0 (t) - /8 (v
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for all n € C*(Q) C V and almost every ¢t > 0. Hence for almost every
t > 0, the function u(t) € W1P(Q) is a weak solution of (5.11) with ¢ fixed.
This justifies that we call the unique C%-solution of u/(t) + Al u(t) = 0 with

u(0) = uy € D(AJ), or rather its first component, the (unique) solution
of (5.11).

In the proof of Proposition 5.4 we have seen that {u € WP(Q) N C(Q) :
Au € CX(Q)} is dense in C(f2), which implies that A™ and A€ are densely
defined. Now the same arguments as for Theorem 5.8 show that for every
ug € C(Q) the unique L2-solution of (5.11) is continuous on [0,00) x Q. O
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