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Abstract. This paper deals with dimension reduction in linearized
elastoplasticity in the rate-independent case. The reference configuration
of the elastoplastic body is given by a two-dimensional middle surface
and a small but positive thickness. We derive a limiting model for the
case in which the thickness of the plate tends to 0. This model contains
membrane and plate deformations which are coupled via plastic strains.
The convergence analysis is based on an abstract I'-convergence theory
for rate-independent evolution formulated in the framework of energetic
solutions. This concept is based on an energy-storage functional and a dis-
sipation functional, such that the notion of solution is phrased in terms
of a stability condition and an energy balance.
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1. Introduction

For engineering applications the derivation of lower-dimensional theories for
bodies such as rods, beams, membranes, plates and shells from a three-
dimensional theory is of fundamental importance. In [16,17] a first rigorous
justification of Kirchhoff’s plate equation and the plane membrane system,
respectively, can be found. The term “justification” has to be understood as
the convergence of the solutions of the full three-dimensional system towards
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solutions of the limiting model without any additional assumptions on the
solutions. Later results for rods, linear and nonlinear plates, or shells can
be found in [3,6] and the references therein. An important tool in most of
the recent investigations is the notion of I'-convergence. This convergence
assures, roughly speaking, that (almost) minimizers of the three-dimensional
theory (subject to suitable boundary conditions and applied loads) converge to
minimizers of the limiting lower-dimensional theory.

However, as I'-convergence is a purely static concept, there are only very
few results concerning the justification of similar dimension reductions for
evolutionary problems in nonlinear continuum mechanics, see [1] for a recent
result. More often, lower dimensional theories are derived by ad hoc assump-
tions via formal asymptotic expansion, see e.g. [7,9,15].

In [11] an elastoplastic plate model in the rate-independent case was
derived using an abstract T'-convergence result developed in [13]. The scaling
of the displacements in [11] follows the classical theory, see e.g. [4] and the
references therein. However, the plastic strains were scaled in a way such that
the dissipation potential of the scaled system is independent of the param-
eter describing the thickness of the plate. Hence, it can be shown that the
scaled dissipation functional converges continuously to a limit functional and
the results of [13] can be directly applied.

In this paper we propose a scaling of the plastic strains that matches
the scaling of the linearized strain tensor. Therefore, the scaled dissipation
functional depends on the thickness of the plate and converges in the sense
of Mosco (see [2]) to a highly degenerated limit functional. Hence the method
developed in [11] cannot be applied. By exploiting the quadratic form of the
energy functionals we are in position to circumvent this problem and to do a
limit passage from linearized elastoplasticity in three dimensions to a model
that combines two two-dimensional linear elastic models, namely the mem-
brane model for in-plane displacements and Kirchhoff’s plate equation for the
out-of-plane displacement, with plastic effects. Although the equations for the
elastic equilibrium are the same as in [11] the plastic flow rule differs.

The evolution of an elastoplastic body in the rate-independent case can
be formulated in different ways, e.g. as a variational inequality, a differential
inclusion, or as an energetic system. All three are expressed in terms of an
energy functional

5%%WZ/W%M@M*WWW
Q

defined as integral over the rescaled plate domain Q := w x (—1/2,1/2). Here
u and p are the rescaled displacements and plastic strains, respectively. The
small parameter h > 0 is proportional to the unscaled thickness of the plate
and occurs in W}, via the corresponding scalings of the strains.

Additionally we have a dissipation potential
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Rate-independence is implemented by the positive 1-homogeneity of R", i.e
RM(Ap) = AR"(p) for all A > 0 and all p.
The solutions have to satisfy the differential inclusion

0=De"(t,u(t),p(t), 0€FR"(p(t)) +DpE" (£ ult), p(t)),

where the first equation is the balance of forces and the second is the plastic
flow rule.

For a quadratic energy functional £"(¢, ) the differential inclusion is fully
equivalent to the so-called energetic formulation (see [12,14]). The energetic
formulation is stated in terms of an energetic stability condition and the total
balance of energy. The advantage of the energetic formulation is that it is based
on £" and R" rather than on their derivatives. Thus, notions of convergence
for functionals such as I'-convergence and Mosco convergence can be applied.

The underlying model together with the underlying scalings will be
described in Sect. 2.1. Moreover, we state the main result of this paper, namely
the convergence of the solutions of the three-dimensional system to a solution
of a lower-dimensional system. Its proof is the content of the following Sect. 3.
Here, we use the ideas developed in [13].

In Sect. 4 we formulate the limit problem in terms of the in-plane
displacements (v1, v2), the out-of-plane displacement vs, and the plastic strain
p, which is still defined on all of 2. For an isotropic material, the limiting
model takes the form

0= —div(Zo (¢"*(v))—[p"*0)) — Gmemn(t, ) in w,

(1.1a)
0 = divdiv (20 (214D2v3—|—[p1’2h)) — gbend(t,+) — div Gpena(t,-)  inw,

(1.1b)
0 € OR(Dp) + ([So(p"?—e"2(v)+23D%v3) [ 0]) + knaraDp in Q,

(1.1c)

Ltrely+2pe, e € R2X2. Here, €12 (v) € R2X2 is the in-plane

where Xy(¢g) := )\+2 sym- sym
strain tensor and D*v3 € R2X? the bending strain tensor.

Equation (1.1a) is the second order membrane equation for (v1, v2), which
is coupled to the plastic strain p via the integrals [-]p over x3 € (—1/2,1/2).
Equation (1.1b) is a generalization of Kirchhofl’s plate equation (of order four)
for v3. It is also coupled to the plastic strain p, but now with weighted averages
[]1.The flowrule (1.1c) exhibits the elastic strains as forcing in a very special
manner concerning the dependence on x3.

In Sect. 4.1 we discuss other possible choices for the scalings of the plastic
strain and compare the results with the limit model derived in [11]. Finally,
in Sect. 4.2 we show briefly how the last equation in (1.1) can be eliminated
using a vector-valued hysteresis operator of play type.
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2. Setup of the elastoplastic model

The starting point for our study is the classical elastoplastic model with
hardening. Here we focus on domains with plate geometry, i.e., Q = w X
(=h/2,h/2), where w is the mid surface and the thickness h > 0 is sufficiently
small. We formulate the evolution of the plate in terms of a differential inclu-
sion or equivalently as a variational inequality. Moreover, we will outline the
suitable scalings to obtain a nontrivial limiting model. The final model will be
presented in Sect. 2.3, while the convergence proof is the content of Sect. 3.

2.1. The clamped elastoplastic plate

We consider a bounded Lipschitz domain w C R? and set € := w x
(—h/2,h/2). We denote by I') =~y x (—h/2,h/2) the part of the body with
prescribed boundary conditions. Here, vy C Ow has a positive 1-dimensional
Hausdorff measure. We set

H%? (Q;R3) == {u e H(Q;R®) : u=0o0nTY},

where I') := 7y x (=h/2,h/2) denotes the part of the boundary where the
displacement is prescribed.
The elastoplastic properties of the body €2, are described in terms of the
linearized strain tensor e(u) = 3(Vu + Vu') and the plastic strain tensor
pERIP ={AcR3: tr A=0}

dev Sym

via the stored energy density W : R332 x R3X?> — R, which is assumed to be
given by

W(ep) = 50 —p): (e —p) + 20 P,
where “:’ denotes the usual inner product on R**3 ie. A: B = tr (AT B). Here
we are interested in the isotropic and homogeneous case, i.e., Ce = Atre+ 2pue,
where A\, > 0 are the Lamé constants and kp,;q is a measure for kinematic
hardening.

Moreover, the plastic flow rule of the material can be formulated in terms
of a dissipation potential R : Ri:f’ — [0,00), which is assumed to be con-
tinuous, convex, and homogeneous of degree 1. The latter conditions means
R(Ap) = AR(p) for all A >0 and p € R3>?. The corresponding elastic domain
K C R3? is defined via K := 9R(0), which is the subdifferential of R at
0. More specifically, we assume that R(p) = oyiela|p| for a given yield stress
Oyield > 0. This corresponds to the von Mises yield criterion.

Given time-dependent volume and surface loadings fi(t,-) and gp(t,-)

the full elastoplastic problem can be written in the form
—div (2. W(e(u),p) = falt,)  in D,
0 € OR(p) + 9, W(e(u),p) in Q,
u(t,-) =0 on TV, (2.1)
9:W(e(u),p)v = gnl(t,") on 99, \I'Y,
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where v denotes the outer normal vector on 0. Here 0 = 0. W € ngxn?;
denotes the stress, while 9,W & Ri:\? contains the deviator of the stress as
well as any plastic back stresses.
We reformulate the system (2.1) in abstract form for the pair ¢ = (u,p)
via the energy functional &, : [0,7] x Qj, — R and the dissipation functional
: Qp — [0, 00] as follows
Q= Hiy (Q; R3) x L2(Qp; R3X3),

dev

Enl(t,q) := A W(e(u),p)de — (€n(t),u) and Ru(p) ::/Q R(p) d.

where (1, (t) € Q; is defined via

/ fn(t,x) - u(x) de —l—/Q - gn(t,x) - u(z)da(z). (2.2)

Although the dissipation potential depends only on the plastic strain rate p
we will also write R, (¢) as no confusion will arise.

We call a function ¢, = (up,ppn) : [0,T] — Qp a solution to the RIS
(Qh,&n, Rp) |and hence to the above elastoplastic problem (2.1)], if it solves
one of the following three equivalent problem formulations:

Differential inclusion:

0 € ORA(¢n(t)) + Dg&n(t, an(t)); (2.3a)
Variational inequality:
Vg€ Qn: (Dg&nl(t qn(t)),qd—4) + Rn(q) — Rn(dn) = 0; (2.3b)

Energetic formulation:
(S8) Vge Qh  En(t,qn(t)) < Enlt,q) + Ru(q—qn(t)),
(E) &t q(t) + [T Riu(d) ds = En(0,q4(0)) — [1(fn, qn) ds. (2.3¢)

Condition (S) is referred to as the stability whereas (E) is called the energy bal-
ance. We refer to [12, Sect. 2] for the equivalence between these three forms.
For any h > 0 and £, € WH1(0,T; Q7 ) the above problems have a unique
solution (see [8,14])

2.2. Scaling for thin-plate domains

It is already known from the theory of linearized elasticity, see [3,16,17] that
the strain of in-plane displacements (membrane modes) are smaller than the
out-of-plane modes (bending modes). As in [11] we use the following scaling
for the displacements:

uh(xh) = Shuh(Shzh), where Sh, = diag(l, 1, l/h)

Since =5, € Q, is mapped to x = Spx, € 1, the rescaled function w" will be
defined in U := H}(Q;R3), where Q := Q; and I := vy x (—1/2,1/2). In
the following we will indicate functions, functionals etc. associated with the
domain , by a subscript h and their rescaled counterparts by a superscript h.
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For linearized elasticity the scaling of the strains is arbitrary, because it is
an infinitesimal theory by definition. In contrast, the theory of linearized elas-
toplasticity is no longer scaling invariant, because the boundary of the elastic
domain K = OR(0) contains the given yield stresses of order 1, i.e. indepen-
dent of h. Thus, our theory needs a scaling where most of the strains in the
plastic tensor p as well as in € are of order 1.

The scaling acts differently on the components of the strains in e(uy), as
follows

611(7.Lh) 612(uh) %élg(uh)
s(uh)(:rh) = Sh s(uh)(thh) Sh = Elz(uh) Egg(uh) %Egg(uh)
%613(%6}1) %523(7!}1) #533(7/1)
Concerning the scaling of the plastic strain tensor we look for scalings of the
form
pr(xn) =I7p" (Shen) == | pla P32 7=P3s | - (2.4)
1 h 1 _h 1 _h
naP13 p,aP23 7,8P33
To simplify the presentation we will choose @ = 1 and 8 = 2 which fits to
the scaling of ¢, i.e, p, = Spp"S),. Note, that this differs from the scalings in

[11] where oo = 8 = 0. We refer to the end of Sect. 4 for a discussion of more
general scalings. The plastic strain tensors p" are thus defined in the space

Ph={p e L2(Q;R3%3) : p1y + poo + pa3/h2 =0} C P := L2(Q;R§yxn§’).

sym
Finally, we introduce the spaces
Q"=UxP"CQ=UXxTP.

When substituting ¢" = (u”,p") in £" and R" we still have to take care
of the change in the volume measure. Hence we set

1 ) 1 .
gh(t7uhaph) = Egh(tauhaph) and Rh(ph) = ERh(ph)

To control the loading part of ¢, defined in (2.2), we also have to assume a
corresponding scaling of the loadings namely

fu(t,zn) = Sy ' Fool(t, Span) and g (t,2p) = hS; * Faut(t, Shn),

where x, € wx{—h/2,h/2}. For simplicity, we assume that there are no sur-
face loadings on 0w\ x (—h/2, h/2). They could be easily included, but need
a different scaling. Then, £" : [0,7] x Q" — R and R" : Q;, — [0, 00) take the
form

£t u,p) = /g W(SH()Sh ShpSh) de = (0., (2.50)
RM(5) = /Q R(Sp(x)Sh) da, (2.5b)

(e(t),u) = /QFvol(t,:c)u(x) dz +/ Fourt(t, z)u(x) da(z),  (2.5¢)

wx{-1,1}
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where Fyo and Fy,.r are such that £ € Wl’l((), T;U*). In order to compute the
I-limits for £* and R", we extend £" and R to the bigger space Q by setting
Eh =R" = 00 on Q\ QM.

The only dependence in h occurs through the scaling of the elastic and
plastic strains. Using Korn’s inequality and assuming h € (0, 1] we have the
uniform convexity.

E"(t,q) = c((|Sne(u)SullEz + 1ShpSullF2) = cllle(u) 2 + [IplIF:)
> cxcomelulls + clpl2: (2.6)
independently of h. The existence of solutions of the RIS (Q,&", R") is clas-
sical. For a proof of the following theorem we refer to [8,14,18].

Theorem 2.1. Assume that (Q,E", R") is as above with £ € WH(0,T; Q)
and that g! € Q is stable at t = 0 (i.e. 0 € R"(0) + D,E"(0,44)), then there
is a unique energetic solution ¢" € WH1(0,T; Q) with ¢"(0) = ¢i. Moreover,
it holds that ¢"(t) € Q" and

16" | (r,s:0) < CIEE) L1 (5507 (2.7)
where C' > 0 is independent of h and 0 <r < s <T.

Obviously, the scalings of the unique energetic solutions w.r.t. the RIS
(rate-independent system) (Qp,En, Ry) are the unique energetic solutions of
the RIS (Q", &r RM).

2.3. The limiting elastoplastic model

Obviously, the energy £" blows up for h — 0 if the strains g;3(u) and ps3 do
not vanish. Thus, we expect the limit energy to be defined on a reduced space,
namely

QkL = {(u,p) € Q:ei3(u) = piz = 0} = Uk X PxL.
The restriction in Ukg, take the explicit form
8351’11,3 + amgul = 8$2u3 + 8$SUQ = amgu;g =0 a.e. in Q.

The last equation implies that us is independent of 3. Using this the first two
equations imply that u; and us are affine in x3. Defining

V ={(v1,v2,0v3) € H}YU(M;R‘D’) w3 € H*(w), Vus-v=0o0n}
the space Uk, of so-called Kirchhoff-Love displacements can be characterized
by
U, ={u=Kv: veV} with

v1(21, ¥2) — 130z, v3(71, T2)
Kv(zy,29,23) = | va(w1,22) — 30,,v3(x1,22) |, (2.8)
v3(21, 22)
see e.g. [3,4]. Note that the component us has gained higher smoothness.

The limit model will be defined in such a way that it is restricted to
Ukt, X Pkr.. The reduced energy is obtained by relaxing the strains ;3 and p;3
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in the following way. We decompose the 6-dimensional space RS’;H?I’ into two
three-dimensional components by setting
1,2 €11 €12 2x2 3 3
gt = ( ) ERGm, &= (€13,€23,€33) € R”. (2.9a)
€21 €22
For A € RZ)2 and b € R? we define [A[b] € RZ%} such that e = [? | £*],
ie.
Ay A1z by
[A]b] = | A2 A2 b2 | . (2.9b)
b1 b2 b3

Now we define a relaxed energy density depending only on 2 and p!*2, namely
W(eh? pt?) i= min{W([e"? |a], [p"?|b]) : a,b €R® A bg = —p11—pas}.

Note that due to the plastic incompressibility the constraint b3 = —p11 — p22
has to be included. The definition of W implies the important lower estimate

W(SpeSh, ShpSy) > W(et? pt?) for all h € [0,1], &,p € R3X3. (2.10)

sym*
For the isotropic W defined in Sect. 2.1 we obtain the energy density

W(e'2,p'?)

= 2 (br("2—p"2))? + "2 —ph 22 + B (Y2 + (o1 + p2a)?).

We define the limit energy £° : [0,7] x Q — R, by

T ~1,2 1,2 B .
&%t q) == /QW(E (u),p7) dz = (€(t), u) , if q € Qkw.
+00 else

For the limit dissipation functional the derivation is even simpler. We imme-
diately see that R? : P — R, defined by

RO(p) = Oyield /Q D — (P11 + D22)es ® es| dx, if p € Py,

400, else,

is the I'-limit, where ez = (0,0,1)T.

The following convergence result, which is the central aim of this paper,
shows that the solutions ¢" = (u”",p") of the RIS (Q,&",R") converge, for
h — 0, to solutions ¢ = (u,p) of the limiting RIS (Q, &% RY). The proof will
be established in Sect. 3. We follow the ideas in [13] and adapt the results
presented therein to our needs. The specific properties of the limit system

as well as the connection with the model derived in [11] are discussed in
Sect. 4.

Theorem 2.2. Assume that the RIS (Q,E", R") are given as above for all
h € [0,1]. Consider a family of solutions q" : [0,T] — Q, as defined in (2.3).
Moreover assume that we have £"(0,ql) — £°(0,4¢3) and ¢b — q¢3 in Q. Then
for allt € [0,T] we have the convergences
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t t
¢"(t) = q(t), E"t,q"(1) = E°(t,q(1)), / R"(¢") dt — / R%(g) dt.
0 0
Moreover, q is an energetic solution of the RIS (Q,E% RY).

Remark 2.3. Note that the existence of initial data g/ satisfying the assump-
tions in Theorem 2.2 is not trivial. We refer to [11] for a discussion of this
question.

3. Proof of Theorem 2.2

In this section we will prove our main result which is stated in terms of
I'-convergence of the energy functionals £" and the dissipation functionals
R". We will use the weak and the strong topologies in the underlying Hilbert
space Q. More specifically we use the notion of Mosco convergence (cf. [2,5])

denoted by Z, M. 7. The definition is as follows

(i) Liminf estimate:

N Gn —q = Z(g) <liminf7,(gn),
Iy — L 7 . o e
" (ii) Limsup estimate (existence of recovery sequences)

Vg€ Q3(qn)n: Gn — qand Z(q) > limsup Z,,(gn)-

n—oo

(3.1)

Hence, Mosco convergence is nothing but I'-convergence with respect to both
the weak and strong topology.

In the following we will use the notation [n] = {1,...,n},n € N in order
to shorten notation.

3.1. I'-limit of the energy functional

Proposition 3.1. Let " : [0, 7] x Q — Ry, and £ : [0, T] x Q — R, be defined
as above. Then EM 5 €0 as h — 0 with respect to the weak topology on Q.
Indeed, EM even converges to E° in the sense of Mosco convergence.

The proof is similar to the classical one by Ciarlet [4, Sect. 1.4 and 1.11].

Proof. (i) We start by proving the liminf inequality. Let (hy,)nen be a
vanishing sequence. To simplify notation we will replace (h,) by n whenever
no confusion can arise. Assume that ¢ = (u,p) € Q and ¢" = (u™,p"™) € Q are
such that ¢™ — ¢ in Q. If ¢ ¢ Qxy, then there exists an index ¢ € [3] such that
either €;3(u) # 0 or p;3 # 0. Notice that by (2.6) we have for any C' > 0 the
estimate

E"(t,4") > (|| Sne(@™)Sull2 + [19np™SnllF2) — ("), u™)
> C(lle(u™)illga + lIpfsliTz) — (£(), u™)
for sufficiently large n. Therefore, we deduce that

liminf £"(t, w") > C(lleis(W)lIE2 + IpisllLz) — 1l ozsm)

u||H1,
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where C' can be chosen arbitrary large and obtain £"(t, ¢") — oo. For ¢ € Ok,
we proceed as follows. First we compute

- / W2 (), (p)2) de — (£(t), u”)

2
2“ Z 613 p%)Q + khard Z (p?3)2 dz (32)
=1 i=1

pu +

2
7 (el >—p§3>> o

s—
~
+
)
7;

/N

P
+
l\.’)
zMw

Note, that we can always assume that ps3/h2 +p11 +peo = 0 since E™(t", ") =
oo otherwise. Hence, we especially have

2 2
2) 2

Z (p:;) (53/h7) Z pz] + (p11 +p32)”

ij=1 =1

Using that the terms in the second and third line of (3.2) are positive we

obtain

) > /Q W2 (), (0)12) da — (£(t), u™).

The right-hand side is weakly lower semi-continuous on Q and as n — oo we
obtain
liminf E™(t,¢") > £°(t, q).

n—oo

(ii) It remains to construct a recovery sequence for ¢ € Qkrp,. For this we
choose ¢" to be the unique solution of the elliptic problem

(A"q", @) = (£, q) == (A"¢, @) Yge Q", (3.3)

where A™ : Qh» — Qhn and A° : Q — Q* are the linear and self-adjoint
operators associated with the quadratic energies £" and £°, i.e.,

A =D," on Q" and A° =D,E° on Q..

Due to the Lax-Milgram theorem ¢" exists and is uniquely determined. We
want to show that ¢™ is a recovery sequence for g. To this end we use (2.6) and
obtain that both a™ := S,e(u™)S,, and b" := S, p"™S,, are uniformly bounded
in L2(;R2%3) and therefore also u™ and p™ in U and P, respectively. Hence
we can extract a (not relabelled) subsequence ¢"™ such that ¢" — ¢. More-
over, we know that ¢ = (4, p) € Qkr. Choosing a further (also not relabelled)
subsequence we have that a, — a and b,, — b in L?((; ngxrg) It holds that
a;; = €;;(u) and b;; = p;; for i,j € [2]. We set ¢” := a” — b” such that
c"—c:=a-0>.
For an arbitrary v € U we set ¢ = (v,0) in (3.3) and obtain

(£g,q) (3.4)
= /Q)\(trc") (511(0) + e9(v) + hl%ags(v)) +2pc” : (Spe(v)Sy)dz
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We now choose v such that v; = v, = 0 and multiplicate with h2. After passing
to the limit we obtain for all v € Hy, (2)

/ (A(er1 + e22) + (A + 2p)ess) Opyv3 dz = 0.
Q
Thus, we have the following identity (see [4, Proof of Theorem 1.4])

C33 = —m (c11 + c22).

Analogously, by setting v3 = 0 in (3.4) and using the symmetry of ¢ we get

4u/ 302,01 + €530, v2 Az = hy, (g, Q).
Q

After passing to the limit we deduce that ¢;3 = ¢o3 = 0.
Since ¢" € Q" implies p4s/h2 + py + p3y = 0 we directly infer that
pYs/h2 — —P11 — Paz = bas. Therefore we deduce

2
o A o
a3z = —pi1 — P22 — Nt E (€0 (w) — Pii) - (3.5)
i=1

In a next step we set ¢ = (0,p) with p € P» such that p;; = 0 for i, j € [2].
By plugging it into (3.3) we derive

/ 211 (cisPiz + €&P3i) + 2knara (bjspis + b3;p3i) dw = 0.
Q

By passing to the limit and using that c3; = ¢;3 = 0 we obtain bs; = b;3 =0
and thus also as; = a;3 = 0 for @ € [2]. For an arbitrary ¢ = (4,p) € Qkr, we
define the sequence ¢" = (a",p") € Q" by u" = u,p}; = pi; for (i,7) # (3,3)
and piy = —h2 (P11 + P22). Then % — 7 strongly in Q and

0= lim (A"¢".3") ~ (£, 7") = (A°G.7) — (£ 0) = 0.
Therefore, it holds that A°(g— ¢) = 0 in Qj;, which yields ¢ = ¢. Hence, we
have that ¢ — ¢ in Q. It remains to show that the energies converge. To this

end note that by means of a”,a and b",b and the identity in (3.5) we can
write

A%, q) = / Cla—b): (a—b) + knaealb|? de,

(A", ™) / Cla (@ — B) + B B"2dz, (3.6)
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where C is the elasticity tensor defined in Sect. 2.1. Hence, using the quadratic
structure of the energy functionals we compute

c(la” - alf> + [[b" — b]i2)

< [ C(c"—(a—b)): (c" — (a— b))+ kpara|b™ — b* dz
Q

= (Aoq, q)—2 [ Cla—0b):c" + kparab : " da + (A"¢", ¢™)
Q

= (A%, q) — 2/ Cla—b):c" + kharab : b" dz + ({4, ¢")
Q

= (lg,q) — (A¢,q) = 0.
Therefore, we obatin the strong convergences a” — a and b" — b in
L2(Q; RE’YXS) and consequently ¢ — ¢ strongly in Q. To finish the proof note
that
gn(tv qn) = % <Anqn7qn> - <€(t)7un> - %<A0q7q> - <£(t)7u> = 50(t7q)

where we used the strong convergence of a™ and b™ and (3.6). O

3.2. I'-limit of the dissipation functional

Proposition 3.2. Let R" and R° be defined as above. Then R" L RO with
respect to the weak topology on P. What is more, R" converges to R° in the
sense of Mosco convergence, too.

Proof. (i) Let (h™)nen be a vanishing sequence, choose p" such that p* — p
Assume that p ¢ Pkr. Then there exists some i € [3] such that p;3 # 0. For
sufficiently large n we have

. . Oyield . .
Rn(p”) = ineld/ |Snann| dx > %/ |PZL3‘ dz > CValyield/ ‘p:g' d.’L',
Q n Q Q

where C' can be chosen arbitrarily large. Due to the lower semicontinuity of
the norm we obtain R"(p") — +o0.

Now let p € Pkr. We can safely assume that tr(S,p"S,) = 0 for all n.
We have that

2
R G") =oyiaa [ 1505 Sulde 2 oviaa [\ 37 ()7 + 5y + ) do.
Q @\ =1

(3.7)

The weak lower semicontinuity of the right-hand side grants the liminf-
inequality.

(ii) To construct a recovery sequence for a given p € Pky, set Pi;=Dij for

(i,7)#(3,3) and phs= — h2 (p11+p22). Note that tr(S,p™S,)=0 and therefore

R"(p") = ineld/ P — (P11 + Pao)es ® ez| dz = RY(p). (3.8)
Q

The last part of the assertion follows from the strong convergence p"” — p
in P. ([
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Note that for absolutely continuous functions ¢ : [0,7] — Q and 0 < r <
s < T we have

Dissn (q: [r, 5]) = / CRA(G(1)) dt,

where we used the notation

n
Diss" (g; [r, 5]) := sup {Z R"(q(t:)—q(tic1)) in €N, r <tg <+ <t, < 8} .
i=1
which is defined for all pointwise defined functions. Using the liminf estimate
from R" -5 RO it is standard to show that Diss” is lower semicontinuous in
the sense that

(Vte[0,T]: ¢"(t) — q(t)) (3.9)
= Diss"(qo; [0, T]) < liin_igf Diss™ (¢"; [0, TY).

3.3. Convergence of the solutions

The main challenge is to establish the upper semicontinuity of the stable sets,
i.e., limits of stable sequences remain stable with respect to the limit energy
and dissipation functional. We have the following crucial result:

Proposition 3.3. Let ¢™ be such that the stability condition w.r.t. (E™,R™) is
satisfied fort € [0,T]. If ¢" — q in Q, then we have that q satisfies the stability
condition w.r.t. (E°,RY).

Proof. In the following the time ¢ is fixed. We make use of the quadratic form
of the energy functionals. In this case the global stability condition is equiva-
lent to local stability condition ¢(t) — A™¢™ € OR™(0), where A" is the operator
associated with £" defined in the proof of Proposition 3.1. Hence, we want to
show that

(A% — (1), q) + R°(@Q) >0 Vg€ Qxku, (3.10)

where AY is the operator associated with the limit energy. To this end we are
going to show that for all § € Qky, and for all stable sequences ¢™ such that
q" — ¢ we can construct a sequence g" such that R™(g") — R°(q) and

(A"q",q") — (A%, Q). (3.11)

Step 1. Let ¢™ = (u™,p™) be such a weakly converging stable sequence. In
particular, there exists a constant C' > 0 such that £"(¢,¢"™) < C. As in the
proof of Proposition 3.1 we obtain that

HSnE(u")San + H,S'nanan <C

which directly implies €;5(u) = e3;(u) = pi3 = p3; = 0 for ¢ € [3]; hence
q € Qkr. Moreover, we have that p{y + p%, + ps/h2 = 0 for all n € N and
therefore piy/h2 — —pi; — pag. Let a” := S,e(u™)S, and b" := S,p"S,
as before. The estimate above allows us to extract weakly converging subse-

quences such that @™ — a and b" — b in L?(Q; R2%?).



450 M. Liero and T. Roche NoDEA

Step 2. If we test the global stability condition with (u™ + awv, p™) for an arbi-
trary v € U and let o — 0 we obtain

/ Mtr(a™ — b") - tr(S,e(v)S,) + 2u(a™ —b™) 1 (Spe(v)Sy,) da = (L(t"),v).
Q
Choosing v = (0,0,v3)T yields

aszz — b3z = — ai; —big +b11 — baa).

ooy
20+ A
Since we know that by = pis/h; — —pi1 — pee and af; = &;;(u") —
gij(u), 1,7 = 1,2, we obtain

A
204+ A

ass; = 5('&“)33/}12 — —P11 — P22 — (e11(u) — p11 +e22(w) — p22) .

Step 3. Now, we take ¢" = (u",p") as the recovery sequence for ¢ as con-
structed in the proof of Proposition 3.1, i.e.,

Zin - Z]\ and gn(ta‘n) - 5O(ta a\)
Note, that we have the strong convergence ¢" — ¢ in Q. Moreover, we know
that @™ := Spe(u")S, and b" := S,p"S, converge strongly to @ and b in

LQ(Q;RE},XH?I’), respectively. Here, we have that a;; = ¢;;(u) and Bl-j = p;; for
1,7 =1,2 and

@13 = Q23 = b1z = baz =0,

(312

b33 = —p11 — P22, a3z = bzz — (@11 — biy + asa — baa).

A
20+ A
Step 4. In order to prove (3.11) we write the product in the following way
(A"¢",q)
_ / Mr(@"—b") - tr(@" ") + 2(a"—b") : (@"—b") + kyarqb™ : B dar
Q

Using the weak and the strong convergence of a™, b" and a",Bn, respectively,
yields

(A"q",G") — / Mr(a—b) - tr(@—b) + 2u(a—b) : (G—b) + knarab : bda
Q

= (4%,9),

where we have used the relations derived in Step 2. Thus, we have shown
(3.11).

Step 5. It remains to show that R™(p") — R%(p), i.e., p" is also a recovery
sequence w.r.t. R". For this, note that we have

R™(") = oyiad / b7 da.
Q
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Hence, the convergence of R™(p™) follows directly from the strong convergence
of b". O

We are now in position to provide the full proof of the I'-convergence
result for the quadratic rate-independent systems (Q, " R").

Proof of Theorem 2.2. We will mainly follow the same six steps of the argu-
ment as in [13].

Step 1: A priori estimates. Using Theorem 2.1 we obtain the uniform bounds

lg"llcoo,r350) + 14" L1 0,m0) < C
for all h € (0,1].

Step 2: Selection of subsequences. Via the selection principle of Arzela—
Ascoli we find a ¢* € C°(0,T; Q) and a suitable subsequence (hy,)nen such
that ¢ (t) — q.(t) in Q for all t € [0, T]. We can estimate

Sld ) —d 0l <Y [l elodr <o (3.13)
k=1 k=1" 5k

and using the weak lower semicontinuity of the norm we have that the limit
¢« is absolutely continuous as well.

Step 3: Stability of the limit. Since ¢"» (t) is stable w.r.t. (€7, R") and ¢"~ (t) —
¢+« (t) we infer from Proposition 3.3 that ¢.(¢) is also stable.

Step 4: Upper energy estimate. The energy balance for ¢" reads

€"(t,q"(¢)) + Diss"(¢":10,1]) :5h(0,qh(0))*/0 (€(s),q"(5)) ds.

Using the weak convergence of the solutions we can pass to the limit h,, — 0 by
employing the Mosco convergence of the energy functionals and (3.9). More-
over, using the dominated convergence theorem and the uniform boundedness
of u" we obtain

t

SUhS S — t.S Uk S S
/O<e<>, (s))d /0<é<>, (s))d

for all ¢ € [0,7T]. This leads to the estimate

E°(t, q«(1)) + Diss”(gx, [0,4]) < £°(0,¢.(0)) —/0 (0(s), q+(s)) ds.

Here we use the liminf-estimates on the left-hand side, while convergences hold
on the right-hand side.

Step 5: Lower energy estimate. It remains to show the opposite inequality. For
this, note that ¢, is absolutely continuous and hence for any p > 0 there exists
some § > 0 such that

Vt,s € [0,T), [t —s| <6 |qu(t) — qu(s)| < —OL— .
1) 1 0,100
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Choose ()Y, C [0,t] with rg = 0,7n =t,7; > r;_1 and |r; — r;_1| < § for all
i € [N]. Then, by using the stability of the limit process w, we have that

E(t, g« (t)) + Diss®(gs; [0,¢])
> £°(0,4.(0))

N
+ 250(7’17%(7’1‘)) + Ro(q*(ri)*q*(ﬁ—l)) - 50(7"1‘—1, ¢ (riz1))

i=1

> £9(0, ¢, (0 +Z€ (ri, qe (ri)) — €% (riz1, qs (17))

00,4.(0 +§1/ @t [ 0,000 - a0 at

3t5°(8,q*(5))d8+5 (0,.(0)) — p.

0

Since p > 0 was arbitrary we have shown the desired lower energy estimate.

Together with the Steps 3 and 4 we conclude that g, is equal to the unique
energetic solution g. Therefore, the whole sequence ¢"(t) converges weakly to
q(t) for all t € [0,T].

Step 6: Improved convergence. Since the energy equality holds we know that
for all ¢ € [0,7T] we have that

lim sup Diss” (qh; [0, t])

h—0

= lim sup {éﬁ 0,q"( / DsEM (s, q"(s)) ds — EN (t,qh(t))
h—0
2 £20,4(0)) + [ 9,8%5a(5)) s — £°(t.4(0)
0
= Diss"(g; [0, 1]).
Combining this estimate with (3.9) we obtain that for all ¢ € [0, T]
Diss" (¢";[0,#]) — Diss’(g; [0,¢]) and  &" (t,¢"(1)) — E°(t,q(1)).

Finally, since the energy functionals are equi-coercive on Q we get the pointwise
strong convergence of ¢" as a consequence of the convergence of the energies
by using a similar argument as in the proof of Proposition 3.1. O

4. Discussion of the elastoplastic plate model

In this section we want to discuss how the limit model obtained in Sect. 2.3 can
be reduced to a two-dimensional problem coupled to plastic effects that can
either be described by a three-dimensional model with internal variables or by
a vector-valued Prandtl-Ishlinskii operator associated to each point x € w.
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The key point is that the Kirchhoff-Love displacements u € Uky, can be
characterized by functions defined only on the midplane w [see (2.8)]. There-
fore, the limit energy £° can be reduced by integrating over the variable xs.
In the following we will use the letter y to indicate points in w. Further-
more, V and A denote the two-dimensional operators acting only on y € w,
Le. V = (8y,,0y,)",A = 82 +02,, and D?v3 € RZ%2 denotes the Hessian of
v3 : w — R. Moreover we W111 use the two-dimensional in-plane strain tensor

1
e (v) = i(va + (Vo)1) where o2 = (v1,v9)7,

which does not depend on vs.

Concerning the plastic strain variable p € L*(€;RZ%3) we will use the

decomposition Q = w x (—=1/2,1/2) and the identification

L2 (w x (=1/2,1/2); R3%3) =2 12(w; B) with B = L*((—1/2,1/2); R3X3).

Sym sym

Thus, we associate with each point y € w an internal variable p(y,-) € B.
Using the isomorphism K between the space Uk, and V introduced in (2.8)
we see that the rate-independent system (Qkr,,E% RY) is equivalent to the
system (Qp, &, Ro) with

Qo :=V x L*(w; B), /flﬁz p) das dy,
Eoltv.p) = [ Wo(e#(0). Do, ) dy — (fo(t) )

The reduced energy-density Wy can be decomposed into membrane, bending
and plastic energy-densities, i.e.

W0(57 D7p) memb( [Pl 2] ) + Wbend(Da [pl’Q]l) + Wplast(p)7

where

2\ 1 1
Winemb (€, II) = )\+; ( (tre)? trstrH) +2u (25|25:H),

2A 1 1
Whena(D, II) = 5 +gu (48(trD)2 —|—trDtrH) + 24 <48|D2 +D: H)

)\,U, khard
Wolast (p) = )\+2M||trp1’2||§+u|\p1’2||§ —==(Ip* + (trp)?).

Here we used f 12 dzs =1, f 1/2x3dx3 =0 and f 1/2x§dx3 = 1/24 and
the short-hand notations

1/2 1/2 1/2
lglo = / g(ws) des, [g)s = / vag(ws) das, |lgl3 = / lg(z3)? das.

—1/2 1/2 —1/2
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The reduced loading ¢y(t) € V* is given by

/ Gremb () - V"% + ghend ()3 + Ghenda(t) - Vs dy,
where
Gmcmb (tv y) = [Fvlc;f (tv Y, ')}OJrFsll;er(ta Y, 1)+Fsllﬁf(tv Y, *1)7
Gbend (ta y) = [FVO] 3(t7 Y, ')]0+FSU1'f3(t7 Y, 1)+Fsurf3(ta Y, _l)a
Gbend(tvy) Flz(t y,_]-) F12(t yv]-)

surf surf

As in [11] the important structure in the form of the reduced energy-density
Wy is that the membrane strains '?(v) only couple to the (even) averages
[p'+?]o, while the bending strains D?v3 only couple to the (odd) averages [p'*?];.
The energetic formulation of the derived evolutionary system (Qq, &y, Ro) is
equivalent to the subdifferential formulation. It consists of two elliptic equa-
tions, one for the membrane part and one for the bending part, and the plastic
flow rule. Both elliptic equations are nontrivially coupled to the plastic part
(see [10,11] for simple examples).
The strain tensors take the form

aAWmemb(AaD) = EO(A - D) € R2X2

sym?

1 2%2
95 Woena(B, D) = % (243 - D) R2:2,

where ¥o(E) := ii‘gﬂtr E I, +2u F is the reduced elasticity tensor.

In order to compute the subdifferential of R° we note that it can be
written in the form R%(p) = R°(Dp), where

_ = Py — Py,
R{P(): [ancf)a‘ D : A Al,ZO
P Oyield |P|, 0 *A117A22 .
and
PQ = {A S Rg;;rzl : A13 = A23 = A33 = 0},
Py = {A S Ri:v?) i A3 = A23 = 0}

Now, the subdifferential of R® can be calculated as follows by using the chain
rule for subdifferentials (see [19, Theorem 23.9])

~ Dp Dp # 0
ORO(p) = D*OR(Dp) = D* { ool p
Q (DP) {ayieldBl(O) otherwise,
where D* is the adjoint operator of D) and By (0) is the unit ball in Py centered

at 0. A simple computation shows that for o € P§ we have (D*) Lo =devo € P}.
For AeRZ32 let [A]O] € ]Rg’yxn‘f denote the enlargement of A by 0. We com-

pute that the plastic stress oy, is given by
Opl = ngo (ta Uap)

2p11 + pa2 P12
= [ (pl2—cl2 2D2v2) [ 0 Ehar Off .
[Zo(p"?—e"*(v)+a3D?v3) [ 0] + Enara Dos P11+ 2p2o
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Hence, the subdifferential formulation for £2 and R° is formally equivalent to

0=— dlv(Eo ( )) Gremb (t ) in w, (4.1a)
0=div dlv(Eo ( D2U3—|- 1.2) )) gbend (£, 1) —div Gpenda(t,-) inw, (4.1b)
0€ AR (Dp)+dev [ Zo(ph2 =2 (v )+:E3D2v3) [0]+knaraDp  in Q, (4.1c)

We see that (4.1a) is a second-order membrane equation for the in-plane
displacements v1:? = (v, v2) with the average plastic strains [p*?]y acting as
plastic strains. The fourth-order equation (4.1b) for the out-of-plane displace-
ment vz generalizes Kirchhoff’s plate equation, where now the first moments
[p1?]1 (odd averages) act as plastic strains. The flow law (4.1c) is still posed
on 2 = w x (—=1/2,1/2), but the important point is that the coupling with
eb2(v) and D?v3 occurs only via special x3-dependent profiles, namely 1 and
x3, respectively.

4.1. The choice of scalings for the plastic strains

A careful inspection of the convergence proofs in Sect. 3 reveals that the results
above remain valid for scalings of the form

P}fl p’fz ;%a p?g

pu(an) =T p"(Shan) = | pla  pho 7m0l

i.h i.h 1,k

ha P13 paP23 7,5P33
with a, 8 > 0. This means, scalings of this particular form lead to the same
limit model. By replacing Dp by p in the previous section we see that for
a, > 0 the limit model is similar to the one derived in [11], where « = =0
was chosen. In [11] the components p;3 and pas of the plastic strains do not
vanish, however, they stay constant since they are not triggered by the elas-
tic stresses. Here, however, the strains pi3 and pos have to vanish due to the
scalings. The component p3s can be reintroduced due to the plastic incom-

pressibility assumption.

4.2. Prandtl-Ishlinskii operators

The plastic flow rule for the limit system can be encoded in terms of vector-
valued Prandtl-Ishlinskii operators. We highlight here the main ideas and refer
to [11] for a deeper discussion.

We note that (4.1c) can be written in the form

0 € R (p) + Ap — LL(t),

with the loading L = dev [ Xe!?(v) — 23D%v3 | 0] and p = Dp. The vector-
valued play operator P maps the loading IL to the solution p, i.e.,

Pr[L](t) = p(t),
where K = R°(0). We now set
Puemb[e'?(v), D?vs] = [Pxc[Llly, and  Poenale"?(v), D?vs] = [Px[L]]; -
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With these definitions, we can rewrite the system (4.1) as

diV(EO (61’2(11) — mmemb [61’2(’0),])2113])) = Gmemb(tv ')a
div diV(Eo (iD2U3 + PBhend [61’2(’0), D2U3])) = gbend(ta ) + div Gbend(t; )
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