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Multiple variational solutions to nonlinear
Steklov problems

Carlo Domenico Pagani and Dario Pierotti

Abstract. We consider the problem of finding a harmonic function « in a
bounded domain Q@ C RN, N > 2, satisfying a nonlinear boundary con-
dition of the form d,u(z) = A (n(z)u(z) + p(x)h(u(x)), z € 0Q where p
and 7 are bounded functions and h is a C* odd function with subcritical
growth at infinity and such that lims_ h'(s) = +0o. By using variants
of the mountain pass lemma based on index theory, we discuss existence
and multiplicity of non trivial solutions to the problem for every value
of .

1. Statement of the problem and main result

In this paper we discuss the following problem: find nontrivial solutions u to
the system

Au(z) =0 in Q

dou(x) = X [n(x)u(w) + p(x)h(u(x))]  on OO
where Q is a bounded smooth domain in RV, N > 2, A € R and 7, u €
L>°(09Q); h is an odd C! function on R:

h(—u) = —h(u), (1.2)
with superlinear, subcritical growth at infinity.
Furthermore, we require

(1.1)

n'(0) =0, (1.3)
Slirrgo R (s) = 400, (1.4)

By assuming other (more technical) conditions, we will obtain ezistence and
multiplicity of solutions to (1.1) for every A # 0. The complete list of the
hypotheses and a precise statement are given in Sect. 5.

® Birkhduser
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Motivations for studying (1.1) come both from applications and from
more theoretical contexts.
For N > 3, a boundary condition of the form
N -2

Oyu(x) 5

[n(z)u(z) + pa)|u(@)|” u(z)]  with 6 € (1, $5),
(1.5)

has been considered in [1], where, however, the interest is focused on positive
solutions. Indeed, positive harmonic functions satisfying (1.5) arise in con-
nection with the problem of finding conformal metrics with prescribed mean
curvature on the boundary of a Riemannian manifold.

Positive solutions to problem (1.1) (and to the analogous problem for a
uniformly elliptic operator) were found in [2] with additional hypotheses on
the weights n, u and by assuming that h has a precise power-like growth at
infinity.

In dimension N = 2, harmonic functions satisfying a boundary condition
of the form

Oyu(z) = Ap(x) (eo‘“ - 67(1*“)“) , (1.6)

are of interest in the study of mathematical models of corrosion (see [3], where
u is either identically 1 or the characteristic function of a subset of 9Q2). In
[4] the general condition (1.6), with p changing sign along 092, is considered.
The case « = 1/2 in (1.6) takes on a special interest, both in applications
and for theoretical reasons; in [5] the authors prove the existence of infinitely
many solutions for any positive A (assuming u(x) = 1) by applying variational
methods, relying on index theory, which are suitable for even functionals (see
[6, chapter 5]).

The boundary condition (1.1) with a symmetric h, considered in this
paper, includes the case a = 1/2 of (1.6) (choose n = p and h(u) =
2sinh(u/2) — u) as well as (1.5).

We show that problem (1.1) characterizes the critical points of an even
functional in H'(£2), which satisfies suitable estimates near to the origin and
along certain directions at infinity. Then, by exploiting known critical point
theorems for symmetric functionals, based on the topological notions of index
and pseudo-indez, [7,8], we obtain existence and multiplicity results.

We stress that these results are obtained under weaker assumptions on
the function h compared to the non symmetric case (with 7 = u) considered
in [4]; in particular, we do not require positivity of the derivative h'(s) for any
s, but only (1.3), (1.4).

As in [4], the approach to the non linear problem relies on the solution of a
related linear Steklov eigenvalue problem with indefinite weight on the bound-
ary. In the next section, we summarize (without proofs) the crucial results
about this problem. In Sect. 3 we provide the main estimates necessary to
develop the variational procedure. In Sect. 4 we prove that our functional sat-
isfies the Palais—Smale condition. Section 5 contains the main theorem, which
states existence of infinitely many solutions to problem (1.1) for every A # 0.
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Finally, we prove additional results on existence of solutions in the non sym-
metric case and on existence of positive solutions, which also follow from the
estimates of Sects. 3 and 4. These results complete those obtained previously
in [4].

2. The linear eigenvalue problem

Let Q ¢ RY be a bounded Lipschitz domain and consider the following linear
Steklov eigenvalue problem in H!():
Au(z) =0 inQ

A(B,u)(x) = Ao(z)y(u)(z) on 99 @1

where A € R, 0 € L>®(99) and ~ denotes the trace operator on 9.

We recall that, for a Lipschitz domain €2, the trace on 92 of the normal
derivative of a H'(Q) function satisfying Au € L?(Q) (in the weak sense)
is well defined as an element of the Sobolev space H~'/2(99). For a general
overview of Sobolev spaces and traces of functions see [9].

It is easily seen that the solutions to (2.1) belong to the subspace H} C
H(Q) defined as follows:

H;E{ueHl(Q)7 -/E)Qa'y(u):O}. (2.2)

Assuming that

/6Q o #0, (2.3)

it turns out [4] that the Dirichlet norm [, [Vu/? is equivalent to the H' norm
in H} and that (2.1) is equivalent to the following variational problem:
Find u € HL,u # 0, such that

/QVU Vv = )\/BQ oy (u)y(v) (2.4)

holds for every v € H..
Moreover, the expression

fulk = [+ ( m(u>)2, (25)

defines an equivalent norm in H*(2). We consider the scalar product in H*(Q)
associated to this equivalent norm; then, we have the following result [4]:

Proposition 2.1. Assume (2.3). Then, problem (2.1) has infinitely many eigen-
values A, each of finite multiplicity and such that |\,| — 4+00. Moreover, the
following orthogonal decomposition holds:

H'=H)®caV, sV, (2.6)
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where ¢ are constants eigenfunctions corresponding to the null eigenvalue Ao =
0, the subspace V, is spanned by the eigenfunctions u,, satisfying the variational
equations

/ Vu,Vv = )\n/ oy(un)y(v), An #0, (2.7)
Q a0

for every v € H' and Vj is spanned by (harmonic) functions w such that

| ortwn =o (28)
a9
for every v € H'.

Notice that a non trivial w satisfying (2.8) can only exist if oy(w) =co =0,
which implies that the function ¢ vanishes on a subset of positive Hausdorff
measure of 9; otherwise, V{ is empty.

In the sequel, we will list all the eigenvalues to problem (2.1) as follows

A KA S0 A < Ao

The eigenvalue Ag = 0 corresponds to the constant solutions of the homoge-
neous Neumann problem.

By (2.7), we can take all the u,, orthogonal and normalized with respect
to the scalar product associated to the Dirichlet norm fQ |Vu|? and even to

the equivalent norm (2.5) by defining ug = ([, 0)_1; then, we have

/QVun Vu, = /GQUW(un)’y(um) =0, (2.9)

for n # m.
Note that from the relations

/Q|vun|2 =\ AQUV(un)Qv (210)

we get the inequalities

/ oy(u,)? >0, forn > 0; / oy(un)? <0, forn<0.(2.11)
o o0

Remark 2.2. It is worth stressing that, if o has definite sign, ¢ > 0 say, the
problem is coercive for A < 0 and we have infinitely many positive eigenvalues
(this is the case of the classical Steklov problem); an analogous assertion holds
if 0 < 0. But, as soon as ¢ is positive on some subset of 02 and negative on
some other subset, both subsets beeing of positive measure, there are infinitely
many positive and negative eigenvalues (see [4, remark 2.6]).

Remark 2.3. When [,, 0 =0 (and o is non trivial) it has been proved in [10]
theorem 1.1 that there are still unbounded sequences of positive and negative
eigenvalues to problem (2.1). However, the decomposition (2.6) does not hold
in that case (see [4, remark 2.7]).
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Remark 2.4. On the regularity of eigenfunctions.

Global regularity of the eigenfunctions of (2.1) depends on the indefi-
nite weight o and on the regularity of the boundary 9f2. For the subsequent
discussion of the nonlinear problem, it is important to guarantee that the
eigenfunctions u,, are bounded. Recall that any solution of (2.4) belongs to
H'(Q) and is harmonic in 2; hence the trace of its normal derivative, being
proportional to ovy(u), belongs to L?(9€), so that we have u,, € H%?(Q)
even in a Lipschitz domain [11]. Then, in case of dimension N = 2 we get
um € C(Q) (by Sobolev imbedding) without any additional assumption. For
N > 3, more regularity of o and of the boundary 92 will be required in order
to achieve u,, € H*(Q) with s > N/2, which implies the continuity of u,, up
to the boundary. For the sake of brevity, we will assume when it is needed
in the following that ¢ and 02 are smooth enough to satisfy such conditions
without entering into further details (see e.g. [9]).

3. Main estimates

We now discuss the solvability of the non linear problem (1.1); since both 7
and p are indefinite, we may assume A > 0.
Let us define H(u fo t)dt and consider the even functional

1 A
Bx(u) = Q|Vu|2 -2 /3 e [ (3.1)

where u € H'. From now on, the trace operator v will be dropped to make
the notation shorter.

We now make the following assumption on the nonquadratic term of the
functional:

Let 0 < e < N 5 (€>0for N=2)andq> 5 (N 5 (any q > 1 for
N =2). We suppose that

[H ()] < [u**“H(u), (3-2)

where H : HY(Q) — L9(9Q) is bounded.

For N > 3, it is readily verified that the above condition holds if there
is C' > 0 such that |h(u)| < Clu|*"¢; in the case N = 2, it can be shown
[5, lemma 2.1] that the function H(u) = coshu — 1 — u?/2 also satisfies the
assumption.

Define further

SR:{veHl : lvlly = R} (3.3)

where || |1 is the equivalent norm defined in (2.5) with o = n, that is:

Jull = [ 196 + </m77u) (3.4

Then, we have
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Lemma 3.1. Let (3.2) hold; then, for every A > 0, there exists R > 0 and a
closed subspace V' C HY(Q) with codim V*+ < oo such that

E)\(U) >co >0,
for everyv € SpNVT.

Proof. By (3.2) we have

1 A -
By 2 3 [1VaP =5 [ o= Alulowony | P, (35)
Q o0 o0

and the integral in the last term can be bounded as follows

- . 1/p
[ )| < l@lson ([ 1®0) < Clul = o re
oQ a0

(3.6)

where the last estimate follows by (2+€)p = (2+¢€) 15 < 2(}2\/:21).

Let us now consider the quadratic part of the functional. Assume first
/. 901 # 0 and denote by Nl n € Z, the eigenvalues and the eigenfunctions
of the linear problem (2.1) with o = n; by Remark 2.2, if the sequence of
positive eigenvalues A0, n > 0 is not missing, then it is unbounded. In that

case, there exists a non negative integer k such that
Ap <A< AL (3.7)
Then, by recalling the decomposition (2.6) (with o = n) we set
VYt =H)®cdVydspan, o {ul} @ span, sy {ud}, (3.8)
if [,on <0, and
VT = Hj ®Vy ®span, o {up} @ span, >, {u)}, (3.9)

if [,om > 0.

In case the sequence of positive eigenvalues is missing (that is, if n <0
a.e. in 9Q and [, n < 0) we simply take V' = H'(Q).

Let us first consider the subspace (3.8) and decompose an element v €
SrNVT asu=c®a.

By the right hand side of (3.8) and by recalling the second of inequalities
(2.11) and the definition of the subspace Vj, we get
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o 172 [ =g [ 5

= [ Vul" - - nu Va|” — = 2-Z¢ 7

29' | 2 Joa vl o9 2 Joaa
A

- |V|2 72/

2( k+1>/ 2

-1
1.
L min [( (= [ )
Ero)
for every u € SNV,

In case faQ n > 0, the above estimate holds with ¢ = 0 for every u =
with norm R in the subspace (3.9), where the equivalent norm is simply the
Dirichlet norm.

Finally, if [,, 7 = 0, we just observe that

1 2 A u? — ”
P> [(1vuP =5 [ ot =a [ )

for every constant § > 0, so that we can define VT as in (3.9) with u! the
eigenfunctions of problem (2.1) with o = n + 4.
Then, the lemma follows by taking R small enough. O

| V

Y

R%* (3.10)

Remark 3.2. By the proof of the previous lemma, if [, aq 1 # 0 and A satisfies
(3.7) for some k > 0, we can choose an 'optimal’ subspace VT such that: codim
vVt =kif faQn <0, codim V* = k+1if [,,n > 0. Furthermore, if [,,7 <0
and 0 < A < A, it follows by (3.8), (3.10) that we can take V* = H! (hence,
codim VT = 0) clearly, the same holds for any positive A in case of non trivial
n<0.

On the other hand, when f aqT = 0, the precise evaluation of the
codimension of the optimal V* is more delicate, as it involves a compari-
son between the eigenvalues of the linear problem, respectively with ¢ = 75
and 0 =n+ 4, for 6 — 0.

We stress that the case n = 0 is included in the previous lemma; however,
a sharper result can be achieved by more restrictive assumptions on the non
linear term:

Proposition 3.3. Let us consider the functional (3.1) with n = 0 and let €, q,
be defined above equation (3.2); suppose that

(i)

lim ﬁ(ﬁ) =k £0; (3.11)
(ii)
K/ <0
o0
(iii)
[h(u)] < [ul"h(u), (3.12)

where h : H'(Q) — L9(dQ) is bounded.



424 C. D. Pagani and D. Pierotti NoDEA

Then, for every A > 0, there exists R > 0 such that
E)\(’U) >co >0,
for every v € Sg.

Proof. Let us write u = ¢ @ u, where we are now using the orthogonal decom-
position (2.6) with o = p. Then, we have

Ex(u) = 5 /|w2 /\/ (o

= /|v * - c/é)u A/ H(c+a)— H(c)]
E/QW’:“Z_AH(C)/ M—A/{mu/ h(c+ ta)adt
s J w5 (= ) e - Anunm// ¢+ 1d)]

+ ta|' e |al| dt

%

for small enough ¢ by (3.11), (3.12). Note that the second term of the above
expression is positive, by the assumption ﬁfag,u < 0. Now, by using in the
last term the inequality

|c+ tﬁ,|1+€ S 21+e (|C|1+e + Wll—i—e)
and by the properties of h stated in (3.12), we obtain the following bound
1 = € € €
Ex(u) > S|IVil[Zz + dile*** = dafe[ || Val| 2 — ds|[Va7E

for some positive constants dy, ds, d3. Finally, by Young inequality

- 1+€ 2+4e 1 — ~ €
e eV 2 < 2+€r?¢e e+ g @I valEte, vr o,
we get
1 12 da —(2+6) ~124+¢
Ex(u) 2 5[ Vali: — (ds+ 5= [Vall7s
14+€ 24 9
dy —d e e
+ (- dag T )

Then, by choosing r and ||Val|2 sufficiently small, we get Fx(u) > ¢g > 0
and the lemma follows. O

Remark 3.4. We remark that in related problems with indefinite superlinear
terms [2,12], it is commonly assumed that the principal eigenvalue of a uni-
formly elliptic operator in 2 (—A in our case) under a homogeneous boundary
condition on 90 (d,u — Anu = 0) is strictly positive. We do not need such
condition in Lemma 3.1 (see, however, the discussion at the end of Sect. 5);
furthermore, the assumptions of Proposition 3.3 should be compared with
those of theorem 1.3 in [2].
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We are now going to construct closed, finite dimensional subspaces, V'~ C
H(Q) such that:
e dim V= > codim VT
o F)(u) <co < oo foreveryue Vo,
To this aim, let us denote by A\>°, us®, n € Z, the eigenvalues and the eigen-
functions of the linear problem (2.1) with ¢ = p and assume that
1 has a non trivial positive part,
so that the sequence of positive eigenvalues A>°,n > 0, is unbounded.
Moreover, let uj°,1 <4 < [ be any finite sequence of | eigenfunctions,
with [ > codim VT, corresponding to non negative eigenvalues

0<AZ <AZ <. < AT (3.13)
Then we define:
V™ = span; < {up }, (3.14)

The next lemma provides the key estimates at infinity on the functional (3.1).

Lemma 3.5. Let condition (1.4) holds and let V'~ be defined by (3.14), with
An >0 iffagugo,

Then, for every A > 0 we have Ex(u) < 0 for any u € V'~ with large
enough norm. As a consequence, there exists co, < 0o such that

Ey(u) < coo YueV™.

Proof. Let us first consider the case of strictly positive eigenvalues. For nota-
tional simplicity we now set up® = us, Ay = Ay >0 (1 <@ <1).
Thus, we can write any v € V'~ in the form

l
u = E t,-ui
i=1

and consider the function

o2
t: A
flty, ... ) = Ex(u) = —’/ VuiQ—f/ nu? — \ uwH(u
(ot = B =325 [ 1vu =5 [ [ )
ZEZt?—é/ nu? — \ wH(u), (3.15)
24 2 Joa o9

where we used orthogonality and normalization of u; with respect to the inner
product defined by the Dirichlet norm (recall that ||Vu;||p2 = [Juilj1 = 1,V4).
Let 1 < j <1 and consider the variational equation

/ Vu; Vh(u) = )\j/ g h(w) (3.16)
Q o9

where h(u) = h(Zizl t;u;); we stress that, by the regularity results at the
end of the previous section, u is a bounded continuous function on €2, so that
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h(u) € HY() and (3.16) holds by Proposition 2.1. Multiplying by ¢; and
summing up from j =1 to [, we find

Zt /VuJVuh Z)\t/ puj h(u),

that is

/|vu\ ' (u ZAt/ g hu). (3.17)

Let us now calculate

l
> Nt | f(t, .. t)
j=1

)\Z)\t/a nuju—)\Z)\t/ s h(w)

)\Z)\tt/ nuluj—)\Z)\t /{muujh(u)

i,5=1 j=1

N
I

(by elementary estimates on the quadratic terms and by (3.17))
!
<N+ Clllnllee) Y 13 - / |Vul?h/ (1)
= Q

- / Vul? (L + Collnlloe) AR (w)], (3.18)

where C; only depends on the eigenfunctions uq, ..., u;.

Since h/(s) — 400 for |s| — +oo, the expression in the square brackets
is < —1 for |u] > L, where L depends on h',n,Cj, \; and \. Let us define
p=+/ti+---+1t7>0andlet a= (ay,...,q) be a point on the unit sphere
S' ¢ R+, Then we can write

u=plogus + ...+ qu;) = pwa; (3.19)

hence, the integrand in (3.18) may be non negative (actually, greater than —1)
only on the sublevel sets

Qpa = {2 € Q, luale)] < L/p}, (3.20)

where it is bounded by [A\(1 + Cy|n]|c) — Amin A/] |Vul?.

As w, is harmonic in (2, its nodal set has vanishing measure in R (in a
neighborhood of a regular point, it is a (N — 1)—dimensional manifold, while
the critical zero set w;1(0) N Vw;1(0) has vanishing (N — 1)—dimensional
Hausdorff measure [13,14]). Then, for every € > 0, one can find d. > 0 such
that |Q,a| < € for p > L/é. and for every a. The proof depends on the
compactness of the unit sphere S' and is reported in [4], lemma 3.3.

By our previous choice of L, we have A\(1 + Ci||n]|e) — AR (u) < =1 in
O\ a.
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Then, for p > L/d., the right hand side of (3.18) is bounded as follows:
[ 196P 1+ Gl ~AR ()
< 1+ Cillloe) = Amink) [ (Vuf? = [ [P

Qp.a Q\Qp a

:[)\l(1+Cl||77||OO)—)\minh’—i—l]/ |Vu|2—/ IVl
Qp.a Q

<

C/ (IVur? + ... |V |?) — 11 0°, (3.21)

p.a

for some positive constant C, where [, | < €.

If € has been chosen sufficiently small, the constant in the square brackets
is strictly negative for p > L/, and for every a, that is for [Jul|y = \/t7 + -7
large enough.

Note that the quantity estimated in (3.18) is (proportional to) the deriv-
ative of the function f in the direction of the vector (Ait1,...,\it;); hence,
for \/t5+...t7 > L/, the function is strictly decreasing along the curves
ty = c1e™M® ..t = qeM® s € R, (orthogonal to the hypersurfaces A\ t? +
oo+ Nt = cost.).

We conclude that f(u) < 0 for u € V™ with ||ul|; large enough; since f
is continuous and V'~ has finite dimension, we have

sup f(u) = e < 00.
ueV—

We now prove that for [, u > 0 we may allow A% = 0 in (3.13). We first
note that,

Ex(c) = —\¢? /dQ n — \H(c) /m i

Hence, by the above assumption on g and by the superlinearity of H’', we have

B HO [
lim =— lim A\— /aszu . (3.22)

le]—o0 c? le|]—o0 c

We now estimate the functional Ey on vectors (of the [-dimensional subspace
V) of the form c4u, where ¢ € R and u = tous+- - -+tjuy, with u; = Uy, eigen-

functions corresponding to strictly positive eigenvalues \; = A;%,1 = 2,...,;

we now set p = \/t3 + -+ +t7. Then we can write

1 A
Bretu) =500 =5 [ nferuf-x [ uteru
2 2 Jaq 0

(by elementary estimates of the second term)

A
< SO+ AlloeC) 92 + Ao/ Gl e p — 52 /mn—A jH (e + ).

o0

DN |
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Let us now define u(7) = ta7*2uy + - - + t;7Muy, with 0 < 7 < 1. Then,

/uH(c+u /;H—/ dT/ u—hc+u( ).
N N oo dT

Now, from the variational equation

/Vuth(c—i—u(T)) = /\j/ pujh(c+u(r)), (G=2,...,0)
Q a0

we get as before

/ u%hc—l—u Ztr'_lz\/ puih(c+ u(r))
/|Vu 2K (¢ +u(r)) > 722~ 1mlnh’/|Vu|2

as0<7<land A\ >---> X >0.
Thus,

1
/ pH(c+u) > H(c)/ Ut =—— minh'/ |Vul?. (3.23)
o0 o0 2N Q

Putting this in the previous estimate, we have the bound

1 A
Ex(c+u) < 3 (1 + A7)l 0oCr — min ' — ) p°+ Moo v/ Ci10Q ¢ p 4+ Ex(c)
(3.24)

By this estimate and by (3.22), we conclude that there exists a positive con-
stant M (depending on A, A, 1, and h) such that Ey(c+u) < 0 for

0<p<MH(c)Y2 (3.25)

Note that, if the above inequality is not satisfied, the ratio H(c)'/?/p is
bounded; hence, outside the region (3.25), ¢/p — 0 for p — +oo.
Let us now calculate the derivative of the function

f(C, to, . ..tl) = E)\(C—f— toug + -+ + tlul)

)\28
5.

along the curves (c, tae ., t1eM®) at s = 0; as in equation (3.18) we get:

l
SNt f(c,tg,...,tl)g/ IVl (1 4+ Collnllac) = AR ()],
- Q

where u = ¢+ tous + - - - + tju;. By recalling (3.19), we now write u = ¢+ pwa
and observe that, by the above discussion, u/p &~ w, for large p outside the
region (3.25). Then, by the same arguments that lead to (3.21), we find that f
is definitively decreasing to —oo along the trajectories above. Summing up, we
conclude that Fy(c+ pwa) < 0 for \/c2 + p? large enough; hence, the lemma
follows. ([
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4. The Palais—Smale condition

The results of the previous section suggest that it could be possible to prove
existence and even multiplicity of solutions to problem (1.1) for every A, by
applying minimax methods for even functionals, like the Symmetric Mountain
Pass Lemma (see [6, theorem 6.3]) or the pseudo-index theory of [8]; what we
are left to show is that the functional

1 A
=5 [V =5 [ = [

satisfies the Palais—Smale condition (as before, we may assume A > 0). The
main difficulty in this task is to prove the boundedness of a Palais—Smale
sequence, since the usual inequality assumptions relating Ey and E} could
not be helpful in presence of an indefinite weight; in addition, we would like
to include the case of exponential growth of the nonlinear term for N = 2.
We will obtain the desired result with two different kinds of hypotheses which
are illustrated below; similar assumptions have been previously introduced in
[4], where they are also compared to other existing hypotheses implying the
Palais—Smale condition for functionals with indefinite nonlinarities.
Let us introduce the following decomposition of the boundary 0€2:

90 =T, UT_UTy, (4.1)

where t > 0on 'y, <0 on I'_ and p = 0 on I'g; we stress that each of the
sets I'y,I'_ and 'y may have vanishing measure, but [['; UT'_| > 0. We further
define py = max{+u,0}. Finally, we recall that H' = h satisfies h/(s) — 400
for |s| — +o0.

We now state our first set of assumptions:
Condition PS1.

1.
f_;'_ n f_ - @
and n < 0 on I'y;
2. There exist constants ¢ > 2 and Ry > 0 such that
qH (u) < uh(u), (4.2)
for |u| > Ry.
3. There exist positive constants C' such that
W (u)| < Cell (4.3)

for some a € Rif N = 2;
[h(u)| < C(1+ [ul”)
(with 8 < ) if N > 3.
Remark 4.1. Condition 2 is satisfied in particular by functions of the form
H(u) = %|u|q+G(u) where 2 < ¢ < % if N >3 anyqg>2if N=2
and G is such that: |G'(u)| < Chlu|™,v1 > 1 for |u| << 1, and |G'(u)] <

Calul2,v2 < 1 for |u| >> 1. Moreover, in case N = 2, it is readily verified
that H(u) = coshu — 1 — u?/2 also satisfies (4.2) with ¢ = 4 (and any Ry).
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Finally, condition 3 specifies the previously mentioned assumption that h has
subcritical growth at infinity; note that for N = 2 a bound similar to (4.3)
obviously holds for |h|; however, the estimate for A’ is needed in the proof of
Proposition 4.2 below.

We can now state:

Proposition 4.2. Let z,, € H'(Q) be a sequence such that Ex(z,) — ¢ and
El\(z) — 0 in HY(Q)'. Assume that (PS1) holds. Then, the sequence ||z, || is
bounded and the functional (3.1) satisfies the Palais—Smale condition.

Proof of Proposition 4.2. The main arguments of the proof are similar to those
in proposition 4.2 of [4], where the quadratic boundary term with the weight
7 was missing in the functional E\; hence, we will discuss in detail only the
non trivial changes in the proof due to this additional term.

Here we denote by ||||; anyone of the equivalent norms (2.5) (the par-
ticular choice of the function o is not relevant in the sequel). Assume by
contradiction (considering a subsequence if necessary) that ||z,, |1 — +oo and
define v, =t 2,,, where t,,, = ||z ]1-

Since v, is bounded, there is a subsequence (still denoted by v,,) such
that v, converges weakly in H'(Q), strongly in L?(2) and v,,|sq converges
strongly in L?(99).

Substituting z,, = tmvm, in the condition Ej(z,)v = o(1)|v]i,v €
HY(Q), we get

/vaVv—)\/ nvmv—)\/ uwvzo(l)ﬂvﬂl/tm (4.4)
Q 0 9]

tm

By exploiting assumption 1 in the above relation (with a suitable choice of test
functions v) it can be shown that v,,|r,. — 0 a.e. (see the proof of proposition
4.2 of [4]).

Thus, we have v, — w in H'(Q), with w harmonic function in Q satisfy-
ing w|p, = 0. Moreover, by choosing v in (4.4) with supp v|sq C I'y and taking
again the limit for m — oo we also find (in a weak sense): (9, w — nw)|r, = 0.
Again by assumption 1, we conclude that w = 0, so that v, — 0 in L?().
Now, by this conclusion and by assumption 2, one can prove: ||V, z2(q) — 0,
and therefore v,,, — 0 in H'(Q), thus contradicting ||v,,|/1 = 1.

Thus, the sequence ||z,,]|1 is bounded and in particular we have z,, =
Cm © Zm with |c,,| bounded sequence and Z,, bounded in H(Q) (see (2.2)
where, as previously remarked, we can choose any ¢ with non vanishing mean);
by the Lax-Milgram theorem, the linear map L : H1(Q) — H}(2)" defined by
L(u)v = [, VuVv is boundedly invertible.

Finally, by assumption 3, the operator defined through the bilinear form

/ [+ ph(u)]o
o0

maps bounded sets in H!(Q) to relatively compact sets in H(2)" (see [15],
appendix B for N > 3; for N = 2, the result follows by an obvious extension
of the arguments in [5], Lemmas 2.1 and 2.2). By standard results [6], Chapter
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I1, Proposition 2.2, it follows that Z,, is relatively compact in H}(Q); then, the
same holds for z,, in H(Q). O
We now describe a second set of assumptions, which imply the
Palais—Smale condition only for small enough A, but without assuming that
the weight p vanishes on a nontrivial subset of 9€2. In this case, the hypotheses
are more readily stated by letting A of indefinite sign.
Condition PS2. Assume N > 3 and
1.
6—1
2

(B+1)H(u) — uh(u) = Au? + g(u), (4.5)

with 1 < 8 < N/(N —2),A € R and g(u)/u® = o(1) for large

\u| fu|>R l%IS‘ < oo for every R > 0.
A (n+Ap) <0 and Mg <A <A (4.6)
o0

here \; and A_; denote the lowest positive eigenvalue and the highest
negative eigenvalue of the linear problem (2.1), with 0 = n + Apu.

Remark 4.3. Assumption 1 of PS2 is satisfied, e.g. by the functions

H{u) = ﬁ+1

where G is asymptotically linear, with lim, . G'(u)/u = A and
(B+DG(u)—uG (u) _

w3

= |ul"* + G(u),

%A is integrable at infinity.
We now have:

Proposition 4.4. Let z,, € H'(Q) be a sequence such that Ex(z,) — ¢ and
EA\(zm) — 0 in HY(Q)'. Assume that (PS2) holds and let || |1 denote the norm
(2.5) with o =n+ Ap.

Then, the sequence ||zm||1 s bounded and the functional (3.1) satisfies
the Palais—-Smale condition.

Proof. We first show that, assuming h superlinear, (4.5) implies that h is also
subcritical. By defining

A
K(u)=H(u) — §u2
one readily finds that K solves the linear equation
B+1 g(u)
K'(u) = ——K(u) — =
(w) = =K () - 2

Since h is superlinear, we have K(u) > u? for |u| > R large enough; then,
dividing the above equation by K, integrating for © > R and taking the expo-
nential of both members, we get

K_(Ru’* < K(u) < Ky (R)u’*1, (4.7)
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for u > R, where

K(R) ij‘Roc \9(;)\

Ki(R> = Rﬁ+1e "

An analogous estimate holds for u < —R.
Furthermore, by (4.5) we also have

C+o(D)]zmlly = (B4 DEx(zm) — Ex(2m)2m,

= % / |Vzm|2 )‘/ T]Z7rL:|

—A/m (6 + 1) H (2m) — Zmh(zm)]

—17T

[1wen = | <n+Au>zfn} — 0e) - ezl
LS Q o0

for any positive € and suitably chosen C(¢) > 0. Then, by writing z,, = Z;,+¢m,
with 2, € H % +a, and by rescaling €, we conclude that there exists a constant
K (¢) such that

K<e>+o<1>||zmulz/ﬂ \vsz—A/a (n+ Aw)22 — A2, /m<n+Au>—euzm||%

Thus, by recalling (2.5) and Theorem 2.1, we get

. A -t
K(€) + 0(1)]|zml1 > min {1 - e ( /m(nJrAu)) - } lzml?

where we take A\; for A > 0 and A_; for A\ < 0. From the previous estimates
the boundedness of a Palais—Smale sequence follows.

Finally, by the previously established subcritical growth of A, the opera-
tor defined through the bilinear form fBQ [nu + ph(u)]v maps bounded sets in
H(Q) to relatively compact sets in H*(€2)’, so that Palais-Smale condition
again follows by [6], Chapter II, Proposition 2.2. O

@

>

~

Remark 4.5. In the case n = 0 and A = 0, e.g. for the problem (1.1) with
the boundary condition d,u = u|u|®~'u, one can show that the Palais-Smale
condition holds for every A # 0, provided that [, u # 0 and |h/(u)| < C(1 +
Jul?"1).

The proof is exactly as in the case A = 0 of proposition 4.3 of [4].

5. Main theorem and final comments

We recall here the general assumptions about problem (1.1):

e QO C RN, N > 2 is a bounded open set with sufficiently regular boundary
o9,

e his a C! function on R satisfying (1.2), (1.3), (1.4);

e 7 and p belong to L™ (09);
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e for N > 3 we suppose that 92 and p are regular enough to guarantee that
the eigenfunctions up® (of the linear problem (2.1) with ¢ = p1) belong to
H*(Q) with s > N/2, so that u® € C(Q).

We can now state our main result;

Theorem 5.1. Let the general assumptions listed above hold; in addition,
assume that (3.2) is satisfied, p has non trivial positive part if X > 0 (non
trivial negative part if A < 0) and that either PS1 or PS2 holds.

Then, there exist infinitely many solutions of problem (1.1).

Proof. Recall that we may assume A > 0 since 1 and p are indefinite. By
Lemmas 3.1 and 3.5, for any positive integer m there exist two closed sub-
spaces V', V= of H'(Q) with dimV ~— codimV ™ = m, and positive constants
R, cp, coo (the last one depending on m) such that:

a) Ex(u)>co YueVT, |ul;=R; b) Ex(u) <coo YueV™.

Then, by theorem 2.4 of [8], the functional E) possesses at least m distinct
pairs of critical points, corresponding to critical levels ¢,k = 1,2, ..., m, such
that

co0<cp << < ey S Co-

Since this conclusion holds for arbitrary m, we get infinitely many criti-
cal points; hence, problem (1.1) has infinitely many solutions in H'(Q). By
the regularity results of [16], if © is smooth and n,u € C*(9), we have
u € C(Q). O

Remark 5.2. We recall that in the degenerate case ¢y = ... = ¢gq, = ¢ (with
k> 1and k+r < m) it was shown in [8] that i2(K.) > r+1 > 2, where K, is
the set of critical points at level ¢ and i is the Krasnoselski genus; since a finite
set (not containing the origin) has genus 1, it follows that E) has infinitely
many critical points at level c.

Remark 5.3. As discussed in the introduction, the special two-dimensional case
where 77 = p and h(u) = sinhwu — u in (1.1) represents a problem in corrosion
modelling which was previously considered in [5] for ¢ = 1. Then, Theorem
5.1 shows that such problem has infinitely many solutions (for every positive
A) provided that p has a non trivial positive part and that the supports of
the positive and negative parts of u are disjoint (recall assumption PS1). That
generalizes the results of [5].

Here is another application to a special problem:

Corollary 5.4. Let Q,u be as in Theorem 5.1 and suppose further that

Afon<0.
Then, the problem

Au(z) =0 in Q
dyu(x) = A p(z)|u(z) |’ tu(z), on I

with 0 < 0 < &5 (B > 0 if N = 2), admits infinitely many nontrivial
solutions.

(5.1)
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Proof. One readily verifies that for every A # 0, the functional

5 [Vl =g [

satisfies the assumptions of Proposition 3.3, so that condition a) of Theorem 5.1

holds with V* = H(Q). Furthermore, the Palais-Smale condition is
also satisfied by Remark 4.5. Then, the result follows as in the previous
theorem. ]

As one can observe in the previous proof, it may happen that the bound
a) of Theorem 5.1 holds on the entire space H!(Q). In this case, the estimates
obtained in Lemma 3.5 suggest that we could apply the standard Mountain
Pass Lemma, which does not require symmetry assumptions.

We recall below all the conditions, found in Sect. 3 each of which guar-
antees that V* = H!(Q); assuming A > 0, they are:

1. n <0, not identically vanishing;

2. fBQ n<0and 0 < X<\, where \{ is the first positive eigenvalue of the
linear problem with weight n;

3. n =0 and Proposition 3.3 holds.

Clearly, if A < 0, we have to reverse the inequalities in 1 and 2 and to replace
AY with the first negative eigenvalue \° ;.

Then, we can prove some existence and positivity results which complete
those obtained in [4] for the non symmetric case and extend (with slightly
different assumptions) some results in [2].

Proposition 5.5. Let Q2,71 and p satisfy the same assumptions as in Theorem
5.1; assume further that either condition 1 or condition 2 above holds if X > 0
(or the corresponding ones if A < 0). Moreover, let h € C*(R) satisfy

h(0) = h'(0) = 0; lim A'(u) = +o0.

|u|—o0
Then, if either PS1 or PS2 holds, problem (1.1) admits a non trivial solution.

Proof. By our assumptions, there exist R > 0,¢o > 0 such that E)(u) > ¢
for every u € H*(Q) with ||u||; = R. Moreover, let u2° be an eigenfunction of
the linear problem with weight p, corresponding to a positive eigenvalue A,
(if [ 1 > 0 we can also take u;° constant and \,, = 0). Then, by the proof of
Lemma 3.5 it follows that E(tu,) — —oo as [t| — oo. By the Mountain Pass
Lemma [6, theorem 6.1] we obtain the existence of a nontrivial solution u to

(1.1). O

Remark 5.6. If n is proportional to u, the above result completes the set of
intervals of the parameter A for which there is a solution to the non symmetric
problem studied in [4].

As it was remarked in [12], Sect. 3 the mountain pass procedure yields a
critical point u > 0, not identically vanishing, whenever the functional satisfies
Ex(u) = Ex(|u]) and Ex(u;) < 0 for some non negative u; € H*({). The first
condition holds for a symmetric term H(u) in E)(u) (note that, if one is only
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interested in positive solutions, one can always assume that u — h(u) is a C*
odd function defined in R, as h(0) = ’(0) = 0). By the proof of the previous
proposition, for A > 0 the second condition can be satisfied by taking as u
any large enough positive constant if |, a0 1 > 0 or the eigenfunction (suitably
rescaled) associated to the first positive eigenvalue of the linear problem with
weight 41 (see [10, theorem 1.2]) if [, u < 0. Then, by the strong maximum
principle, we conclude:

Corollary 5.7. With the same assumptions of Proposition 5.5, there exists a
positive solution u™ > 0 in Q to problem (1.1).

We recall that a positive solution to the same problem was found in
[2], theorem 1.2, by assuming the positivity of the principal eigenvalue of —A
under the boundary condition 0,u = Anu on 0€2; by considering the variational
characterization of such eigenvalue, it can be shown that this assumption is
precisely equivalent to assumption 2 above.

The same arguments for the existence of a positive solution apply to the
following result, concerning the case n = 0 in the non symmetric case:

Proposition 5.8. Let 2, u and h satisfy the same assumptions as in Proposition
5.5; assume further that condition 3 above holds. Then, if either PS1 or PS2
holds, problem (1.1) (with n =0) has a non trivial (positive) solution.

Proof. The proof follows as in Proposition 5.5 and in the subsequent corollary.
O
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