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1. Introduction

Suppose that €2 is a bounded domain of RY (N > 2) with Lipschitz boundary
09). The following exponential energy functional

E(u)z/ﬂexp(|Vu|2)dx (1.1)

originates from the exponential harmonic mappings. It has been studied in
[10,16,17], especially for the regularity theory. Naito [17] proved the existence,
uniqueness and C® regularity of the minimizer. Duc and Eells [10], Lieberman
[16] proved the C*° and O regularity of the minimizer, respectively. Besides,
Siepe [21] studied the Lipschitz regularity of the minimizers of the more general
functional

/Q B(Vu) d,

under the main assumption that implies the Ay condition on ®: there exists a
positive number K > 2 such that

D(2) < K®(¢).
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This condition implies that ®(£) would be controlled by a polynomial of |].
Therefore, Ay condition is not satisfied by function ®(¢) = exp(|¢|?).
Motivated by the above results, in this paper we are concerned with the
following non-uniformly elliptic Dirichlet boundary problem
{ —div (D¢®(Vu)) = f —divg  in Q, (1.2)
u=0 on 0f2, ’

where ® : RY +— R, is a C' nonnegative, strictly convex function, D¢® :
RY — R represents the gradient of ®(£) with respect to ¢ and Vu represents
the gradient with respect to the spatial variables z. Without loss of generality
we may assume that ®(0) = 0.

Our main assumptions are that ®(£) satisfies the super-linear condition
(or 1-coercive condition, see [15], Chapter E)

P
el b fl) T (13)
and the symmetric condition: there exists a positive number C' > 0 such that
B(—¢) < CP(), ¢eRV, (1.4)
For the right-hand side of Eq. (1.2) we assume that
feLl' () and ge (L®(Q)V. (1.5)

There are numerous examples of ®(¢) satisfying structure assumptions
(1.3) and (1.4) as well as ®(£) = exp(|¢|?>) — 1. The well-known are listed as
follows.

Ezample 1.
1
®(¢) = Elﬁl”, p>1
In this case, Eq. (1.2) is the p-Laplacian equation.
Ezxample 2.
1 P1 L P2 L PN ;
¢<£):7‘51| +7|£2| ++7‘€N| ) p’L>1? l:1a27"'5Na
b1 P2 PN
where € = (£1,&2,...,&n). In this case, Eq. (1.2) is the anisotropic p-Laplacian
equation.
Ezxample 3.
®(&) = [¢]log(1 + [£]).
(See [8, Chapter 4; 12].)
Ezample 4.
(&) = €Lk (I€]),
where L;(s) = log(1 + L;—1(s)) (i = 1,2,...,k) and Lo(s) = log(l + s) for

s > 0. The corresponding elliptic problems are introduced in Prandtl-Eyring
fluids and plastic materials with logarithmic hardening law. (See [14].)
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The main purpose of this paper is to establish the existence and unique-
ness of solutions for problem (1.2) under the integrability condition (1.5). In
this case, it is reasonable to work with entropy solutions or renormalized solu-
tions, which need less regularity than the usual weak solutions. The notion of
entropy solutions was first proposed by Bénilan et al. [3] for the nonlinear ellip-
tic problems. It was then adapted to the study of some nonlinear elliptic and
parabolic problems. We refer to [2,4,5,18] for details. To do this, inspired by
the ideas in [6], we first employ a unifying method to prove the existence and
uniqueness of weak solutions for problem (1.2) under the integrability condition
that f € LV (Q). It is worth pointing out that we do not assume polynomial or
exponential growth for function ® as in [1,7,16]. Generally speaking, finding
solutions for such problems or deriving the Euler-Lagrange equations for min-
imizers of variational problems is not a trivial fact when function ®(§) does
not satisfy the As-condition. Based on the above result we further study the
existence and uniqueness of entropy solutions for problem (1.2) by using the
approximation techniques.

Now we state our main results. The first two theorems are about the
existence and uniqueness of weak solutions and entropy solutions. The third
one is about the comparison principle.

Theorem 1.1. Let the structure assumptions (1.3) and (1.4) be satisfied. If
f e LN(Q) and g € (L>(Q))N, then there exists a unique weak solution for
problem (1.2).

Theorem 1.2. Let the structure assumptions (1.3) and (1.4) be satisfied. If
f € LYQ) and g € (L=(Q))N, then there exists a unique entropy solution for
problem (1.2).

Theorem 1.3. Suppose that u is an entropy solution of problem (1.2) with g = 0.
If f >0, then we have u > 0.

The rest of this paper is organized as follows. In Sect. 2, we state some
basic results that will be used later. We will prove the main results in Sect. 3.
In the following C' will represent a generic constant that may change from line
to line even if in the same inequality.

2. Preliminaries

Let ®(£) be a nonnegative convex function. We define the polar function of

D(€) as
U(n) = sup {n-§—2(&}, (2.1)

EERN

which is also known as the Legendre transform of ®(). It is obvious that ¥ ()
is a convex function. In the following we will list several lemmas.

Definition 2.1 [15, Definition 4.1.3]. Let C C RY be convex. The mapping
F: C — RY is said to be monotone (rest. strictly monotone)] on C when, for
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all z and 2’ in C,
(F(z) - F(2'),z —2') > 0,
[resp. (F(x) — F(2'),x — 2’ > 0) whenever x # '].

Lemma 2.2 [15, Theorem 4.1.4]. Let f be a function differentiable on an open
set @ C RN and let C be a conver subset of Q. Then, f is convex (resp.
strictly convex) on C if and only if its gradient V f is monotone (resp. strictly
monotone) on C.

Lemma 2.3. Suppose that ®(£) is a convex C* function with ®(0) = 0. Then
we have, for all £, € RV,

P(§) <& DB(S), (2.2)
(D(&) — DP(C)) - (£ = ¢) = 0. (2.3)

Lemma 2.4 [6] Suppose that ®(£) is a nonnegative convex C' function and
WU(n) is its polar function. Then we have, for £, 1, € RN,

§-n<O(8)+¥(n), (2.4)
U(DR(C)) + 2(¢) = DO(C) - €. (2.5)

Lemma 2.5 [13, Chapter 3]. Suppose that ®(§) is a nonnegative convex func-
tion with ®(0) = 0, which satisfies (1.3). Then its polar function ¥(n) in (2.1)
is a well-defined, nonnegative function in RYN, which also satisfies (1.3).

Lemma 2.6 [19, Chapter 4]. Let D C RY be measurable with finite Lebesgue
measure and fi, € L*(D) and g, € LY(D) (k=1,2,...), and

| fe(2)] < gr(z), ae.reD, k=1,2,....
If
i fi(@) = f(z),  lim g(2) = g(z), ae zeD,

and

lim [ gy(z)dr = / g(x)dx < oo,
D

k—oo Jp

then we have
limkaoo/ Ju(x) dx:/ f(z) de.
D D

Lemma 2.7 [11, Proposition 9.1c]. Let D C RY™ be measurable with finite
Lebesgue measure, and let {f,} be a sequence of functions in LP(D)(p > 1)
such that

fo— f weakly in LP(D),
fn—9 a.e.in D.
Then f =g a.e. in D.
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Lemma 2.8 [9, Chapter 3; 20]. Suppose that ®(&) is a nonnegative convex func-
tion satisfying (1.3). Let D C RY be a measurable with finite Lebesgue measure
|D| and let {fi.} € L*(D;RY) be a sequence satisfying that

/ (i) da < C, (2.6)
D

where C'is a positive constant. Then there exist a subsequence {fy,} C {fx}
and a function f € L'(D;RY) such that

Jr, = weakly in LY(D;RM) as j — oo (2.7)
and
/ O(f)dx < liminf/ O(fr,)dx < C. (2.8)
D j= Jp

3. The proofs of main results
3.1. Weak solutions

In this section we will give a reasonable definition for weak solutions and prove
the existence and uniqueness of weak solutions for problem (1.2).

Definition 3.1. A function u € W' (Q) with D:®(Vu) - Vu € L(Q) is called
a weak solution of problem (1.2) if for every ¢ € C}(Q), we have

/ D:®(Vu) - Vedz = / fpdx —|—/ g-Vodz. (3.1)
Q Q Q
Proof of Theorem 1.1. We consider the variational problem
min{J(v)jv € V},
where V = {v € W' (Q)|®(Vv) € L}(Q)}, and functional .J is

J(v):/Qq)(Vv)dw—/vadx—/Qvadaz.

We will establish that J(v) has a minimizer u(z) in V' and then prove that the
minimizer satisfies the Euler—Lagrange equation of functional J weakly.
Due to (1.3), for every ¢ > 0, there exists a constant Cs > 0 such that

€] < 02(€) + Cs. (3.2)
By Holder’s and Sobolev’s inequalities and (3.2), we have

/vadx

< flley @ llvll o= @)

< Clflley@lVollLr o)

< Co[|2(V)llzi) + Cs (3.3)
and
< gllze @ IVollL1 )
< 06||<I>(VU)||L1(Q) + Cs. (34)

)/9~Vvdx
Q
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Choosing ¢ sufficiently small, we conclude from (3.3) and (3.4) that

1
90) 2 5 [ @(90)do = C@. 1l @ lole=(e) = ~C.

I ]lus we get
< ]'nf < ] 0) = .
C vEV J(U) — ( )

Then we can find a minimizing sequence {v,}°2; C V such that
li n) = inf .
im J(vy,) inf J(v)

n—oo

It follows that, forn =1,2,...,
/ O(Vu,)dr < C.
Q
From Lemma 2.8 we may choose a subsequence {v,,} of {v,} and a function
uw e Wy (Q) such that
Vo, = Vu  weakly in L' ().

Since

11— 00

/ ®(Vu)dr < lim inf/ O(Vu,,)dr,

Q Q

we know that u € V, and J(v) is weakly lower semi-continuous on V, which
ensures that

J(u) < liminf J(v,,) = inf J(v).

1—00 veV

This implies that u € V is a minimizer of the functional J(v) in V; i.e.,

J(u) = Jg‘f/ J(v).

Furthermore, since u € V' is a minimizer, we have Au € V, A € (0,1), and

J(u) < J(Au),

/Q@(Vu)dm—/gfudx—/Qquda:

< / @()\Vu)dx—/\/ fudm—)\/ g- Vu.
Q Q Q
Recalling (2.3), we know

d(Vu) — (AVu) > (1 — \)De®(AVu) - V.

which implies

Then
(1—)\)/QD§(I>()\VU)~Vud:c§(1—)\)/qudx—|—(1—)\)/gg-Vudz.

Dividing the above inequality by 1 — A, and passing to limits as A — 1, we get

liminf/Dg@()\Vu)-Vude/fuda:—i—/g-Vudx.
A—1 Q Q Q
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Since De®(AVu) - Vu > 0, by Fatou’s Lemma we conclude that

/Dg@(Vu)'Vudacg/fudx—i—/g-Vudm.
Q Q Q

Using (2.2) and the same argument as (3.4), we have
1
5/ D¢®(Vu) - Vudz < C.
Q

It follows from (2.5) that De®(Vu) - Vu € L(2) and V(D ®(Vu)) € LY(Q).
For some fixed ¢(z) € C}(Q), we know that J(u) < J(Au+(1—N)p), VA €
(0,1). Denote &, = AVu + (1 — A\)Vep. In light of (2.3), we find

B(Vu) ~ B(€) = (1 - NDed() - (Vu— Vo),

and deduce as above to have

| Deaten) - (Fu- Vi) da

g/quda:—/thpdx—i-/gg-Vudm—/Qg-Vgpdx. (3.5)
Consider
g(A) = @(6r) = 2(A\Vu + (1 - A)V9).

It is obvious that ¢ is a convex function in R. Then by the monotonicity of a
convex function’s derivative, we know

g(0)<g'(N) <g'(1), Ae(0,1),
which yields that
De®(Vo) - (Vu— V) < Ded(€) - (Vau — Vi) < Ded(Vu) - (Vu — V).
(3.6)
Recalling (2.4), (1.4) and (2.5), we have
[De®(Vu) - V| < U(De®(Vu)) + (V) + S(=Ve)
< U(De2(Vu)) + (C+1)2(Ve). (3.7)

As U(De®(Vu)) € LY(Q) and p € CH(Q), it is easy to know De® (V) - (Vu —
Vo) € LY Q) and De®(Vu) - (Vu — V) € L'(Q2). By Lebesgue dominated
convergence theorem, we have

/ lim De®(6y) - (Vu — Vo) dr = lim / D:®(&y) - (Vu— Vo) da.

QA1 A—1 /o

Moreover, recalling (3.5) we have

/D,g(I)(Vu) - (Vu— Vo) dajg/fudx - /f(pdx+/g~Vuda:—/g-V<pdac.
Q Q Q Q Q

Denote

AO:/Dgfb(VU)-Vudx—/fudac—/g~Vudx.
Q Q Q
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Then we conclude that, for every ¢(x) € CL(Q),

/DEQD(VU)~V<pd:E7/fgod:vf/g~Vg0dx2Ao.
Q Q Q

By a scaling argument, it follows that

/Dg@(Vu)-Vgadx—/fwdx—/g~V<pdm=O.
Q Q Q

Tt means that u(z) is a weak solution of problem (1.2).
Suppose that there exists another weak solution @ for problem (1.2).
Then, for every ¢ € C§°(Q2), we have

/ D:®(Va) - Vepdr = / fpdx +/ g-Vydz,
Q Q Q
which follows that
/ [De® (V) — Ded(Vit)] - Vip dar = 0. (3.8)
Q

Recalling (2.4) and (2.5) we observe that
IDeD(Vil) - Vu| < &(Vau) + B(—Vu) + U(Ded(Vii))
< (C+1)®(Vu) + De®(Va) - Vi € L' (Q).

Making use of the approximation argument, we conclude that w = u — % can
be a test function in (3.8). Therefore, we deduce that

/Q[Dgfb(w) — De®(Vii)] - (Vu — Vi) da = 0.

By the strict convexity of ®, we have Vu = V4 a.e. in 2. Recalling the fact
that u,u € Wol’l(Q), we know that u = @ a.e. in 2. This finishes the proof. O

3.2. Entropy solutions

In this section we are ready to prove the existence and uniqueness of entropy
solutions for problem (1.2). We would like to point out that our approach is
much influenced by [3].

Let T denote the truncation function at height k& > 0:

k if r >k,
Tk (r) = min{k, max{r,—k}} =< r if |r| <k,
—k ifr < —k.

Next, we define the very weak gradient of a measurable function u with
Ti(u) € Wy'' (Q). As a matter of the fact, working as in Lemma 2.1 of [3] we
can prove the following result:

Proposition 3.2. For every measurable function u on Q such that Ty (u) belongs
to Wol’l(Q) for every k > 0, there exists a unique measurable function v : ) —
RY, such that

)

VTi(u) = vX{ju|<k}> almost everywhere in Q and for every k >0,

where xg denotes the characteristic function of a measurable set E. Moreover,
if u belongs to Wol’l(Q), then v coincides with the weak gradient of w.
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From the above Proposition, we denote v = Vu, which is called the very
weak gradient of u. The notion of the very weak gradient allows us to give the
following definition of entropy solutions for problem (1.2).

Definition 3.3. A measurable function u with Tj(u) € Wy'' () is an entropy
solution to problem (1.2) if the following conditions are satisfied:

(ii) For every k > 0 and every function ¢ € C} (1),

/ D:®(Vu) - VIi(u— ¢)de < / fTi(u— ¢)dx + / g VTi(u— ¢)de
Q Q Q

(3.9)
holds.

Proof of Theorem 1.2. (1) Existence of entropy solutions.

We first introduce the approximate problems. Let {f,},{gn} C C§°(2)
be two sequences of functions strongly convergent to f in L'(§) and to g in
(L>(Q))Y such that

[fuller@) < 1fller@)s  gnlle@) < lgllz=(o)- (3.10)

Let us consider the approximate problems

—div (D¢ ®(Vuy,)) = fn, — divg, in Q, (3.11)
Up =0 on Of). ’
By virtue of Theorem 1.1 we can find u,, € W' (Q) with
/ D:®(Vuy,) - Vu, dz < oo, (3.12)
Q

that is a weak solution of problem (3.11) in the sense of Definition 3.1. Our aim
is to prove that a subsequence of these approximate solutions {u,} converges
to a measurable function u, which is an entropy solution of problem (1.2). We
will divide the proof into several steps.

Using an approximation argument, we can choose Ty (uy,) as a test func-
tion in (3.11) to have

o DS(I)(VTk(Un)) VT (un) dzx

:/fnTk(Un)dI-i-/gn-VTk(un)dx. (3.13)
Q Q

It follows from (3.10) that

[ Deb(VTi(wn)) - V() de
Q
< bl ol + loallm @y [ VTl de

< Kl fllzr ) + 9l oeco) /Q VT ()] . (3.14)
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Recalling (2.2) and using the similar estimate as in (3.4), we have
/Q@(VTk(un)) dx < /QDg‘b(Tk(Vun)) VT (up)de < C(k+1), (3.15)
which implies from (3.2) that
/Q |VTi(un)| dx < Cok + Cs, (3.16)

that is Ty (u,) is bounded in W, ().

Step 1. We shall prove the convergence in measure of {u,} and we shall find a
subsequence which is almost everywhere convergent in §2.

Recalling Sobolev embedding theorem, we have the following continuous
embedding

Wy (Q) = L (9),
where 1* = . It follows from (3.16) that for every k > 1,
1T (un) || 1+ ) < ClIVTk(un)l 1) < C6k + Cs.
Noting that {|u,| > k} = {|Tk(un)| > k}, we have
T (un, . v cs\"

meas{|u,| > k} < (W) < (C’5—|— lj) . (3.17)

For every fixed € > 0, and every k > 0, we know that
{Jun — um| > €} C {lun| > kYU {Jum| >k} U {|Tk(un) — Ti(um)| > €}.

Recalling the convergence of {T(u,)} in L2(Q2) with ¢ € [1,1*) and (3.17), we

conclude that

1
lim sup meas{|u,, — uy,| > €} < <C5 + C}:) .

First sending k — oo and then § — 0, we conclude that

lim sup meas{|u, — tp| > €} =0,

n,m— 00

which implies the convergence in measure of {u,}, and then we find an a.e.
convergent subsequence (still denoted by {u,}) in Q such that

up, — u ae. in Q. (3.18)

Recalling (3.15) and Lemma 2.8, we may draw a subsequence (we also
denote it by the original sequence for simplicity) such that

VTi(un) = i, weakly in L*(Q) (3.19)

and

/ O(ny) dx < Ck.
Q

In view of (3.18), we conclude that n = VT (u) a.e. in Q.
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Step 2. We shall prove that the sequence {Vu,} converges almost everywhere
in Q to Vu (up to a subsequence).

We first claim that {Vu,} is a Cauchy sequence in measure. Let § > 0,
and denote

Ey :={x € Q:|Vu,| > h} U{|Vuy,| > h},
Ey:={x € Q:|uy — up| >1}
and
Es:={x € Q:|Vu,| <h, |[Vuy| < h,|u, —up| <1,|Vu, — Vug,| > 6},
where h will be chosen later. It is obvious that
{z € Q:|Vu, — Vuy,| >3} C By UEyU Es.
For k > 0, we can write
{r €Q:|Vu| >h} C{xeQ:|u,| >k} U{xeQ: |VTi(u,)| > h}.
Thus, applying (3.16) and (3.17), there exist constants C' > 0 such that

-
k
meas{z € 0 : [Vun| 2 b} < (05+ (’];‘*) L GOkt Cs

h
Without loss of generality, we can assume that 0 < § < 1, then we have
* k
meas{z € Q¢ |Vu,| > h} < C5' + ,S‘i + % + %

By choosing k = Cghﬁ, we deduce that
meas{z € Q : |Vun| > h} < C6 + C5(h~ T + L),
Let € > 0. We may choose 0 = ¢/6 and let h = h(e) large enough such that
meas(E;) < ¢e/3, for all n,m > 0. (3.20)

On the other hand, by Step 1, we know that {u,} is a Cauchy sequence
in measure. Then there exists N;(g) € N such that

meas(Fy) <e/3, for all n,m > Ny(e). (3.21)

Moreover, since ® is C'! and strictly convex, then from Lemma 2.2 and
Definition 2.1, there exists a real valued function m(h,d) > 0 such that

(D®(§) — DR(C)) - (§ = ¢) = m(h,0) >0, (3.22)

for all £,¢ € RY with |¢[,[¢| < h,|€ — (| > §. By taking T (u, — uy,) as a
test function in the approximation equation (3.11) and integrating on E3, we
obtain

m(h,d)meas(Es3)
< / [De®(Vuy,) — De®(Vuy,)] - (Vuy, — Vu,) do
E3

= / [fn - fm}Tl(un - Um) dCU +/ [gn - gm] ' (Vun - V'I.Lm) dSU
E3

E3
<|[fn = fmllLr @) + 2hmeas(Q)|9n — gmllz> () = @nm,
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which implies that

meas(F3) < O[(;LL"(LS) <¢e/3,

for all n,m > Ny(e, ). It follows from (3.20) and (3.21) that
meas{z € Q : |Vu, — Vuy,| >0} <e, for all n,m > max{Ny, Na},

that is {Vu,} is a Cauchy sequence in measure. Then we may choose a sub-
sequence (denote it by the original sequence) such that

Vu, — v a.e.in .

Thus, from Proposition 3.2 and VT}(u,,) — VT (u) weakly in L!(Q), we
deduce from Lemma 2.7 that v coincides with the very weak gradient of w.
Therefore, we have

Vu, — Vu a.e. in Q. (3.23)
Step 3. We shall prove that u is an entropy solution.

Now we choose v, = Tx(u, — ¢) as a test function in (3.11) for k > 0 and
¢ € C4(Q). We note that, if L =k + [|¢|| (), then

/Q Ded(Vun) - VT (up — ¢) da
:/QD5<I>(VTL(un))-VTk(TL(un)—fb)dx

and

/ De®(VTL(un)) - VTe(TL(un) — ¢) da:
The first term on the left hand side of (3.24) can be written as

/QDg(I)(VTL(Un)) . VTk(TL(un) - ¢) dx
T (un)—oI<k}

f/ De®(VTL (1)) - Vb da.
{ITx (un) 6| <k}

From (2.2), we have
ng)(VTL(un)) . VTL(’LLn) Z O,

it follows from Fatou’s lemma and (3.23) that

{ITe (v)—¢|<k}

n—oo

< lim inf/ De®(VTr(up)) - VT (up) de.
{ITL (un)—¢|<k}
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In view of (3.14) and (2.5), we know that

/Q\II(D§<I>(VTL(un))) dx < C. (3.25)
Applying Lemmas 2.5, 2.8 and (3.23), we conclude that (up to a subsequence)
De® (VT (up)) = De®(VTL(u)) weakly in L'(Q). (3.26)
Denote
€0 = DeO(VTL(u), o= o € Q: [Tu(un) — 0| < k)
and

E={zxeQ:|TL(u) —¢| <k}

for simplicity. We can write

/ §n~V¢dx:/§n-V¢dx+/ &n - Vodo =1 + L.
E, E E,\E
From (3.26), we have

lim Iy :/ De®(VTy(u)) - Vo da.
{7z (u)—|<k}

n—oo

Recalling Lemma 2.5, we know that ¥ also satisfies the super-linear con-
dition (1.3). Then for every € > 0, there exists a constant M > 0 such that

|s|] <eW(s), forall |s| > M.
It follows that from (3.25) that

) < C(IVoll 1= ) /Q (Enlxm, e do

e ( / (Enlxm, 5 do + / |fn|xE,,L\Edz>
{l&n|<M} {|&n|>M}

<C (Mmeas(En\E) te / U(E,) dx>

< CMmeas(E,\E) + Ce. "
Moreover, by the arbitrariness of ¢, we get
nl:n;o |I3| = 0.
Thus we obtain

/ De®(VTy (un)) - Vo dar— / Ded(VTy(u)) - Vo da.
{17 (un)—0|<k} {ITr (u)—9|<k}

Using the strong convergence of f, and g, (3.18), (3.19) and the Lebesgue
dominated convergence theorem, we can pass to the limits as n — oo in the
other terms of (3.24) to conclude

/Dg@(Vu)-VTk(u—(b)dxg/ka(u—¢)dac+/g-VTk(u—(b)dac,
Q Q Q
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for all k > 0 and ¢ € C}(Q2). Therefore, we finish the proof of the existence of
entropy solutions.

(2) Uniqueness of entropy solutions.

Suppose that v is another entropy solution for problem (1.2). Our aim
is to prove that u = v a.e. in 2. We write the entropy inequality (3.9) corre-
sponding to solution u with test function T}, (v) and v with test function T}, (u).
Add up both results, we have

/ [De(®Vu) —g] - VIg(u — Th(v)) dx
{lu=Tn (v)|<k}
+f [D(@V0) — g]- VTi(v — Ti(u) da
{lo=Th (w)|<k}

< /Q FITe(w = Ta(v)) + Te(v — Th(u))] da. (3.27)

First we consider the right-hand side of inequality (3.27). Noting that
Th(u = Th(0)) + Te(v = Ta(w) =0 in {Jul < by o] < b},

then we have

/Q £ [Tt — Th(0)) + Tie(v — Ty (w)] da

ng;(/ \f|dx+/ |fdx>.
{lul>h} {lv|>h}

Since both meas {|u| > h} and meas {|v| > h} tend to 0 as h goes to infinity
from (3.17), the right-hand side of inequality (3.27) tends to 0 as h goes to
infinity.
For the left-hand side of (3.27), let us define

Ao ={z e Q:|lu—v| <k, |ul <h,|v| <h},

A= {z€Q: Ju—Tu(w) < k|| > h},

Al ={zeQ:|jv—Ty(u)| <k, |u| > h},

Ay ={z € Q:|u—Th(v)| <k, v| <h,|ul > h},

Ay = {2 € Qo —Ti(w)| < b, Ju] < by o] > b},
then we have {z € Q : |[u —Tp(v)| < k} = AgU A3 U Ay and {z € Q :
[v—Th(u)] <k} = AgU A] U AL On the set Ay the left-hand side of (3.27) is
equal to

/A [De®(Vu) — De®(Vo)] - V(u — v) de.

On the set Ay, for the first term of the left-hand side in (3.27), from (2.2) we
have

D:®(Vu) - Vudzr > —/ g - Vudx.

A1 Al
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Since g € L (), we have

‘/ g-Vudz
Ay

Since |A;]| tends to zero as h — oo, we know that ||g||ze(a,) tends to zero as
h — oo. If we prove that ||Vul[z1(4,) is bounded, then the term with A; will
converge to zero. We decompose A; as

<|lgllzeean IVullra,)-

Ay ={v>hJu—h|<k}U{v<—hJu+h| <k}=AT UA].
On Al+ (and the same for A7) we have —k < u —h < k, and then h — k <

uw < h + k. Hence Af C Bp—k 2k, where By, = {h < |u] < h + k}. Choosing
¢ = Tr(u) in (3.9), we get

Ded(Vu) - Vudz < K| |11 + 9]l 1o / IVl de.

Bh,k B,k

It follows from (2.2) and the similar estimate as in (3.4) that
/ O(Vu)de < C(k+1).
B,k
Moreover, we have
/ [Vu|dr < C(k+1).
Bk
Thus we deduce that

IVallsay) < / IVl de < C(k + 1).
Bn_k,2k
Therefore, we have

lim sup/ [D:®(Vu) — g] - Vudz > 0.
Ay

h—o00

On the set A, we have

/ [De®(Vu) — g] - V(u—v)dz
Az

> — D:®(Vu) - Vodz +/

g-Voudr — / g-Vudzr. (3.28)
Ag Az Az

Reasoning as before, the second and third terms of the right-hand side in (3.28)
tend to zero as h tends to infinity. Furthermore, by (2.4), (1.4) and (2.5) we
know that
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/A |De®(Vu) - Vo| dx
< /,42 U(De®(Vu)) do + [42 O(Vv)dx + N O(—Vo)dz

< / D:®(Vu) - Vudz + (C + 1)/ D:®(Vv) - Vodz.
{h<|u|<h+k} {h—k<|v|<h}

For given k > 0, define the function T}, 1(s) = T1(s — Tx(s)) by

s — hsign(s) ifh<|s|<h+1,
Th.1(s) = { sign(s) if |[s|] > h+1,
0 if |s| < h.

Choosing k£ =1 and ¢ = Ty (u) in the inequality (3.9), we obtain

/ D:®(Vu) - Vudz
{h<|u|<h+1}

< [ fTh1(u)de+ / g-Vudz
Q {h<|u|<h+1}

<[ it lgle [ Yl da.
{lul>R} {h<lul<h+1)

It follows from (3.17) and the above argument that

lim D:®(Vu) - Vudzr = 0. (3.29)
h=00 J{h<|ul<h+1}

Therefore, we conclude from (3.29) that

lim D:®(Vu) - Vodz = 0.

h— o0 As

Due to the above reason, the same estimates can be done on A] and Aj.
Summing up the results obtained for Ay, Ay, A}, A and A}, we deduce
that

lim [De®(Vu) — De®(Vv)] - V(u —v)dz =0,

h—o0 Ao

that is, for every k > 0,
/ (Ded(Vu) — Ded(Vo)] - V(u —v) da = 0.
{lu—v[<k}

Thus from the strict convexity of function ®(¢), we have Vu = Vv a.e. in Q.
Furthermore, Sobolev embedding theorem implies that

| Tx(u —v)[[ L1+ () < CIIVT(u —v)||pi(@) =0, forall k>0,

and hence u = v a.e. in . This completes the proof. 0
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Next, we begin to prove a comparison result.

Proof of Theorem 1.3. Choosing T;(u™) as a test function in (3.9) of Defini-
tion 3.3, we obtain

/ Ded® (V) - VTi(u — Ty(ut)) dar < / FTe(u— Ty(ut)) de.  (3.30)
Q Q
For the right hand side of (3.30), we can write

/ fT(u—Ti(u")) do = / [Te(u = Ty(u™)) d
Q {u>1}
u — u+ X
" /{0<u<l} il Titu"))d

+/ [Te(u — Ty(u™)) de.
{u<0}
If 0 < u <, then u—T;(u™) =0 and
/ fTi(u— Ti(u™)) dx = 0.
{0<u<l}
If u <0, then u — Tj(u") = u and
/ fTe(u—Ti(uh))dz <0
{u<0}
due to the fact that f > 0. If u > [, then u™ = u. Therefore, we have
/ FTe(u — Ty(ut)) dz < / FTe(u — Th(w)) da. (3.31)
Q {u>1}

On the other hand, we can split the left hand side of (3.30) into three
terms

/Q De®(Vu) - VT (u — Ty (u')) dx

= / D:®(Vu) - VI (u)dx + / De®(Vu) - V(u—1)dx
{u<0} {I<u<i+k}

+/ D:®(Vu) - Vidz.
{u>1+k}
Recalling D ®(Vu) - Vu > 0 and (2.4), we deduce that
/D@(vu).vmu—muﬂ)dx > / De®(VTi(u)) - VTi(u™) da
Q Q
> / (VT (™)) da.
Q

It follows from (3.30) and (3.31) that

/ O(VTi(u™))de < / fTie(u—Ti(u)) de.
Q

{u=l}
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Using the Lebesgue dominated theorem and letting [ — oo in the above
inequality, we conclude that

/ B(VTy(u)) dz < 0,
Q

which implies from the nonnegativity of ®(¢) that V7Ii(u~) = 0 and
Ti(u™) = C. Then from Ty(u~) € Wy (Q) we have u~ = 0 a.e. in Q, i.e.,
u > 0 a.e. in 2. This finishes the proof. O
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