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Abstract. In this paper we study boundary value problems for semilinear
equations involving strongly degenerate elliptic differential operators. Via
a Pohozaev’s type identity we show that if the nonlinear term grows faster
than some power function then the boundary value problem has no non-
trivial solution. Otherwise when the nonlinear term grows slower than the
same power function, by establishing embedding theorems for weighted
Sobolev spaces associated with the strongly degenerate elliptic equations,
then applying the theory of critical values in Banach spaces, we prove
that the problem has a nontrivial solution, or even infinite number of
solutions provided that the nonlinear term is an odd function.
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1. Introduction

Boundary value problems for semilinear elliptic equations were studied in [1,2]
(see also the references therein); and for semilinear degenerate elliptic equa-
tions in [3-18] (see also the references therein and the recent survey paper [21]
and the book [22]). Operators considered in [3—-18] are degenerate on smooth
surfaces. In this note we consider the following boundary value problem for
semilinear equation involving strongly degenerate elliptic differential operator

Agu+ Ayu+ 2>y Asu — ez, y, 2)u + g(x,y, 2,u)
= Popu—c(z,y,2)u+g(z,y,2,u) =0 in Q (1)
u=0 on 99, (2)
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where z = (x1,...,2n,) € R™y = (y1,.--,Uny) € R™, 2 = (21,...,2pn,) €
R™:0 < c(e,y,2) c(z,y,2) € C(Q),g(z,y,2,0) = 0,9(x,.2,1) # O,a,
8 > 0,a+ 3 > 0,0 < ¢ < 1 and Q is a bounded domain with a
smooth boundary in R™*72F7s Tt is obvious that the problem (1)—(2)
has a solution u = 0, called the trivial solution. We are interested in
finding other nontrivial solutions to the problem (1)—(2). Note that the
operator P, g under consideration is degenerate on two intersecting sur-
faces. Some particular cases of the present paper have been announced
in [19,20]. The paper is organized as follows. In Sect. 2, if the non-
linear term grows faster than a power function and the domain € is
P, g-star-shape, we establish nonexistence theorem via an identity of
Pohozaev’s type. In Sect. 3 we prove some embedding theorems for weighted
Sobolev spaces associated with the operator P, g. Some of the results here are
optimal in the sense that they can not be improved. The method used in this
section can be applied to the cases considered in [8-11] and produce a better
result than that of [8-11]. Note that embedding theorems for weighted Sobolev
spaces associated with nonsmooth vector fields were also obtained in [23]. In
Sect. 4, based on the embedding theorems in Sect. 3 and the theory of critical
values of nonlinear functionals developed in [2] we obtain theorems on the exis-
tence of nontrivial solutions if the nonlinear term grows slower than a power
function (the same power function as for the nonexistence results), or even infi-
nite number of solutions provided that the nonlinear term is an odd function.
In Sect. 5 we present an interesting illustrating example that exhibits the con-
nection between the elliptic, degenerate and strongly degenerate elliptic cases.

2. Nonexistence results

In this section we deal with the nonexistence of nontrivial solutions to the prob-
lems (1)—(2). Let us put G(z,y, z,t) fo z,Y,%,8)ds and v = (vg, vy, 1v,) =

(Vary s+« o s Vi s Vs v v s Vi s Vag s+« + 5 Yz, ) be the unit outward normal on 992
Set N = ni +ng +ng, No g = n1 + na +nz(a+ B+ 1). Let us take a fixed
point (a,b,¢) = (a1, ..., an,, 015 by, C1yenesCpy) € RY.

Lemma 1. Suppose that c(z,y,z) = 0,9(z,y,2,t) = g(t). Let u(x,y,z) be a
solution of the problem (1)—(2), which belongs to the space H?(S2). Then the
solution u (x,y, z) satisfies the identity

/ {Na”@G (u) — Wg (u) u} dadydz
Q

+ [ Pl P, a)laf? + By, blef) dodyds
Q

1 a,B ou 2
=5 [ vapii (5 ) as,
9 /[‘)Q v ﬁl/a,b,c ((91/) S (3)
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where

Vo, = [val? + vy |* + [y *|v2 ],

Vae = (@ = a,va) + (y = b)) + (a+ B+ 1)(z = c,vs).
Proof. Integrating by parts gives

(1 + 61 +1) /Q G(u)dzdydz = —/Q {al((x — ), Vo) + Hully =), Vyu)

ni n2

+((Z_Z)3’VM] g(u)dadydz,

for any real numbers a1, 8. From (1) it follows that
g(u) = — (Apu+ Ayu+ |z**[y*P ALu) .
Hence we get
(v + 61 +1) /Q G(u)dzdydz
_ / [Oq((l“ —a)Vau) | Billy =), Vyw) | (2= C),VZU)]
Q

ny no ns

X (Agu+ Ayu+ |x|2°‘|y|2ﬁAzu) dzdydz. (4)

A detailed computation shows that when o = he

right-hand side of (4) equals

Nag—2 ou\ 2 ou\? 20 128 [ Ou 2
et =2 [ (S)  (58) Lol (5
nz(a+B+1) Jo |\ Oz oy 0z

1 2(a—1)) (2(8—1) 2 2 2
- T V.ulla(z, a + ,b)|x|?] dedydz
T LT PV ot 0l + B blel*) dady

1
+7
2nz(a+ B +1)

n . n
na(a+1ﬁ+1)’51 - na(afml) b

dzdydz

[ (19l 4190 + Py V) v2fas.(9)
o9
From the boundary condition (2) we deduce that

/ g(u)udzdydz = / [’qu 1+ Vyu |2+ 2>y | Vzuﬂ dzdydz  (6)
Q Q

and
0 0 0
Vau = Z/Ia—:j7 Vyu = 1@6—57 V.u = uza—z on the boundary 9.  (7)
Putting (4)—(7) together we finally get the desired identity (3). O

From Lemma 1 we can easily deduce the following two theorems:

Theorem 1. Suppose that c(x,y,z) = 0,9(x,y,2z,t) = g(t). Let Q be a
P, g-star-shape domain with respect to the point {(0,0,0)} (i. e. the inequality
V(l)x,b'[?o > 0 holds almost everywhere on 9Q) and N, gG (t) — Wg (t)t<o0
when t # 0. Then the problem (1)—(2) has no nontrivial solution u € H?(Q).
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Theorem 2. Suppose that c(z,y,z) = 0,9(x,y,2,t) = g(t). Let Q be a
P, g-star-shape domain with respect to the point {(0,0,0)} and N, G (t) —
Wg (t)t < 0 when t > 0. Then the problem (1)—(2) has no nontrivial
positive solution u € H?().

Theorem 3. Suppose that c¢(x,y,z) = 0. Let Q be a P, g-star-shape domain
with respect to the point {(0,0,0)} and g(z,y,z,t) = M + [t|7t with A < 0,
Y = 5 ,—3- Then the problem (1)~(2) has no nontrivial solution u € H2(Q).
Proof. Indeed, in this case G(t) = 2 ® ¢ Itlﬂ/ . Assume that v is a nontrivial

solution of the boundary value problem (1)7(2). From Lemma 1, taking
(a,b,¢) =(0,0,0), we have

2, (2= Nog) + 4|u*? _1 / o (0u)*
/Q{)\u + 20y +2) drdydz = 2 e va.s0.00 | 5, ds.
(8)

Ify>+—— —=3 or A <0, we see that the left-hand side of (8) is negative but

the rlght “hand side is nonnegative since 2 is P, g-star-shape. This leads to a
contradiction.
Ify=

and A = 0, then we deduce from (8)

1 o,B 8u
— o dsS =0.
2/89” BY 000<8u>

Again since Q is P, g-star-shape we deduce that g—fj

-2

= 0. Then from a

uniqueness theorem it follows that u = 0. Theorem 3 is thus proved. O

Remark 1. Without the condition of P, g-starness of the domain (2,
Theorems 1-3 may not be true. Indeed, if €2 does not intersect with the hyper-
planes {z = 0} and {y = 0} then P, s is elliptic in Q. Hence we can prove the
existence of a nontrivial solution of the problem (1)—(2) for any function g(t)
with the growth order less than M (note that %ﬂ < N+2) by using the
variational method and the classmal Sobolev embedding theorem. Note that,
in this case, of course, the P, g-star shape condition of € fails. An example in
Sect. 5 will illuminate this phenomenon.

3. Embedding theorems

The situation changes drastically if the growth rate of g(x,y, z, ) in the t-var-

aﬂ+

iable is less than Noo—p as we shall now show. Let us first introduce some

auxiliary spaces.

Definition 1. By S¥(2),1 < p < oo, we will denote the set of all functions
u € LP(Q) such that V,u, Vyu,|z|*|y|’V,u € LP(Q). For the norm in S} (Q)
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we take

gy = [ | 1P Z
Q =1

If p = 2 we can also define the scalar product in S7(£2) as follows
(u,0)s2(0) = (U, 0) L2(0) + (Vatt, Vo) 12 () + (Vyt, Vyv) 12
+ (l2*191° V2w, |2]°[y]° V 0)

ns

2

=1

p

8u dzdydz.

Ix\“lylﬁ

ou |P
dy;

L2(Q)
The space ST () is defined as the closure of C§(Q) in the space ST(9), where
C¢ (Q) denotes the set of functions in C*! (€2) with a compact support in .

Lemma 2. Let 1" = [—171] X X [—1,1] and f’i(tla-~-7ti—17ti+1a" 7tn) =

n times

filt;t) € L”’l(HE;t}_)). Assume that n > 2 then the following inequality holds

/H I #:t:to)at

"i=1

1 n
<11 |fi(ts 6" di,
=1 H(tt)

where dt = dty ... dt,, dt; = dty ... dt;_1dtiq ... dt, and
H?t f1> = {(tl,...,tifl,tijq,...,tn) = (t;lgi) € R™: (t;fi) S [71,1]><~~-><[71,1]}.

(n—1) times

The proof is easily established by induction (see also [24], [25]).
Proposition 1. Suppose that 1 < p < Ngyg. Then we have Sf’O(Q) C

PNag
L¥ap—?" (Q) for every small positive .

Proof. Tt suffices to prove that for any sufficiently small e there exists a con-
stant C such that the following inequality

HUHL%’E(Q)g Cllullsy o) (9)

holds for any function u € C} (£2). Without loss of generality we can assume
that Q C [-1,1] x --- x [-1,1] := TV Extend the function u to be equal

(z,9,2)"

N times
to 0 outside of Q. We have for all (z,y,z) € 2

i Qu
u(x,y,2) = 0 (1, 1,0, T 1y Ty YLy - - Yngs 21+ - - Zny) dO.
Therefore

ou N R —
lu(z,y,2) | < = Ai(x,y, z;8) = A4, V(x,y,2) € Q,i=1,n;.

Ozl )

Hence for all (z,y,z) €

5 5 _ ny + ang .
u(x,y,z <A 6 = ,i=1,n;.
fule:9,2) " < A4 "o +na (I o+ B) - 1) '
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Similarly, for all (z,y,z2) €

Ju(z,y,2) | < = (Bj(w,y,279;))" == B},

Hayj (T v).

5y = o+ i=Tm
2 n2n1+n2+n5(l+a+ﬁ) 1)’ o
. 5-
uew,2)[" < Hazl 1 = (Ci(w,y, 2 4))% = C}*,
L, ))
|z
63 = : 7l:17n37

ny+ne+ns(l+a+p)—1

where ¢ is small enough (but positive). Define N5 = 118y +ns0s + ngds. Multi-
plying all the N above inequalities and then integrating over the cube H(m y.2)0
in view of the Holder inequality with respect to the z-variable, we obtain
ni,n2z,n3
/ \u\Nﬂ‘dxdydz < / ||~ ™398 || ~Fnads H Afl Bf2Cf3dzdmdy
G y.2) igl=1

(n3—1)d3
angds Bnzds n3—1
o I VPR Cealy

(z,y) (2) I=1

ni,n2

i 5 5o 1—(n3—1)d3
1-(n3—1)d3 plI-(n3—1)d3 —
X /1‘1"3 1T A B, dz dzdy := I.
() =1

(10)

By applying Lemma 2 with n = ng we deduce that

ns 1 (71,371)(53 ns 53
(/ SHq"“dz> < </ ) IClel>
H’Vl H’Vl —

(=) I=1 =1 (z327)
03
ou
—|dz
8zl

3
</|wmﬁ
s

1 (z)

—

S

ns n3
A A6
= [1(Cula, ) =] C
=1 =1
and by the Holder inequality
- 1-(n3—1)d;3
H Al (n3 1)5331 (715 1)55(?12
(z) 1,j=1

51y 52
< H ( / . Aidz> H ( ” Bjdz>

Jj=1 (=)
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{UREEOR (TN -E0)

(A (z,y; &) H (2,3 05)) 2 ::HA?IHE?Q.

1 j=1 i=1 j=1

::13 [Jamt

Oz; 8y]

-
Il

Hence for p = mludnatns(tatf)=1) "4 yiew of the Holder inequality, we

n3(a+ni€)
have
ni,nz,n3
L < /n2 |y|—ﬁn353 / |x‘—an353 H A&lBéQCé‘jdx dy
) e i4,l=1

; 61(111—1)
S (/ |x—an363pdx> X/ ‘yl—ﬁngég (/ HAnl ldsc)
e o2 ny

(=) (y) (z) =1
O

ns 63
B;d id d
/MH . H(/Hmclx> y
(@) j=1 =1 ()
51(711—1)
- Bnsd ny—1
: C/n2|y| 3% (/ HAl d:c)
(y) (1) i=1
no 52 ns 63
11 ( Bjd:c> 11 ( C’ldx) dy :=1I,. (11)
j=1 \JI, =1 \71¢)

Again by Lemma 2 with n = n;

ni 4 51(1’7,1—1) ni . . 51
"1 . Hn 1—1

(a:) i=1 =1 (z\zy)

61
= dedz | = A ) =T A2
H </n1+n3 z l.) i H
2[n1+n2+ns(1+a+8)—1]

By using the Holder inequality with ¢ = 2 s (F+nad) we obtain

% ni “ o
L<C / ly| iy | / A;dy
) i=1 \7I(}

1 d2(na—1) 53
ng ~ na—1 n3 ~
LA ) e (] )

ey j=1 \/ ) 1=1 \’ 1

z,y)

ox;
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51 , 1 d2(n2—1)
~ n N nog—1
< CH (/ flidy> / 11 (/ Bjd:c> dy
e e j=1 \/ M)
ns d3
11 ( / Cldxdy> . (12)
itne
I=1 (=)
From Lemma 2 with n = ny it follows that
na ~ Tl—l 82(n2=1) na . 02
) < )
/H”z H < 'l Bjdx) @ N H </H"1+n2 Bdedy)
() j=1 ) j=1 (z,9)
52 52
= H < dxdydz> = % .
Ay, L1()
Combining (10), (11), (12) we obtain
ni,n2,n3 8’1,1/
s Tl A, e
”1:[1 a% L 119y LY(Q 92 Ll(Q)
It implies that
lal Cnlﬁng Na H ou JA\TF H| oy |P 2L ou
ull ;5 Yy
e iji=1 ;i @) 19illpa 9z || 1)
ny
<c|X | o
= 107 ll L1 q) 9jllLi ()

+Z ) : (13)
L1(Q)

Next we put |u|” (v > 1) into (13) and obtain

B
ety 5

e ou
ul"||; % <C u 7 o— -2
([ ||LN5(Q) ; [ul ox; (O o 3% L1(Q)
n3
£ 30l 0 )
o Ozl L1 (@)
™ du ou
< C (Il ) oy,
H HL” (€) ; ox; Lr(Q) =1 ayj Lr ()
3 ou
+ > |l o= ) )
1=1 Pallr@)
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1,1 i - pr
where sty = 1. Therefore choosing v = DR, Ve get
ni n2
ou ou
full— oms <C o7 T
Lr=(r=DNs () iz 19%illee() 5= 195 llee ()
n3
ou
+> |2yl 5= :
; 02| Lo (e
pNs PNas = o
Note that % Napop when € — 0. The proof of the proposition is
therefore completed. O

Proposition 2. Assume that 1 < p < Nug. Then the embedding map ST ((€2)
PNa g o
into LNe.s7P 8(Q) is compact for every positive small €.

Proof. Set k = max{[a],[8]} + 1, where [] stands for the integral part
of the argument. In [26] the authors have shown that ST () is com-
pactly embedded into LP, (£2). Combining the above result of [26] and

k+1
Propositions 1 we can easily get the claim in Proposition 2. (]

Proposition 3. Assume that p > No . Then S7,(2) € C°(Q).
Proof. Tt suffices to prove the following estimate

5161?2 lul < Cllullgp () forevery ue Ci ().
. :

First, we assume Vol (2) = 1. By the inequality (9) we have

gl <C v
Il ”L%75(9) < Cllul"lls1 @

(0| A 0u| N ey O
:cv/ = 2 g | T2 ||+ 2 |y|ﬂ‘€)z‘ dedydz
Q i=1 i =Y =1 :
< Clullgp - H|u‘771||L5iL1(Q)

for v > 1 and a small fixed positive €. That is

1 1 1—1
< (C~)~ ¥ . i
IIUHL<NNQ,5 oy S (@) lullge o IIUIIL,)Q:;)( :

=557 )

1

1 1—1 .
< (Cy)~ Hu||;,i0(m. ||u||Lpp;Vl(Q) since Vol (Q) = 1.

Therefore we get

1—1
P
u

‘ ‘ ;

lellsy oo || 2 (32%252) o Felsg oo [ 221
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Choose 7 such that NNQ'fl — & > Lo Let us substitute for v the value
o, p

&P(p = 1,2,...) where £ = (NN(;‘fl —5) pp%l > 1 by the hypotheses of the

theorem. Then we have

1—g=°

u u

< (Cer)e

”uHSf,o(Q) L(szél 75)'&) (Q) Hu”Sf,o(Q) L( NJZafﬁl 75)'5/)71 (Q)

for p=1,2,.... Iterating from p = 1 and using the fact that

’ v <1
Na, -

”uHSfo(Q) L<Na,ﬁ€17€)‘§(g)
we obtain

u u Zp.ErP

< (C&)=* =C.
wa o [ N
ST,0(52) LEP(Q) ST ,0(82) L\ Na,p—1 ()

Consequently, as p — oo, we have

u
<,

sup
zeQ

H“Hsfo(g)
and hence sup,cq |u| < CHu”Sfo(Q)' To eliminate the restriction Vol () = 1
we consider the transformation Q — O

1 1 _Nap-rina
21 ={Vol (Q)} Nes z,y; ={Vol (Q)} Nes y,z1 ={Vol (Q)} Nep 2.
The domain €27 now has the volume 1. That leads to

sup |U(l‘,y,2§)| = sup |U(1‘1,y1,2’1)|
(z,y,2)€Q (z1,y1,21)€Q

< Oty 20) sy o) < Cllulev. 2)lgp -

O

In the next proposition we prove a precise embedding theorem. The method
exploited here can be applied to produce a better result than those obtained
in [8-11]. For the sake of simplicity we will prove the proposition for the case
ny = no = ng = 1. Let us define

I={(z,y,2) ra1 <z <ag,by <y<bsy,—1<z<1}

In what follows we denote by A,, A,, A, the images of a set A C R3 under the
projection map along the direction Oz, Oy, Oz, respectively. We first need an
auxiliary lemma.
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Lemma 3. Let a,b € R, 1 < p1,p2,p3 < 00; p—lJr— = 1;p3 > max{p1,p2}. The
following inequality holds

Fi(y, z Pll Fy(z, 2 1’12 F3(x Pls dxdydz
| (y7 )| ) 7y y
I

1

as pP3—p1 b 1
_ _apy P1P3 2 _ _bpo Pl
<([TraEEa) ([T pg,mdy) [ (.2
al by
+ g
J

Proof. If either of the factors on the right-hand side is infinite then the claim
is obviously true. Hence we may suppose that all the factors on the right-hand
side are finite. By Holder’s inequality we have

P3

B (e, z)|dxdz] - [ [ kR, y>|dxdy}

Yy

/ \Fi(y, )| 71 |F(x, 2)] 7 | Fs (z, )| 75 dadydz
I

1 1 —a b 1
:/lFl(yw)I“ |[Fa(w,2)[72 || 7s [y|™ 2 ||| [y|" Fa(x, )| 75 dedydz
I

<[ ][] e

z

_a _ b a 1
x|z| " Ps |y Ps ||| |yl" Fs (2, y)| 75 dedy

pP3—P
a2 __apy P1P3
< |z| Ps—r1dx
ay

b2 1 ﬁ _ b a2 ar b p13
<[ [/ |F1<y,z>|dz] % [/ 2]y |F3(x,y>|d4 dy
by —1 al

1

P2
/ |F>(z, z)d;r:dz:|
I,

Yy

p3—p1 p3—py 1
az  _ _apy P1P3 e Pap3 P2
< (/ |x| Ps—r1 dx) (/ ly| P3Pz dy) |F(x, z)|dedz
ay by I,
S 1
pP1 a b P3
<[ 1E ][ [P )lasa]
I I,
O

PNa,s

Proposition 4. Assume that 1 <p < Nag. Then S7 () C LY577(Q).

Proof. To avoid unnecessary complications in the proof we prove this propo-
sition only in case n; = ng = n3 = 1. In this case Ny g = o + 3 + 3. Hence as
in Proposition 1 it suffices to prove the following inequality

HuHLﬁJ%ﬁQ@Z (Q)< Cllullsy ) for any function wu € Cr(Q).
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Extend the function u to be equal to 0 outside €. For m,n = 0,1, ... we denote

1 1 1 1
4(1) 3 . R i
m,n {(x,y, Z) < (2,y,2) * om+1 STS om’ on+1 SYS 2n}

1 1 1 1
A, = {(sz) €My yz)  ~5m ST S~ gt gugT SY S Qn}

1 1 1 1
3) _ 3 . _ _
Am»n - {(m,y, Z) € H(%ZAZ) : 2m+1 g x g 2m’ on < Y < 2n+1 }

1 1 1 1
(4) _— 3 . _ _ _
Amin = {(m’y’ z) € H(I’y&) ©9m STS om+1’  9n SYS on+1 }

We recall a simple fact that for arbitrary finite numbers a < b and any function
v € Ca, b] the following inequality holds

b b
v@)l < 2 [ p@lde+ [ @)l

for every x € [a,b]. Applying this inequality we have

1 1
7 P
w2 [ et [T S|
1 1 ox
omFT omFT
w9 79
</ MdH/ ‘j(wz)‘dx
1 || 1|0z
om+1 om+1
1 1
=10 (y2) + I, (y.2)
for any (z,y,2) € Aﬁ)n Set
1 l+a 1 148 1 1 1
7:7’—:77—:7,])4:1—’-*.
p1 24+a+pB'pr 2+a+0B ps 2+a+p D3
We have

1 1 1
Ju ey, 2) |7 < C {1, (0 )77 + (L5, 0 (0:2)] 7 }

for any (z,y,2) € AS}l)n The constant C' does not depend on m,n,u,x,y, z
but may depend on «, . In a similar way we obtain

= () ) =
ju (.9, 2) 170 < C {10, 0, 77 + [, (0, 2177 |
for any (z,y,2) € A%),n,i = 2,3, 4. Analogously
= (4) = (4) s
[u .y, 2) 172 < C {1, (@217 + IS0, @, 2] |

for any (z,y,2) € Ag,i),n,i =1,2,3,4. The matter concerning the derivative in
the z variable is simpler since

_ (7 Ou(z,y,2)
u(z,y,z) = /71 2, dz
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for any (z,y,2) € Ag,?,n,i =1,2,3,4. Hence

Ju (,9,2) |75 < (/1 g”(x Y,z )‘d )3 = [H(z,y)]

for any (z,y,2) € Agft),n,i = 1,2,3,4. Multiplying all the above inequalities

and then integrating over the cube Ag,i),n, with the help of Lemma 3, we obtain

[ tedsdydz <0 [ {0, 05 4 D20 )

m,n 7n n

{M%A N+ U0 P U )] ey

, 2 BN I
cm2)' =% 30 [10, 7 (70,7 [

k=1

where

L, = / L0y, 2)dydz, I, = / I (w2)dadz, k=1,2
(A9, (A0

IZI,(é)n = / H(z,y)dzdy.
’ (A

Therefore

1

pi P4
Pa Pa
Hulngigig = (/Q ul dxdydz) (Z Z /mn |l dxdydz)

=1 m,n=0

1

1 1 P4

(8 3 3 i [ )
ZZZ ] i) 2]
0N S Y (Wt T+ D)

i=1 m,n=0%k,l=1

<oz

H u(z,u, 2)
L1(Q) y

X

o sy ) ()

Next put v = % into (14) and by using the Holder and Hardy

inequalities we get
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ul” u|” ou
7,355 ) < € (1 oy 1]
L2hats ( L1(Q) L1(Q) oz L)
ou ou
+H|u“ t o2 ) <o,
Wl L1 (o) 92| L1 (o) B
ou
+ X « ﬂi ) 15
(= W 7 W = @
1 1 : (3+a+B) _ (a+B+3)
where ~ + —; = 1. By noting that 757252 = (v — 1)p’ = 575 we can

reduce similar terms in (15) and obtain the desired inequality. The proof of
Proposition 4 is therefore complete. O

4. Existence results
From now on we suppose that g(z,y, z,t) has only polynomial growth in ¢.
Definition 2. A function u € S7 () is called a weak solution of the problem

(1)=(2) if the identity

/Q [(Vau, Vo) + (Vyu, Vo) + [2**[y]* (Vu, V.p)] drdydz

+ [ el 2yug — gla,p. 2 )] dodydz =0
Q
holds for every ¢ € C5°(92).

We try to find weak solutions of the problem (1)—(2) as critical points
of a nonlinear functional. To this end we define the functional ® on the space
510 () as follows

1
b(u) = 5/9 (|Vggu|2 + | Vyul® + ‘|x|“\y|ﬁvzu|2) dadydz

1
+§/ c(z,y, z)u*dedydz — / G(z,y, z,u)dadydz
Q Q
= Py (u) + Po(u) + P3(u). (16)

Without difficulty we can verify that ®;,®, are continuous on Sf, (Q2) and
for u € 57, (Q2) we have

@) (u) (v) = / (Vou, Vo) + (V0. V,0) + 222 [y (V. V.0)) dadydz,
Q

<I>'2(u)(v):/Qc(x7y,z)uvdmdydz

for any v € S7 (Q). By using Lemma 3 it’s not difficult to obtain for ®3 the
following

Lemma 4. Let 1 <p < oo. If g(x,y,2,t) € C(Q x R) satisfies the conditions
g(z,y, 2, )| < alz,y,z) +b|t|P~, where a(x,y,z) € L71(Q), beRy,
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then

u(x,y,2)
By ulz,y,2) — / / oz, y, 2. €)dédadydz
QJo

is a (nonlinear) continuously differentiable functional on LP(Y). Moreover, for
each fized element u € LP(2)

9(@,y, z,u(z,y, 2))v(z,y, z)dedydz

Q
for any element v € LP(Q).
z)

Corollary 1. Let c(x,y,z
conditions

€ C(Q) and g(z,y,2,t) € C(Q x R) satisfy the

l9(x,y, 2, 1) < alz,y, 2) + bJt|",
where

Na,ﬁ + 2

a(x,y,z) € Lﬁ“)),l <p< m,

beR,.

The function u is a weak solution of the problem (1)—(2) if and only if u is a
critical point of the functional ® defined by the formula (16).

Now we impose the following hypotheses on g(z,y, z, t)

(@1 g(@,y,2,t) € C(Q x R) and g(z,y,2,0) = 0.
(9)2 For some 1 < p < N [’+2 and some positive constant C

lg(z,y, 2, ) < C(L+[t").

(9)s g(z,y,2,t) =0o(t) for t — 0 uniformly in (z,y, z) € .

; g(z.y,z,t) ; 9(z,y,2,t)
(9)a limy oo ; = o0 or limg ., oot=7"=

(z,y,2) € Q.
(9)5 If |t| > A for some number A, then

oo uniformly in

G(z,y,z,t) < pg(z,y,z,t)t

where 1 € [0, 3).
(9)¢ g(x,y,2,1t) is an odd function in ¢.

In the following lemma all the conditions (I); — (I)5 are taken from [2].

Lemma 5. e Ifg(x,y,z,t) satisfies (g)2 and (g)s, then ® satisfies (I).
o Ifg(x,y,z1t) satisfies (g)a, then @ satisfies (I)s.
o Ifg(x,y,z1t) satisfies (g)a and (g)e, then @ satisfies (I)s.
o Ifg(x,y,z,1t) satisfies (g)2 and (g)s, then @ satisfies (I)s.

Next let us introduce a set of additional notations:
By ={u € 570 (Q) : ||ullsz ) <r} Sr=0B, Ac = {u € 574 () : B(u) < ¢},
A, = {ue Sio (Q):®(u) >ch, K. ={ue S’io (Q): ®(u) = ¢, ® (u) = 0}.
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Assume that there is a nonzero element e € S7 () such that ®(e) = 0. Let
I'={heC(0,1],57,(Q): h(0) = 0,h(1) = e}
I, ={heC(S7,(2),57,()):h(0) =0, h-is a homeomorphism
of 53, (€) onto S7 (), and h(B;) C Ao}
' ={heT.:h(S1) separates 0 and e}.
Define

b= inf D(h(t)),c= inf ®(h(u)). 17

inf mas (h(t)),c hsgg)i nf (h(w)) (17)

Theorem 4. Suppose that g(x,y, z,t) satisfies the conditions (g)1 — (g)5. Then

the values b and ¢, defined by the formula (17) are critical values of the func-

tional ® in (16). The boundary value problem (1)—(2) has a nontrivial weak
solution.

Proof. Theorem 4 is a direct consequence of Lemma 5 and the theory of critical
values of nonlinear functionals in [2]. O

If g(x,y, z,t) is an odd function in ¢ then something more can be said
about the number of nontrivial solutions of the problem (1)—(2). Let us intro-
duce some further notations. Let T = {h € C(SL(Q), S3(Q)) : h(0) = 0, h-is
an odd homeomorphism of S3(Q) onto S¢(Q); ®(h(u)) > 0 for [ullsi) < 1}
and T, = {K C S}(Q) : K is compact, symmetric with respect to the origin
and k(K Uh(S1)) > m, Vh € T'*}. Here k(.) is the genus of a set and S; is the
unit sphere in S} (Q2). For each m € Z let us denote by E,,, any m-dimensional

subspace of S3(Q) and E;- any its algebraic and topological complement, and
define

b = inf max ®(u),c, = su inf P(h(u)). 18
Kel'y, ueK ( ) herp* u€S1NEL ( ( )) ( )

m—1

With the help of Lemma 5 and the results in [2] it is possible to establish the
following theorem. We will omit the details of the proof of the theorem.

Theorem 5. Suppose that g(x,y, z,t) satisfies the conditions (g)1 — (g)s. Then
for each m € Z,, the values by, ¢, defined by the formula (18), are critical
values of the functional ® with 0 < ¢y, < by, < 00. If by =+ = by = b,
then k(u € S§(Q) : ®(u) = b, ®'(u) = 0) > r. Therefore, the problem (1)—(2)
has infinitely many nontrivial weak solutions.

Next we deal with the effect of adding a linear term to the right hand
side of the equation (1). More precisely, consider the boundary value problem

P, pu+d(z,y,2)u+ g(z,y,z,u) =0 in Q, (19)
u=0 on 0%, (20)
where d is a nonnegative function. Recall that the eigenvalue problem

Pa,ﬁv(xvyv Z) + )\d(.’l?,y, Z)'U(Qf,y, Z) =0 in Qv
v=0 on 0N
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possesses a sequence of eigenvalues 0 < A < Ay < A3 < -
lim,;, 00 Ay = 00. Each eigenvalue )\, has finite simplicity and A; is simple.
Let e,, be an eigenfunction corresponding to the eigenvalue \,,. Put

U(u) = Py (u) + P3(u) — %/Qd(w,y, 2)u?(z,y, z)dedydz.

It is easy to see that ®(u) > W(u). The following lemma gives us results for ¥
similar to that of ® in Lemma 5. As in Lemma 5 all the conditions ()2 — (I)g
are taken from [2].

Lemma 6. e Ifg(x,y,z,1) satisfies (g)a, then U satisfies (I)s.
o Ifg(x,y,z,1t) satisfies (9)2,(9)s — (9)s, then U satisfies (I)s.
o Ifg(x,y,zt) satisfies (g)a, (9)s, then U satisfies (I)s.
o If1<MNyy# N and g(x,y,z t) satisfies (g)1 — (g)s3, then U satisfies (I)g
with B' = {ey, ... e}

With the help of Lemma 6 it is not difficult to obtain

Theorem 6. If g(z,y,z,t) satisfies the conditions (g)1-(9)s and
A < 1 < Ay, then for all m > 1 the values by, ¢, defined by the formula
(18) (of course, with ® replaced by V), are critical values of the functional
U with 0 < ¢ < by If bypy1 = -+ = by = b, then y(Kyp) > 1. The
problem (19)—(20) has infinitely many nontrivial solutions.

5. Illustrating example

In this final section we consider an example of the problem (1)—(2) in which
ny = ne = n3 = 1,Q = Bi(a1,b1,0),9(z,y,2,t) = |t|"t where (a1,b1) €
R%r, 0 < v. We show that the existence of nontrivial solutions of the problem
(1)—(2) heavily depends on ay, by,~. In this case

Vs,’zfc =(@—ay1+(y—brve+ (a++1)(z—c)vs.
First we suppose that b; = 0. On the sphere Si(a1,0,0)
o8 _ ( _ al<2a+25+1>)2 2_ditdlatPlatftl)
2(a + 0) Y i(a+ A2

a1 (20 + 28 + 1))2 s s

= (g - 2T T 2 R
(m 2a+5) ’

If 0 < a; <1 (or the ball Bi(ay,0,0) contains the origin), then l/((i’(fo > 0 on

Si(a1,0,0). Hence Bi(a1,0,0) is P, g-star-shape. The problem (1)—(2) has no

nontrivial solution if ~ > If a1 = 1 (or the origin is on the boundary

ST
of Bi(ay,0,0)) then VO o > 0 on Si(a1,0,0)\{0}. Hence Bi(aq,0,0) is still
P, g-star-shape. The problem (1)—(2) still has no nontrivial solution if v >
ﬁ,@ﬂ' If a; > 1 (the origin is outside of the ball By(a1,0,0)), then vy 7060 is
positive on a part of Sy (aq,0,0) and negative on the other part of Si(aq,0,0).
Hence Bj(a1,0,0) is not P, g-star-shape. The problem (1)—(2) may have a
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nontrivial solution. In this case the equation (1) is degenerate only in the y-
variable since the ball does not intersect with the hyperplane x = 0. According
to [11] if v < ﬁ the problem has a nontrivial solution, or else if v > ﬁ the
problem has no nontrivial solution.

Now suppose that a; = 2. If by < 1 the ball still intersects with the
hyperplane y = 0. Hence the problem has no nontrivial solutions if v < ﬁ.
But when b; > 1 the operator is elliptic in Bq(2, b1,0). According to [1] - [2],
if v < 4 the problem has a nontrivial solution, or else if v > 4 the problem has
no nontrivial solution.
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