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Ground state and multiple solutions
for a critical exponent problem

7. Chen, N. Shioji, and W. Zou

Abstract. We study the following Brezis—Nirenberg type critical exponent
equation which is related to the Yamabe problem:

—Au=Au+u® 2u, ue HQ),

where Q is a smooth bounded domain in RN (N > 3) and 2* is the critical
Sobolev exponent. We show that, if N > 5, this problem has at least
[%W pairs of nontrivial solutions for each fixed A > A1, where \; is the
first eigenvalue of —A with the Dirichlet boundary condition. For N > 3,
we give energy estimates from below for ground state solutions.

Mathematics Subject Classification (2010). 35J20, 35J25, 35J60.

1. Introduction
We study the following Brezis—Nirenberg critical Sobolev exponent problem:
—Au=u+|ul> 2u, uec HH(Q), (1.1)

where () is a smooth bounded domain of RV (N > 3),2* := 220 s the critical
Sobolev exponent and A > 0. It is well known that solutions of problem (1.1)

are critical points of the C? functional I : H}(Q) — R given by
1 1 .
I(u) = f/(|Vu|2—)\u2)dx— 7/ ful?” de.
2 Ja 2* Jq

Equation (1.1) arises in a geometric context in the Yamabe problem, whether
a given metric D on a manifold M with scalar curvature p can be conformally
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deformed to a metric Dy of constant scalar curvature. Let Dy = u*/ N -2D,
where w is the conformal factor, the scalar curvature pg is given by the equation
4(N —1)
N -2
where A is the Laplace-Beltrami operator on the manifold M with respect
to the metric D [25,30]. Let A, be the n-th Dirichlet eigenvalue of —A on Q
counted with multiplicity. The pioneering paper on the Eq. (1.1) was due to
Brezis and Nirenberg [6] in 1983 where the authors showed that for N > 4
and A € (0,\;) problem (1.1) has at least one positive solution. The same
conclusion was proved in [6] for N = 3 when  is a ball and A € (A1/4, A\1). By
using a version of Pohozaev Identity, Eq. (1.1) has no nontrivial solution when
A <0 and  is star-shaped. Since 1983, there has been a considerable number
of papers on problem (1.1). Let us now briefly recall the main results obtained
before. If N > 4 and X # )\, for every n > 1, Capozzi et al. [7] showed that
(1.1) has a nontrivial solution [31]. If N > 5 the same conclusion is true for
every A > 0 [7,31]. Arioli et al. [3] showed that problem (1.1) has only trivial
radial solutions when N = 4, () is the unit ball and A = ;.

The first multiplicity result was obtained by Cerami et al. [8]. They
proved that the number of solutions of (1.1) is bounded below by the number
of eigenvalues of (—A, Q) lying in the open interval (A, A + S|Q|~2/V), where
S is the best constant for the Sobolev embedding D'?(RN) < L2 (RV) and
|2] is the Lebesgue measure of Q. If N > 4 and 2 is a ball, then for any A > 0,
problem (1.1) has infinitely many sign-changing solutions which are built by
using particular symmetry of the domain  [15]. If N > 7 and € is a ball,
then for each A > 0, problem (1.1) has infinitely many sign-changing radial
solutions [26]. Cerami et al. [10] proved for N > 6, problem (1.1) has two pairs
of solutions on any smooth bounded domain. When 4 < N < 6 and 2 is a ball,
there is a A* > 0 such that (1.1) has no radial solutions which change sign if
A € (0,1*) [2]. Devillanova and Solimini [12] showed that, if N > 7, problem
(1.1) has infinitely many solutions for each A > 0. There is no information
on the sign-changingness of the solutions obtained in [12]. Recently, Schechter
and Zou [23] proved that, if N > 7, problem (1.1) has infinitely many sign-
changing solutions for each A > 0. In 2005, Clapp and Weth [11] got finitely
many solutions to (1.1) for each A > 0 and N > 4. The main result of [11] says
that if 0 < A < Ay, then (1.1) has at least [252] pairs of nontrivial solutions;
if Ay <A < Anq1, then (1.1) has at least [24] pairs of nontrivial solutions; if
A= At1 =" = Aptm Is an eigenvalue of multiplicity m < N + 2, then (1.1)
has at least fW] pairs of nontrivial solutions. All these solutions satisfy

A g+ pu = poulul* =2,

I(u) < 2£5N/2. Here, [a] is the least integer n satisfying n > a for each a > 0.

From the results of [11] we see that if A is an eigenvalue of multiplicity
m > N + 2, there is no information about the existence and multiplicity of
solutions to (1.1) for N < 7. In this paper, we give a partial answer to this
question. Precisely, we shall prove the following theorem.

Theorem 1.1. Let N > 5 and A > Ay, then (1.1) has at least [25L] pairs of

nontrivial solutions. These solutions satisfy I(u) < %S’N/?
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Here we will use a constraint method and the usual Krasnoselskii genus
theory without (PS). type condition to prove Theorem 1.1, and we do not
need the capacity or the equivariant relative category that are used in [11].

Another natural question is about the existence and energy estimates of
ground state solutions to problem (1.1). The ground state refers to minimizers
of the corresponding energy within the set of nontrivial solutions. When N > 4
and 0 < A < Ap, the existence of (positive) ground state solutions was proved
by Brezis and Nirenberg [6]. Very recently, Szulkin, Weth and Willem [22]
studied the case A > A\;. They proved that, for N =4 and \,, < A < A\,41 or
N >5and A\, <A< A\yp1(n > 1), problem (1.1) has ground state solutions.
On the other hand, if 0 < A < Ay, we know that if u is a solution of problem

(1.1), then
1 \ O\ V2 N
(12 /2
I(u) > <1 )\1> SH=,

In fact, by I'(u)u = 0 we get

(1—A>/|Vu|2dx§/(Vu|2—/\u2)dx
A Ja )
. 1 27/2
:/ lu|? dr < (/ |Vu2dx> .
Q S Ja

5\ (V=272
/ \Vu|? da > <1> SN/2,
Q A

1 A2
il _ 2 /2
I(u)>N<1 )\1> SH=

So

and we get

Therefore, if u is a ground state solution, then the ground state energy satisfies
I(u) > 3 (1—3-)N/28N/2 However, including [22], there is no similar estimate
of energy to the ground state solutions for the case A > \;. Here we give a
positive answer to this open question. Precisely, we shall prove the following
theorem.

Theorem 1.2. Let A\, < A < A\py1 for somen > 1.

(1) If N > 5, then problem (1.1) has a ground state solution u.

(2) If N =4 and Ay < X < Apg1, then problem (1.1) has a ground state
solution u.

(3) If N =3 and M1 — S|Q72/N < X\ < \uy1, then problem (1.1) has a
ground state solution w.

These solutions satisfy I(u) > ~ (1 —

L A_)N/2GN/2,

Xt 1

As has been pointed out above, the existence of ground state solutions in
case N > 4 in Theorem 1.2 are not new, and can be found in [22]. They gave a
minimax characterization of the ground states and used the Nehari manifold
introduced by Pankov [19] to prove their results. Here we will give a direct
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proof which is much simpler than the proof of [22]. Moreover, we can get an
energy estimate as stated in Theorem 1.2. In case N = 3, one nontrivial solu-
tion had been found in [8], where whether the solution is a ground state had
not been determined. The novelty of the current paper is that we can prove
there exist ground state solutions and get the energy estimates.

We also consider the following critical biharmonic problem under the
Dirichlet boundary condition

APy — \u = |u|%u ing, u=|Vu|=0 ondQ (1.2)
and the one under the Navier boundary condition
Ay — u = |u|ﬁu inQ, u=Au=0 ondQ. (1.3)

These kind of problems have received much interest in recent years, and were
studied by many authors, see [4,13,16-18,20,28,29]. In particular, Clapp and
Weth [11] obtained the following result in case N > 8:if A > 0 is not a Dirichlet
(respectively Navier) eigenvalue of A2 on €2, then problem (1.2) (respectively
(1.3)) has at least [(IN 4 1)/2] pairs of nontrivial solutions; if A is an eigen-
value of multiplicity m < N + 2, then it has at least [(N + 1 —m)/2] pairs of
nontrivial solutions.

From the results of [11] we see that if A is an eigenvalue of multiplicity
m > N + 2, there is no information about the multiplicity of solutions to (1.2)
(respectively (1.3)). Here we give a partial answer to this question. Let A, be
the n-th eigenvalue of A% with boundary condition (1.2) (respectively (1.3))
on €2 counted with multiplicity. We shall prove the following theorem.

Theorem 1.3. Let N > 10 and A > A1, then problem (1.2) (respectively (1.3))
has at least [(N + 1)/2] pairs of nontrivial solutions.

We can also study the ground state solutions to problem (1.2) and (1.3).
To the best of our knowledge, it seems there is no information about the exis-
tence and energy estimates of the ground state solutions to problem (1.2) and
(1.3) in case A > \i. Here we will give the following theorem.

Theorem 1.4. Let Xn <AL Xn+1 for somen > 1.

(1) If N > 10, then problem (1.2) (respectively (1.3)) has a ground state
solution u. _

(2) If N = 38,9 and X\ # X\, then problem (1.2) (respectively (1.3)) has a
ground state solution u.

These solutions satisfy I(u) > 2(1- A Ang1)N/ASNIA where T is the energy
functional of (1.2) (respectively (1.3)) defined in (4.1).

The existence of nontrivial solutions in case N > 8 in Theorem 1.4 are not
new, and can be seen in [16]. Here we will prove there exist ground state solu-
tions and get the energy estimates. Since methods in the proofs of Theorem 1.3
and 1.4 are similar to Theorems 1.1 and 1.2, we will give sketch proofs of
Theorem 1.3 and 1.4 in Sect. 4.
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2. Proof of Theorem 1.1

In this section we assume that N > 5 and A, < A < A4 for some n > 1.
Throughout this paper, we denote the norm of L?(Q) by |ull, = ([, [u[? dx)%,
and positive constants (possibly different) by C. Let H := H}(Q) be the usual
Sobolev space with the inner product (u,v) = fQ VuVv dz and the correspond-
ing norm ||u| = (u,u)2. We choose a sequence of L2-normalized orthonormal
eigenfunctions e corresponding to Dirichlet eigenvalues A\i,k € N, that is
—Aep = Meg as x € Q and e = 0 when x € 9Q. Then e, € C°(Q2) and there
is a constant Cy > 0 such that |ex(z)| < Cy for z € Q. We set

V™= span{ei,...,en}, V1 i=span{e;:j>n+1}.
As pointed out above, the solutions of problem (1.1) correspond to critical
points of the C? functional I : H — R given by
1 1
I(u) = f/(|Vu|2 — ) de — 7/ lu
2 Jo 2% Jq

As usual, we say that a sequence (u,,) in H is a (PS). sequence for I if

¥ da. (2.1)

I(um) — ¢, |I'(um)|| — 0, as m — oc.
As in [25], we consider a new functional

Vul|? — Mu?) dz 9 )
J(u) = ffz(f'Q - dx)2/)2* :/Q(|Vu| ~ ) de

defined on M := {u € H : ||u|l2~ = 1}. Then M C H is a complete Hilbert
manifold, invariant under the involution u — —u. Moreover, we have that
J € CYM,R), and u € M is a critical point of J with J(u) = 3 > 0, if
and only if @ := ﬂﬁu is a critical point of I with I(a) = %ﬁN/Q > 0.
Clearly, (un,) is a (PS)s sequence for J if and only if the sequence (),

where w,, = ﬁ?*ilf?un% is a (PS)ﬁ~ sequence for I with 8= %ﬁN/Q. Here, we
say that a sequence (uy,,) in M is a (PS)g sequence for J if
J(um) — B, ||J (um)]| — 0, as m — oc.

Denote

M:={ueM:J@w+#0}, J°:={ueM:Ju)<p}

KPP ={ueM:J(u)=0,J(u) =3}
Note that J(u) = J(—u). It is well known [25] that there is an odd pseudo-
gradignt vector field, i.e., there exists an odd Lipschitz continuous map
v: M — TM with v(u) € T,M and |[v(u)|| < 2||J (W), (J'(uw),v(u)) >
| J/(u)]|?. We have the following deformation lemma on the Hilbert manifold
M without (PS) condition.
Lemma 2.1. Let £,0 > 0,0 € R and D C M be a symmetric subset (i.e.,

4

D = —D) such that ||J' (u)|| > ?8 foru € J7YB — 2¢, B + 2¢] N Das, where

Ds :={u € M : dist(u, D) < &}. Then there exists a mapn € C*([0,1]x M, M)
such that n(t,-) : M — M is an odd homeomorphism for any t € [0,1] and
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(1) n0,u) =u, Yue M;

(2) n(t,u) =u, Yug J B —2¢, [+ 2¢] N Dos;

(3) n(1,J%tnD)c Js=.

Proof. Let A := J 13 —2¢,8+2e]N Dys, B:=J B —¢,8+¢|NDsand
define p: M — R by

dist(u, M \ A)

P = Gt MO\ A) T dist (o, B)”

Let

o) fue X
f) = 4 Py fue M,
0 if ue M\ N,

and consider the Cauchy problem %w = f(w) with w(0,u) = u. Then this
problem has a unique solution w(¢,u) for ¢ € R such that w(t,-) is an odd
homeomorphism with respect to u € M. Let n(t,u) = w(dt,u). It is easy to
see that (1) and (2) holds. Note that

J d ) v(n) 3 17 (n)]?
T (n(t,u) = 2T (@(0t,u) = ~5(] (n),p(n)Hy(n)”K op(n) =5 Ol

we get that J(n(-,u)) is non-increasing with respect to ¢. For any u € J?t¢ND,

t d t
It =l = 1| [ ns.dsl < [ all5G)lds <

we get that n(t,u) € Ds, ¥Vt € [0,1]. If there exists ¢y € [0,1) such that
J(n(to,u)) < B—e, then J(n(1,u)) < J(n(te,u)) < B—¢, that isn(1,u) € J?~¢.
If J(n(t,u)) > B — ¢ for all t € [0,1), we have that n(t,u) € B. Hence,
p(n(t,u)) = 1. Tt follows that

Jn(1,u) 5/ ), 2y g
v(n)l
/
)6 / 'J—dt <f-e
0 2
that means 7(1,u) € J%~¢. Therefore, (3) holds. O

Now, for j € N,j > n+ 1, we define X; ;= {A C M : A=—-A=A4,
v(A) > j}, where v denotes the usual Krasnoselskii genus, and consider

fii= jnf sup J(w).

Note that j > n+ 1, we have AN{u € V*t : |lu[o« =1} # 0 for any A € &,
since y(A) > n. Therefore 5; > 0 for all j > n+ 1.

Lemma 2.2. For j > n+ 1, there evists a (PS)g, sequence (up,) for J.

Proof. Fix j > n+1. If there is no (PS)s; sequence (uy,) for J, then there exists
e > 0 such that ||J'(u)|| > 4e for u € J71[B; — 2, 3 + 2¢]. Let D = M, 6 = 1.
Then by Lemma 2.1 there is an continuous map n € C1([0,1] x M, M) with

n(1, JPi+e) C JPi=¢. There exists an A € ¥; such that sup J(u) < 3;+¢. Since
u€EA
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n(1,-) is odd, y(n(1, 4)) > 7(A) > j, that is n(1,4) € %;. While n(1, 4)
n(1, JPi*e) ¢ JP =2 which is a contradiction with the definition of j3;. U

For e > 0 and y € RY, we consider the Aubin-Talenti instanton [1,27]
U.., € D'*(RV) defined by

2 N-2
N-2 5 2 € 2

e+ |z -yl
where Ay := [N(N — 2)]"7" is a constant. Then U, , satisfies the equation
—Au = |[u|> ~2u on RN and fRN VU, > dz = fRN |U€,y|2* de = SN/2. et

E:={U.,:e>0,y cR"}.
Then F contains all positive solutions of the equation —Au = |u|* ~2u on RY.

Lemma 2.3. Let (uy,) be a (PS)s; sequence for J. Up to a subsequence, the
following properties hold.
(@) If0< B; < S, then (uny,) converges in M and (3; is a critical value of J.
() IfS<p;< 22/N'S. then one of the following conclusions holds:
(0.1)  (um) converges in M, that is B; is a critical value of J.
(b.2)  There is a critical point u of J with J(u) = B, = (ﬁ;v/z—SN/Q)Q/N €
(0,5) such that

A A 1 1
dist(B]" "t — B 2w, B) — 0 or dist(B]" upm — B P u, —E) — 0.

(¢) 1If B; =S, then one of the following conclusions holds:
(c.1) (um) converges in M and B; is a critical value of J.
1 1

(c.2) dist(ﬁf*ﬁum,E) — 0 or dist(ﬁ]ﬁum, —FE) — 0.

Proof. This lemma is inspired by a similar lemma for the functional I (see
Lemma 7 in [11]), and we give a sketch proof. Since (u,) is a (PS)g, sequence

1
for J, it follows that sequence (@), where U, := ﬂjz*’z U, 1S a (PS)Bj

sequence for I with /3’j = %ﬁj-v/ 2, By Struwe’s global compactness result

for I [24,25], up to a subsequence, if 0 < Bj < %SN/Q, it follows that
Bj is a critical value of I, so (a) holds; if %SN/Q < Bj < %SN/Z, then
Bj is a critical value of I, which responds to (b.1). Otherwise, there is a
critical point @ of I with I(a) = Bj — %SN/z = %55/2 such that either
dist(@y, — @, E) — 0 or dist(d,, — a,—F) — 0, which reduces to (b.2). If
Bj = %SN/{ then Bj is a critical value of I and (c.1) follows. If not, we then
have either dist(t,, E) — 0 or dist(d,,, —F) — 0 and we get(c.2). O

Lemma 2.4. If 3; = Bj4+1 < 22/N S then K% is infinite.

Proof. Let = f; = Bj41. If 0 < 8 < S, then the (PS)s condition holds from
Lemma 2.3 (a), then by a standard argument we get v(K?) > 2, that is, K@ is
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infinite. If S < § < 22/V S, we denote 3, := (8N/? — SN/2)2/N > 0 and define

1 -
W (6) :={ve M :dist(fz=v — 37 2u,E) <6 for some u € K},

1
W_(6):={veM: dist(ﬁﬁv — BF2u,—F) <6 for some u € K°},
W(8) = W, (5) UW_(6),

where § > 0. By a similar proof as in [11], we get that W (§) "W_(6) = 0 for
§ > 0 small enough. If K7 is finite, then v(K?) < 1. Fix § > 0 small enough
such that W, (6" )NW_(8") = 0,v(Bs (K?)) = v(K?) and By (KP)nW (§') = 0,
where By (KP) = {u € M : dist(u, K”) < ¢'}. Then ~ ((Bs (KP) UW (&) <1.
By Lemma 2.3, there is an € > 0 such that

16e
K
Let D := H\ (By (K®?)UW(&')) and § = ¢'/4. Then by Lemma 2.1, there is
an odd continuous map n € C*([0,1] x M, M) such that

n (1, JP\(Bs (KP) u W (8'))) C J°~=.

| (w)| > for u € J7'[B — 2e, B+ 2¢] \ int (B 2 (K7) UW(6'/2)) .

Thus
J+1<A(J7) <A (JPF\(Bs (KP) UW(E))) + 7(Bs (K7) UV (8))
<AJPE) 1< j—1+1<7,

which is a contradiction. Hence, K” is infinite. If 3 = S, the proof is similar
to the case S < 3 < 22/N§. We omit the details. O

We set B(xz,r) :={y € RY : |y — 2| < r}. Without loss of generality, we
may assume that 0 € 2. Then we have B(0, %) € Q for m large enough. Let

el :=¢&2¢; and V,, = span{el’,..., e}, where
0 if z € B(0, 2),
&)= { 2zl =1 itz e BO,m\B(O, 2), (2.2)
1 if x € Q\B(0,n),

for any 7 > 0. Then it follows that V&2 (z)| < m, and e* € H (Q\B(0, -)).
We have the following lemma.

Lemma 2.5. (a) el —¢e;|| — 0 as m — 4o00;
(b) There exists an mg € N such that for any m > mg it holds

max flul|* <\, + Cym =N F2,
{ueVim: [Julla=1}

where Cy is a constant independent of m.
The proof of (a) can be found in [14] and the proof of (b) can be found
in [9]. In fact they proved some similar conclusions with Hardy potential ﬁ

for p € [0, (%52)?). As a direct consequence of Lemma 2.5, we have the fol-

lowing lemma which is important for our proof.
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Lemma 2.6. For any m > myg it holds
sup I(u) < Com™ B , (2.3)
ueVm
where Cy is a constant independent of m.
Proof. Note that A\, < A. For any m > mg and u € V,, by Holder inequality
and (b) of Lemma 2.5, we have

An — A _
I(U)gi/ w2dz+ L N+2/ def—/ lu?" da
2 Q 2 Q

< Cm - 2—*||u 3
1 5«
< —N42,2 L2
< max(Om " = 527
N(N-2)
<Com™ " z
Thus, (2.3) holds. O
Define U, = AO(EQHIP)% and let r; = ﬁ,rg = 2. Then for
any r € (0,72] = (0, 6m] we define a cut-off function of U, by
N;Q
Ur(z) = { U= (x) — Ao (szJﬂ,z) if z € B(0,r),
0 if x € O\B(0,r).

Similar cut-off definitions can be seen in [9,14]. Then Ul € H}(B(0,r)) C
H3 (). Note (2.2), and define &, = 1 for n = 0. Let 0 < 2 < & < r, then the
following lemma holds.

Lemma 2.7. For any y € §2, the following estimates hold.
N—2 N—2
_ r 2. < gN/2 _ € n
[ Ve —puraPa<si—c(5) o (D) e

[l —nr@ oz 2 - (5 -0 (D). 29

Proof. First, we assume n = 0. Note VU.(z) = —(N — 2)Age" =~

we have

/|VU;"|2dx=/ |VUE|2dx:SN/2—/ |VU.|* dx
Q B(0,r) RN\B(0,r)

= gN/2 _ CsN’Q/ I dz
RM\B(0,r) (€2 + [z[2)N

N/2 N-2 e PN+1
— §N/2 _ cN- P
) / &+ AN

<sN2 _¢ (;)N_Z.

xT
(24|22

dp
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Hence, (2.4) holds.

[z ae= [ juzeas
Q B(0,r)
N2

* * e 2
> |U.|? dx—Q*/ UT|2 1 4, () i
/B(Om) ) BOs) g2+ 172

:/ U dm—/ U.*" da
RY RN\ B(0,r)

N-2

2
72* U’l‘ 2*71A 9 d '
/B(O,r) U] 0 (52 T2 z

While

+oo N
* 3
Ul dz = C/ () PN ldp < OV N
/RN\B(o,m' : P \2+p?

and

N-—-2

2
2* U’f‘ 2*71A 3 d
~/B(07r) Vel 0 <€2 + 72 o

N+2

" € 2 c N2 Noi
:C’/O (52‘|',02> (€2+T2) P dp

gN r prl
<C d
= TN_2 /0 (82 + p2) N2+2 P

N e N-—1 r N—1
9 P p
SCTN—Q (/o mdP-F/E de)

< O(E)N_Q.

r

Therefore,

/\UQQ* de/ U2 do — CeNp=N — CeN—2pN+2
Q RN

ssve o (9,

r

that is, (2.5) holds.
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N-—2
2, and

Now we assume that 7 > 0. Note that Ul (z) < U.(z) < Ce™
IVUZ ()] < Ce™ %, we have

/|v (el — 9)U (z ))|2d$</|VUT|2dx+/|V§n~T— WPIUT (@) ? de

2 / o — 9)UT @)V (2 — y) VU (2)| de
N2 4
< SN2 _¢ (5) +C SN gy
r 2<]z—yl<n T
2 _2 N
+C R e

2<]w—y|<n T
oo e

Hence, (2.4) holds. Similarly

/ &z — )T (@) da
Q

=/ T dx—/u—gn(x—yf")
Q Q

N—-2
zSN/tc(f) _c e N dy

r lz—y|<n
N-2 N-2
> gN/2 _ € _ n
25 -c (D) -e(3)
that is, (2.5) holds. O

I d

Remark 2.1. Let n = 0, the following similar estimate
/ U712 da > SN2 — CeNp N, (2.6)
Q

which is different from the inequality (2.5), is not true. Indeed, note that
eN=2p=N+2 5 Np=N 45 ¢ small enough. Assume that (2.6) holds, then
together with (2.4) and let € small enough, we get that

Jo VUL dz  _ §N/2 — CeN-2p-N+2
(Jo |UZ|Z dz)z= = (SN/2 — CeNp=N)3+

which is a contradiction.

<5,

Ntz
Now, we let ¢, =172

is continuous in H}(£2) w1th respect to r € (0,72] = (0
the following lemma holds.

, and define u, = U , then it is easy to see that wu,
L. Let n € [0,rVF1],

’ 6m

Lemma 2.8. There exists C3 > 0 and mq, € N such that for any m > my and
any y € €,

< LgN/2 if r € (0,72],

<S5, ifre [ 7"2} 27)

igg I(tfn(x —y)ur(z)) {
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N(N-—2)
2

where S, = %SN/Q — Cym~ N+ § 4 Com™
defined in Lemma 2.6.

< %SN/Z and Cy 1is

Proof. Let r < r5. Note that n € [0,7V*1], by Lemma 2.7 we have that

| ¥t =P as < 5% -0 () (n>N_2

Er

S SN/2

(-2) (S SN2 4 o TEE i e [%Q,TQD, (2.8)

and
N-—-2
_ o* N/2_ gl N*Q_ Q
/Q|§7,<x D) de = sV - () c(gr)

S gN/2 _optae (> GN/2 _ oD [%’TQD’ (2.9)

N-—-2

For r small enough, we have ¢, < § and U, (z) > 240 (;ﬁ) * for |z <

N—2
That is u,(z) = U., (z) — Ao (€2+T2) C> iU, (z) for |z| < %. Hence,
ifn=0,

[w@Pdez= [ ju @) i
Q B(075r)
> 1 / U, (@) d
= ui
4 B(OET

N-2
> C N 1 Er d
2e2 P

> Cer = OrNt2 <> Cm~WN+2) ity ¢ [L;,TQD . (2.10)

Similarly, if 0 < n < V11, we also have

[ teste =) do

:/ |ur\2dm—/(1—fn(x—y)2)|ur\2dm
Q Q
ZCrN+2—/ ET_(N_Z) dx

|z—y|<n

> OrN+2 (z Om~ N+ i e [%rg}) . (2.11)

For any constants By, By > 0, we have that

N-—2
t2 2 1 B\ * 1{( B
B - p)=2p (2L — 2L (212
r%{(z T 2) N 1(32> N<B§/2* (2.12)

w2
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By (2.8)—(2.12) we have
t2

(t&y(z — y)ur(2)) = 5 (\V(ﬁn( Yur(@)F = A&y (@ = y)ur(2))?) do

o
! / 6@ — ) ()2 de

< 5 (SN/2+C MR or N+2)
T (g _ e
- (S Cr )
N/2 Ni2 N 52
< 1 (SN/2 B CTN+2> SN/Z 07]; NJ; ’
N SN/2 oM

since N > 5, we have N + 2 < (N 2) Note (2.3), there exists an m; > mg
such that for any m > mq, we have r< 6—m and

1
sup I(t&,(z — y)ur(z)) < NSN/Q — CrNt2
>0

1 N/2 1 N/2 —(N+2) 2
- < _ _Z
< NS (_ NS Csm , ifre [2 7“2}

and

_NWN=2) _
Com 2 < Csm (N+2),

1
where C5 is a constant independent of m. Let S, = NSN/Q — Cym~N+2)
then Lemma 2.8 holds. 0

From now on, we fix m > my. Note r; =
0y =Vt Let

N P S L1
M o= {0 Ounle )y e a0 > rore [

rg = L = %. Define

1
2m>’ 3

1
M? = {u,«( +y) 1y € Q,dist(y, 002) > r,r e (07 6] }
m

Then for any u(z) = &,, (z)u,(z +y) € M, we have u € H} (), supp(u) C
B(—y,r)\B(0,7n,/2), and sup I(tu(x)) = sup I (tu(z — y)) < Sy,. Similarly, for
>0 >0

any u = u,(- +y) € Mm7 we have supp(u) C B(—y,r) and supI(tu(a:)) <

L SN2 We write SF = {z € RF1 1 |2 =1}, BF = {z € Rk |x\ < 1} for
k € N. We consider u* := max{4u,0}. We have the following lemma.
Lemma 2.9. There exists an odd continuous map h : SN — H}(B(0,71)) such

that one of h(0)* belongs to M}, and the other belongs to M}, U M?2, for every
6 € SN, that is

sup I(th(h)) < Sy, + iSN/Q, for any 6 € SV, (2.13)
t>0 N
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Proof. Note n, = V1 For y € BN, we set t = |y|,0 = % and define
h:BN — HY(B(0,r1)) by

?L( ) wiry () = &,y (), (- 4 4tr20) fo<t< %7
y)=9q 2 :
Ut (2ry—ryyy) — 121y (- —2ra(2t0 — 0)) — ur, (- + 2120) if % <t<1.

Since §W (x) =1 for |z| > n,,, we see that f,,w( Vigy (- + 2720) = 1wy, (- + 2720),
and so h is continuous on BY. Moreover, h( )t e M2 h(y)~ € ML, and

Supp(h(y) )N supp(h(y) ) = (). Notice that h is odd on SM=1 it induces an
odd continuous map h : S — H}(B(0,71)) by

?L(xl,...,l']v) if xyyq >0,

h(xla“'vl'N—H) = { T

—h(—xl,...,—acN) if TN+1 §O7

then one of h(§)* belongs to M}, and the other belongs to M} U M2, for every
0 € SN, and supp(h(0)*) N supp(h(6)~) = 0, that is

1
sup I(th()) < sup I(th(0)*) + sup I(th(0)™) < Sp, + —SN/2,
>0 >0 >0 N

hence (2.13) holds. O

Lemma 2.10. There exists an odd continuous map h:RYENH2 o HL(Q) such
that lim|,| oo I(h(z)) = —00  and S 1= sup,cggnsn+2) L (u) < 28N/2,

Proof. Note that e" € Hg(Q\B(0, L)), we define an odd continuous map
hy : R" — HJ(Q\B(0, L)) by hi(z1,...,2n) == >, z;el™. Then by (2.3) it

_N(N-2
2

follows that sup,cp, mny I(u) < Com * . Since all norms are equivariant

in V,,, it is easy to see that lim|,| ;o I(h1(2)) = —oo. By Lemma 2.9, there
exists an odd continuous map

s~ i) = 13 (5 (0.5-))

such that one of h(é’)i belongs to M1 and the other belongs to M,ln U M% for

every 0 € SV. Fix yo € Q with |y| = 4m, and let vg(z) = Eitry () ury (2 + yo)

€M}, Then vy € Hg (B(0, ) \B(0, 3=)) N M}, and sup I (tvg) < Sp,. Let
t>0

Z:= SV x [-1,1)) U BV x {~1,1}) c RV x R = RN +2

and extend h to a map hy : Z — H}(B(0, 1)) as follows: for 6§ € SV, s € [0,1]
and t € [—1,1] we define

(1—=t)h(0)” + (1 +t)h(0)" ifs=1,
ha(s0,t) := ¢ 2sh(0) + (1 — s)vg ift=1,
2sh(0)” — (1 — s)vg ift =—1.
Then we extend hy radially to a map hg : RN*2 — H{(B(0, --)) by
hs(tz) :=tha(z) for ze€Z, ¢>0.
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By construction, hz is an odd continuous map. Moreover, one of hsz(z)*
belongs to M}, and the other belongs to M}, U M2 for any z € RN¥*2 and
supp(hs(z)™) N supp(hs(z)~) = 0, hence we have

1
sup  I(u) < Sy, + —SN/2, lim I(hs(z)) = —o0.
u€hs(RN+2) N |z|—+00
Now we define h : R"*N+2 — H}(Q) by h(y, 2) =h1(y)+hs(z) for all y e R,
z € RN*2 Then h is an odd continuous map, satisfies ‘ |lim I(h(z))=—o0
xr|——+o00

and

sup  I(h(y +2)) < sup I(h(y)) + sup I(hs(2))

(y,z)ERn+N+2 yeR™ zERN+2

N(N—2)

_ 1 2
<Com™ " 7 +8Sm+ NSN/Q < NSN/Q.

That is, S < %SN/Q. d
Lemma 2.11. (3, y4o < 22/NS.

Proof. Let A := {u € h(R"*N+2) . ||uljz» = 1}. Then A C M,v(A) > n +
N + 2. In fact, assume that v(A) = k < n+ N + 2, then there exists an odd
continuous map g : A — RF\{0}. Let O := {z € R*""N*2 . ||h(x)|2 < 1},
then O is a symmetric open bounded subset of R"*N+2 0 € O and h(90) = A,
that is, goh : 00 C R"*N+2\{0} — R*\{0} is an odd continuous map, which
contradicts with the Borsuk-Ulam Theorem. So v(A) > n + N + 2, that is
A€ 3,1 Nt2. For any u € A, by (2.12) and Lemma 2.10 we get

2 . t2 t¥ )
—SN/? > § > max I(tu) = max | — / (|Vul? — \u?) dx — —/ lu|?" da
N t>0 t>0 2 Q 2% Q

N/2
1 fo(Vul? = \?) da / R
N\ (g u]? da)?/? N ’
That is, sup,c 4 J(u) < (NS)?/N < 22/NS. By the definition of (3,1 N2, We
see that B,y niy2 < 22/N g, O

Proof of Theorem 1.1 If K7 is infinite for some 0 < 8 < 22/NS, J has infinitely
many critical points, and so do I. Hence, we assume that K7 is finite for all
0 < < 2?/NS. By Lemma 2.11, we have

0< ﬂn+1 < 671—&-2 <--- < ﬂn+N+2 < 22/NS-
Let ko € N be such that B4+r, < S < Bptko+1. By Lemma 2.3, J has at least

max{ko, N +2 — (ko + 1)} > [N;—l—‘

nontrivial critical points. Hence, I has at least f%} nontrivial critical points.

This completes the proof. ([
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3. Proof of Theorem 1.2

In this section, we assume that N > 3 and A\, < A < A,41. The following
lemma is crucial.

Lemma 3.1. If u is a nontrivial solution of (1.1), then

A N-—-2 N—2

lullz- > (1= 5 +1) T8t (3.1)
A N2 N

lull > (1 =+ +1) TS, (32)
1 A N/2

I(w) > (1 -3 +1> SN/2, (3.3)

Proof. Assume that u is a nontrivial solution of (1.1). Since H} () = V-V,
we have u = w + v, where w € V~,v € V*. Since I'(w)w < 0 if w # 0,
then we have that v # 0. By I’(u)w = 0 it follows that [, [u[* ~2uwdz =
[w]? — AJwl||3 <0, that is, [, [u]> “2vwdz + [, [u|* ~2w?dz < 0. Therefore,
Jo lul? ~2vwdz < 0. On the other hand, from I’(u)v = 0 it follows that

. A
/ |ul* “uv de = ||v]|* = NJv])3 > (1 - ) v
Q An+1

A . «
(1 - ) o] < / |u|? ~?vw dx —|—/ lu|? ~2v? da
Ant1 Q Q

Hence,

< / [l ~20% i < [lullZ 2o
Q
< 5 ul 22 o2

Since v # 0, we get that

)\ 2*12 )\ N42

- 1 N-—-2
> (1- S72 = (1- s
? ( )‘n+1) < /\n+1>

A 1 N
. 1— T
> < )‘n+1> 5 ’

1 1o 1 A\
I(u) :I(u)—ﬁl’(u)u: i l|ul|3 > N <1 y +1> SN2,

I

Hence,

ull > S%Ju

O

Let K := {u € H}(Q) : u # 0,I'(u) = 0}. Define ¢ := inf,ex I(u). We
have the following theorem.

Theorem 3.1. If problem (1.1) has a nontrivial solution u with I(u) < & SN/2,

then there exists ug € K, such that I(ug) = ¢, i.e., ug is a ground state solution
of problem (1.1).
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Proof. Since problem (1.1) has a nontrivial solution u with I(u) < £SV/2,
we get that K # () and ¢ < %SN/Q. Let up € K such that klim I(ug) = c.
—00

Then (ug) is a (PS). sequence for I. Since I satisfies (PS), condition for
a< £S5V /2 [24,25], it is well know that (uj) has a convergent subsequence,
still denoted by (ux). So we may assume U U in H and I'(ug) = 0. By

Lemma 3.1, ||Jug|| = Jim lugll > (1— ﬁ) , that is, ug # 0. Therefore,

ug € K, I(ug) = ¢, ie. uo € K is a ground state solution to problem (1.1). O

Proof of Theorem 1.2. When N =4, A # \,, or N > 5, problem (1.1) has a non-
trivial solution u with I(u) < £5N/2 [7,31]. When N = 3, A, — S|Q| 7%/ <
A < A1, problem (1.1) has a nontrivial solution u with I(u) < £S7V/2 [8].

Therefore, by Lemma 3.1 and Theorem 3.1, problem (1.1) has a ground state

solution u with I(u) > % (1 — 5 +1)N/QSN/2 a

4. Proof of Theorems 1.3 and 1.4

First we give a sketch of a proof of Theorem 1.3. Let N > 10, and Ao <A<
Any1 for some n > 1. Denote 29 = 2N/(N —4). We set H = H2(Q) (resp.
H = H?*(Q) N H(Q)) for problem (1.2) (resp. (1.3)). In each case, we define

v) = [, AuAvdz and [|Jul|? = (u,u) for each u,v € H. Then we know that
H is a Hilbert space and its norm is equivalent to the standard H2(2)-norm.
Let A > 0, and let I be a functional defined by

- 1 1 -
I(u) = B / (|Aul? — Nu|?) dz — ?/ |u|2n dx forue H. (4.1)

We know that each critical point of I is a solution of (1.2) in the case
H = HZ() (resp. a solution of (1.3) in the case H = H2(Q) N HL(Q)).
As in Sect. 2, we consider a new functional

- Aul? — \u?) dx
J(u) = fﬂ((} |u||2” d:,\)Q/)zud = /Q(|A“|2 - \?) dx
Q

defined on M := {u € H : ||ully» = 1}. Then M C H is a complete Hilbert
manifoldgnvarlant under the involution v — —u. Moreover, we have that
J € CY(M,R), and if w € M is a critical point of J with Ju) = 8 >0, if

and only if @ := 52” 24 is a critical point of I with (@) = 2 ﬁN/4 (up) is a
1

(PS)p sequence for J if and only if the sequence (i, ), where @, := B2 -21,,,
is a (PS) 5 sequence for I with § = 2N/ Denote K# := {u € M : J'(u) =
0,J(u) = B}. Now, for j € N,j > n+ 1, we define ¥; := {A C M: A=
—A = A,v(A) > j}, where v denotes the usual Krasnoselskii genus, and
consider

= gl s T
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As in Sect. 2, one can prove that for all j > n+1 the energy level 3; is positive,
and that there exists a (PS)g, sequence (u,,) for J (see Lemma 2.2). For each
e>0andy € RY, we set

~ . (N-1)/2

U. =Cy|5——"— fi e RV,

() N ({—:2+|a?y|2> or o

where Cy = ((N — 4)(N — 2)N(N + 2))N-9/8 We denote by S the
best constant for the Sobolev embedding from DZ2(RY) into L¥3 (RY),
where D?2(RY) is the completion of C§°(RY) with respect to the norm
(fen |Auf?>dz)'/2. Then U., satisfies the equation Au = |u|2ﬁ_2u on RY
and

/ |A(757y|2dx:/ U..,|% do = SN/*.
RN RN
Let

E:={U.,:e>0,ycRY}.

From [17] we see that E contains all positive solutions of the equation A%y =
lu|? 2y on RY. Using similar proofs of Lemma 2.3 in Sect. 2, the following
lemma holds directly from Lemma 13 of [11].

Lemma 4.1. Let (uy,) be a (PS)g, sequence for J. Up to a subsequence, the
following properties hold.
(@) If0<p; < S, then (up,) converges in M and B; is a critical value of J.
(b) IfS < B < 24/NS then one of the following conclusions holds:
(b.1)  (um) converges in M, that is B; is a critical value of J.
(b.2)  There is a critical point u of J with J(u) = B4 = (,6’?”4 SN/4)A/N ¢
(0,8) such that

1

1 - 1 ~
dist(ﬂfu’Zum — 5;“2 u, E) — 0 or dist(ﬁjﬁ’2 62n *u,—FE) — 0.

() IfpB; = S, then one of the following conclusions holds:
(c1)  (um) converges in M and B; is a critical value of J.
1 1

(c.2) dist(ﬂfﬁiﬂum7 E)—0 or dist(ﬁfﬁjum, —E) — 0.

From Lemma 4.1 and similar proofs of Lemma 2.4, we can show that if
0< B =08+ < 24/N§, then K% is infinite. We choose a complete ortho-
normal basis {1;}5°, of H such that each Vv, € H satisfies A%y, = Xﬂﬁz‘
in Q. Then we may choose Cy > 0 such that |¢;(z)| < Cy, |V (2)] < Cy,
|[A;(x)] < Cy for each i = 1,...,n. Without loss of generality, we may assume
that 0 € Q. Then we have B(O 2 ) € Q for m large enough. Let ™ := (nib;

and Vm = span{y™, ... Y™}, where ¢, € C°(RY) such that 0 < ¢, <1,
V| < 2m, [AG| < Cm2,Cula) = 05F [o] < £ and Gu(a) = 1 if |a] > 2.
Then we have

o7 — g = /Q A(Coths) — At da
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= / |ACn i + 2V Vi + (G — 1) AY;|? da
Q

< / (1A 202 + 4 A 855V G V5]
B(0,2)

+2|A<mszwZ| + 4|VCm|2|V¢z‘|2
+ 4|V Vb Ai] + |G — 112 AY;[%) dz
<C (m4+m3+m2+m2+m+1)dx
B(0,2
< Om~ N+,

Then by similar proofs of Lemma 2.5 and Lemma 2.6, we see that

Tmax  Juf? < Ay + Cm N
{ueVims Ilull2=1}
sup I(u) < Csm™ a (4.2)

uEf/'nT

We choose p € C§°(RY) satisfying 0 < p < 1,|Vp| < 2,|Ap| < Cg and
1 if |z <1,
ole) = { :

0 if 2] > 2,
where Cg is a constant. We denote ﬁg = ~570 = C’N(m)¥ and let
r1 = 5,72 = 5. Then for any r € (0,72] = (0, 5], we define p.(z) = p(32).

Then p, € C°(B(0,7)),0 < p. < 1,|Vp,| < 4r=1|Ap,| < 4Csr—2. Define
(NJET = prﬁs, which is quite different from the definition of U] in Sect. 2. Then
Ur € H with supp(U?) c B(0,r). Define gn(as) =1— py(x) for n > 0 and
gn(x) =1 for n = 0. Denote o,, ,(z) = gn(z —y) for convenience. Let 0 < 2n <
€ < r/2, then the following lemma holds.

Lemma 4.2. There exists C > 0, depending only on N, such that for any y € €,
we have

/ A0y, T2 de < SV 4 O (/N + (/eN 1), (43)

Q

/ oy U712 dz > 8V~ C ((e/r)™ + (n/e)™) | (4.4)
Q

/ |0y UL 2 dz > Ce*. (4.5)
Q

Proof. We may assume that > 0, since the case of 7 = 0 is much simpler.
First we show (4.3). We note that

[ 186,80 s - 57
Q

:‘/ |A(an7yprz7€)|2dx—/ AT da
RN RN
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< [ lok ~ UIAT da
+C (/ |A0n,y|2[752 dx
RN
+/ |Apr|2652dx+/ Vo4 2| VU. | da
RN RN
+/ |Vpr|2|Vﬁs|2dx+/ 0.|Acy, |AT| do
RN RN
+/ (75|Apr||AI75|dx+/ U.|Vo,,||Vp.||AU.| dx
RN RN

+/ |Aﬁ6|\vgn,y||vﬁe|dx+/ |A[7€|VpT|V(75|dx>.
RN RN

Since we have

N—-4

~ € 2 x
O e e

and

A(}E:CN(N—4)<€>N24((N—2)( i | )

g2 + |z|? e + |z)?)? 2+ |z|?

we can obtain the following inequalities:

[ @b DiaT s
§/ |cr%7yp% —07277y||A[75|2dm+/ |o,2]7y - 1HA[7€|2 dx
RN RN
g/ |A(~]5|2da:+/ AP da
lz|=r/2 lz—y|<n
4
4 1 N—1
<cC d
[oetae e (e )
N—4 /1\2 N—4 N
+C/ (%) (2> w<c(2) +o(),
la—yl<n \E e r e
~ N—4 N—4
/ Ay, 207 de < %/ (%) dw<c(f) .
RN " Jlz—yl<n \€ €
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foowtrars ] G aese ()

/RN Vo, [2[VO.|? do < nc;/@ym 832 C) < g)]m’
/RN Vo2 VU dx < 92 //2<|x|<r (%) :—2)2@; e (E)N_Ll,
/R U.|Aoy,,||AU. |d:n< el (32) (;) s édmgc(g
/ U.|Ap,||AU| da < <3 e (32) (T%) N r%dx e (;
L. ﬁslvan,y\lvpr|mﬁ€| as
<3 (/RN (75|V07,,y|2|A[75|d:1c+/RN (76|V/)r|2|A[7€|da:)
oM e (9
/RN ATV, ||VT. o < & o (€%> N 1 (€%> wos %da:
O
fostemisriars [ ) G G
<o)

From the inequalities above, we can obtain (4.3). By

‘/myUﬂ de — Sh| < 7/ |c7€|2“dx+/ 0. dx
|z|>r/2 lz—y|<n

s [(5) e @) wee () ve()"

we have (4.4). We also have

rrr ¢ 2 c N N 4
/Q|0'77’y UE|2d$Z EN_4[|<EUn’yd$> 61\/7_4(5 -n )ZCE .

Hence we have obtained the desired inequalities.
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Proof of Theorem 1.3. Let ¢, = rN4+4, and we define u, = 175 Then it is easy

to see that @, is continuous in H with respect to r € (0,75] = (0, 7] Let
n e [0,7"%}. Note that N > 10 and (4.2), by similar proof of Lemma 2.8, we

show that
~ ~ < 2 GN/4 it r € (0,79],
> Om 2 .

§m - %gN/4 - C7m7(N+4)7

8+ om0 < 2.5/,

Now, let n, = Pt Following similar arguments of Lemma 2.9, Lemma 2.10

and Lemma 2.11, we get that 8,1 n12 < 24/N g, Therefore, by a similar argu-
ment as in the proof of Theorem 1.1, we can show Theorem 1.3. g

Finally, we give a sketch of a proof of Theorem 1.4. Let N > 8, and
A <A< Ant1 for some n > 1. By similar proofs of Lemma 3.1, we have the
following crucial lemma.

Lemma 4.3. If u is a nontrivial solution of (1.2 (respectively (1.3)), then
A N-4
lullyr > (1= ==—)"5 §7s, (4.6)
n+1
A N—4 ~N
[ul| > (1= =—)"5 5%, (4.7)
n+1
9 \ N/4
Tu)> = [1-= SN/, 4.8
(>3 ( M) (48)

Let K :={u € H :u+0,I'(u) = 0}. Define ¢ := infueﬁf(u). Similar to
Theorem 3.1, we have the following theorem.
Theorem 4.1. If problem (1.2)(respectively (1.3)) has a nontrivial solution u

with I(u) < 2 SN/4 then there exists ug € K, such that I(ug) = ¢, i.e., ug is
a ground state solutzon of problem (1.2) (respectwely (1.3)).

Proof of Theorem 1.4. When N = 8,9, \ # Ap or N > 10, problem (1.2)

(respectively (1.3)) has a nontrivial solution u with I(u) < %S™/4 [16]. There-

fore, by Lemma 4.3 and Theorem 4.1, problem (1.2) (respectively (1.3)) has a
/

N/4
B 9 A _
ground state solution u with I(u) > — [1— = SN/, O
N )\n+1
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